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GLOBAL STABILITY OF AUTONOMOUS AND
NONAUTONOMOUS HEPATITIS B VIRUS
MODELS IN PATCHY ENVIRONMENT*

Pengyan Liu' and Hong-Xu Libf

Abstract Autonomous and nonautonomous hepatitis B virus infection mod-
els in patchy environment are investigated respectively to illustrate the influ-
ences of population migration and almost periodicity for infection rate on the
spread of hepatitis B virus. The basic reproduction number is determined and
asymptotic stabilities of disease-free and endemic equilibria are established in
case of autonomous system. Moreover, in the nonautonomous system case,
existence and global attractivity of almost periodic solution for this system
are studied. Finally, feasibility of main theoretical results is showed with the
aid of numerical examples for model with two patches.
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1. Introduction

As a contagious disease triggered by hepatitis B virus (HBV), hepatitis B acutely
threatens global public health. According to the latest hepatitis B research report,
HBYV affects approximately 292 million individuals in 2016, which represents a global
prevalence of 3.9% [22]. It is clear that the treatment and prevention for hepatitis B
are effective in China and the infection rate is steadily declining by comparing data
on HBYV infections from then and now. However, there are still nearly 89 million
HBYV carriers in China, about one third of the world’s total, which are the world’s
largest [22]. It is thus important to monitor HBV infection patterns and predict
trends over time.

For the past few years, several mathematics models have been established to
analyse the dynamic behaviors of HBV transmission [4,9,16,17,27-29, 32, 36], es-
pecially for the global stabilities of their equilibria. Due to similar main routes
of transmission for HBV, HCV (hepatitis C virus) and HIV (human immunodefi-
ciency virus) which include sexual contact, blood transmission and mother-to-child
transmission, HBV transmission model is also suitable for describing the spread of
HCV and HIV. Dai etc [4] formulated an HBV transmission model to investigate
the spread of HBV in mainland China and kinetics of this system. Based on ther-
apy of chronic hepatitis B, Huan etc [9] included antivirus treatment in an HBV
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transmission model, studied the stability of its equilibria. Khan etc [16] considered
a transmission model of HBV by taking into account media coverage, analyzed the
stability results for the model and presented the optimal control treatment problem
with suggested controls. Khan etc [17] incorporated acute-infected and chronic-
infected classes into hepatitis B epidemic model and developed the optimal control
strategy of HBV transmission. Wang and Tian [32] introduced a CTLs immune
response in a time delay HBV infection model and showed that basic reproduction
number and basic immune reproduction number determine the asymptotic stabili-
ties of equilibria. Zhang and Zhang [36] formulated a model for HBV to describe
how newborn vaccination and treatment influence HBV prevention and got the re-
sult the basic reproduction number, as a critical value, determines the stability and
persistence of hepatitis B in this model.

Communicable diseases can easily spread between different countries (or re-
gions). For instance, the first case of SARS was found in Guangdong, China in
2002, however, the cumulative cases involved 32 countries and regions as of June
2003 due to the human mobility [23]. The higher interregional mobility may bring
about the faster regional and global spread of infectious diseases [14]. Dynamics
analysis of epidemic models in patchy environment can show how individual migra-
tion among patches affects the dynamic behaviors of epidemic disease transmission,
see [5,21,33,35] and the references cited therein.

When modeling the dynamics of population, we usually assumed that coeffi-
cients of dynamical models are constant [10,12]. However, the nonautonomous
phenomena are much universal in the real world and nonlinear differential equa-
tions can be used to model numerous dynamical problems [11,13,20], which could
make the model be more realistic than autonomous differential equations. In the
case of nonautonomous models, periodic and almost periodic coefficients are taken
into consideration in the relevant researches. Moreover, as indicated in [6], al-
most periodic effects are more approaching to reality in a variety of real world
applications than periodic effects. Some recent development on the transmission
dynamics of epidemic models with almost periodic coefficients have been discussed
in [19,26,31,34] and references therein.

Motivated by the above discussions, we construct the HBV transmission model
with almost periodic infection rate in patchy environment based on the model of
Kamyad etc [15] and study the stability for this model both in the autonomous and
nonautonomous cases. The remaining parts of this paper is organized as follows.
An HBYV infection model with almost periodic infection rate and patch structure
is formulated and some basic properties are deduced in Section 2. In Section 3,
the stability analysis of corresponding autonomous system is presented. Section 4
is devoted to existence and global attractivity of almost periodic solution for this
system in nonautonomous case. In Section 5, we present numerical examples to
demonstrate the effectiveness of established results. Finally, in Section 6, conclusion
and discussion for this paper are provided.

2. The model

2.1. System description

Recently, Kamyad etc [15] constructed an HBV transmission model with two con-
trols: vaccination as well as treatment. In this model, two different forms of the
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infection for HBV, that is, HBV transmits directly from mother to offspring (vertical
transmission) and people are infected by contacting with infective individuals (hor-
izontal transmission) were considered. They also accounted for the relapse between
recovered people in their paper.

Based on the model of Kamyad etc, we propose a nonautonomous model for the
HBYV infection which is an extended and improved version of the HBV transmission
model in [15] with the inclusion of population travel between n patches and almost
periodic infection rate. The total population is divided into five classes in each
patch ¢ (i = 1,2,...,n): susceptible class S;; latent class F;; acute infected class I;;
chronic infected class C;; and recovered class R;. Thus, our model is formulated in
the following form

ds;
1 =V; — Pz(t)(-[z + 0101)5 (Vz + Oéz) i Vzgzc + ( Vlnl)Rl
+ Z azg — Qyj; z)
J#i
dFE;
T =p;(t)(L; + 6:;C;)S; — (vi + 03) E; + Z(bijEj — b, ),
i
dr;
a1 =o;F; — l/z + 5 I + Z Cz] cjl z (21)
J#i
dc;
=Giili — (i1 = &) + & + X)Ci + Y (ki;Cj — ki),
dt —
J#i
dR;
% =;S; + (1 — )0 L + (g + X)Ci — (vi(L — ;) + ) Rs
+> (L Ry — 1 Ry),
i

where 4,7 = 1,2,...,n. a4, bij, cij, kij and l;; represent the travel rates of sus-
ceptible individuals, latent individuals, acute infected people, chronic HBV carriers
and recovered (or immune) people from patch (or group) j to patch (or group) i,
respectively. The other parameters in patch i are described in Table 1. p;(t) is
positive almost periodic with i =1,2,...,n

For the term v;§;C;, it denotes the vertical transmission in patch i. And v;n; R;
denotes immune newborns from recovered class in patch i. Accordingly, the birth
flow rate in the susceptible compartment in patch ¢ is denoted by v; —v;&;C; —v;n; R;.
In this case we have v; — 1,€,C; — v;m; R; > 0. For convenience, we denote

(Sis Ei, 1;, Cy, Ri)n
:(Sl7 E17II7 017R17 S2>E21 127 027R27 ceey SnyEna In, Cna Rn)

for a solution of system (2.1).

