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QUALITATIVE ANALYSIS OF A FOURTH
ORDER DIFFERENCE EQUATION
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Abstract In this paper, we will investigate some qualitative behavior of
solutions of the following fourth order difference equation x,41 = arn—1 +
wfffi‘d;_s, n = 0,1,..., where the initial conditions x_3z_2, x_1 and

xo are arbitrary real numbers and the values a, b, ¢ and d are defined as
positive real numbers.
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1. Introduction

Our main objective in this paper is to obtain the qualitative behavior of the solutions
of the following recursive equation:

Tpt1 = ATp—1 + 1 —din s n=0,1,..., (1.1)
where the initial conditions z_3, x_3 x_; and z( are arbitrary nonzero real numbers
and a, b, c,and d are positive constants.

In recent years, the theory of difference equations has been studied by a large
number of researchers due to the importance of this field in modeling a large number
of real- life problems. Difference equations are used in modeling some natural
phenomena that appear in biology, physics, economy, engineering, etc. Difference
equations become apparent in the study of discretization methods for differential
equations. Some results in the theory of difference equations have been obtained in
the corresponding results of differential equations as more or less natural discrete
analogues. Some recent studies of the dynamics of difference equations are given
as follows. Agarwal and Elsayed [3] studied the periodicity character and global
stability and provided a solution form for several special cases of the recursive

sequence
L br,xs3
Tpyl = ATy + ———.

CTp_g +dTn_3
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Cinar [7] investigated the solution of the difference equation

ALp—1

Tpg1 = ——F—.
nhh T + bx,Tp_1
Tbrahim [25] presented some relevant results of the difference equation

TnTn—2
R (S Y

Tp+1 =

Elsayed [16] analyzed the global stability and examined the periodic solution of the
following difference equation:

bzn—l
Tptl = QTp—] + —— .
CTp—i — dTp_

Elabbasy et al. [9] investigated the global stability and periodicity character and
gave the solution of the special case of the difference equation

bx,
Tpil = ATy — ————— .
cxy — drp_q

Additionally, Yalginkaya [39] addressed the difference equation

Tp—m
Tpn+1 = + &
n

Yang et al. [40] examined the global and local stability of the equilibrium points of
the following recursive equation:

aTp—1 + bTp_2

Tny1 = .
c+dr,_1Tn_2

Other results of the qualitative behavior of difference equations can be obtained in
refs. [1]- [42].
2. Some Basic Properties and Definitions

Here, we recall some basic definitions and some theorems that we need in the sequel.

Let I be some interval of real numbers, and the function f have continuous
partial derivatives on I**! where I**! = I x I x --- x I (k+ 1— times). Then, for
initial conditions x_x,x_g+1,...,x9 € I, the difference equation

Tn4+1 = f(x'ruxnfh ~-~7mn7k)7 n=0,1,.. (21)

has a unique solution {z, }>° .
A point T € I is called an equilibrium point of Eq.(2.1) if

T = f(z,Z, ..., T).

That is, ,, = T for n > 0 is a solution of Eq.(2.1), or equivalently, T is a fixed point

of f.
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Definition 2.1 (Stability).
(i) The equilibrium point T of Eq.(2.1) is locally stable if for every ¢ > 0, there
exists § > 0 such that for all x_j,z_k41,...,2-1, 20 € I with

‘(ﬂ_k - fl + |£L'_k+1 7T| + ...+ ‘Zo *f| <9,

we have
|z, —F| <e foral n>—k.

(ii) The equilibrium point Z of Eq.(2.1) is locally asymptotically stable if T is a lo-
cally stable solution of Eq.(2.1) and there exists v > 0 such that for all z_, x_g11, ...
r_1,2z0 € I with

)

|k —Z| + |T—gr1 — T| + ... +|T0 — T| < 7,

we have

lim =z, =7.
n— oo

(iii) The equilibrium point T of Eq.(2.1) is a global attractor if for all z_g, x_g41,-..,
r_1,x9 € I, we have

lim =z, =7.

n—oo

(iv) The equilibrium point Z of Eq.(2.1) is globally asymptotically stable if T is
locally stable, and T is also a global attractor of Eq.(2.1).
(v) The equilibrium point T of Eq.(2.1) is unstable if Z is not locally stable.

