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�b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�m�`�i�? �Q�`�/�2�` �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�Mxn+1 = axn−1 +

bxn−1

cxn−1−dxn−3
, n = 0, 1, ..., �r�?�2�`�2 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�bx−3,x−2, x−1 ���M�/
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xn+1 = axn−1 +
bxn−1

cxn−1 − dxn−3
, n = 0, 1, ..., �U�R�X�R�V
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xn+1 = axn +
bxnx3

cxn−2 + dxn−3
.

†�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; ���m�i�?�Q�`�X �1�K���B�H ���/�/�`�2�b�b�, �>�a�a�>���_�1�1�6�!�i���B�#���?�m�X�2�/�m�X�b�� �U�>�X
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xn+1 =
axn−1

1 + bxnxn−1
.
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xn+1 =
xnxn−2

xn−1(a+ bxnxn−2)
.
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�7�Q�H�H�Q�r�B�M�; �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M�,

xn+1 = axn−l +
bxn−l

cxn−l − dxn−k
.

�1�H���#�#���b�v �2�i ���H�X �(�N�) �B�M�p�2�b�i�B�;���i�2�/ �i�?�2 �;�H�Q�#���H �b�i���#�B�H�B�i�v ���M�/ �T�2�`�B�Q�/�B�+�B�i�v �+�?���`���+�i�2�` ���M�/
�;���p�2 �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�T�2�+�B���H �+���b�2 �Q�7 �i�?�2 �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M

xn+1 = axn − bxn

cxn − dxn−1
.
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xn+1 = α+
xn−m

xk
n

.
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�i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�+�m�`�b�B�p�2 �2�[�m���i�B�Q�M�,

xn+1 =
axn−1 + bxn−2

c+ dxn−1xn−2
.
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�>�2�`�2�- �r�2 �`�2�+���H�H �b�Q�K�2 �#���b�B�+ �/�2�}�M�B�i�B�Q�M�b ���M�/ �b�Q�K�2 �i�?�2�Q�`�2�K�b �i�?���i �r�2 �M�2�2�/ �B�M �i�?�2 �b�2�[�m�2�H�X
�G�2�iI �#�2 �b�Q�K�2 �B�M�i�2�`�p���H �Q�7 �`�2���H �M�m�K�#�2�`�b�- ���M�/ �i�?�2 �7�m�M�+�i�B�Q�Mf �?���p�2 �+�Q�M�i�B�M�m�Q�m�b

�T���`�i�B���H �/�2�`�B�p���i�B�p�2�b �Q�MIk+1 ,�r�?�2�`�2Ik+1 = I × I × · · · × I (k+1− �i�B�K�2�b). �h�?�2�M�- �7�Q�`
�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�bx−k, x−k+1, ..., x0 ∈ I, �i�?�2 �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M

xn+1 = f(xn, xn−1, ..., xn−k), n = 0, 1, ... �U�k�X�R�V

�?���b �� �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M{xn}∞n=−k.
�� �T�Q�B�M�ix ∈ I �B�b �+���H�H�2�/ ���M �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �Q�7 �1�[�X�U�k�X�R�V �B�7

x = f(x, x, ..., x)�X

�h�?���i �B�b�-xn = x �7�Q�`n ≥ 0 �B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X�U�k�X�R�V�- �Q�` �2�[�m�B�p���H�2�M�i�H�v�-x �B�b �� �}�t�2�/ �T�Q�B�M�i
�Q�7f �X



�Z�m���H�B�i���i�B�p�2 ���M���H�v�b�B�b �Q�7 �� �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M �R�j�9�8

�.�2�}�M�B�i�B�Q�M �k�X�R�U�a�i���#�B�H�B�i�v�V�X
�U�B�V �h�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix �Q�7 �1�[�X�U�k�X�R�V �B�b �H�Q�+���H�H�v �b�i���#�H�2 �B�7 �7�Q�` �2�p�2�`�vϵ > 0, �i�?�2�`�2
�2�t�B�b�i�bδ > 0 �b�m�+�? �i�?���i �7�Q�` ���H�Hx−k, x−k+1, ..., x−1, x0 ∈ I �r�B�i�?

|x−k − x|+ |x−k+1 − x|+ ...+ |x0 − x| < δ,

�r�2 �?���p�2
|xn − x| < ϵ �7�Q�` ���H�Hn ≥ −k.

�U�B�B�V �h�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix �Q�7 �1�[�X�U�k�X�R�V �B�b �H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2 �B�7x �B�b �� �H�Q�@
�+���H�H�v �b�i���#�H�2 �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X�U�k�X�R�V ���M�/ �i�?�2�`�2 �2�t�B�b�i�bγ > 0 �b�m�+�? �i�?���i �7�Q�` ���H�Hx−k, x−k+1, ...�-
x−1, x0 ∈ I �r�B�i�?

|x−k − x|+ |x−k+1 − x|+ ...+ |x0 − x| < γ,

�r�2 �?���p�2
lim
n→∞

xn = x.

�U�B�B�B�V �h�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix �Q�7 �1�[�X�U�k�X�R�V �B�b �� �;�H�Q�#���H ���i�i�`���+�i�Q�` �B�7 �7�Q�` ���H�Hx−k, x−k+1�-�X�X�X�-
x−1, x0 ∈ I, �r�2 �?���p�2

lim
n→∞

xn = x.

