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Abstract In this paper, we discuss the existence of positive solutions to
the boundary value problem for a high order fractional differential equation
with delay and singularities including changing sign nonlinearity. By using
the properties of the Green function, Guo-krasnosel’skii fixed point theorem,
Leray-Schauder’s nonlinear alternative theorem, some existence results of pos-
itive solutions are obtained, respectively.
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1. Introduction
In this paper, we investigate the existence result of positive solutions for the follow-
ing high order fractional differential equation with delay and singularities including

changing sign nonlinearity:

Dgva(t) + f(t,2(t — 7)) = 0, £ € (0, 1)\{7},

x(t) = n(t), te -0, o
2(0)=2"(0)=---=2z""2(0) =0, n>3, (1)
x("_z)(l =0,

where n —1 < a < n,n = [a]+1, D§, is the standard Riemann-Liouville fractional
derivative, 7 € (0,1), f(t,z) € C((0,1) x RT, R), f(t,x) may change sign and be
singular at t = 0, t = 1 in Theorem 3.1, and be singular at ¢t = 0, ¢t = 1 and
x =0 in Theorem 3.2, and f(f, ) may have negative values, where RT = (0, +00).
n(t) € C[—7,0], and n(t) > 0 for t € [-7,0), n(t) = 0 for ¢ = 0. By the Guo-
krasnosel’skii fixed point theorem and the Leray-Schauder’s nonlinear alternative
theorem, we can obtain the existence of the positive solutions.

fthe corresponding author. Email address:zhkm90@126.com(K. Zhang)
1School of Mathematical Sciences, Qufu Normal University, No.57 Jingxuan
West Road, Qufu, Shandong 273165, China

*The authors were supported by National Natural Science Foundation of
China (No. 11571197) and National Science Foundation of Shandong (No.
ZR2016FM10).


http://dx.doi.org/10.11948/20190190

1074 D. Liu & K. Zhang

When 2 < o < 3, problem (1.1) is reduced to the BV P of fractional differential
equation under the special conditions and has been studied by Mu et al. [7]. To
the best of our knowledge, very few people have studied the existence of positive
solutions for singular boundary value problem (1.1). Key tools used in this paper are
the properties of the given Green function, Guo-krasnosel’skii fixed point theorem,
and Leray-Schauder’s nonlinear alternative theorem, therefore this paper is the
extension and supplement of documents [7,9].

Recently, more and more fractional differential equations with all kinds of bound-
ary value conditions have been valued by many people in diverse fields such as
science and education. This is because we can use such mathematical models ac-
curately to solve many complex problems in a wide variety of the fields such as
chemistry, system physics, economics, aerodynamics, mechanics, polymer rheology,
electrodynamic, engineering, and so forth, for the details, see [2,8,16,17]. And it’s
more difficult to research the fractional differential equations with changing sign
nonlinearities and changing sign solutions, the relevant knowledge can be obtained
in the references [10,13,14]. Then, the outcomes about singularity problems of frac-
tional differential equations were studied in [1,5,12,15]. From the literature, recent
years, there have been more and more papers dealing with the boundary value prob-
lems of fractional differential equations with delay, see [3,6,7,9] and the references
therein.

In [5], He et al. discussed the existence of positive solutions for a high order
fractional differential equation with integral boundary condition and changing sign

nonlinearity:
Dgu(t) + Af(t,u(t)) =0, t € (0,1),

w(0) = w/'(0) = - - = w2 (0) = 0,

0+U / D0+u Alt),

where D, is the standard Riemann-Liouville fractional derivative, n — 1 < a <mn,

n>30<pB8<1, A>0, and fo D0+u t)dA(t) denotes the Riemann-Stieltjes
integral with respect to A, in which A(t) is a monotone increasing function and
f :10,1] x RY — R may change sign, Rt = (0,+0c0). By the Guo-krasnosel’skii
fixed point theorem, some positive solutions can be acquired.

In [15], Zhang et al. considered the following fractional differential equation

D§iu(t) + f(t,u(t) =0, 0<t <1,
u(0) = ' (0) = --- = u""2(0) = 0, D0+u( ) = )\/’7 h(t )Dmu( )dt,
0

where D, is the standard Riemann-Liouville fractional derivative, h € L*[0,1] is
nonnegative and may be singular at t =0andt=1,n—1<a<n, n>3, 8>
La=B-1>0,0<n<1, 0<A[)h(t)t*P~1dt < 1. The nonlinearity f(t,u)
permits singularities both on ¢ = 0, 1 and u = 0. By using the Guo-krasnosel’skii
fixed theorem, at least three positive solutions can be obtained.

In [9], the author Su studied the following boundary value problem for a singular
fractional differential equation with delay:

D%x(t) + f(t,x(t— 7)) =0, t € (0,1)\{7},
x(t) = 77(t)> te [773 O]a
z(1) =0,
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where 1 < a < 2, D* is a Riemann-Liouville fractional derivative, 7 € (0,1),
f(t,xz) € C((0,1) x R™, R) and may be singular at t = 0, ¢t = 1, and = 0 and may
have negative values, where RT = (0, +00). By the Guo-krasnosel’skii fixed point
theorem, the authors got the existence of positive solutions.