The linearized equation of Eq.(2.1) about the equilibrium 7 is the linear differ-
ence equation

k
of (@, T....T
Ynt1 = Z o/(®.z..T) . )yn—i- (2.2)
Now, assume that the characteristic equation associated with Eq.(2.2) is

PN = poA + p A T b e A4 =0, (2.3)
9f(®,7....,T)

8xn—i
Theorem A ( [30]). Assume that p;, € R ,i =1,2,... and k € {0,1,2,...}.

Then,
k
Z pif <1
i=1

s a sufficient condition for the asymptotic stability of the difference equation

where p; =

Yntk + D1Yntk—1+ . +PrYn =0, n=0,1....

Next, we introduce a fundamental theorem to prove the global attractor of the
fixed points.
Theorem B ( [30]). Let g : [a,b]**! — [a,b] be a continuous function, where k is
a positive integer and [a,b] is an interval of real numbers. Consider the difference
equation
Tl = 9(Tn, X1y ey Tnk), n=0,1,.... (2.4)
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Suppose that g satisfies the following conditions.

(1) For each integer i with 1 <14 < k+1, the function g(z1, 22, ..., 2k+1) s weakly
monotonic in z; for fived 21,29, ..., 2i—1, Zit1, -y Zht1-

(2) If m, M is a solution of the system

m:g(mlam27“'7mk+l)a M:g(M17M2;~~;Mk+1)7
then m = M, where for each i =1,2,....k + 1, we set

{m, if g is non-decreasing in zi,} Mi {M, if g is non-decreasing in zi,}
m; = s 1= .

M, if g is non-increasing in z;, m, if g is non-increasing in z;.

Then, there exists exactly one equilibrium point T of Eq. (2.4), and every solution
of Eq. (2.4) converges to T.

3. Local Stability of the Equilibrium Point of Eq.(1.1)

This section studies the local stability character of the equilibrium point of Eq.(1.1).
Eq.(1.1) has an equilibrium point given by

bz
T —dT’

T =aT +

If (¢ — d)(1 — a) > 0, then the only positive equilibrium point of Eq.(1.1) is given
by

b
(c—d)(1—a)

T =

Let f:(0,00)2 — (0,00) be a continuous function defined by

du
flu,v) =au+ e (3.1)
Therefore, it follows that
ofuv) _  _ _ bdv
ou (cu — dv)?’
of(u,v) bdu
v (cu—dv)?’

Then, we see that

ofx,x) " d(1—a)

“ou —W:po,
of(z,T) _ d(l —a) —
v (c—d) "

Then, the linearized equation of Eq.(1.1) about Z is

Yn+1 — PoOYn—1 — P1Yn—-3 = 0.
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Theorem 3.1. Assume that
lac —d| +d|l —a|] <|c—d|.

Then, the positive fized point of Eq.(1.1) is locally asymptotically stable.
Proof. Tt follows by Theorem A that Eq.(1.1) is asymptotically stable if

Ip1] + [po| < 1.
That is,
d(1—a) d(l—a)
— 1
TR ’ (c=a)| ="
then,
la(c —d) —d(1 —a)|+ |d(1 —a)| < |c—d].
Thus

lac —d| +d|1l —a|] <|c—d]|.

According to Theorem A, the fixed point of Eq.(1.1) is asymptotically stable. Hence,
the proof is complete. O

4. Global Attractivity of the Equilibrium Point of
Eq.(1.1)

In this section, we investigate the global attractivity character of the solutions of

Eq.(1.1).

Theorem 4.1. The fized point T of Eq.(1.1) is a global attractor if ac > d.