2.2. Basic properties
2.2.1. Biological feasibility
Lemma 2.1. The region Ay defined by

Ay ={(S, FE;, 1;,C;,R;),, | Si >0,E;,I;,C;, R; > 0,i=1,2,...,n}
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Table 1. Biological meaning of parameters
Parameter Meaning

Vi Birth (and death) rate

V& Rate of newborn from HBV carriers

Vin; Rate of newborn from recovered individuals

Di Infection rate between susceptible and acute-infected individuals
pib; Infection rate between susceptible and chronic-infected individuals
Qo Rate of vaccine-induced immunity

s Rate of removing from recovered class due to loss of immunity
o Rate of moving from latent to acute-infected class

0; Removal rate from acute-infected class

Ci0; Rate of moving from acute-infected to chronic-infected class

(1 —=2¢)0;  Recovery rate of acute infection individuals

€ Spontaneous recovery rate of HBV carriers

i Treatment rate of HBV carriers

is positive invariant for system (2.1).

Proof. From system (2.1), we obtain

d(% s;=0 = Vi = Vi&§Ci + (vi — vini) Ri + Zaijsj >0,
J#i
dE;
dt E;=0 = pz(t)(fz + QZCZ)SZ + Zb”EJ Z 0,
J#i
% Li=0 = o + Zcij-[j >0,
J#i
ddC; lo,=0 = Gidil; + Zkijcj >0,
J#t
dR;
i lri=0 = @iS; + (1= G;)6iL; + (g5 + \i)Ci + Y _1ijR; > 0.
[eT

It is clearly that all the rates are nonnegative on the bounding planes of A . Now
if (S;(0), E;(0), 1;(0), C;(0), R;(0)),, € Ay, the solution (S;, E;, I;, C;, R;),, cannot
escape from the hyperplane of S; = F; = I; = C; = R; = 0, and the interior of
region A, attracts all solution orbits of (2.1). Thus, all solutions of (2.1) always

remain in Ay. O

2.2.2. Boundedness of solutions

Let N = > (S; + E; + I; + C; + R;) denotes the total population number in all
i=1

patches.
Lemma 2.2. The biologically feasible region A given by

A= {(SiaEi7IiaCiaRi)n S A+| N S zz/yl}’

where v = min{vy, va, ..., vp }, 18 positive invariant for system (2.1).
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Proof. Adding all equations of (2.1), together with the fact that
> o> (aiS; — a;iSi) ZZ bisEj —bjiBi) = Y (eily — cjils)
i g i g
=D > (ki;C) — kjiCi) = ZZ lijRj — jiRi) =
i g i

we drive that

N < S - o), (2.2)

where v = min{vy, va, ..., Un }.
Thus if N(t) > 2% then N0 <,
Moreover, we observe the ordlnary differential equation

AN(t)
e ZW — uN(t),

with general solution

where N(0) means the initial value of total population. By applying the standard
comparison theorem, we have for all ¢ > 0,

Ny < =8 i N() < 24
v v
Hence, A is positive invariant for system (2.1). O

3. Autonomous system case

In this section, the global stability are studied for autonomous system corresponding
to (2.1) by taking infection rate p; as a constant for i = 1,2, ...,n. Thus, system
(2.1) could be given in the following form

dsS;
dS?; =v; — pi(li =+ 9101)5 (Vz + Oéz) i Vzgz i

+ ('Yi — Vznz)Rz + Z(aiij — ajisi)v

J#i
dFE;
o =pilli +0,0)S: — (vi + o) By + > (biiEj — bjiEy),
JF#i
dr;
E :UiEz Vz + 6 + Z Cz] C]Z Z (31)
J#i
dc;
e =G0l — (i(1 = &) + i + Xi)Cs + Z(kijcj — k;iCi),
J#i

dR;
T =a;S; + (1= )0l + (gi + Xi)Ci — (vi(1 —m3) + i) Ri

+ Y (L Ry — 1jiRy),

J#i
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where 7,5 =1,2,...,n.

3.1. Global dynamics for disease-free equilibrium
Noting the fact that F; = I, = C; =0,i=1,2,--- ,n at disease-free equilibrium of
system (3.1), substituting it into (3.1), we drive
vi — (i + )Si + (vi —vimi) Ri + Y _(ai;S8; — a;38i) =0,
j#i
@;S; — (vi(1=n;) +vi)Ri + > _(lijRj — 1jiR;) =0,
j#i

which could be rewritten in form of matrix equation

A,S+ B,R =D, 52
AsS = ByR,
where
vitait 3 aj —ai2 —ain
J#1
—asz1 votas+ Y ajo - —a2n
i72
A = )
_O;nl —ll'nz Vn"l'an';‘ > ajn
J#n
vi(l=n1)+y1+ > la —l12 —lin
i71
—l21 va(l—n2)+v2+ > Lz - —lon
B, — i72
2 - . . . ’
—ln1 —ln2 < vn(L=nn)+ynt 32 Lin

J#n
By = diag(vim — Y1, V2N2 — V2, ooy Vnlin — Tn), Ao = diag(ag, ag, ..., an),
S =(S1,8,...,9.)%, R=(Ri,Ra,...,R.)", D= (vi,v0,....vn)".

Assume that the following hypotheses hold:

(H1) vy > ~y; foralli =1,2,...,n;
(H2) Qj5 = Qjj and lij = lji for all 4 75 j;
(H3) (vini — i)y = (vjn; — ;) for all i # j.

It is obvious that all off-diagonal elements of A; and B, are nonpositive, and
column sums of A; and By are positive, respectively. Thus, A; and By are nonsingu-
lar M-matrices (M35 in [1, p137]). From (H2), A; and B, are symmetric matrices,
then we have A; and By are also positive definite matrices (E17 in [1, p135]).

It follows from the converse of positive definite matrix is still positive definite
and the converse of symmetric matrix is symmetric, we have B, ! is positive definite
and symmetric. Furthermore, (H1) shows all diagonal entries of B; are positive. By
matrix operation, all leading principal minors of By By 1 A, are positive. Moreover,
BlBglAg is symmetric according to (H3), which means B1B2_1A2 is a positive
definite matrix. We have A;+B1B; 1 4, is also positive definite according to the fact
that sum of positive definite matrixes is positive definite. Then, (A + By B;lAg)_1
exists by another property of positive definite matrix: positive definite matrix is
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invertible. Hence, system (3.2) admits unique positive solution

SO = (8Y,89,...,8T = (A, + B1By ' 45)7'D > 0,
R® = (R}, RY, ..., RO)T = B;14,5° > 0.

Accordingly, system (3.1) admits a unique disease-free equilibrium

PO = (S?,0,0,0,R?)n
=(5Y,0,0,0,RY,59,0,0,0, RY, ..., S°,0,0,0, RY).

n?

Naturally, we can draw the following conclusion.

Theorem 3.1. Suppose hypotheses (H1)-(H3) hold, then system (3.1) has a
unique disease-free equilibrium.

