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Abstract We prove two existence results for the nonlinear elliptic boundary
value system involving p-Laplacian over an unbounded domain in RY with
noncompact boundary. The proofs are based on variational methods applied
to weighted spaces.
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1. Introduction and main results
The objective of this paper is to study the nonlinear elliptic boundary value system

—div(a(z)|Vu;|P72Vu;) = Af(2)ui|ui P72 + B, (x,u1, -+ ,uy), © € Q,
a(z)| VP2 2% 4 b(a)u;u; P2 = h(z, w;), z € 0N,

i
n

(1.1)

where Q@ C R is an unbounded domain with noncompact smooth boundary 95,
the outward unit normal to which is denoted by n with p > 1andi=1,...,n.

The growing attention for the study of the p-Laplacian operator in the last
few decades is motivated by the fact that it arises in various applications. The
p-Laplacian operator in (1.1) is a special case of the divergence form operator
—div(a(z, Vu)), which appears in many nonlinear diffusion problems, in partic-
ular in the mathematical modeling of non-Newtonian fluids, for a discussion of
some physical background, see [9]. We also refer to Aronsson-Janfalk [1] for the
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mathematical treatment of the Hele-Shaw flow of “power-law fluids”. The concept
of Hele-Shaw flow refers to the flow between two closely-spaced parallel plates, close
in the sense that the gap between the plates is small compared to the dimension
of the plates. Quasilinear problems with a variable coefficient also appear in the
mathematical model of the torsional creep. This study is based on the observa-
tion that a prismatic material rod object to a torsional moment, at sufficiently high
temperature and for on extended period of time, exhibits a permanent deformation,
called creep. The corresponding equations are derived under the assumptions that
the components of strain and stress are linked by a power law referred to as the
creep-law [12,15,16].

The boundary condition of the system (1.1) describes a flux through the bound-
ary which depends in a nonlinear manner on the solution itself, for some physical
motivation of such boundary conditions, for example see [11,19]. Some related
the elliptic type equations and p-Laplacian equations results, we refer the reader
to [2,4-8,10,13,14,17,22,25-40] and the references therein.

Let © C RN be an unbounded domain with smooth boundary 9. We assume
throughout that 1 < p < N, ap < a € L*(Q), for some positive constant ag and
b: 0Q — R is continuous function satisfying

(By1) W <b(x) < W, for some constants 0 < ¢ < C.

Let C£°(9) be the space of C§°(RY)- functions restricted on Q. We define the
weighted Sobolev space E as the completion of C§°({2) in the norm

Huhaz[JQUVuw+wwxnuwxm}”p

where w(z) = m, and we denote n times product of this space by X = E"

with respect to the norm

n 1/p
(ug, un)||x = (ZIUiH%) :

=1

Denote by LP(Q,w;), LI(, ws) and L™ (99, w3) the weighted Lebesgue spaces with
weight functions w;(x) = (1 + |z|)* for i =1, 2,3 and the norms defined by

|wmf%gMWWawwm:AWMMm

and
al, = | ws(e)lul" o
o0
where
—N<a <—p if p<N,(a1 <—p when p> N),
N —
(Hy) *N<042SQ7prifp<N,(fN<a2<O when p > N),
p

N—
—N<a3§m7p—N+1 if p<N,(—N<a3<0 when p> N).
p

Then we have the following embedding and trace theorem.
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Lemma 1.1 ( [20])). If p<gq < A’;—J_Vp =p" and —N < ay < q% — N, then the
embedding operator E™ < (L9(Q,ws2))™ is continuous. If the upper bound for q be
strict, then the embedding is compact.

If p <m < % and —N < a3z < m% — N + 1, then the trace operator
E™ — (L™(0,ws))™ is continuous. If the upper bound for m be strict, then the

trace operator is compact.
Furthermore, one can show

Lemma 1.2 ( [21]). The quantity

lullo = {/Q a(x)wu'deJr/m b($)|U|”dar/p

defines an equivalent norm on E. Moreover

n 1/p
(w1, ..cun)||B = (Z ||Uz||£>
im1

defines an equivalent norm on X.