�U�B�p�V �h�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix �Q�7 �1�[�X�U�k�X�R�V �B�b �;�H�Q�#���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2 �B�7x �B�b
�H�Q�+���H�H�v �b�i���#�H�2�- ���M�/x �B�b ���H�b�Q �� �;�H�Q�#���H ���i�i�`���+�i�Q�` �Q�7 �1�[�X�U�k�X�R�V�X
�U�p�V �h�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix �Q�7 �1�[�X�U�k�X�R�V �B�b �m�M�b�i���#�H�2 �B�7x �B�b �M�Q�i �H�Q�+���H�H�v �b�i���#�H�2�X

�h�?�2 �H�B�M�2���`�B�x�2�/ �2�[�m���i�B�Q�M �Q�7 �1�[�X�U�k�X�R�V ���#�Q�m�i �i�?�2 �2�[�m�B�H�B�#�`�B�m�Kx �B�b �i�?�2 �H�B�M�2���` �/�B�z�2�`�@
�2�M�+�2 �2�[�m���i�B�Q�M

yn+1 =

kX

i=0

∂f(x, x..., x)

∂xn−i
yn−i. �U�k�X�k�V

�L�Q�r�- ���b�b�m�K�2 �i�?���i �i�?�2 �+�?���`���+�i�2�`�B�b�i�B�+ �2�[�m���i�B�Q�M ���b�b�Q�+�B���i�2�/ �r�B�i�? �1�[�X�U�k�X�k�V �B�b

p(λ) = p0λ
k + p1λ

k−1 + ...+ pk−1λ+ pk = 0, �U�k�X�j�V

�r�?�2�`�2pi =
∂f(x, x..., x)

∂xn−i
.

�h�?�2�Q�`�2�K ���U �(�j�y�)�V�X���b�b�m�K�2 �i�?���ipi ∈ R , i = 1, 2, ... ���M�/ k ∈ {0, 1, 2, ...}�X
�h�?�2�M�-

kX

i=1

|pi| < 1

�B�b �� �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M �7�Q�` �i�?�2 ���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �Q�7 �i�?�2 �/�B�z�2� �̀2�M�+�2 �2�[�m���i�B�Q�M

yn+k + p1yn+k−1 + ...+ pkyn = 0, n = 0, 1 . . . .

�L�2�t�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �� �7�m�M�/���K�2�M�i���H �i�?�2�Q�`�2�K �i�Q �T�`�Q�p�2 �i�?�2 �;�H�Q�#���H ���i�i�`���+�i�Q�` �Q�7 �i�?�2
�}�t�2�/ �T�Q�B�M�i�b�X

�h�?�2�Q�`�2�K �"�U �(�j�y�)�V�X�G�2�ig : [a, b]k+1 → [a, b] �#�2 �� �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M�- �r�?�2� �̀2k �B�b
�� �T�Q�b�B�i�B�p�2 �B�M�i�2�;�2�` ���M�/[a, b] �B�b ���M �B�M�i�2�`�p���H �Q�7 � �̀2���H �M�m�K�#�2�`�b�X �*�Q�M�b�B�/�2�` �i�?�2 �/�B�z�2� �̀2�M�+�2
�2�[�m���i�B�Q�M

xn+1 = g(xn, xn−1, ..., xn−k), n = 0, 1, . . . . �U�k�X�9�V



�R�j�9�e �>�X �a�X ���H���v���b�?�B�- �J�X �a�X �J�X �L�Q�Q�`���M�B �� �1�X �J�X �1�H�b���v�2�/

�a�m�T�T�Q�b�2 �i�?���ig �b���i�B�b�}�2�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X
�U�R�V �6�Q�` �2���+�? �B�M�i�2�;�2�`i �r�B�i�?1 ≤ i ≤ k+1�- �i�?�2 �7�m�M�+�i�B�Q�Mg(z1, z2, ..., zk+1) �B�b �r�2���F�H�v

�K�Q�M�Q�i�Q�M�B�+ �B�Mzi �7�Q�` �}�t�2�/z1, z2, ..., zi−1, zi+1, ..., zk+1.
�U�k�V �A�7m,M �B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K

m = g(m1,m2, ...,mk+1), M = g(M1,M2, ...,Mk+1),

�i�?�2�Mm = M �- �r�?�2� �̀2 �7�Q�` �2���+�?i = 1, 2, ..., k + 1, �r�2 �b�2�i

mi=

�
m, �B�7g �B�b �M�Q�M�@�/�2�+� �̀2���b�B�M�; �B�Mzi,

M, �B�7g �B�b �M�Q�M�@�B�M�+� �̀2���b�B�M�; �B�Mzi,

�
, Mi=

�
M, �B�7g �B�b �M�Q�M�@�/�2�+� �̀2���b�B�M�; �B�Mzi,

m, �B�7g �B�b �M�Q�M�@�B�M�+� �̀2���b�B�M�; �B�Mzi�X

�
.

�h�?�2�M�- �i�?�2� �̀2 �2�t�B�b�i�b �2�t���+�i�H�v �Q�M�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�ix̄ �Q�7 �1�[�X �U�k�X�9�V�- ���M�/ �2�p�2�`�v �b�Q�H�m�i�B�Q�M
�Q�7 �1�[�X �U�k�X�9�V �+�Q�M�p�2� �̀;�2�b �i�Qx̄�X

�j�X �G�Q�+���H �a�i���#�B�H�B�i�v �Q�7 �i�?�2 �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i �Q�7 �1�[�X�U�R�X�R�V

�h�?�B�b �b�2�+�i�B�Q�M �b�i�m�/�B�2�b �i�?�2 �H�Q�+���H �b�i���#�B�H�B�i�v �+�?���`���+�i�2�` �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �Q�7 �1�[�X�U�R�X�R�V�X
�1�[�X�U�R�X�R�V �?���b ���M �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �;�B�p�2�M �#�v

x = ax+
bx

cx− dx
�X

�A�7(c − d)(1 − a) > 0, �i�?�2�M �i�?�2 �Q�M�H�v �T�Q�b�B�i�B�p�2 �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �Q�7 �1�[�X�U�R�X�R�V �B�b �;�B�p�2�M
�#�v

x =
b

(c− d)(1− a)
.