In [7], Mu et al. investigated the existence of positive solutions for the singular
fractional differential equation with delay:

De(t) + A\f(t,x(t — 7)) =0, t € (0,1)\{7},
:L‘(t) = n(t)v te [*7_7 0}7

where 2 < o« < 3, D% is Riemann-Liouville fractional derivative, A is a positive
parameter, f(t,z) € C((0,1) x R*, R) and may be singular at ¢ = 0, ¢t = 1, and
x = 0. By the Guo-krasnosel’skii fixed point theorem, the eigenvalue intervals of
the boundary value problem to this nonlinear fractional differential equation were
considered, and some positive solutions were obtained, respectively.

To prove our conclusions, we will put forward some necessary definitions and
lemmas in Section 2, and give some new properties of the corresponding Green
function. In Section 3, by using the Guo-krasnosel’skii fixed point theorems and the
Leray-Schauder’s nonlinear alternative theorem, the existence of positive solutions
to BV P (1.1) will be established finally.

2. Preliminaries and correlative lemmas

In order to expound the main idea of this thesis easily, we first give some essential
definitions and lemmas that are significant and used through out this paper. The
definitions can also be found in some references such as [1,3,5,6,9].

Definition 2.1. The Riemann-Liouville fractional integral of order o (o > 0) of a
function f: (0,400) — R is given by:

o0 = gy [ (=9 s,

provided that the right-hand side is pointwise defined on (0, +00), where I'(a) is
the Gamma function defined by:

—+oo
Ia) = / e "t dt, a > 0.
0

Definition 2.2. The Riemann-Liouville fractional derivative of order a (n — 1 <
a < n) of a function f: (0,400) — R is given by:

1

D10 = D" B30 = s (jt) / (1 8o f(s)ds,

provided that the right-hand side is pointwise defined on (0, 4+00), where n is the
smallest integer than or equal to « and T'() is as same as the Gamma function
mentioned in the definition above.
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Using the definition of the Riemann-Liouville derivative, we can get the following
content.
Let a > 0. If we assume u € C(0,1) N L(0,1), then the fractional differential
equation
Dfiu(t) =0
has the unique solution u(t) = ¢t 1 4cot® 24+ 4, t* ", ; €R, i =1,2,--- ,n.
Assume f € C(0,1) N L(0,1) has the fractional derivative of order a > 0. Then

O DY () = f(E) +cat® et 4 et

for some ¢; € R, i =1,2,--- ,n.
Next we induce the Green function to solve the boundary value problem of
fractional differential equation.

Lemma 2.1. Let n — 1 < a < n, and h € L*[0,1]. The unique solution of the
boundary value problem

Dg:u(t) + h(t) =0, t € [0,1], (2.1)

u(0) = w'(0) = w(0) = -+ = u" D (0) = "B (1) =0 |
s given by

1
u(t) = /0 G(t,s)h(s)ds, te€[0,1],
where
[ s () oS s <<,
G(t,s) = m {t"‘l(l _ S)a—nﬂ’ 0<t<s<1. 22)

Proof. By Definition 2.1, 2.2, we get that

u(t) = =I5 h(t) + 1t 4 et % ot
1 /t -1 -1 -2 -
=——— | (t=9)"""h(s)ds+ 1t + ot T+ -+ ent® T,
I'(a) Jo
where ¢; € R, 1 =1,2,--- | n.
From the boundary condition
u(0) = /'(0) = u"(0) = --- = u"=2(0),
we get
Cn=Cp1=Cpo=--"=cp=0.
Thus,
1

u(t) = — t — 8)* " h(s)ds + et
(1) )/Oa ) U(s)ds + it

()

From the boundary condition «(®~2)(1) = 0, and

t
D ult) =gy | (1) A s)ds 2 g,

MNa—n+2 (a—n+2)
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we can obtain that

ul"=2)(1) = *m /01(1 —8)* "M h(s)ds + 0111(0}1(% =0,
therefore,
=ty J, (oo KO
B %a) /01“ = 8)* " h(s)ds,
finally,

u(t) :-F(la)/o (t — 5)°~1h(s)ds

ta—l

+ (o) (/0 (1 —5)*""*h(s)ds —|—/t (1 —5)*"1h(s)ds)

1 toéfl _ a—n+1 _ _Safl s)ds
:P(a)(/o[t (1—5)*™" " — (¢ = 5)* h(s)d

+ /tl t*7 11 — 5)* " 1(s)ds)

_ /1 G(t,s)h(s)ds, t € [0,1].
0

O
The following properties of the Green function play important roles in the whole
thesis.

Lemma 2.2. The Green function G(t,s) given by (2.2) has the following properties:
(1) 0 <Gt s) < pigy(a—Ds(L —s)* ", Vs e0,1];
(2) ﬁt“‘ls(l—s)‘“"“ <Gt s) < %(a—l)ta_l(l—s)“_""'l, Vt,s€(0,1].