Because the lack of separability for the functions F' and h, we need to restrict
the problem (1.1) to the following assumptions on f, F' and h:
The function f is nontrivial measurable satisfying
(f1) 0< f(z) <C(1+ |z|)* for a.e. x € Q.
The mapping h : 92 — R is a Caratheodory function which fulfills the assump-
tions
(f2) |h(z,u)|] < ho(x) + hi(z)|s|™"!, where h; : Q0 — R, (i = 0,1) are
measurable functions satisfying ho € L7-1 (99, w?ﬁ)7 0<h; <Chws (i=0,1).
We also assume
(H2) limso % = 0, uniformly in z.
(H3) There exists p € (p,p*] s.t. pH(x,t) < th(z,t) a.e. © € Q,Vt € R, where
H(z,t) = fg h(x,s)ds.
(Hy) There is a nonempty open set O C 9Q with H(xz,t) > 0 for (x,t) €
O x (0,00).
Also we need the following assumptions on F:
(F;) F:Qx (RY)" — R* is a Cl-function such that F(x,tus,...,tu,) =
tP" F(2,u1, ..., u, ) (t > 0) holds for all (z,uy,...,u,) € Q x (R)".
(F»)  F(z,ui,...,u,) = 0if u; = 0 for some j = 1,...,n and w; € Rt for
i=1,.n,0 % .
(F3) Fy,(x,uq,...,up) are strictly increasing functions about (u1, ..., u, ) for all
w>0,i=1,..n.
Moreover, using Homogeneity property in (Fy), we have the so-called Euler
identity
(U1y ooy tipy) - VE(z U1, oy tty) = p*F (2,01, .y ),
W\ (1:2)
F(z,ug, .y tun) < K (Z |ui|p> for some K > 0.
i=1
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We say that v = (uy,...,u,) is a weak solution to the system (1.1) if u =
(ug,...,upn) € X and

n

Z /a(x)|Vui|p*2Vuinidx+/ b(x)|ui|p*2uivido—/ h(zx,u;)v;do
Q o0 a9

i=1
- /\/ I ()i [P~ 2uv; dx—/ w; (T, ul,...,un)vidx} =0,
Q

for any (v1,...,v,) € X.
The corresponding energy functional of the problem (1.1) is defined by

In(Uy ey ) :% l/ﬂ <a(x)z |Vui|”> dz + b(x |uzp> da}

i=1

- /QF(:v,ul,...,un)dz.

Note that using Lemmas 1.1 and 1.2 we deduce that J is well-defined on X.
Now we state our main results:

Theorem 1.1. Assume that the conditions (f1),(f2), (H1)—(H4) and (Fy)—(F3)
hold. Then the problem (1.1) has a nontrivial weak solution for every

Jola(@) 320, [VusP)da+ [ (b(x) 3575 [uil?)do

0<A<A= in -
(0400, 0)#(tr 5.yt ) EX Jo(f (@) X8 |uilP)da

Theorem 1.2. Assume that h(x,s) = 0. Then the problem (1.1) has infinity many
solutions for 0 < A < A.

2. Proof of Theorem 1.1

Let us consider (Hp). We need the following proposition

Proposition 2.1 ( [20]). The corresponding Nemytskii operators
Ny, : L™(09, w3) — LT (9Q, wi ™ m), Ny : L™(09Q, ws) — L'(09Q)
are bounded and continuous. Also if we set p(u) = f(x)u|u|P~2, then the operators
N, : IP(Qw1) — LT (Qwl?), Ny: LP(0Q,wi) — L)

are bounded and continuous, where ¢ denotes the primitive function of .

Remark 2.1. Note that A < A implies the existence of some Cy > 0 such that

[|(un, oum) | — A/Q (f(ﬂf)z w”) dx > Col|(uy, -..tun)|[5-

=1
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Lemma 2.1. Under assumptions (Hy1) — (Hs) and (Fy) — (Fs), Jx is Ferechet
differentiable on X and satisfies the Palais-Smale condition.