�G�2�if : (0,∞)2 −→ (0,∞) �#�2 �� �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M �/�2�}�M�2�/ �#�v

f(u, v) = au+
du

cu− dv
. �U�j�X�R�V

�h�?�2�`�2�7�Q�`�2�- �B�i �7�Q�H�H�Q�r�b �i�?���i

∂f(u, v)

∂u
= a− bdv

(cu− dv)2
,

∂f(u, v)

∂v
=

bdu

(cu− dv)2
.

�h�?�2�M�- �r�2 �b�2�2 �i�?���i

∂f(x, x)

∂u
= a− d(1− a)

(c− d)
= p0,

∂f(x, x)

∂v
=

d(1− a)

(c− d)
= p1.

�h�?�2�M�- �i�?�2 �H�B�M�2���`�B�x�2�/ �2�[�m���i�B�Q�M �Q�7 �1�[�X�U�R�X�R�V ���#�Q�m�ix �B�b

yn+1 − p0yn−1 − p1yn−3 = 0.



�Z�m���H�B�i���i�B�p�2 ���M���H�v�b�B�b �Q�7 �� �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M �R�j�9�d

�h�?�2�Q�`�2�K �j�X�R�X���b�b�m�K�2 �i�?���i

|ac− d|+ d |1− a| < |c− d| .

�h�?�2�M�- �i�?�2 �T�Q�b�B�i�B�p�2 �}�t�2�/ �T�Q�B�M�i �Q�7 �1�[�X�U�R�X�R�V �B�b �H�Q�+���H�H�v ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2�X

�S�`�Q�Q�7�X�A�i �7�Q�H�H�Q�r�b �#�v �h�?�2�Q�`�2�K �� �i�?���i �1�[�X�U�R�X�R�V �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2 �B�7

|p1|+ |p0| < 1�X

�h�?���i �B�b�- ����a− d(1− a)

(c− d)

���� +
����
d(1− a)

(c− d)

���� < 1,

�i�?�2�M�-
|a(c− d)− d(1− a)|+ |d(1− a)| < |c− d| .

�h�?�m�b
|ac− d|+ d |1− a| < |c− d| .

���+�+�Q�`�/�B�M�; �i�Q �h�?�2�Q�`�2�K ���- �i�?�2 �}�t�2�/ �T�Q�B�M�i �Q�7 �1�[�X�U�R�X�R�V �B�b ���b�v�K�T�i�Q�i�B�+���H�H�v �b�i���#�H�2�X �>�2�M�+�2�-
�i�?�2 �T�`�Q�Q�7 �B�b �+�Q�K�T�H�2�i�2�X

�9�X �:�H�Q�#���H ���i�i�`���+�i�B�p�B�i�v �Q�7 �i�?�2 �1�[�m�B�H�B�#�`�B�m�K �S�Q�B�M�i �Q�7
�1�[�X�U�R�X�R�V

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �B�M�p�2�b�i�B�;���i�2 �i�?�2 �;�H�Q�#���H ���i�i�`���+�i�B�p�B�i�v �+�?���`���+�i�2�` �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7
�1�[�X�U�R�X�R�V�X

�h�?�2�Q�`�2�K �9�X�R�X�h�?�2 �}�t�2�/ �T�Q�B�M�ix �Q�7 �1�[�X�U�R�X�R�V �B�b �� �;�H�Q�#���H ���i�i� �̀��+�i�Q�` �B�7ac > d.

�S�`�Q�Q�7�X�G�2�iα ���M�/β �#�2 �`�2���H �M�m�K�#�2�`�b ���M�/ ���b�b�m�K�2 �i�?���ig : [α, β]2 −→ [α, β] �B�b ��
�7�m�M�+�i�B�Q�M �/�2�}�M�2�/ �#�v �1�[�X�U�j�X�R�V�X�h�?�2�M�-

∂g(u, v)

∂u
= a− bdv

(cu− dv)2
,

∂g(u, v)

∂v
=

bdu

(cu− dv)2
.

�*���b�2 �U�R�V�A�7a− bdv
(cu−dv)2 > 0, �i�?�2�M �r�2 �+���M �2���b�B�H�v �b�2�2 �i�?���i �i�?�2 �7�m�M�+�i�B�Q�Mg(u, v) �B�b

�B�M�+�`�2���b�B�M�; �B�Mu, v. �a�m�T�T�Q�b�2 �i�?���i(m,M) �B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K

m = g(m,m) ���M�/M = g(M,M).

�h�?�2�M �7�`�Q�K�- �1�[�X�U�R�X�R�V�- �r�2 �b�2�2 �i�?���i

m = am+
bm

cm− dm
,

M = aM +
bM

cM − dM
.

�h�?�B�b �`�2�b�m�H�i �;�B�p�2�b
(M −m) = a(M −m), a ̸= 1.