Proof. (1) By the definition of the G(¢,s), we can get that G(t,s) > 0 easily.
For 0 < s <t <1, noticing that « —n + 1 > 0, we have

1

G(t,9) = gy ("7 =) = (0= )" )
7L 752777, — s a—1 78“72 750471
= Fry (= 9L = ) - (= ) R )
1 2—n a—1 a—1 a—1
< fy (1= 9P = 9 = (L= 9 )
_ L —3 2—n a— H1-s) xa—2 T
B F(a)(l 7 1)/(1—5)@—5) I
< (1 82— (1 - 5) 21— ) — (1 8)(t — 9)]
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1 2—nya—2 _804*28 —s
= iy @ DA - e (1 =) (1 - 9)

< (@ —1)s(1 — s)* ™ FL,

['(a)
For 0 <t < s <1, noticing that a > 2, we have

G(t,s) — ﬁto‘_l(l _ S)a—n+1

1 a—1 a—n+1
< —F(a)s (1—s) "t
1 a—n
< @(a—l)s(l—s) .

The prove of (1) is completed.

(2) On the one hand, we proof the relationship “>” holds, V ¢, s € [0, 1].
For 0 < s <t < 1, noticing that n > 3, we have (1 — s)"~2 < (1 — s), therefore,

Glt.) = g™ (1= )" = (1= 9)" ]
= T A= e = Dy
> gt = (g )
= gt AT (=0
> ﬁta-lu — )L (1))
- ﬁta’ls(l _ el

For 0 <t < s <1, we have

1 1
G(t,s) = ——t*" 1 —s)* " > > 15(1 —

I(a) ~ I(a)

s)a—n-&-l.

On the other hand, we prove the relationship “<” holds, V ¢, s € [0, 1], by (1),

for 0 < s <t <1, we have

S)afnJrl'

Glt.5) = g 1™ (1= 9" = (=)
< (@ D= e )
< ﬁ(a C)(1— )22 (1 — )2 (1 — )
= ﬁ(a — Dt (1 = s) e
For 0 <t < s < 1, we have
G(t,s) = ﬁta’l(l —g)antl < ﬁ(a — Dt (1 -

The proof of (2) is completed.



Solutions for a fractional BVP 1079

Remark 2.1. The function G*(t,s) = t>"~172G(t, s) satisfies the following condi-
tion:

Lt2”_25(1 —5)* M < GH(t,s) < L_lt%_g(l —5)* " for t,5 € [0,1]
') - T T(a) ’ T

Lemma 2.3 ( [4]). Let E be a Banach space, and P C E be a cone. Assume Q is a
bounded open set in E such that 6 € Q. Let operator T : PN — P be completely
continuous. Then the following two conclusions are established:

(1) If |Tu|| < |Ju|, Y u € PNIQ, then i(T,PNQ, P)=1;
(2) If | Tul| > |lull, V u e PNoQ, then i(T,PNQ, P)=0.

Lemma 2.4 (Leray-Schauder’s nonlinear alternative theorem). Let F': E — E be
a completely continuous operator. Let

o(F)={z€ E:x=krF(z), 0<k <1},

then either the set o(F) is unbounded, or F has least one fized point.

3. Main results

In the section 3, we will try our best to discuss the existence of positive solutions for
boundary value problem (1.1). For convenience, we list some preconditions which
are significant in this paper.
Throughout this paper, we always suppose that the following condition holds:
(H1) There exists a nonnegative function p € C(0,1) N L(0,1), p(t) # 0, such
that

f(tﬂx) > _p(t)7
and
p2(t)ha(z) < f(t,v(t)z) + p(t) < @1(t)(9(2) + ha(z)),

for V (t,z) € (0,1) x R*, where o1, 2 € L(0, 1) are positive, hy, hy € C(R{, RT)
are nondecreasing, g € C(R{, R") is nonincreasing, R{ = [0, 4+00), and

o(t) = {1, te(0,7),

(t — 1) 2t e (7,1).

When s € [0, 7], we have —7 < s — 7 < 0, suppose there is a positive number
S > 0, such taht  max 077(8 — 1) =8, therefore n(s —7) < S and 0 < g(S5) <

—7<s—7<
g9(n(s — 7)) < g(0).
Let X = {z|z € C[—7,1]}, then (X, ] - ||) is a Banach space with the maximum
norm

||1'||[—7-,1] =max_,<i<1|x(t)| for z € X.
And we set a cone

1
K ={z e X|x(t) =0 for t € [-7,0], and z(t) > Ht%_QHxH for ¢t € [0, 1]}.
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Define
_ . 77(15): te [_7—7 OL
i) = {0, te (0,1],
0, tel-10],
w(t) = 1

G(t,s)p(s)ds, t € (0,1],

and nonnegative function
[z(t) +7(t) — w(t)]" = 2" (t)
= max{x(t) +7(t) —w(t),0}

_ {77(’5), te [_Ta 0]7
max{z(t) — w(t),0}, t € (0,1]

for any x € K. And we let f*(¢t,z(t)) = f(t,z*(t)) + p(t).
Define wljg 1) is the solution of

Dx(t) + p(t) =0, t € (0,1),
x(n,g)(l) _ l'(n72) (0) — ... = 1./1(0) _ :L'/(O) — l’(O) =0.

As f:(0,1) x Rt — R is a continuous function, we can know that function z is a
solution of boundary value problem (1.1) if and only if it satisfies

1
/0 G(ta S)f(S,I(S - T))dS, te (Oa 1)7
n(t), te[-,0].

x(t) =

Considering the following operator:

1
/0 G(t, 5)(f(5,2* (s — 7)) + p(s))ds, £ € (0,1],

(Az)(t) = o)
0, te [—7’, O].
Let
_ e, te (0.),
y(t) = {o, te 7,0,
and
V() = max{t* 2"y (t) — w(t),0}, t € (0,1],
n(t),  tel-70].