Proof. We use the notations

1 1 -

T, oottn) = =|[(ur, )|y Kp(u,.up) = f/ (f(x)2|ui|1’> dz,
p pJo —

Ky(uy,...u / ZH x,u;)do, Kp(ug,..u /F TyUpy eeny Up, )T,

Then the directional derivative of J) is

(s eotin)y (V15 e v ) =T (U ootin)y (V1505 00)) = MG (U1, )5 (V15005 0n))
—(K gy (U1, oty (1, oy U )~ (K (U1, i), (01, o0y 0n)),

where

(I' (U1, - tn), (V1,5 ey V)

:/ <a(3:)Z|Vui|P—2Vuini> dm—i—/ ( Z‘“ZV) u1v1> o,
Q ! =1

i=1
(K (un, i), (U155 0n)) / ( Z i [P~ 2, m) dz,
<K}_](U1, ...Un), (Ula . / Zh Z, Uz ’UZdCT
i=1
n
(K& (uy, .. uy), (v, ... / ZFul Ty UL, ey Uy ) VAT,
QF

for all (vy,...,v,) € X.
Clearly I§ : X — X* is continuous. The operator K}; is a composition of the
operators

1
Kjp X = (L™(0Q,w3))" — Ny i=(Nyg,....,Ngp) (LT (0 w37 ™))" — X7

where
<l(u17 8] un)v U1, .- / uzvid0—~
» Z

Since

n n ! e =
S / |um|dagz( / ] P 0 mdg> ( / |Ui|mw3da) ,
— Jon — \Joq I9)

l is continuous by Lemma 1.1.

As a composition of continuous operators, K4, is also continuous. Moreover
using (H; ), n product of trace operator X — (L™(99Q,ws))™ is compact and K, is
also compact.
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In a similar way we obtain that the operator K. is a composition of the operators

1
Ko X = (LP(Q,w1))" = Naim(Ny V) (L7 (Q,w] 7)) —p X*

where

<l'(u1,...,un),(vl,...,vn»:/Zuividx.
Q=1

Since

n n p A B »
) / uiviuxgz( / |ui|plw;pdx> ( |Ui|Pw1dx> ,
- Ja — \Un Q

! is continuous by Lemma 1.1. Again K <,25 is also continuous. In a similar way K (’ﬁ
is also compact.

Since the assumptions (F;) and (F3) hold, we get F,, € C(Q x (R*)", R*) are
positively homogeneous of degree p* — 1. Moreover using the above fact, we get the
existence of a positive constant M such that

Fu (@ ug, tin) <MY ugl? 1, Vo € QV(ug,u,) € (RY)™.(21)
=1

By the Sobolev embedding theorem, we derive that K}, is continuous and compact
and the continuous differentiability of .J follows.

Now let U,, = (uq,,, ..., un,,) € X be a Palais-Smale sequence for the functional
I, ie.,
|J\(Un)| < C, for all m (2.2)
and
[|J3(Um)||x+ = 0 as m — oo. (2.3)

For m large enough we have
|<J$\(Um)7Um>‘ < pwl|Unl|B-

This implies

C+ ||Um||B > JA(Um) <J§\(Um)7 Um>~ (2~4)

1
"
Using a direct calculation we have

IO} = 25U, ) = (5= 2) <||Um||§; SIECHY |uim|p>dx>

n

- /em 2 (H(‘T’uim) - ;h(xvuim)uim) do

i=1

—/ (F(zyu,, ey Un, )
Q

1 n
- = g Fy,(zyu1,, ey Un,, U, )dx.
ri=
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By (Hs) we deduce that

Z H(z,u;, )do < — Z h(z,u;,, )u;,, do.
o0 a0

Also using the property (Fy), we have

J

:/ [(1 - p—)F(gv,ulm7 ...,unm)dx] <0,
Q

1

n
F(xvul >unm - Z ULy oee unm) VF('Z' ulm,""unm)dx

my e

“;