�R�j�9�3 �>�X �a�X ���H���v���b�?�B�- �J�X �a�X �J�X �L�Q�Q�`���M�B �� �1�X �J�X �1�H�b���v�2�/

�h�?�m�b�-
M = m.

�A�i �7�Q�H�H�Q�r�b �#�v �h�?�2�Q�`�2�K �" �i�?���ix �B�b �� �;�H�Q�#���H ���i�i�`���+�i�Q�` �Q�7 �1�[�X�U�R�X�R�V�X �h�?�2�`�2�7�Q�`�2�- �i�?�2
�T�`�Q�Q�7 �B�b �+�Q�K�T�H�2�i�2�X

�*���b�2 �U�k�V�A�7a − bdv
(cu−dv)2 < 0, �H�2�iα ���M�/β �#�2 �� �`�2���H �M�m�K�#�2�`�b ���M�/ ���b�b�m�K�2

�i�?���ig : [α, β]2 −→ [α, β] �B�b �� �7�m�M�+�i�B�Q�M �/�2�}�M�2�/ �#�v

g(u, v) = au+
bu

cu− dv
.

�h�?�2�M�- �r�2 �+���M �2���b�B�H�v �b�2�2 �i�?���i �i�?�2 �7�m�M�+�i�B�Q�Mg(u, v) �B�b �/�2�+�`�2���b�B�M�; �B�Mu ���M�/ �B�M�+�`�2���b�B�M�;
�B�Mv. �a�m�T�T�Q�b�2 �i�?���i(m,M) �B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K

M = g(m,M) ���M�/m = g(M,m).

�h�?�2�M�- �7�`�Q�K �1�[�X�U�R�V�- �r�2 �b�2�2 �i�?���i

m = aM +
bM

cM − dm
,

M = am+
bm

cm− dM
,

cMm− acM2 − dm2 + adMm = bM,

cMm− acm2 − dM2 + adMm = bm,

�i�?�2�M
(M2 −m2)(d− ac) = b(M −m), ac > d.

�h�?�m�b�-
M = m.

�A�i �7�Q�H�H�Q�r�b �#�v �h�?�2�Q�`�2�K �" �i�?���ix �B�b �� �;�H�Q�#���H ���i�i�`���+�i�Q�` �Q�7 �1�[�X�U�R�X�R�V�X �>�2�M�+�2�- �i�?�2 �T�`�Q�Q�7
�B�b �+�Q�K�T�H�2�i�2�X

�8�X �1�t�B�b�i�2�M�+�2 �Q�7 �S�2�`�B�Q�/�B�+ �a�Q�H�m�i�B�Q�M�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �b�i�m�/�v �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �T�2�`�B�Q�/�B�+ �b�Q�H�m�i�B�Q�M�b �Q�7 �1�[�X�U�R�X�R�V�X �h�?�2 �7�Q�H�H�Q�r�@
�B�M�; �i�?�2�Q�`�2�K �b�i���i�2�b �i�?�2 �M�2�+�2�b�b���`�v ���M�/ �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M �i�?���i �i�?�B�b �2�[�m���i�B�Q�M �/�Q�2�b
�M�Q�i �?���p�2 �T�2�`�B�Q�/�B�+ �b�Q�H�m�i�B�Q�M�b �Q�7 �T�`�B�K�2 �T�2�`�B�Q�/ �i�r�Q�X

�h�?�2�Q�`�2�K �8�X�R�X�1�[�X�U�R�X�R�V �?���b �M�Q �T�Q�b�B�i�B�p�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �T�`�B�K�2 �T�2�`�B�Q�/ �i�r�Q�X

�S�`�Q�Q�7�X�6�B�`�b�i �b�m�T�T�Q�b�2 �i�?���i �i�?�2�`�2 �2�t�B�b�i �T�`�B�K�2 �T�2�`�B�Q�/ �i�r�Q �b�Q�H�m�i�B�Q�M�b

..., p, q, p, q...,

�Q�7 �1�[�X�U�R�X�R�V�X �h�?�2�M�-

p = ap+
bp

cp− dp
,

q = aq +
bq

cq − dq
.



�Z�m���H�B�i���i�B�p�2 ���M���H�v�b�B�b �Q�7 �� �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M �R�j�9�N

�h�?�2�M�-

p(1− a) =
b

c− d
,

q(1− a) =
b

c− d
.

�h�?�B�b �`�2�b�m�H�i �+�Q�M�i�`���/�B�+�i�b �i�?�2 �7���+�i �i�?���ip ̸= q. �>�2�M�+�2�- �i�?�B�b �+�Q�K�T�H�2�i�2�b �i�?�2 �T�`�Q�Q�7�X

�e�X �a�T�2�+�B���H �+���b�2 �Q�7 �1�[�X�U�R�X�R�V

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �b�i�m�/�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�T�2�+�B���H �+���b�2 �Q�7 �1�[�X�U�R�X�R�V

xn+1 = xn−1 +
xn−1

xn−1 − xn−3
, �U�e�X�R�V

�r�?�2�`�2 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�bx−3, x−2, x−1 ���M�/x0 ���`�2 ���`�#�B�i�`���`�v �`�2���H �M�m�K�#�2�`�b
�r�B�i�?x−3 ̸= x−1 ���M�/x−2 ̸= x0.