Proof. Let a and § be real numbers and assume that g : [, 8]

function defined by Eq.(3.1).Then,

— [, (] is a

dg(u,v) " bdv
ou (cu — dv)?’
dg(u,v)  bdu
ov  (cu—dv)?’
Case (1) If a — (CJ’_digv)Q > 0, then we can easily see that the function g(u,v) is

increasing in u,v. Suppose that (m, M) is a solution of the system

m = g(m,m) and M = g(M, M).
Then from, Eq.(1.1), we see that

bm
m=am-+ ————,
cm —dm

bM
M=o+ —ar

This result gives
(M —m)=a(M—m), a#1.
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Thus,
M =m.

It follows by Theorem B that T is a global attractor of Eq.(1.1). Therefore, the
proof is complete.
Case (2) If a — % < 0, let a and B be a real numbers and assume

that ¢ : [a, 8] — [a, 8] is a function defined by

bu

g(u,v) = au + P

Then, we can easily see that the function g(u,v) is decreasing in « and increasing
in v. Suppose that (m, M) is a solution of the system

M = g(m, M) and m = g(M, m).

Then, from Eq.(1), we see that

bM
pr— M —
m=a +cM—dm7
bm
M = _—
aercm—dM’

eMm — acM? — dm? + adMm = bM,
eMm — aem? — dM? + adMm = bm,
then
(M? —m?)(d —ac) = b(M —m), ac > d.

Thus,
M =m.

It follows by Theorem B that T is a global attractor of Eq.(1.1). Hence, the proof
is complete. O

5. Existence of Periodic Solutions

In this section, we study the existence of periodic solutions of Eq.(1.1). The follow-
ing theorem states the necessary and sufficient condition that this equation does
not have periodic solutions of prime period two.

Theorem 5.1. Eq.(1.1) has no positive solutions of prime period two.

Proof. First suppose that there exist prime period two solutions

""p’ q?p’ q""
of Eq.(1.1). Then,
b
p=ap+ 7}97
cp—dp
b
q=ag+—2

cq—dq’
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Then,

b
c—d’
b
c—d’

p(l—a) =

q(l —a) =

This result contradicts the fact that p # ¢. Hence, this completes the proof. O

6. Special case of Eq.(1.1)

In this section, we study the following special case of Eq.(1.1)

Tn—1

Tptl = Tp—1 + (61)

b
Tpn—1 — Tn-3

where the initial conditions x_3, x_2, x_1 and xy are arbitrary real numbers
with x_3 # x_1 and z_5 # xg.

Theorem 6.1. Let {x,} . be the solution of Eq.(6.1) satisfyingx_3 =1, x_o =

n=—3

s, x_1 =k, xg = h. Then, forn =0,1,2...

[nk? + k(n? — t(2n — 1)) + (n — 1)t(t — n)]

Tan—3 = E_1t 5
. B [nh? 4+ h(n? — s(2n — 1)) + (n — 1)s(s — n)]
4n—2 — h—s )
[(n+1)k? + k(n(n+1) — t(2n + 1)) + nt(t — n)]
Tan—1 = E_1t ;
I [(n+1)A? + h(n(n+1) — s(2n + 1)) 4+ ns(s — n)]
4an — h—s .

Proof. For n = 0, the result holds. Now suppose that n > o and that our
assumption holds for n — 1. That is ,

b - DR (= 12— tn =3) + (1=t = (= 1)

k—t
oo — [(n — A2+ ((n—1)2=5(2n—3))+(n—2)s(s — (n — 1))}
4n—6 — h—s ’
_ [nE? + k(n(n—1) —t(2n — 1)) + (n— 1)t(t — (n — 1))]
Tan—5 = k—¢t )
B [nh? + h(n(n—1) —s@2n —1)) + (n — 1)s(s — (n — 1))]
Ton—4 = L_¢t .