Next (3.1) is equivalent to

(Ty)(t) = | 6 sty = )+ plois, v 0.1, (3.2)

0, te[-,0].
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Clearly, if 3 is a fixed point of operator T in (3.2), then

o ey, te (0,1,
x(t)_{o, te[-r,0]

is a fixed point of operator A defined in (3.1). By Lemma 2.1 we can obtain that

DE(t) + (f(,27(t = 7)) + p(t)) = 0, t € (0, )\{7},

z(t) =0, te[-r0], (3.3)
77D(1) =3"2(0) = - = 7"(0) = T(0) = 0.
If
T —7)+7t—7)—w(t—7) >0 forte|0,1], (3.4)
then
Tt-Tm)=z(t-71)+n{t—7)—w(t—71).
Let

z(t) =Z(t) + 7(t) — w(t). (3.5)
Then some conclusion will be verified below.

Lemma 3.1. z is a positive solution of boundary value problem (1.1) if and only if
Z(t) = z(t) + w(t) — 7(t) is a positive solution of boundary value problem (3.3) and
inequality Z(t) + 7(t) — w(t) > 0 holds up when t € (0,1)\7.

Proof. If z is a positive solution of boundary value problem (1.1), we shall prove
it in two cases.

For t € [—,0],
T(t) = x(t) + w(t) —(t)
— aft) ~ 7t
=n(t) —n(t
=0

which implies that Z(¢) = 0.

It is easy to show that Z(t) satisfies the rest boundary conditions in (3.3) when
te[—,0].

For t € (0, 1)\{r},

o+ (z(t) + w(t) — ﬁ(t))
Dga(t) + Dgsw(t) — D 7i(t)

= Dgrx(t) + Dgrw(t )

=—f(t,z(t—7)) —p(t)

=—(f(t,z(t —7)) +p(t))
—(ft,z*(t — 7)) + p(t)),

which implies that
Dgra(t) = =(f(t, 2" (t — 7)) + p(t)).
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Since z(t) is a positive solution, then Z(t) + 7j(t) — w(¢) > 0 holds when ¢ €
(0,1)\7. It is easy to show that Z(¢) satisfies the boundary conditions in (3.3).

Therefore, Z(t) is a positive solution of boundary value problem (3.3).

On the other hand, if Z(¢) = x(t) + w(t) —7(t) is a positive solution of boundary
value problem (3.3) and Z(t) + 7(¢t) — w(t) > 0 holds when ¢t € (0,1)\7, as similar
as the proof above, we can easily prove that x(t) is a positive solution of boundary
value problem (1.1). O

As a result, in the following paper we will concentrate our mind on finding the
fixed points of operator T defined by (3.2).

In the following content, we give other three conditions:

(H2) )
/ (1 —8)*"" Ty (s)ds > 0.
0
(H3) Let
lim sup I (y) <e, e>0, (3.6)
y—+oco Y

such that e satisfies % > f: e(l—s)* "o (s)ds.
In view of (3.6), there exists a M > 0 such that

hi(y) < ey for y > M. (3.7)
(H,) Suppose there exists a subinterval [a,b] C (7, 1), such that

(t _ T)Qn—Q (CL _ 7.)271—2

= 1 — — 3 t2n_2 — 2TL—2.
G tre%{})] a—1 a—1 "~ G2 trerfg};] “
And there exists a r; > max{2, 2c}, where
—1)2 1
c= <aI‘(a))/0 (1 —s)* " p(s)ds < +oo. (3.8)

Let

r1C1 b a—n
&1 = pi&yha(P52) [, s(1 = 5)2 7" pa(s)ds
>7ry.

By the above conditions, we denote:

€ — 7 (1) () (g(0) +ha (8))ds+ [ (1—5)* "+ ly (8)g( 2l (s—7)2"~2)ds
2T %_L—l e(l—s)>—nt1lpq(s)ds

> 0.
Next we choose a ro > max{M + 1, 1 + 1, &}. Define
M ={yeK:|ly| <r}, Qo={yeK:|y| <r}.
And when s € [r,1], because 0 < -2 (s — 7)2" 72 < L 1L thus,

1 T1 1 T1 om—2
—_ —(s— < :
0<g(=—77) <975 (s=1)*%) < 4(0)
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Then V y € Q2\

1
{2n=1=ay(f) = t2n—1—a/ G(t,s)p(s)ds
0

(a _ 1)t2n—2 /1 .
<—F—— | (1=5)*"""p(s)ds
() 0
L oo
= 2" .
p— ¢, (3.9)
where c¢ is defined as (3.8). Thus, for ¢ € (0,1),
y(t) _ t2n—1—aw(t) > 1 t2n_27‘1 _ 1 t2n—2c
Ta-1 a—1
1 2n—2 1
Zoa-1t g
1 T1 2m—2
= — " 3.10
a—12 ( )

Then

(Ty)(t / G*(t, 5)(f(5,1(s — 7)) + p(s))ds
/ G (t,5)(f (s (5 = 1) 2"y (s = ) = (s — 7)) + p(s))ds

2n—2
<5 / (1= )" " g1(s)(gln(s — 7)) + ha (s — 7))ds

(O[ _ l)th—Q

omd AR R

(o gy (P2 (=)~ (5= P (=) ds

= C12(;)1 /07(1 —5)" 7" 01 (5)(9(0) + b (9))ds
+ Of(_a)l /T (1= 8" n(5)o( = i 1%1(3 22y 1 i (lyl))ds
< ?(_a)l /0 (1 — s)a—nﬁ—l@l(s)(g(()) + hl(S))dS
a—1 1
i F(a)/ (1= )27 1 (5)(g(0) + ha ([lyll))ds
< +00.