We utilize next generation matrix approach [30] as follows so as to derive the
basic reproduction number of system (3.1). For simplicity, we rearrange (3.1) as
following

dFE;
1 :Pz(Iz + 9101)51 - (l/i + UZ)El + Z(b”E] - bﬂEl),
i
dr;
g ok - (vi +6:)1i + Z(Ciﬂj —cjily),
J#i
dc;
1 =G0l — (vi(1 = &) +ei+ XN)Ci + Z(kijcj — ki Cy),
J#i
dR; 3.3
i =0;S; + (1 — G)0: L + (g5 + X)Ci — (vi(1 — m3) +73) R; (3:3)
+ ) (I R; — 1jiRy),
J#i
ds;
ar =V — pi(Ii + 9101)5 (Vz + az) i VZ&C + ( Vini)Ri
+ Z aijSj — a;iSi),
J#i

Let # = (Ey,....,E,, I1,....1,,C1,...,Cn, Ry, ..., Ry, S1, ..., Sp)T, then system (3.3)

could be rewritten in form of matrix equation

dz

S -F@ - V@),
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where
p1(114+601C1)S1
pn(In+6,,C) S,
0
0
_ 0

55(9:) = : )

0

0

0

0

0

(vit+o1)E1— 3 (b1; E;—bj1E1)
i#1
(Vn+on)En— Z (bnjEj—bjnEy)
j#n
—o01E1+(1+61)[1— Y (c11—cj11r)
iZ1
~OnEnt(Wn+60)In— 3 (cnjlj—cinln)
J#En
—C161 11+ (1 (1=€1)+e1+A1)C1— Y (k1;C—k;j1C1)
FES

V(z) =

—Cnbn It (n(1=En)Fen+2An)Cr— 3 (ks Cj—kinCh)
i#

JFn

—a1S1—(1=¢1)81 L —(e14+A1)Cr+(vi (1—m)+y1) Ri— X (Lij Rj =11 Ry)
J#1

—anSn—(1=Cn) 8 In— (En+An) Cont (Un (1= ) +7n) R — 32 (Lnj Rj—lin Ran)
j#n
—v1+p1(114+601C1)S1+(v1+a1)S14+11&C1—(vi—vim)Ri— Y (a1;55—a;151)
J#1

7Vn+Pn(In+0nCn)Sn+(Vn+Oén)Sn+Vn£.n0n*(’)’n*l’nnn)Rn* Z (anj Sj*ajnsn)
J#n

The Jacobian matrices of Z(Z) and ¥ (¥) at the disease-free equilibrium Py are,
respectively,

)= ) by = [P
0 0 A B
where
0 Fi2 Fi3 Viie. 00
Fanxzn=10 0 0 |, Vanxan=| Va1 Vo 0 [,
00 O 0 Va2 Va3

F12 = dlag(p15?7p2sg7 7pTLS?L)a
Fi3 = diag(p1015Y, 20259, ..., pn0nS5),
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vi+o1+ 3 b —b12 —bin
J#1
—b21 votoa+ > bjo - —bon
J#2
Vi = . . 7
~bn1 —bnz o vntont X bin
i7n
vi+d1+ 3 ¢ —cC12 —Cin
J#1
—c21 va+d2+ 3 cjo o —Con
J#2
Voo = . . 7
e —Cno o UntOnt > Cin
j#n
vi(1=&1)+e1+X+ 2 kju —ki2 —kin
J#1
—kao1 va(1—&2)+ea+Aa+ > kjo - —kon
_ J#2
V33 - . . . ’
—Fna —Fna w Un(1=En)Fen+tAnt 3 kin

JiF#n
V21 = diag(—ol, —092,y .uy O’n),
Vg = diag(—(101, —C202; .., —=Cnbn)-

Since column sums of V are positive and all off-diagonal elements of V' are non-
positive, then V' is a nonsingular M-matrix (Mss in [1, p137]). Furthermore, we get
V=1 >0 (Nsg in [1, p137]). Consequently, FV~! is non-negative. Applying the
approach in [30], the basic reproductive number is shown by

Ro = p(FV ™) = p(F15Va3 Vaa Vi Vi Vit = Fia Vi Var Vir ),
where p(-) represents the spectral radius of matrix.

The following result follows by applying Theorem 2 of [30].

Theorem 3.2. The disease-free equilibrium, Py, is local asymptotical stable as
Ro < 1 and unstable as Ry > 1.

Theorem 3.3. Suppose the assumptions (H1)-(H3) hold, B = (b;;), € = (¢5)
and R = (k;j) are irreducible and there exist i # j satisfying v; # v;, then no other
equilibrium exists except for Py on OA (boundary of A).

Proof. Firstly, we show that E; = 0 or I; = 0 or C; = 0 for certain 7 means
Ej:Ij:CjZOfOTaHj.
Let E; = 0, invoking the second equation of (3.1), we have
pi(Ii + GZCJSZ + ZbijEj =0.
J#i
From Lemma 2.1, it follows that I; = 0, (5 = 0 and E; = 0 if b;; > 0. For
E; =1, = C; =0, according to the third and forth equations of (3.1), it holds that

Zcij[j =0,
J#i
> kiiCj = 0.
J#i
Thus, for any 4,7 =1,2,...,n,
E; =0, bij > 0, Cij > 0 and ki” >0= Ej = Ij = Cj =0. (34)
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Since B = (b;;), € = (c;;) and & = (k;;) are irreducible and directed graph
of irreducible matrix is strongly connected (Theorem 2.7 in [1, p30]), there exist
sequences of ordered pairs

{(i,51), (51,82)5 5 (Sn—2.J) 1}

{(,q1),(q1,42),- -+, (Gn—2,7)},
{(iarl)a (71177,.2), Ty (Tn727j)}

such that
bi51 > 07 b81$2 > Oa Tty bsn_Qj > 07
Ciqy > 0, Cqrqs > 0, -, Can_2j = 0,
kirl > 07 krlrg > 07 Tty k'f‘n_gj > 07

where {27 515852, 04y sn727j} = {7’7 q1,42, ..., qn727j} = {17 T1,725 4y Tn727j}
={1,2,...,n}. Application of (3.4) to the above sequences, combining with F; = 0,
yields

K, =0, E,, =0, .., FE, ,=0,E;=0,

I, =0, I, =0, ..., I

qn—2

Cr,=0,Cr,=0,..C. ,=0 C;=0.

=0, I, =0,

From {i,s1, 82, ...s8n—2,7} = {4,q1,92, -y qn—2,7} = {i,71,72, o, "n—2,5 }
= {1,2,...,n}, we have E; = I; = C; = 0 for all j = 1,2,...,n. Similarly, I, = 0
for certain 4 indicates E; = I; = C; = 0 for all j and C; = 0 for certain ¢ indicates
Ej:Ij:Cj:Oforallj.

We next show that there exist no equilibria on the boundary dA of non zero
elements. It is obvious that (2.2) takes the equal sign if and only if 1 = vy =+ =

V. Thus if there exist 4 # j such that v; # v;, we have dN(t) —vN() + Y v

dt

=1
To find the equilibrium of system (3.1), we set the right side of (3.1) equal to 0.
Thus, 0 = %t(t) < —uN(t) + > v;, which means N(t) < ZTV Therefore, no non
i=1 =
zero equilibrium lies on the boundary 0A when there exist ¢ # j such that v; # v;.
Hence, owing to Theorem 3.1, P, is the unique equilibrium lies on 0A. O

Theorem 3.4. Suppose assumptions in Theorem 3.8 hold, a; = 0 for all i =
1,2,...,n and S(0) < S°. If Ry < 1, then Py is global asymptotical stable in A.