�h�?�2�Q�`�2�K �e�X�R�X�G�2�i{xn}∞n=−3 �#�2 �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X�U�e�X�R�V �b���i�B�b�7�v�B�M�;x−3 = t, x−2 =
s, x−1 = k, x0 = h. �h�?�2�M�- �7�Q�`n = 0, 1, 2...

x4n−3 =

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

k − t
,

x4n−2 =

�
nh2 + h(n2 − s(2n− 1)) + (n− 1)s(s− n)

�

h− s
,

x4n−1 =

�
(n+ 1)k2 + k(n(n+ 1)− t(2n+ 1)) + nt(t− n)

�

k − t
,

x4n =

�
(n+ 1)h2 + h(n(n+ 1)− s(2n+ 1)) + ns(s− n)

�

h− s
.

�S�`�Q�Q�7�X�6�Q�ǹ = 0, �i�?�2 �`�2�b�m�H�i �?�Q�H�/�b�X �L�Q�r �b�m�T�T�Q�b�2 �i�?���in > o ���M�/ �i�?���i �Q�m�`
���b�b�m�K�T�i�B�Q�M �?�Q�H�/�b �7�Q�`n− 1�X �h�?���i �B�b �-

x4n−7 =

�
(n− 1)k2 + ((n− 1)2 − t(2n− 3)) + (n− 2)t(t− (n− 1))

�

k − t
,

x4n−6 =

�
(n− 1)h2 + ((n− 1)2 − s(2n− 3)) + (n− 2)s(s− (n− 1))

�

h− s
,

x4n−5 =

�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

k − t
,

x4n−4 =

�
nh2 + h(n(n− 1)− s(2n− 1)) + (n− 1)s(s− (n− 1))

�

k − t
.

�L�Q�r�- �B�i �7�Q�H�H�Q�r�b �7�`�Q�K �1�[�X�U�e�X�R�V �i�?���i

x4n−3

=x4n−5 +
x4n−5

x4n−5 − x4n−7

=

�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

k − t



�R�j�8�y �>�X �a�X ���H���v���b�?�B�- �J�X �a�X �J�X �L�Q�Q�`���M�B �� �1�X �J�X �1�H�b���v�2�/

+

[nk2+k(n(n−1)−t(2n−1))+(n−1)t(t−(n−1))]
k−t

[nk2+k(n(n−1)−t(2n−1))+(n−1)t(t−(n−1))]
k−t − [(n−1)k2+((n−1)2−t(2n−3))+(n−2)t(t−(n−1))]

k−t

=

�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

k − t

+
[nk2+k(n(n−1)−t(2n−1))+(n−1)t(t−(n−1))]

[nk2+k(n(n−1)−t(2n−1))+(n−1)t(t−(n−1))]−[(n−1)k2+((n−1)2−t(2n−3))+(n−2)t(t−(n−1))]

=

�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

k − t

+

�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

[k2 + k(n(n− 1)− t(2n− 1)) + t(t− (n− 1))− ((n− 1)2 − t(2n− 3))]

=
�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

�
1

k−t
+

1

[k2+k(n(n−1)−t(2n− 1)) + t(t− (n− 1))− ((n− 1)2 − t(2n− 3))]

�

=
�
nk2 + k(n(n− 1)− t(2n− 1)) + (n− 1)t(t− (n− 1))

�

�
k2 + t(t− (n− 1)) + k(n(n− 1)− t(2n− 1))− ((n− 1)2 − t(2n− 3)) + k − t

�

(k − t) [k2 + k(n(n− 1)− t(2n− 1)) + t(t− (n− 1))− ((n− 1)2 − t(2n− 3))]

=

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

k − t
.

���/�/�B�i�B�Q�M���H�H�v�- ���+�+�Q�`�/�B�M�; �i�Q �1�[�X�U�e�X�R�V �-

x4n−1

=x4n−3 +
x4n−3

x4n−3 − x4n−5

=

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

k − t

+

[nk2+k(n2−t(2n−1))+(n−1)t(t−n)]
k−t

[nk2+k(n2−t(2n−1))+(n−1)t(t−n)]
k−t − [nk2+k(n(n−1)−t(2n−1))+(n−1)t(t−(n−1))]

k−t

=

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

k − t

+

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

k(n2 − t(2n− 1))− k(n(n− 1)− t(2n− 1))

=

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

k − t

+

�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�

nk

=
�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

�
(

1

k − t
+

1

nk
)

=
�
nk2 + k(n2 − t(2n− 1)) + (n− 1)t(t− n)

� �
k(n− t)

nk(k − t)

�

=

�
(n+ 1)k2 + k(n(n+ 1)− t(2n+ 1)) + nt(t− n)

�

k − t
.

���H�b�Q �i�?�2 �Q�i�?�2�` �`�2�H���i�B�Q�M�b �+���M �#�2 �T�`�Q�Q�7�2�/ �b�B�K�B�H���`�H�v�X



�Z�m���H�B�i���i�B�p�2 ���M���H�v�b�B�b �Q�7 �� �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M �R�j�8�R

�d�X �L�m�K�2�`�B�+���H �2�t���K�T�H�2�b

�q�2 �M�Q�r �T�`�2�b�2�M�i �b�Q�K�2 �M�m�K�2�`�B�+���H �2�t���K�T�H�2�b �i�Q �+�Q�M�}�`�K �i�?�2 �i�?�2�Q�`�2�i�B�+���H �r�Q�`�F�X

�1�t���K�T�H�2 �d�X�R�X�q�2 �T�H�Q�i �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �Q�m�` �2�[�m���i�B�Q�M �m�M�/�2�` �i�?�2 �p���H�m�2�ba = 0.2, b =
1, c = 5, d = 0.5, x−3 = 5, x−2 = 0.3, x−1 = 2 ���M�/x0 = −1. �a�2�2 �6�B�;�m�`�2 �R�X