Therefore, T is well-defined on Q25\€;.

Lemma 3.2. Suppose (H;) and (Hs) hold. Then the operator T : Q\Q — K is
completely continuous.

Proof. Step 1: First we show that T : Q,\Q; — K. In fact, for y € Qu\Qy, t €
(0,1), in view of Remark 2.1, denote

B(a) = ﬁ / S(1— )" (f(s,y7 (s — 7)) + pls)ds.
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On the one hand,

o — 2n—1—a 1
T (0 < R [ s 9 s (5= ) + )

— (a = )" B(a),

therefore, | Ty|| = max [(Ty)(t)] < (e — 1)B(). On the other hand,

t€[0,1]
T = Fr7 | 50 =97 e 5= ) + pls))s
:t2n 2B( )
> 2Ty,

Hence, T: Q2\Q — K.

Step 2: we prove that T : Q\Q; — K is a continuous operator.

For any ¥, y € Q2\Q, m =1,2,--- with ||y, — y||[_T 1~ 0asm % 0o. We
know that r1 < ||ym|| < ra, rl < |lyll < 7o and y(t) > 22y > 22y,
Ym(t) > —= 1t2” Hym| > = t2” 2py, for t € (0,1). Then, for ¢t € (0,1), by (3.10),
we get

1 T1
1) — t2n717a t) > 7t2n72
o w(t) > —= D2,
and )
11— 1 -
t _t2n -« t) > 7t2n 2.
y(t wlt) 2 —=

By (H1), we have
fls, (s =) 2"y (s — 7) — w(s — 7)) + p(s)

=f(5,(s =) " Nym(s — 1) = (s = 7)*" " w(s — 7)) + p(s)
<p1(8)(9(Ym(s —7) = (s = 7)*" " lw(s — 7))

+ h1(Ym (5 —7) = (s =) w(s — 7))

( —7)*"7%) + ha(r2)),

(s, (s

<ei(s )(9(

and similarly,

Fls, )2 y(s—1) —w(s—7)) +p(s) < @1(s)(9(=— (s=7)*"2) +ha(r2)).

a—1
Because
¢1(5)(9(0)+hi(r2)) € L1(0,1),

and

£ (s, (s = 1) 2"y (s — 7) —w(s — 7)) + p(s)

— (f(5, (s =) * 2 y(s = 7) —w(s — 7)) + p(s))]

§2<P1(5)(9(a 1 (s = 7)*"7%) + ha(r2))

(s)(9(0) + ha(r2)).

<21
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By using the Lebesgue dominated convergence theorem, for ¢ € [0, 1], we have

|(Tym)(t) — (Ty)(2)]
f|/ G*(t, s) — )y (s — ) —w(s — 7)) + p(s)
s, (s — 1) 2”“1/(8 —7) —w(s — 7))+ p(s))]ds|

/G*ts|f — )y (s — 1) —w(s — 7)) + p(s)

(f(s, (s = 1) 72" y(s = 7) —w(s — 7)) + p(s))|ds

_2(?(;)1) /T (1—8)*"" 10 (5)(g(0) 4 hyi(re))ds,

and
o '/ G (1) (s (5 = )77 Myl = 7) — (s = 7)) 4 0(s)
— (fls (s =) 2"+1y<s— 7) = w(s = 7)) + pls))lds]

S/ G*(t,8) T |f(s, (s = 7)* 2 yn(s = 7) — (s — 7)) + p(s)

= (f(s: (s =7)* 7" ly(s — 7) —w(s — 7)) + p(s))|ds
=0.

This implies that |7y, — T'yl/[=,1] — 0 as m — +oo. Hence T is continuous.
Step 3: T is a compact operator.
Let Q C Q5\Q; be any nonempty bounded set.
(1) First we show that T'(€2) is uniformly bounded.
For any y € Q, in view of (H;), (H2) and Remark 2.1, we show

T)(0) = [ 608 (st =) + pls)ds

1
+ / G*(t,5)(f(s, (s = 7)* 7" ly(s = 7) = w(s — 7)) + p(s))ds

(o — 1)t2n=2

() /0 (1 —8)*""o1(s)(gn(s — 7)) + hi(n(s — 7)))ds

+ (Oé _Ftlt) n— /T (1—8)a_n+1@1(3)
< (g (5 ) (s —) — (5= (s 7)))ds
<t | A anls =) s (n(s-))ds
a-1 [ a—ntl Lr 2n-2
S | = e e s (5= )
<t | a9 e atts = 1)+ ha(ats = r)ds
+ g [ 09T e el s = 1) + s
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Denote

J(a) = T /OT(l —8)* "1 (5)(9(0) + hi(S))ds

1
/ (1= 8)* 7" p1(5)(g(0) + ha(r2))ds.