Proof. For convenience, we denote (y1,¥y2,...,yn)" > (21,22, .., 2n)L as y; > 2;
for all i = 1,2,...,n, and the same for (y1,y2,...,yn)’ < (21, 22,...,2n)T. Suppose
that there is no vaccination in system (3.1), that is, a; = 0 for all i = 1,2,...,n,
then R = 0. Combining M35 and Nag in Theorem 2.3 of [1] gives that A; ' > 0.
Hence, S° = A;7'D > 0.

In views of (3.1), we get % <D—-A;S=A,5"—-A,S. Using Laplace transform
to this inequality, we drive

SL(S) — S(0) < A 8%~ — A, L(S),

which yields
L(S) < s (sI+ Ay) " A% + (sT + A1) ~1S(0). (3.5)
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The Laplace transform of #=1E,, ;(£\™) is
1 smfl
Lt Ep (£XM™)] = ——
[ B (™) = S
where E,, ;(s), m,l > 0 is the Mittag-Leffler function [8] defined as follows
En = _.
a(s) — T'(mi+1)
Using the property of Mittage-Leffler function given in [8]
1
E’m,l(s) = SEm,m-‘rl(s) + ma
we infer that if S(0) < S°, (3.5) implies
S < tEy o(—A1t)A1S° + By 1 (—A1t)S(0)
< [tE1ao(—A1t) Ay + By 1 (—Aqt)]S°
_ 1 o
- T
=50
Since S; < SY, system (3.1) gives the inequality
dE;
dtz < pz’(Ii + 97,01)5? — (Vi + O'i)EZ‘ + Z(bijEj — bjiEi). (36)
J#i
Thus, we define the following auxiliary linear system
dE; _ _ _
I :pz(Iz + GZCl)S? - (I/Z‘ + Ui)Ei + Z(b”EJ - bjiEi),
i
i _ B — ( .+5.)],+Z(..], L)
dt =01 v i)4di - Cijlj — Cjidy), (37)
J#i
dc;
3 =Ci0ili = (1= &) + e + M)Ci + ;(kijcj — kjiCy).
VE]

According to [30], we have
p(FV ™ H <1l & s(F-V) <0,

where s(F' — V) = max{Re(%;)} denotes the spectral abscissa of F' — V', z1, 2o, ..., 25

are eigenvalues of F' — V. Consequently, all eigenvalues of F' — V possess negative

real parts if Ry = p(FV~') < 1. Tt is evident the right side of (3.7) has efficient

matrix F — V, then all non-negative solutions of (3.7) satisfies that Itlim E;, =
— 00

lim I; = lim C; = 0. From the basic comparison theorem (Theorem B.1 in [24]),
t—o0 t—o0

together with the fact that all the variables in system (3.1) are nonnegative, it

follows lim F; = lim I; = lim C; = 0. This implies that
t—o00 t—o00 t—o00

ds

L _p_A4S5-B

at IS 1R7
dR

— = —BsR,
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performs the limiting system of 92, 4% terms of (3.1). From [25] and Theorem

2.3 in [3], we conclude that all the solutions to (3.1) satisfy that tlim Si(t) = S?,
—00

75lim R;(t) = R?. By (3.3), P, is the unique equilibrium lies on OA. Hence, equilib-

—00

rium Py is global asymptotic stable whenever Ry < 1. O

Theorem 3.5. Suppose assumptions in Theorem 3.3 hold. If Ry > 1, then system
(3.1) is uniform persistent and admits an endemic equilibrium in A (interior of A).

Proof. If Ry > 1, according to Theorem 3.2, P, is unstable. Choose X = R®?
and E = A for Theorem 4.3 in [7]. When 9B, € and £ are irreducible, by Theorem
3.3, singleton {Pp} is isolated as the maximal invariant set on OA. Accordingly,
hypothesis (H) in [7] is valid for system (3.1). Note that the instability of Py is
equivalent to the necessary and sufficient condition of Theorem 4.3 in [7], which
indicates the uniformly persistence of system (3.1).

From the positive invariance of A, we get that solutions in A are uniform
bounded. Then, by Theorem 2.8.6 in [2], and according to the uniform persis-
tence of system (3.1), we draw the conclusion that there exists an equilibrium in A.

O

3.2. Local dynamics for endemic equilibrium

Let Réi) denotes the basic reproductive number in patch ¢.

Theorem 3.6. Suppose a;; = b;; = c;5 = kij =1;; =0 foralli,j =1,2,...,n. If
R(()Z) > 1 foralli =1,2,...,n, then the endemic equilibrium P* for system (8.1) is
local asymptotical stable.

Proof. Suppose that there is no population movement among any patches (i.e.
each patch is isolated from others), then A;, Ba, Vi1, Voo and Vi3 are diagonal
matrices. The basic reproductive number in patch ¢ takes now the form

() _ _0ipiSP(0:idi + (1 = &)vi + € + \)
O T Wit o+ o)((1—E&wit+eit Ai)

(3.8)

0 _ _vil=mi)+vi
where S’L T ovi(l=mi)+vitag

To find the endemic equilibrium

P = (S, E, I,C} R ),

(AR A

= (STaEik»Iik»Cik» T,S;,E;,I;,C;,R;,...,S:;,E* I, CLR;),

n»-nd

let the right side of system (3.1) with a;; = b;; = ¢i; = kij = l;; = 0 be equal to
zero. Then, we get

’ Uipi[yi(l - 51) +é&; + )\z + (91951] ’
E; :mﬁ,
ag
o _Joitvit i Gibi+vidi(1—G)(1 = &)+ diei +Ai) Y gu
1 =4 Ls:
Ty (Vi1 —m) + il (1 = &) + i + A

x (RS — 1), (3.9)
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* <261 *
oyl =&) e+ N Y
Rro_ M o vidi(1 = G)(1 = &) + di(es + Ni) I
vl =m) vt (=) Ayl (D= &) e+ N

Clearly P* is feasible if I} > 0, that is, Rgi) >1fori=1,2,...,n.
The Jacobian matrix of model (3.1) with a;; = b;; = ¢;; = ki; = l;; = 0 around
the endemic equilibrium point P* is

J 0 -0
0Jy--- 0

Jsnxsn = L. . )
00 - J,

where J; for i = 1,2,...,n is 5 x 5 matrix and takes the following form

—pi(I7 +0:C])—(vitau) 0 —piS] —pi0iS;—vi&i —(vini—v:)
pi(I7+0:C7) —(vitoi)  piST piti S} 0
J; = 0 o —(vi+8;) 0 0
0 0 Ci0; —[vi (1=&;)+ei+Ai] 0
a; 0 (1=64)6: (eit+Xs) —[vi(1—n3i) 4]

The characteristic equation of J; is given by
(X + I/i)(X4 + flxd + szz + ng + f4) = 0,
where
fi=do+di +doy+ds+ds+a; >0,
fo= d1d2—|—(d1+d2)(d0+d4+d5)+d4(d0+d5)+0i(d0—d6)+ai(d1 +dy
+d5)7
fa = dida(do + ds + ds) + (d1 + d2)[da(do + ds5) + o:(do — dg)] + 0:d:do
—a;0idg + a;(didy + dyds + dyds),
fa = didadydg + o3d1dady + 03(;05dadg — 03Gi0;dods + 0;0;dody
and
do = pi(I; +6;C}), di=vi(1=&)+ei+ Xy, da=vi(L—m) + v,
d3=vi(1-§&), di=vi+6;, ds=vi+o;, d=pS5;.