W
since p € (p,p*]. So we deduce that
INTn) = 2O, T) 2 (5= 1) Gl (25)
7 pou

Relations (2.4) and (2.5) yield C + ||Un||5 > (;} - 7) Col|Un ||, and hence U,, is

bounded.
To show that U, contains a Cauchy sequence we use the following inequalities
for £ € RN (see Diaz [9, Lemma 4.10]):

e — &P < C(lefP2e — [€P72E) (e — &), for p>2, (2.6)
le — &P (lel + 1€)*77 < C(lefP~2e — [€P72€) (e = €), for 1<p<2. (2.7)
In the case p > 2:
[|[Um — Uil
:||(u1m — Uy ey Uny, — unk)”%

b(x)|us,, — ug, |pda}

= wg, — ug, |} /am Vu;,, — Vu; pdx+/
;H k||bizl[g (@), ~ o+ [

/ V([ Vs, [V s, ¥ (s, —t1,) — [Vitsy P2V, V(i — 105,

+ /m b(@) (Jui, [P~ i, (i, — i) — |wi, [P 20, (i, — uik))dol
=C(I'(Un), Um — Uk)) — {I'(Uk), (Um — Uk))
=C[(J\(Unm), (Un — Ux)) = (JA(Uk), (Um — Uk))

+ MEG(Un), (Un = Uy)) = MEH(Uk), (Un — Uy))

+ (K (Un), (Un = Ux)) = (K (Ug), (Unm — Uy))

+ (Kp(Un), Un = Ux)) = (Kp(Uk), Un — U))]
<CO(|J3(Um) = JN(UR) || x + N K} (Um) — K3 (U] | x-

x+ + [Kp(Unm) — Kp(Uk)llx+)

Um — Ukl

H Ky (Un) — Ky (Ur)]
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CUITLUmx= + T3 (Uk) |+ + N K (Unn) — K5 (U)||x+)
+ 1K (Unm) = Ky (Ui)llx= + [ K (Un) = K (Uil x)|[Um — Usl| -

This concludes that there exists a subsequence of U,,, which converges in X because
of J\(Up) — 0 and K7 is compact for v € {f, H, F'}.
If 1 < p < 2, modifying the proof of [18, Lemma 3], we can easily deduce that

U = Uill% < CUI'(Un), (U = Ui)) = (' (Ur), (U — U M (1U 157 + U5 ).

Since ||Up || B is bounded, the same arguments as the case p > 2, lead to a convergent
subsequence. O

Proof of Theorem 1.1. We shall use the mountain pass lemma to obtain a so-
lution. In what follows, we notice two points to verify the geometric assumptions
of the mountain pass theorem. From assumptions (f3) and (Hz), for every ¢; > 0
there is a C¢, > 0 such that

|H (2, u;)| < €:b(w)|ug|P + Cc,wa () [ug|™

Thus using (B;1) and Lemma 1.1, we have

Z H (2, u;)do < Zq/ \ul|de+ZC / ws(z)|u;| ™ do
o
< eChl|(u1, -un)llp + Cec?”(ulv tn)||B

where € = max{e;;¢ = 1,...,n} and C. = max{C.,,;i =1,...,n}.
Additionally, we recall the following result:
For all s € (0,00) there is a constant Cs > 0 such that

(x+y)° <Cs(z®+y®) forall z,ye (0,00).

Now using the estimate (1.2) and Lemma 1.1 we get

/ F(x,uy,...,up)dx < K/ |uz|p = dz
Q

=K/(|u1|p+...+|un|p)%dx

Q

Sch/(|u1|p(p*/p)+...+‘un|P(P*/p))dx
Q

< KCpC3||(U17 Un)”f;

Consequently this two facts and Remark 2.1 imply that

1 ) —
In(ur, un) = = (ur, .. un) |5 — = / x)|u;|Pdz
A (w1 ) pH( 1 N5 PZ: Qf( )il

—Z Hcculda—/qul,...,u)dx

| \/

5Co||(m, eos tn) || = A€CH | (ur, ooy un) |75

—C.Cy|(t1, ey un)| [ — KCpCs||(ug, )% -
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For ¢ > 0 and R > 0 small enough, we deduce that for every (uy,...,u,) € X with
[|(u1,...un)|| g = R, the righthand side is strictly greater than 0.