By the proof above, we can get that ||Ty|| < J(«). Hence, T(Q) is uniformly
bounded.

(2) Next we prove that T'(2) is equicontinuous.
Since G* is uniformly continuous for (¢,s) € [0,1] x [0, 1], for any € > 0,there
exists dp > 0, when t1, t2, s € [0,1] and [t1 — t2| < dg, we have

G™(t1,8) = G (t2, )] <6(/OT 21(5)(9(0) + h1(5))ds

+ [ oo =)+ har))ds)
Thus, for any y € €, we get
(Ty)(t1) — (T9) (&)
/ G (t1,5) — G* (£, )21 (5) (9(0) + B (S))ds

. |G*<t1,s>—G*(tz,smol(s)(g(ai (5= 77" %)+ I (r2))ds

Thus T'(Q) is equicontinuous.
According to (1), (2) above, and by the Ascoli-Arzela theorem, T(Q2) is a se-
quentially compact set. Thus, T is a compact operator.

Let us sum up all of the proof above, and then T is completely continuous. [

Theorem 3.1. Let (Hy), (Hz), (Hs) and (Hy) hold, then the boundary value
problem (1.1) at least has one positive solution.

Proof. On the one hand, for y € 9, as similar as (3.10), for ¢ € (0, 1), we obtain

1 1
22y — ) > D2 pan—2, (3.11)

_ 2n—1-« >
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Then from (Hy), (Hs), (3.7), (3.11), and Remark 2.1, we get

(Ty)(t)
SW /OT(1 — )"0 () (g(n(s — 7)) + hi(n(s — 7)))ds
W /Tl(l — 5)2 g (s)
X (g Bl = )+ hayls =) = s = 1P (s — )ds
% / (L= 97 g (8) (glnls — 7)) + i (n(s — 7)))ds
# D [ 6o s = ) s~ 7))

<= ; /T(l —8)* 7" oy (s)(g(n(s — 7)) + ha(n(s — 7)))ds
0

L (5 = 7)*"72) + hy(r2))ds

JCED ROl

a)
<= / (1 9 1 (9)(9(0) + i ())ds
0
1

a—1

(s —7)*"72) + ery)ds

Therefore, for y € K1 N 90, we have |[Ty|| < ||ly||, then i(T, Qo, K) = 1.
On the other hand, for y € 904, from (H;), (Hy), (3.10), and Remark 2.1, we
have

b
1Tyl > / tgig]G*(t, $)(f(s,(s = 7)* 7" y(s — 7) — w(s — 7)) + p(s))ds

b 1 1
> . * o1 _ 2n—2
= tg%]G (t; 8)p2(8)ha(—7 5 (s = 7)™ ")ds
G2 G, [° anil
> MR LY _
> F(a)hQ( 5 )/a s(1—s) wa(s)ds
_ a2n—2 r1 ((l _ 7_)2n—2 b N
= T ha( 5 )/a s(1—s) wa(s)ds
= 51
> rq.

Therefore, for y € K1 N 0Q;, we have ||[Ty|| > ||y, then, i(T,Q;, K) = 0.

Thus, i(T, Q2\Qy, K) = i(T,Q2, K) —i(T,;, K) = 1. Then, T defined by (3.2)
has a fixed point 7 € Q2\ ;.

In view of (3.10), we have

B(t) — w(t) =t —w(t)
—_ ta—2n+1(g(t) _ t2n—1—aw(t))
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1 T1
> ta72n+1 7t2n72
a—12
1 Eta—l

a—12
> 0.

It is easy to know that (3.4) is satisfied. Therefore, z(t) = Z(t) —w(¢) is a positive
solution of the boundary value problem (1.1). The proof is completed. O

We choose a number ng € {1,2,---}, let Ng = {ng,no +1,--- }. Fixing n € Ny
and considering the family of integral equation

1
5 [ Gt = )+ pleas+ o te 0.1,

1
) te [_7-70}7
n

y(t) (3.12)

where x € (0,1),

byt =) + p(t), v (t—7) >
Tty =) 4o =4 o
Flb =)+ plt), (=)< =

3

Next, we give another condition:
(H5) Let
h T
lim sup 1(2) < I (@) .
z—+00 z (Oé _ 1) fT (1 _ S)O‘_"+1<m (s)ds

Theorem 3.2. Let (Hy), (Hz), (Hs) hold. Then boundary value problem (1.1) at
least has one positive solution.