It is obvious one of the eigenvalues for J;, —v;, is negative. To proceed, we consider
the following equation

N+ AN SN 4 A+ fa =0, (3.10)

In view of the Routh-Hurwitz criteria [18], all roots of (3.10) possess negative real
parts iff f; >0 for i =1,2,3,4 and fifofs > fs* + f1°f4.
From (3.9), we obtain

(Vi + 03) (v + 6;) [ (1 — &) + €5 + i
vi(1 = &) +ei + Xi + 0565

oidsg = 0i(piS]) =



1784 P. Liu & H. Li

_ dydyds
dy +0:G6;

< dyds. (3.11)

Thus, we have
fa > dida + (dy 4+ d2)(do + dy + ds) + dady + 04do + @;(dy + dy + d5) > 0,
and

fs > dida(dy + ds + do) + do(d1 + da) (05 + da) + 030;do + iidi (ds + d5)
> 0. (3.12)

Furthermore, by (3.8) and (3.9), we get

fa = didadydo + oididady + 0;(0;dadg — 0¢;6;dods + 030;dody
= d1d4d5(04i + dg)(R(()Z) — 1).

Clearly, f, > 0 if R((f) > 1. Since

fa = didadydy + 03dydadg + 04(0;dady — 04(;6;dods + 0;0;dody
< dydadady + o;d1dady + 0:0,do(d1 + da),

and dy > 6;, d5 > 04, (3.11) and (3.12) imply that

f3(f1f2 - f&) - f12f4

> [didaha + hi(dy + 0;)do + 0;0;do]{h1ha(h1 + he + ;) + d1d2(hy + 2¢v;)
tai[(dy + ds)ov 4 (dy + ds)do + daha]} — (hy + ho + a;)*(d1dadady
+o;d1dedy + 0;6;dohq)

> dodaha[(di? + da®)hg + di® + do®] + dodyoi?[(dy + 04)dy + dads] + do*dy
xhio(dy + ds) + didaha[hiha(hy + he) + dida(hy + 2¢;) + af(dl +ds)
+hoai(h1 + dy)] + a;oido(hy + 6;)[(da + ds)do + dsoy + dahs]

>0,

where h; = dy+ds and he = ds+ds+dg. Thus, J; only has eigenvalues with negative
real part as Réz) > 1 for all i = 1,2,...,n, and it is an immediate consequence the
endemic equilibrium P* is locally asymptotically stable. O

4. Nonautonomous system case

Since almost periodic functions are bounded, we define

r = (1)
pi = maxp;(t)

Theorem 4.1. Suppose that for all it =1,2,...,n,
v; > 2p; M,
vi > 2vim; — 27,
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holds, where M = ZTV, v = min{vy, va,...,vn}. Then, two arbitrary solutions of
system (2.1)
= (S}, B 1}, CH RY),

and
— (S, B2, I2,C3, R2),
satisfies

lim |X(t) - Y(t)] =o0.

t——+oo

Proof. From Lemma 2.2, we have
0< 8/ B I CI R < < XVi_y (4.2)
v

forallt >0and j=1,2.
We consider the Lyapunov function

V(R = Vilt), (4.3)

where

and
V11:|5117512‘7 VZl:‘EzlezzL ‘/31:|1117112‘7
=|C! =C}|, Vsi=|R; — R}

Define

Thus, [¢(t)| = o(¥(t))w(t) and DF|(t)| = o(¥(t))¢' (). Combining this property
of upper right-hand Dini derivative with (4.2) gives that
DT (Vai(t))
= ( — S7)(S} — 87)
= SH{ = iU} +6,CH)S} + pi(t)(IF + 6:C7)SF — (vi + ;)
<Sl 7 - m&(cl C)+ (i —vim) (R} — BE) + ) _{lai(S] - S7)
i
—a;i(S; — S}
= o(S} — SH{ — pi(t) (I} S} + 0;C} S} — 1787 — 0,C2S7) — (v + o)
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X (S} = 87) = &(C] = CF) + (i = vams) (R} = BY) + > {lai; (S} = S7)
i
—a;i(S; — SHI}}
=o(S} = SH{ = piII(S; = 87) + S(I} — I7) + 0:C (S} — S7) + 0:57
(CF = C)) = (vi + ) (S; — S7) —vi&(C} = CF) + (vi — vimi) (R} — RY)
+> laii (S} = S3) — az (S — 7))}
J#i
< —pi(I}SE = SE| + pi()SPL — 12| — pi(1)0:CF| S} — S|+ pi(t)6: ]
x|CF = CF| = (vi + ai)|S} — S|+ &l Cl — CF| + (vi — vimi) | R} — R}
+ lai;|S] — S3| - ajilS} — 7).
Jj#i

Similarly,

DF (Vai(t))
< piOIF[S; = SE|+ pi(t) ST} — IE| + pi()0:C1 S} — SP| + pi(£)0:57
x|C} = C}| = (vi + 03)| B} — E}| +>_[bij|E} — EZ| = bjil B} — E|,

i
D (Vai(t))
< oi|Bf — E}| = (vi+ 6|1} — 2|+ [ei |1} = I} | — cjl I} = I]),
#i
Dt (Vy,(t))
S GO = I = (vi(1 = &) + & + XN)|C} = CPL+ Y _{[ki;|C) — CF| — Ky

i
x|Ci = CPIlY,

D (Vsi(t))

< il S} =SP4 (1= Gl — I + (ei + M)ICH — CF| — (w1 — mi) + )
x|R} — R+ Y _[l|R} — R}| — ;| R} — R}|l.

i
For t > 0, we have

D*(V;(t))

< =S} = 87| = wi|E} — E}| — (vi = 2p; M)|I} — I?| — (v; — 23 — 2p70;
XM)|C} = CF| = (vi + 2v; — 2vimi) |R} — RE|+ ) {lai|S} — S7| — aji

A
x|8} = SN+ [bis| B} — EF| = bjil B} — P (| + > _{[eisl} — I7] — ¢
J#i i#i
X1} =Y+ kif|Cf — C3| = kylCF = CR1+ Y _{[l| R} — B3| — 1
J#i i

x|R; — BRI}
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Let f1 = min{y; — 2pf M}, B2 = min{y; — 2, — 2p70; M} and B3 = min{y; +

27y; — 2v;m;}. From condition (4.1), we have 1, 32,03 > 0 which means § =
min{v, f1, B2, B3} > 0. It follows that

DH(V (1))
S—w) SIS -u) |B - BN =B ) | T = B2y |G- G
— B3y IR}~ R}|

< = BV(t). (4.4)

For t > 0, (4.4) gives

V() + 5/0 V(s)ds < V(0). (4.5)

It follows from (2.1), (4.2) and (4.3) that V(¢) is uniformly continuous on
(0, +00). Consequently,

V(t) — 0,

as t = +o00. Otherwise, ,Bfot V(s)ds — +oo when t — +oo which contradicts (4.5).
Thus, we conclude that

i I_ 62 = | L _ B2 = L _ 2
t—lzgloo |Sz Sl | t—lzgloo ‘Ez Ez | t—ligloo |Iz Iz ‘

= lim |C} —C?| = lim |R} — R?| =0,
t—4o00 t—+o0

foralli=1,2,....,n. [

Theorem 4.1 implies any solution of (2.1) converges to X, which reveals the

global attractivity of this system.