Now, it follows from Eq.(6.1) that

T4n—3
=Zan_s + _ Tan-s5
Tyn—5 — Tyn—7
[nk? + k(n(n — 1) —t(2n — 1)) 4+ (n — t(t — (n — 1))]

k—t
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[nk?+He(n(n=1)—(2n—1) H(n—1)t(t~(n—1))]

Tt
+ S ) VI ) (S (S S ) ES O s
B [nk? + k(n(n —1) —t(2n — 1)) 4+ (n — t(t — (n — 1))]
B k—t

n [k (n(n—1)—t(2n—1) FH(n—1)t(t~(n-1))]
k2t (n(n—1)—t(2n—1) HH(n—1) t (t—(n—1) ) - [(n—1) k2 +((n—1)2—t(2n—3))+(n—2)t(t— (n—1))]

_ [nk? + k(n(n — 1) —t(2n — 1)) 4+ (n — t(t — (n — 1))]
k—t
N [nk? 4+ k(n(n — 1) —t(2n — 1)) + (n — 1)t(t — (n — 1))]
B2+ Ek(nn—1)—t@2n—-1))+tlt—(n—1)) — ((n—1)2 = t(2n — 3))]
=[nk* +k(n(n—1) —t(2n — 1)) + (n — 1)t(t — (n — 1))]
1 1
i [k2+k:( —1)—t@n 1) 140 —(n—1) — (n - 12 —t(2n —3))]
[nk2+k n—1)—t2n—1))+ (n— 1)t — (n—1))]
(k2 +tt—(n—1)+k(n(n—1) —t@2n—1)) — (n —1)> = t(2n — 3)) + k — ]
(k—t)[k2+k(n(n—1)—t2n—1))+t{t— (n—1)) — ((n —1)2 —t(2n — 3))]
 [nk? 4+ k(n? —t(2n — 1)) 4+ (n — 1)t(t — n)]
k—t ’
Additionally, according to Eq.(6.1) ,

Ton—1
Tyn—3
=Typ-3+ ——
Ton—3 — Tan—5

_ [nk? 4+ k(n? —t(2n — 1)) + (n — 1)t(t — n)]

k—t
[nk2+k(n2—t(2n—l))+(n—1)t(t—n)]
k—t
+ [nk24+k(n2—t(2n—1))+(n—1)t(t—n)]  [nk24k(n(n—1)—t(2n—1))+(n—1)t(t—(n—1))]
k—t k—t
_ [nk? 4+ k(n? —t(2n — 1)) + (n — 1)t(t — n)]
B k—t

[nk? + k(n? —t(2n — 1)) + (n — 1)t(t — n)]
kE(n?2—t(2n—1)) —k(n(n—1) —t(2n — 1))
_ [nk? 4+ k(n? —t(2n — 1)) + (n — 1)t(t — n)]
k—t
[nk? 4+ k(n? —t(2n — 1)) + (n — 1)t(t — n)]
N nk
= [nk® + k(n® —t(2n — 1)) + (n — 1)t(t — n)] (

1 1
PR
= [nk* + k(n® — t(2n — 1)) + (n — 1)t(t — n)] {m]
[+ DR+ E(n(n+ 1) —t(2n+ 1)) + nt(t — n)]

B k—t '

Also the other relations can be proofed similarly. O
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7. Numerical examples

We now present some numerical examples to confirm the theoretical work.

Example 7.1. We plot the stability of our equation under the values a = 0.2, b =
1, ¢c=5,d=05, x_3=5, x_2=0.3, z_; =2 and g = —1. See Figure 1.

Example 7.2. This example shows the global stability of our equation under the
valuesa =05, b=2, ¢c=6, d=0.1, x_3=6, v_9 = —5, z_1 =4 and x¢g = —3.
See Figure 2.

Example 7.3. An unstable solution of Eq.(6.1) is shown in Figure 3 under the
valuesa =0.2, b=1, ¢c=5,d=05, x_3=5, v 5=03, xr_1 =2 and 2o = —1.

plot of x(n+1)=(a*X(n=1)+((b*X(n-1))/(c*X(n-1)-d*X(n-3))) plot of x(n+1)=(a*X(n=1)+((b*X(n-1))/(c*X(n-1)-d*X(n-3)))
. . - 6 . -

Figure 1. Figure 2.

plot of x(n+1)=(a*X(n-1)+((b*X(n-1))/(c*X(n-1)-d*X(n-3)))

160

Figure 3.
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