Proof. In view of (Hjs), there exists a positive r satisfies

r > ?(_a)l (/OT(1 B S)Q_nﬂ(pl(s)(g(o) + I (S))ds
+‘/.,. (1 — s)a—n-l-lspl(s)(g(ai 1(8 _ 7_)211—2) + h1(7‘))d8),

and meanwhile, we let r > max{2, 2c}, ¢ defined as (3.8).
So, we can use ng € {1,2,---} such that

re (;T_a)l( /OT(l — 5)* " 1 (5)(9(0) + ha(S))ds
+/T (1- S)Oé—n—i-l(pl(s)(g(a i 1(5 _ T)Qn—2) ¥ o (r))ds) + nio

We claim that any solution y of (3.12) for any x € (0, 1) must satisfy ||y|| # r.
Otherwise, supposing that y is a solution of (3.12) for some x € (0,1) such that
lyll = r. We just prove the situation that y*(t — 7) > L for t € (0,1). In view of
Lemma 2.2 (1), we can get

y(t) < 20 ‘Plg;)”_ - / (1= )" (fuls, ™5 — 7)) + pls))ds +
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therefore,
-1) [t 1
<0 [ s sy ) plods + . (3
Thus, by Remark 2.1, for t € (0,1), we have
S
o) = 5+ T [ =T s (s = )+ )

1 1 oy 1

>4 ¢ - =

z ot (lyll =)
1 1 1 1

— 7t2n—2 _ 7t2n—2 .
e ]

1 1 1

= (1= 7t2n—2 = 7t2n—2

(1= —— e [yl
1 2n—2
> =
| [yl
1

— t2n—2 .

a—1 "
Then like for (3.10), for t € (0,1), we can get
y(t) — 210y () > —— 22 (r — ) > Tyan—2 (3.14)

a—1 a—12

Then from (H1), (3.14), for ¢t € [0,1], k € (0,1), we have

1+H/<¢@@Uﬂ&f@-fﬂ+dﬂws
0

y(t) -

:1+a/‘@ﬁJXﬂ&w@—T»+M@Ms
0

= (arasnA(LwW7HWﬂ&ﬁG—T»+M@WS
< L 0L T et () (gns - 7)) + (s — 7))ds
= no L(a) Jo

Hence we obtain

r =yl

- t
tren[gﬁ]y( )

1 a—1
) r

/T(l =) ea(s)(g(n(s = 7)) + ha(n(s — 7))))ds

(a) 0
¢ 1 ! a—n+1
+f65[<rw> g (s)
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X (g 5 = 7) gl = 7) = (s = 7l = 7))ds

ot Ty [ =9 ) an(s = )+ (s = 7))

o [ e e )i
< [ =9 et — ) + (ot - s

# 0 [ g ol - 1) )i
<y =T e + m()ds

0 [ o = ) )

This is a contradiction and the claim is proved.
We set a cone

1
Ki={zeX|x(t)> ﬁt%’szH for t €[0,1]}.

Now the Lemma 2.4 guarantees that the equation

y(t) :/0 G (t,5)(fn(s,y" (s = 7)) + p(s))ds

has a solution y,, in Q3 = {y € K : 1r < ||ly| < r}, for t € (0,1).
And V t € (0,1), by ¢ < ir < |lyn|| < 7, we can get {yn}nen, is a uniformly

bounded set on (0, 1).
Next we claim that y,(t) has a lower bound. In view of (H7), we can get that

1
yn(t) = / G (£, ) (s, (5 — 7)) + pls))ds
b
> / G (t,5)(f (s, 45 — 7)) + p(s))ds

t2n—2

b e
> T / S(1— )2 (f (s, (s — 7)) + pls))ds

2n—2 b
> tF(T)/a s(1— s)a—n+1(@2(s)h2(a — (lynll = €)(s — 7)2"72))ds
> all~ ) [ 157 ()
~ INo) 2WYn 1 ., ©2
2n—2 —Na—-71 2n—2 b
> tl_‘(a) h2((||ynH a)(_l ) )/a 8(1 _ 8)a—n+1(p2(8)d8
> 0.

Then we prove that {y, }nen, is an equicontinuous family on (0,1). Since G* is
uniformly continuous for (¢,s) € [0,1] x [0, 1], that is, for any € > 0, there exists
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Co > 0, when t1, ta, s €[0,1] and |t; — t2| < (o, we can get
|G™(t1, 5) — G"(t2, 5)|

— ([ r)latnts = 7))+ haats = 7)ds
+ [ ool Ul = s =72+ (r))as) ™

Thus
(t1) — () (82)]
/ 1G* (b1, 5) — G* (2, 8) o1 (5) (g(n(s — 7)) + R (n(s — 7)))ds
/ 1G* (1, 5) — G*(t2, ) 01 (5)
< (g (lyall = €)(s = 72) + B (r))ds

< €.

Therefore, {yn}nen, is an equicontinuous set on (0,1). By the Arzela-Ascoli
theorem, as {yn}nen, is @ sequentially compact set, there exist a subsequence Ny
of Ny and y € Q3 such that {y,}nen, is uniformly convergent to y and y satisfies
the relationship that 0 < y(¢) < r for any ¢ € (0, 1). Because

F(s, (5 = 1)y (s = 7) = ol = 7)) + p(s)
= Js, s = 1) (s = 1) = (5 — 7P s = 7)) + )
< 1()(glun(s =) = (5 = 7" Nals — 7))
(s =) = (5 = 1" Nls — 7))
< 1) g (g (lall = €)(s = 7)22) + (1),
and similarly,
F(s, (s = )2 (s — ) — (s — ) + p(s)
< 1) gl = s = 7)*"2) + n (1),

Because

Lyl = €)(s = 7)*"7%) + ha(r)) € L}(0,1),

() g (= )5 = 7)) + I (r)) € L0, 1),
and
[f(s, (s = 1) 2 yp(s — 1) — w(s — 7)) + p(s)