Theorem 4.2. Suppose condition (4.1) of Theorem 4.1 holds, then system (2.1)
admits a global attractive almost periodic solution.

Proof. We only need to verify the existence of almost periodic solution for (2.1).
The almost periodicity of function p;(t), ¢ = 1,2,...,n allows us to find sequence
{tm} satisfying

tm — 00, pi(t + tm) - pi(t)7 (46)

for i = 1,2,...,n as m — oo, where the convergence of {p;(t + t,)} is uniform.
Then, u(t + tm) = (’U,li(t + tm), UQi(t + tm), ’U,3i(t + tm), U4i(t + tm), U5i(t + tm))n is
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a solution of

ds;
@ Vi pi(t +tm)(Li +6,C:)S; — (vi + ) S; — & Ci + (v — vims) Ry
+ > (aigS; — a;iS)),
J#i
dFE;
I :pi(t + tm)(Il + QZCZ)SZ - (I/i + Uz)Ez -+ Z(b”EJ - bﬂEZ),
i
dr;
g ok (vi +6:)1; + Z(Cijfj —cjily),
J#i
dc;
T =G0 L — (vi(1—=&) +ei+N)Ci + Z(kijcj — k;iCi),
J#i
dR;
1 =o;S; + (1 — CZ)(ZIZ + (Ei + )\i)ci — (I/i(l — 1’}1‘) + ’)’i)Ri + Z(linj
J#i

Since {uj;(t + tmm)} and also {@;(t + ty,)} for ¢ = 1,2,...,n, j = 1,2,...,5 are
uniformly bounded and equicontinuous, then {w;;(t +t,,)} has a uniformly conver-
gent subsequence {u;;(t + t,,, )} for ¢t € [a, b] resulting from Arzela-Ascoli theorem.
We assume

kl;rrgo Ujj (t + tmk) = Vj; (t) (47)
uniformly. Then, from ¢,, — 400 as m — oo, we have vj; € Clty, +00]. Since p;(t)
is uniformly continuous for ¢ = 1,2, ...,n (Corollary 1.15 in [6, p10]), from (4.6) and

(4.7), we conclude that v = (vy4, va;, V3i, Vai, Usi )y is the solution of the system (2.1).
Next we demonstrate the almost periodicity of v(t). For any € > 0, let

-~ B
€= TEXINE g, (4.8)

where 6 = max{6fy,02,....,0,}, M = %, B = min{y, 81, B2, B3}, and f; = min{y;—
20iM}, By = min{y; — 2v;&; — 2p70; M }, S5 = min{y; + 2v; — 2v;m; }. It is obvious

that € > 0 in view of condition (4.1). Furthermore, we let w € () T(p;,€), where
i=1
T(pi, &) =A{k | |pi(t + k) — pi(t)] <€, for all t} (Definition 1.11 in [6, p7]). Thus,

pi(t + ) = pi(t)] <& (4.9)

Define function W (t) as follows
Wi =3 W), (4.10)

where
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and
Wii(t) = it + @) —vi@)],  Wai(t) = [vait + @) — v ()]
Wii(t) = |vsi(t + @) —v3i(t)],  Wai(t) = |vai(t + @) — v45(t)],
Wii(t) = [vsi(t + @) — vsi(t)].

)
Since v = (v14, Vai, V34, Vai, Usi )n 18 the solution of system (2.1), by using the method
similar to V(¢) and (4.9), we arrive at

D (Wai(1))
= o(v1;(t + @) — v1,(t)) {dvlz(d:‘ w) - dv;it(t) }

= o(v1i(t + @) = vni(®))y = pilt + @)[vsi(t + @) + Oyvai(t + @)]ori(t + w)

+pl(t)[v31( ) + 0i U4z(t)]1111(t) (Vz + Oéz)(vlz(t + w) - 'Ulz( )) V’sz

(U41(t + w) - ’U4l( )) ( - I/inl)(v5l(t + ’Zﬂ - U5'L Zam
J#i

(vt + @) —v1(t) = > _agi(vii(t + @) — vii(t) }
J#i
= o(vii(t + @) — v1;(t)){ — pi(t + @)[vsi(t + @) + ;045 (t + @)]vri(t + @)
+pi(t + @) [v3i(t) + Oivai (D)]v1i(t) — (vi + ) (V1 + w) —v1(t)) — vi&i
X (vai(t + @) = vai(t)) + (vi — vim) (Vs (t + @) — vsi(t) + Y _{[a;
J#i
(v15(t + @) = v1;(1) = aji(vii(t + @) — via(0)]}} + o(vri(t + @) — v1(t))
x(pi(t) — pi(t + @))[vai(t) + Osvai (t)]vra(t)
o(vii(t + @) — v1;(t)){ — pi(t + @)[vsi(t + @) + ;04 (t + @)]v1i(t + @)
+pi(t + @) [v3i(t) + Oivai (D) ]v1i(t) — (vi + ) (vni(t + w) —v1(t)) — vi&i
X (vai(t + ) = vai(t)) + (vi — vim) (Vs (t + @) — vsi(£) + Y _{[a
J#i
X (v1(t + @) —v1;(t) = aji(vri(t + @) — v ()]} } + |pilt + @) — pi(t)]
X [v34 (L) + 05045 (t)]v14(t)
< o(vyi(t+ @) — v1; () { — pi(t + @) [v3i(t + @) + Ojvai(t + @)]v1i(t + @)
+pi(t + @) [v3i(t) + Oivai (D) ]v1i(t) — (vi + ) (V1 + w) —v1(t)) — vi&i
X (vai(t + ) = vai(t)) + (vi — vim) (Vs (t + @) — vsi(£) + Y _{[a;
J#i