It remains to show that there exists V = (vy, ..., v,) € X with ||(v1, ...00)||B > R
such that Jy(v1,...vn) < 0. Choose ¢ € C5°(2),4 > 0 such that Suppy N 92 C O.
From (H3) we see that H(z,t) > Cyt* — C5 on O x (0,00). Then using (F3), for
t > 0, we have

IN(t16,0, ..., 0) = %m(m,o, O = A /Q f(z)ePdz)

— H(w,tql))da—/ F(z,t,0,...,0)dz

oQ Q

tP
2 g‘|(¢70770)||% _C4tu/owud0'+c5‘0|.

Since p > p the righthand side tends to —oo as t — oo and for sufficiently large to,
V = (t¢,0,...,0) has the desired property.

Since J) satisfies the Palais-Smale condition and Jy(0, ...,0) = 0, the mountain
pass lemma shows that there is a nontrivial critical point of Jy in X with critical
value

o= Jok 3, St > 0

where G = {g € C([0,1], X);9(0) = (0, ...,0),g9(1) = V}. O

3. Proof of Theorem 1.2

We recall here a version of the Ljusternik-Schnirelman principle in Banach spaces
which was discussed by Browder [3], Zeidler [41], Rabinowitz [23] and Szulkin [24].
We then shall apply the principle to establish the existence of a sequence of solutions
for the problem (1.1).

Let Y be a real reflexive Banach space and ¥ the collection of all symmetric
subsets of Y — {0} which are closed in X ( A is symmetric if A = —A). A nonempty
set A € ¥ is said to be of genus k (denoted by v(A) = k) if k is the smallest integer
with the property that there exists an odd continuous mapping from A to R¥ —{0}.
If there is no such k, v(A) = oo, and if A =0,~v(A) = 0.

In order to continue the proof we shall need the following proposition.

Proposition 3.1 ( [23, Corollary 4.1]). Suppose that M is a closed symmetric C*-
submanifold of a real Banach spaceY and 0 & M. Suppose also that J € C*(M, R)
is even and bounded below. Define
G e
where I'; = {A C M : A e X,v(A) > j and A is compact}. If Ty # O for some
k> 1 and if J satisfies (PS), for all ¢ = c;,5 = 1,...,k, then J has at least k
distinct pairs of critical points.
Define on X the even functional

J *1 u un) |5 — Y ) |u;|Pdx
Ia(ug, ... n),p <||( 1y Un) || B A;/Qf( )wilPd >7
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on the closed symmetric Ct-manifold
Sk ={(u1,..un) € X; Kp(uy, ..., un) = 1}.

By our hypotheses of f, F and h, Lemma 2.2 and Proposition 3.1, we claim
that Jy|g, possesses at least v(Sp) pairs of distinct critical points. Since F :
Q0 x (RT)™ — R* is a C'-function, there exists a nonempty open set O C € such
that F(xz,t1,....t,) > 0 for all (z,t1,....t,) € O x (RT)™. Using the properties of
the genus it follows that v(O) > v(Bg), where B is the unit ball of Wol’p(é) C X.
On the other hand it is well known that the genus of the unit ball of an infinite
dimensional Banach space is infinity, so v(Sr) = co. Therefore we conclude that
there exists a sequence {(u1,,,...,Un,, )} C X such that any (u1,,,...,un,,) is &
constrained critical point of Jy on Sp.

By the Lagrange multipliers rule, there exists a sequence {\,,} C R such that

H(U’lmﬁ Y u”m) |% - )\Z/ f($>|Uim pdx = )\mKF(U/lm, '-~7unm)~ (31)
=179
Since (u1,,, ..., Un,, ) € Sp and 0 < A < A, so the right hand side of (3.1) is positive

and so A, > 0. Setting

we have the following equation

B WET S / @)\,
=1

Since A\, # 0, we derive

P r*
)\577? H(Ulnﬂ Tt Un?n) pdw = )\m)\;;ip KF(U]-’NL’ Tt Unrn)'

(1r o v )l = A3 /Q (@) o, Pz = Kip(v,, o0, ).
=1

This proves the theorem. O
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