�1�t���K�T�H�2 �d�X�k�X�h�?�B�b �2�t���K�T�H�2 �b�?�Q�r�b �i�?�2 �;�H�Q�#���H �b�i���#�B�H�B�i�v �Q�7 �Q�m�` �2�[�m���i�B�Q�M �m�M�/�2�` �i�?�2
�p���H�m�2�ba = 0.5, b = 2, c = 6, d = 0.1, x−3 = 6, x−2 = −5, x−1 = 4 ���M�/x0 = −3.
�a�2�2 �6�B�;�m�`�2 �k�X

�1�t���K�T�H�2 �d�X�j�X���M �m�M�b�i���#�H�2 �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X�U�e�X�R�V �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �j �m�M�/�2�` �i�?�2
�p���H�m�2�ba = 0.2, b = 1, c = 5, d = 0.5, x−3 = 5, x−2 = 0.3, x−1 = 2 ���M�/x0 = −1.
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plot of x(n+1)=(a*X(n−1)+((b*X(n−1))/(c*X(n−1)−d*X(n−3)))
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�6�B�;�m�`�2 �j�X

�_�2�7�2�`�2�M�+�2�b

�(�R�)�J�X ���X �1�X ���#�/�2�H�`���?�K���M ���M�/ �P�X �J�Q�����x�-�P�M �i�?�2 �M�2�r �+�H���b�b �Q�7 �i�?�2 �M�Q�M�H�B�M�2���`
� �̀��i�B�Q�M���H �/�B�z�2� �̀2�M�+�2 �2�[�m���i�B�Q�M�b�- �1�H�2�+�i�`�Q�M�B�+ �C�Q�m�`�M���H �Q�7 �J���i�?�2�K���i�B�+���H ���M���H�v�b�B�b ���M�/
���T�T�H�B�+���i�B�Q�M�b�- �k�y�R�3�- �e�U�R�V�- �R�R�d���R�k�8�X



�R�j�8�k �>�X �a�X ���H���v���b�?�B�- �J�X �a�X �J�X �L�Q�Q�`���M�B �� �1�X �J�X �1�H�b���v�2�/

�(�k�)�_�X ���#�Q�@�w�2�B�/ ���M�/ �*�X �*�B�M���`�-�:�H�Q�#���H �"�2�?���p�B�Q�` �Q�7 �h�?�2 �.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M
xn+1 = Axn−1/(B −Cxnxn−2), �"�Q�H�2�i�B�K �/�� �a�Q�+�B�2�/���/�2 �S���`���M���2�M�b�2 �/�2 �J���i�2�K�@
���i�B�+���- �k�y�R�j�- �j�R�U�R�V�- �9�j���9�N�X

�(�j�)�_�X �S�X ���;���`�r���H ���M�/ �1�X �J�X �1�H�b���v�2�/�-�S�2�`�B�Q�/�B�+�B�i�v ���M�/ �b�i���#�B�H�B�i�v �Q�7 �b�Q�H�m�i�B�Q�M�b �Q�7
�?�B�;�?�2�` �Q� �̀/�2�` � �̀��i�B�Q�M���H �/�B�z�2� �̀2�M�+�2 �2�[�m���i�B�Q�M�- ���/�p���M�+�2�/ �a�i�m�/�B�2�b �B�M �*�Q�M�i�2�K�T�Q�`���`�v
�J���i�?�2�K���i�B�+�b�- �k�y�y�3�- �R�d�U�k�V�- �R�3�R���k�y�R�X

�(�9�)�J�X ���H�Q�[�2�B�H�B�-�.�v�M���K�B�+�b �Q�7 �� �_���i�B�Q�M���H �.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�- ���T�T�H�B�2�/ �J���i�?�2�K���i�B�+�b
���M�/ �*�Q�K�T�m�i���i�B�Q�M�- �k�y�y�e�- �R�d�e�U�k�V�- �d�e�3���d�d�9�X

�(�8�)�6�X �"�2�H�?���M�M���+�?�2�- �L�X �h�Q�m���7�2�F ���M�/ �_�X ���#�Q�@�x�2�B�/�-�P�M �� �>�B�;�?�2�`�@�P� �̀/�2�` �_���i�B�Q�M���H
�.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�- �C�Q�m�`�M���H �Q�7 ���T�T�H�B�2�/ �J���i�?�2�K���i�B�+�b �� �A�M�7�Q�`�K���i�B�+�b�- �k�y�R�e�-
�j�9�U�8���e�V�- �j�e�N���j�3�k�X

�(�e�)�6�X �"�2�H�?���M�M���+�?�2�-���b�v�K�T�i�Q�i�B�+ �b�i���#�B�H�B�i�v �Q�7 �� �?�B�;�?�2�` �Q� �̀/�2�` � �̀��i�B�Q�M���H �/�B�z�2� �̀2�M�+�2 �2�[�m���@
�i�B�Q�M�-�1�H�2�+�i�`�Q�M�B�+ �C�Q�m�`�M���H �Q�7 �J���i�?�2�K���i�B�+���H ���M���H�v�b�B�b ���M�/ ���T�T�H�B�+���i�B�Q�M�b�- �k�y�R�N�- �d�U�k�V�-
�R���3�X