IN

x (v1(t + @) — vi;(t) — ai(vii(t + @) —vis(8)]}}
+Elvsi(t) + 0,045 ()] v14(t)
— o(wss(t + ) — v1s(){ — pilt + @)osilt + ) (01t + @) — v1:(8)) + v1s(8)
X (v3i(t + @) — v3(t)) + 05045 (t + @) (v1s(t + @) — v13(t)) + Oivri(t)
X (03q(t + ) — vas(D)] — (v + ) (onalt + w) — (D) - ik (v@( )
X —wgi(t)) + (vi = vami) (vsi(t + @) — (1)) + Z{ agj(v15(t
J#i
—v1(t)) = aji(vii(t + @) —v1i(t)]} } + Elvsi(t) + Oyvai(t)]vri(t)
< —pi(t + @)vsi(t + @)|v1i(t + @) — v1i(t)| + pilt + @)v1i(t)|vsi(t + @)
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—3i(t)] — pit + @)0;vai (t + @) |v1i(t + @) — v ()] + pi(t + @)0iv1:(2)]
X4 (t + @) = vai(t)] — (Vi + aq)|vri(t + @) — v1(t)| + vi&ilvai(t + @)
—vgi ()] + (35 — vim)|vsi(t + @) — vsi(B)] + D _{laj|vi; (t + @) — v1;(t))|
J#i
—aji|vii(t + @) — v (t)|]} + €lvai(t) + Osvai(t)]v1i(t).
Similarly, combining with (4.9), the upper right-hand derivative of Wo;(¢) satisfies
D (Wa(t))
< pi()vsi(t + @) |v1i(t + @) — via(t)] + pi(t)vri(t)vsi(t + @) — v3i(t)| + pilt)
X0;v4;(t + @)|v1:(t + @) — v1:(E)]| + pi(£)0iv1:(t) |vas (T + ) — V4 (L)]
—(Wi + o) |vai(t + ) = vas (B)] + Y _{[bislva; (t + @) — va; (t)] — by
JF#i
X |’U2i(t + w) — Ugi(t)l]} + g[’Ugi(t + ZU) + 9iv4i(t + W)]Uli(t + w),
Similarly,
D* (Ws4(t))
< 0i|vai (t + @) — va2i ()| — (s + 0:)|vzi(t + ) — v3,(L)]
+Y Aleijlvs; (t+ @) — v3;(8)] — cjilvsi(t + @) — vai(t)[]},
J#i
D (Wa(t))
< Gbilvsi(t + @) —v3i(B)] — (1 = &) + & + Nillvai(t + @) — vai(2)]
D {lkijlvag (t + @) — v (8)] = kjislvai(t + @) — vas (1)1},
J#i
D (Wsi(t))
< Oéi|1}1i(t + w) — ’Uli(t” + (1 — Cz)(slh)gz(t + w) — ’Ugi(t)|
+(E + A |vai (t + @) — vai(8)] = [Vi(1 — 1) + Vil lvsi(t + @) — v54(2)]
+Z{[lij|v5j(t + @) — s ()| — Lji|vsi(t + @) — vsi(t)]]}
[ET
Making use of (4.9), we have
DF(Wi(t))
< —I/i|1}1i(t + w) — Uli(t” — Vi‘vgi(t + w) — ’Ugi(t)‘ — (l/i — 2p:M)|’Ugi(t + w)
—v3i ()] = (vi — 20v3&; — 2070 M) |va; (t + @) — vas (8)| — (vi + 2vi — 2v3m;)
X "1)51'(15 =+ w) — 1)51'(15)‘ + §v5l(t + w)|1)1i(t + w) - ’Uli(t)| + gﬁiv4i(t + W)|
v1i(t + @) — v1i(8)] + Elvsi(t) + Oivai(t)]vri(t) + Elvsi(t + @) + 0
xvgi(t + @)Jvri(t + @) + > _{lasj|vi; (t + @) — v1(8)] — azilvii(t + @)
J#i
—oni (O} + D [bijlva; (t + @) — va5 ()] = bjilvai(t + @) — vai(t)]]
J#i

+) _leijlvs; (t+ @) — vsi(1)] — cjilvai(t + @) — vi(t)]]
i
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+Z[kij|v4j(t + @) —va; ()| = Kjilvai(t + @) — vai (2)]]
i

+ ) [lilos; (t + @) — s, (1) — Lilvsi(t + @) — vss(£)]]-
J#i

Then,
DT (W (1))
<- zz |vri(t + @) = vna(t)] - zz |vai(t + @) — va2i(t)] — fa
x Zl|v3i(t + @) — vi(t)| — B Z |vai(t + @) — vai(t)] — B
X Z |vs; (t + @) — vs,(t)] + 5zf[v3i(t + @) + O;v4;(t + @)
X |;1i(t + @) — v (t)| + 52[(;32- () + B;045(1))v1i(t)

(2

+ (U3i(t + w) + 9iv4i(t + w))’l}h‘(t + w)}

< — BW(t) +48(1 + ) M>. (4.11)

Now integrating both sides of (4.11), together with (4.8), we obtain

W(t) < 45?(1"’;9)]\/‘[2 + (W(0) — W)eﬂt
= Je+ (W(0) - 451 EQ)MQ)eﬁt

Clearly, (W(0) — M)e_ﬁt — 0 as t — 400. Then there exists ¢ > 0 such

that for all ¢ > ¢,
e +0)M?

(W(0) 3

Ye Pt < %5.
Thus, we conclude that
W(t) <e.
Then, in views of (4.10), for all ¢ > t,
lvji(t + @) —v(t)| <e, 7=1,2,3,4,5,i=1,2,..,n,

that is, |v(t + w) — v(t)| < €. Therefore, w € T'(v, e) which means

n

() 7(pi,8) C T(v,e).

i=1

Thus, T'(v,e) is relatively dense and v(t) is the almost periodic solution of (2

1).

O



1792 P. Liu & H. Li

5. Numerical simulations

To proceed, several numerical examples are provided to validate the theoretical
findings derived in previous sections. We focus on the following HBV transmission
model with two patches which is a special case of system (2.1)

ds

CT; =vy — p1(t)(I1 + 61C1)S1 — (v1 + a1)S1 — 1§ Cr + (1 —vim) Ry
+ a1282 — a2151,

dFE;

e =p1(t)(I1 + 0:C1)S1 — (v1 + 01)E1 + biaFa — ba1 E,

dl;

rr =01E1 — (1 + 01) 1 + ci2do — con 14,

dCy

a =011 — (1 (1 — &) +e1+ A)Cr + k1202 — ka1 Ch,

dR

T; :alsl —+ (]_ — <1)51[1 + (61 + )\1)01 — (Vl(]- - 771) + "Yl)Rl + ZIQRQ
IRy,

i 21 (5.1)

d7t2 =vy — pa(t)(I2 + 02C2) S — (V2 + @2)S2 — 128202 + (2 — vana) Re
+ a21.51 — a1259,

dFEs

T =p2(t)(I2 + 02C2)S2 — (v2 + 02)E2 + b1 By — b12Es,

dr.

d7t2 =09Fy — (o + 02) 12 + co1]1 — c121s,

dCy

O =(202l5 — (V2(1 — &) + €2+ A2)Co + k21 C1 — k1204,

dR

ditQ =agS2 + (1 — (2)0215 + (62 + A2)Co — (v2(1 — 12) + y2)Ra + lo1 Ry
—li2 Ry,

Example 5.1. We take parameter values as follows

v =04, py(t) = 0.03, 61 =5, o1 = 0.2, §; = 0.05, &1 = 0.0025,

= 0.06, & = 0.11, 1 = 0.4, (1 = 0.2, a1 = 0.3, A\, = 0.1,

Vo = 0.5, po(t) = 0.04, 62 = 4, o3 = 0.3, 85 = 0.07, &5 = 0.002,

o = 0.05, & = 0.15, 715 = 0.3, (o = 0.3, as = 0.3, Ay = 0.2,

a1y = 0.2, by = 0.2, ¢19 = 0.09, kig = 0.02, I3 = 0.2,

g1 = 0.2, by = 0.1, cog = 0.08, koy = 0.01, Io; = 0.2.
For the model system (5.1), the assumptions (H1)-(H3) hold and 2-order square
matrices B = (b;;), € = (¢;;) and R = (k;;) are irreducible. We also have

Ry =~ 0.0124 < 1. Hence, system (5.1) has a disease-free equilibrium which is
local asymptotic stable from Theorem 3.2, see Fig. 1.
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Figure 1. State trajectories for populations with Ry < 1. (a) State trajectories for populations in patch
1. (b) State trajectories for populations in patch 2