�(�d�)�*�X �*�B�M���`�-�P�M �h�?�2 �S�Q�b�B�i�B�p�2 �a�Q�H�m�i�B�Q�M�b �Q�7 �h�?�2 �.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�Mxn+1 =
axn−1/(1+bxnxn−1), ���T�T�H�B�2�/ �J���i�?�2�K���i�B�+�b ���M�/ �*�Q�K�T�m�i���i�B�Q�M�- �k�y�y�9�- �R�8�e�- �8�3�d��
�8�N�y�X

�(�3�)�*�X �*�B�M���`�- �h�X �J���M�b�Q�m�` ���M�/ �- �u �u���H�Ï�B�M�F���v���-�P�M �i�?�2 �/�B�z�2� �̀2�M�+�2 �2�[�m���i�B�Q�M �Q�7 �?�B�;�?�2�`
�Q� �̀/�2�`�- �l�i�B�H�B�i���b �J���i�?�2�K���i�B�+���- �k�y�R�j�- �N�k�- �R�e�R���R�e�e�X

�(�N�)�1�X �J�X �1�H���#�#���b�v�- �>�X �1�H�@�J�2�i���r���H�H�v ���M�/ �1�X �J�X �1�H�b���v�2�/�-�P�M �h�?�2 �.�B�z�2� �̀2�M�+�2 �1�[�m���@
�i�B�Q�Mxn+1 = axn−bxn/(cxn−dxn−1)�- ���/�p���M�+�2�b �B�M �.�B�z�2�`�2�M�+�2 �1�[�m���i�B�Q�M�b�- �k�y�y�e�-
�k�y�y�e�- �R���R�y�X

�(�R�y�)�1�X �J�X �1�H���#�#���b�v�- �>�X �1�H�@�J�2�i���r���H�H�v ���M�/ �1�X �J�X �1�H�b���v�2�/�-�P�M �h�?�2 �.�B�z�2� �̀2�M�+�2 �1�[�m���@
�i�B�Q�Mxn+1 = (ax2

n+bxn−1xn−k)/(cx
2
n+dxn−1xn−k)�- �a���`���D�2�p�Q �C�Q�m�`�M���H �Q�7 �J���i�?�@

�2�K���i�B�+�b�- �k�y�y�3�- �9�U�R�d�V�- �R���R�y�X

�(�R�R�)�1�X �J�X �1�H���#�#���b�v�- �>�X �1�H�@�J�2�i���r���H�H�v ���M�/ �1�X �J�X �1�H�b���v�2�/�-�P�M �h�?�2 �.�B�z�2� �̀2�M�+�2 �1�[�m���@
�i�B�Q�Mxn+1 = (αxn−l +βxn−k)/(Axn−l +Bxn−k)�- ���+�i�� �J���i�?�2�K���i�B�+�� �o�B�2�i�M���K�@
�B�+���- �k�y�y�3�- �j�j�U�R�V�- �3�8���N�9�X

�(�R�k�)�1�X �J�X �1�H���#�#���b�v ���M�/ �1�X �J�X �1�H�b���v�2�/�-�:�H�Q�#���H ���i�i� �̀��+�i�B�p�B�i�v ���M�/ �S�2�`�B�Q�/�B�+ �L���i�m� �̀2 �Q�7
�� �.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�- �q�Q�`�H�/ ���T�T�H�B�2�/ �a�+�B�2�M�+�2�b �C�Q�m�`�M���H�- �k�y�R�R�- �R�k�U�R�V�- �j�N���9�d�X

�(�R�j�)�J�X �J�X �1�H�@�.�2�b�b�Q�F�v ���M�/ �J�X �1�H�@�J�Q�M�2���K�-�P�M �h�?�2 �>�B�;�?�2�` �P� �̀/�2�` �.�B�z�2� �̀2�M�+�2 �1�[�m���@
�i�B�Q�Mxn+1 = Axn + Bxn−l + Cxn−k + (γxn−k)/(Dxn−s + Exn−t), �C�Q�m�`�M���H �Q�7
�*�Q�K�T�m�i���i�B�Q�M���H ���M���H�v�b�B�b ���M�/ ���T�T�H�B�+���i�B�Q�M�b�- �k�y�R�3�- �k�8�U�k�V�- �j�9�k���j�8�9�X

�(�R�9�)�>�X �1�H�@�J�2�i�r���H�H�v ���M�/ �1�X �J�X �1�H�b���v�2�/�-�a�Q�H�m�i�B�Q�M ���M�/ �"�2�?���p�B�Q�` �Q�7 �� �h�?�B� �̀/ �_���i�B�Q�M���H
�.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�- �l�i�B�H�B�i���b �J���i�?�2�K���i�B�+���- �k�y�R�k�- �3�3�- �k�d���9�k�X

�(�R�8�)�1�X �J�X �1�H�b���v�2�/�-�"�2�?���p�B�Q�` ���M�/ �1�t�T� �̀2�b�b�B�Q�M �Q�7 �h�?�2 �a�Q�H�m�i�B�Q�M�b �Q�7 �a�Q�K�2 �_���i�B�Q�M���H
�.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�b�- �C�Q�m�`�M���H �Q�7 �*�Q�K�T�m�i���i�B�Q�M���H ���M���H�v�b�B�b ���M�/ ���T�T�H�B�+���i�B�Q�M�b�-
�k�y�R�j�- �R�8�U�R�V�- �d�j���3�R�X

�(�R�e�)�1�X �J�X �1�H�b���v�2�/�-�.�v�M���K�B�+�b �Q�7 �� �_�2�+�m�`�b�B�p�2 �a�2�[�m�2�M�+�2 �Q�7 �>�B�;�?�2�` �P� �̀/�2�`�- �*�Q�K�K�m�@
�M�B�+���i�B�Q�M�b �Q�M ���T�T�H�B�2�/ �L�Q�M�H�B�M�2���` ���M���H�v�b�B�b�- �k�y�y�N�- �R�e�U�k�V�- �j�d���8�y�X

�(�R�d�)�1�X �J�X �1�H�b���v�2�/�- ���X ���H�;�?���K�/�B�-�.�v�M���K�B�+�b ���M�/ �:�H�Q�#���H �a�i���#�B�H�B�i�v �Q�7 �>�B�;�?�2�` �P� �̀/�2�`
�L�Q�M�H�B�M�2���` �.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�- �C�Q�m�`�M���H �Q�7 �*�Q�K�T�m�i���i�B�Q�M���H ���M���H�v�b�B�b ���M�/ ���T�T�H�B�@
�+���i�B�Q�M�b�- �k�y�R�e�- �k�R�U�j�V�- �9�N�j���8�y�j�X



�Z�m���H�B�i���i�B�p�2 ���M���H�v�b�B�b �Q�7 �� �/�B�z�2�`�2�M�+�2 �2�[�m���i�B�Q�M �R�j�8�j

�(�R�3�)�1�X �J�X �1�H�b���v�2�/ ���M�/ �6�X ���H�x���?�`���M�B�-�S�2�`�B�Q�/�B�+�B�i�v ���M�/ �b�Q�H�m�i�B�Q�M�b �Q�7 �b�Q�K�2 � �̀��i�B�Q�M���H
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�Q�7 �b�Q�K�2 �*�H���b�b �Q�7 �L�Q�M�H�B�M�2���` �.�B�z�2� �̀2�M�+�2 �1�[�m���i�B�Q�M�- �C�Q�m�`�M���H �Q�7 �*�Q�K�T�m�i���i�B�Q�M���H
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yn−k
�-

���T�T�H�B�2�/ �J���i�?�2�K���i�B�+�b ���M�/ �*�Q�K�T�m�i���i�B�Q�M�- �k�y�y�e�- �R�d�e�U�R�V�- �j�8�N���j�e�j�X

�(�j�j�)�a�X �a���/�B�[ ���M�/ �J�X �E���H�B�K�-�:�H�Q�#���H ���i�i� �̀��+�i�B�p�B�i�v �Q�7 �� � �̀��i�B�Q�M���H �/�B�z�2� �̀2�M�+�2 �2�[�m���i�B�Q�M �Q�7
�Q� �̀/�2�` �i�r�2�M�i�v�- �A�M�i�2�`�M���i�B�Q�M���H �C�Q�m�`�M���H �Q�7 ���/�p���M�+�2�/ ���M�/ ���T�T�H�B�2�/ �a�+�B�2�M�+�2�b�- �k�y�R�3�-
�8�U�k�V�- �R���d�X



�R�j�8�9 �>�X �a�X ���H���v���b�?�B�- �J�X �a�X �J�X �L�Q�Q�`���M�B �� �1�X �J�X �1�H�b���v�2�/

�(�j�9�)�.�X �a�B�K�b�2�F�- �*�X �*�B�M���` ���M�/ �A�X �u���H�+�B�M�F���v���-�P�M �h�?�2 �_�2�+�m�`�b�B�p�2 �a�2�[�m�2�M�+�2xn+1 =
xn−3

1+xn−1
�- �A�M�i�2�`�M���i�B�Q�M���H �C�Q�m�`�M���H �Q�7 �*�Q�M�i�2�K�T�Q�`���`�v �J���i�?�2�K���i�B�+���H �a�+�B�2�M�+�2�b�- �k�y�y�e�-
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xk
n

�- �.�B�b�+�`�2�i�2 �.�v�M���K�@

�B�+�b �B�M �L���i�m�`�2 ���M�/ �a�Q�+�B�2�i�v�- �k�y�y�3�- �o�Q�H�X �k�y�y�3�- ���`�i�B�+�H�2 �A�. �3�y�8�9�e�y�- �3 �T���;�2�b�- �/�Q�B�,
�R�y�X�R�R�8�8�f�k�y�y�3�f �3�y�8�9�e�y�X

�(�9�y�)�s�X �u���M�;�- �q�X �a�m�- �"�X �*�?�2�M�- �:�X �J�X �J�2�;�b�Q�M ���M�/ �.�X �C�X �1�p���M�b�-�P�M �h�?�2 �_�2�+�m�`�b�B�p�2
�a�2�[�m�2�M�+�2xn+1 = (axn−1+ bxn−2)/(c+dxn−1xn−2), ���T�T�H�B�2�/ �J���i�?�2�K���i�B�+�b ���M�/
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�Q� �̀/�2�` �r�B�i�? �T�2�`�B�Q�/ �i�r�Q �+�Q�2�{�+�B�2�M�i�b�- �*�Q�K�K�m�M�B�+���i�B�Q�M�b �6���+�m�H�i�v �Q�7 �a�+�B�2�M�+�2�b �l�M�B�p�2�`�@
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�(�9�k�)�1�X �w���v�2�/ ���M�/ �J�X �1�H�@�J�Q�M�2���K�-�P�M �h�?�2 �_���i�B�Q�M���H �_�2�+�m�`�b�B�p�2 �a�2�[�m�2�M�+�2xn+1 =
Axn+Bxn−k+(βxn+γxn−k)/(Cxn+Dxn−k), ���+�i�� ���T�T�H�B�+���M�/���2 �J���i�?�2�K���i�@
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