Example 5.2. We suppose that a; = as = 0 and take the other parameter values
as follows

v = 0.4, pi(t) =0.03, 0, =5, 0y = 0.2, & = 0.05, & = 0.0025,

v =0.06, & = 0.11, 1, = 0.4, (; = 0.2, A\ = 0.1,

Vo = 0.5, palt) = 0.04, s = 4, 05 = 0.3, &2 = 0.07, 5 = 0.002,

o = 0.05, € = 0.15, 7 = 0.3, Co = 0.3, Ao = 0.2,

a1y = 0.1, by = 0.2, ¢19 = 0.09, kyg = 0.02, I3 = 0.2,

sy = 0.2, byy = 0.1, ¢91 = 0.08, kgy = 0.01, Iy = 0.1.
For the model system (5.1), the dispersal matrices B = (b;;), € = (¢;;) and & = (k;;)
are irreducible. We also have Ry ~ 0.0135 < 1. And we let S;(0) = 0.3 < SY =1,

S5(0) = 0.2 < S = 1. Hence, system (5.1) has a global asymptotic stable disease-
free equilibrium Py from Theorem 3.4, see Fig. 2.

Example 5.3. We take parameter values as follows

v =01, pr(t) =03, 6, =3, o1 = 0.9, & = 0.1, &1 = 0.0025,
=05, & =011, m = 0.3, ¢ = 0.7, a; = 0.3, A\, = 0.1,
Vo = 0.1, pat) = 0.4, Oy = 2, 7 = 0.9, 6y = 0.3, &2 = 0.002,
o = 0.5, € = 0.15, 7 = 0.3, Co = 0.6, az = 0.3, Ay = 0.2,
a12 = a1 = bay = b1 = cg1 = c12 = ko1 = k12 = l12 = l3; = 0.
For the model system (5.1), we have R(()l) ~ 1.8544 > 1, RéQ) ~ 1.3293 > 1. Hence,

system (5.1) admits unique endemic equilibrium which is local asymptotic stable
from Theorem 3.6, see Fig. 3.
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Figure 2. State trajectories for populations with Ry < 1. (a) State trajectories for populations in patch
1. (b) State trajectories for populations in patch 2
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Figure 3. State trajectories for populations with Ry > 1. (a) State trajectories for populations in patch
1. (b) State trajectories for populations in patch 2

Example 5.4. Let

1
pi(t) = % X (cos V3t +sint)?, pa(t) = yTle (cos V2t + sint)?.

Then, we take other parameter values as follows
vy =0.5, 6, =0.7, 01 = 0.9, §; = 0.1, £ = 0.0025,
71 =0.1, & =015, 1 =0.1, (; =0.7, oy = 0.3, Ay =0.1,
vy =0.5, 03 =0.8, 02 = 0.9, d2 = 0.3, g2 = 0.002,
v2 =0.1, & =0.17, 72 = 0.1, (2 = 0.6, ag = 0.3, Aa = 0.2,
a12 = 0.5, b2 = 0.02, c12 = 0.01, k12 = 0.02, l3; = 0.1,
ag1 = 0.5, ba1 = 0.01, c21 = 0.02, ko; = 0.01, l12 =0.1.
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All the sufficient conditions given in Theorems 4.1 and 4.2 for system (5.1) are well
satisfied as

vy —2p7M =0.02 >0, v1 — 211& + 2p761 M = 0.014 > 0,
v —2vym — 27 =0.2 >0,

vy —2p5M = 0.1 > 0, vo — 2u9&s + 2p56: M = 0.01 > 0,
Vo — 2U9me — 272 = 0.2 > 0.

The model system admits a globally attractive positive almost periodic solution,
see Fig. 4.

population size
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0 20 40 60 80 100 120 140 160 180 200
time

(b)

Figure 4. Almost periodic solution of nonautonomous epidemic system (5.1). (a) State trajectories for
populations in patch 1. (b) State trajectories for populations in patch 2

Example 5.5. Let
p1(t) = % x (cosV/3t +sint)?, pa(t) = & x (cos V2t + sint)?,
vy =01, 6, =1, 0y = 0.8, & = 0.1, &1 = 0.0025,
=05, & =011, m = 0.2, (1 = 0.7, ay = 0.3, A\, = 0.1,
vy = 0.2, 0y =2, 0y = 0.9, 5, = 0.3, £ = 0.002,
o = 0.5, £ = 0.15, 1 = 0.1, (5 = 0.6, ay — 0.3, Ay = 0.2,
a12 = 0.5, b2 = 0.02, ¢12 = 0.01, k15 = 0.02, [15 = 0.1,
g1 = 0.5, boy = 0.01, gy = 0.02, kgy = 0.01, lyy = 0.1.

Then
vy —2p7M = =5.9 <0, 11 —211& + 2p701 M = 6.078 > 0,
v —2vym — 27 = —0.94 <0,
vy —2p5 M = —2.8 <0, vg — 2ue€a + 2p50o M = 6.14 > 0,
Vo — 20519 — 2779 = —0.84 < 0.

The model system admits a global attractive positive almost periodic solution, see
Fig. 5.
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Figure 5. Almost periodic solution of nonautonomous epidemic system (5.1). (a) State trajectories for
populations in patch 1. (b) State trajectories for populations in patch 2

Remark 5.1. From Theorem 4.1 and Theorem 4.2, almost periodic solution of
system (2.1) exists when condition (4.1) holds. But through the simulation of
Example 5.5, it seems that the existence of almost periodic solution are ensured
whenever parameters of model satisfy condition (4.1), which means condition (4.1)
is not necessary for Theorem 4.1 and Theorem 4.2.

6. Conclusion

A nonautonomous model for HBV infection in a patchy environment has been con-
structed to reveal the influences of population migration and almost periodicity
for infection rate on the spread of HBV in this paper. Compared with the HBV
transmission model presented by Kamyad etc [15], we have taken into account the
population travel between n patches and almost periodic infection rate.

Firstly, the qualitative behaviour of autonomous model (3.1) associated with
model system (2.1) has been carried out. The basic reproduction number has been
determined and sufficient conditions guaranteeing the global stability for disease-
free equilibrium have been derived by combining the stability theory of asymptoti-
cally autonomous systems with basic comparison theorem of differential equations.
Furthermore, conditions under which system admits unique and locally asymptot-
ically stable endemic equilibrium have been obtained, respectively. Secondly, we
have studied the existence and global attractivity for almost periodic solution of
system in nonautonomous case. Moreover, we have deduced that the almost peri-
odicity of time evolution for all the populations is ensured when model parameters
satisfy the conditions of Theorem 4.2. Finally, to illustrate the analytical findings,
numerical simulations of the model with two patches has been done in cases of
autonomous and nonautonomous system.

There yet have many challenging and interesting issues remain to be investigated
in future work. From Example 5.5, we find the existence of almost periodic solution
are ensured though condition (4.1) of Theorem 4.1 is dissatisfied. Nevertheless, we
are unable to prove it at present. In addition, it is known that there may exist time-
lag when susceptible individual to be immune after vaccination and to be infected
after contacting with HBV carriers. We leave these issues for future research.
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