= (s, (s = )2y (s = 7) — s = 7)) + p(s))]
< 1) g7 (lonll = s = 7"2) + I (1)

o) g— Ul = e)(s = 7"2) + (7).
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By the Lebesgue dominated convergence theorem, in view of
1
0= [ G (ts)Falorils =) + plo)ds
0
1
— [ @ )il = 1) + o),
0

and
() — ()] = | / G* (1, )[ (5, (5 — 1)y (s — 7) — (s — 7)) + p(s)
(5= 1) 2”+1y<s — 1) —wls — 7)) + pls))]ds
< / G* (£, ) (5, (5 — 7)72" (s = 7) — wols — 7)) + pls)
— (s, (s = 1) 2 y(s — 7) — (s — 7)) + p(s))Ids,
and

i | / G (1, 9)[ (5. (s — )" "y (s = 7) = wls — 7)) + p(s)
— (flsy (s = 1) 2"“9(8 — 1) —w(s — 7)) + p(s))ds]
< / o, $) T [f(s, (s = )% 2"y (s — ) — (s — 7)) + p(s)
— (s, (s =) 72"y (s — ) — w(s — 7)) + p(s))lds = 0.
This implies that

1
Jim ()= [ 669 Tim (5505 =) + ).

So,
t) :/o G (t,s)(f(s,y"(s = 7)) + p(s))ds.

Therefore, T' defined by (3.2) has a fixed point § in Q3 with ¢ < [|g]| < r. Similar
o (3.14), we have

2(t) —w(t) = 7f‘”"r"”ﬂﬂ(lﬁ) —w(t) =t 72H(G(E) — 21T w(t)

1

> 12 (1] = )" = (] - ) > 0.

It is easy to know that (3.4) is satisfied. Therefore, z(t) = Z(t) —w(t) is a positive
solution of the boundary value problem (1.1). The proof is completed. O

Acknowledgements. We would like to thank the referee(s) for there valuable
suggestions and comments to improve presentation of this paper.

References

[1] C. Bai, Existence of positive solutions for a functional fractional boundary value
problem, Abstr. Appl. Anal., 2010, Art. ID 127363.



Solutions for a fractional BVP 1093

2]
3]

[4]

[5]

[6]

[7]

[15]

W. Chen, H. Sun and X. Zhang and et al, Anomalous diffusion modeling by
fractal and fractional derivatives, Comput. Math. Appl., 2010, 59, 1754-1758.

Y. Cui and Y. Zou, An ezxistence and uniqueness theorem for a second order
nonlinear system with coupled integral boundary value conditions, Appl. Math.
Comput., 2015, 256, 438-444.

D. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Aca-
demic Press Inc, New York, 1988.

J. He, M. Jia, X. Liu and et al, Existence of positive solutions for a high order
fractional differential equation integral boundary value problem with changing

sign nonlinearity, Adv. Differ. Equ., 2018, 48. DOI: 10.1186/s13662-018-1465-6.

Y. Li, S. Sun, D. Yang and et al, Three-point boundary value problems of
fractional functional differential equations with delay, Bound. Value Probl.,
2013, 38. DOI: 10.1186,/1687-2770-2013-38.

Y. Mu, L. Sun, and Z. Han, Singular boundary value problems of fractional
differential equations with changing sign nonlinearity and parameter, Bound.
Value Probl., 2016, 8. DOI: 10.1186/s13661-016-0523-9.

S. Samko, A. Kilbas and O. Marichev, Fractional Integrals and Derivatives:
Theory and Applications, Gordon and Breach Science Publishers, Yverdon,
1993.

X. Su, Positive solutions to singular boundary value problem for fractional func-
tional differential equations with changing sign nonlinearity, Comput. Math.
Appl., 2012, 64, 3424-3435.

Y. Wang, Y. Liu and Y. Cui, Multiple sign-changing solutions for nonlin-
ear fractional Kirchhoff equations, Bound. Value Probl., 2018, 193. DOLI:
10.1186/s13661-018-1114-8.

H. Zhang, Iterative solutions fractional nonlocal boundary value problems in-
volving integral condition, Bound. Value Probl., 2016, 3. DOI: 10.1186/s13661-
015-0517-z.

K. Zhang, Positive solutions for a higher-order semipositone nonlocal fractional
differential equation with singularities on both time and space variable, J. Funct.
Spaces, 2019, Art. ID 7161894.

K. Zhang, On a sign-changing solution for some fractional differential equa-

tions, Bound. Value Probl., 2017, 59. DOI: 10.1186/s13661-017-0787-8.

X. Zhang, L. Wang and Q. Sun, Fxistence of positive solutions for a class of
nonlinear fractional differential equations with integral boundary conditions and
a parameter, Appl. Math. Comput., 2014, 226, 708-718.

X. Zhang and Q. Zhong, Triple positive solutions for nonlocal fractional dif-
ferential equations with singularities both on time and space variables, Appl.
Math. Lett., 2018, 80, 12-19.

Q. Zhong, X. Zhang, and Z. Shao, Positive solutions for singular higher-order
semipositone fractional differential equations with conjugate type integral con-

ditions, J. Nonlinear Sci. Appl., 2017, 10, 4983-5001.

Y. Zhou, Basic Theory of Fractional Differential Equations, World Scientific
Publishing Co Pte Ltd, Hackensack, 2014.



	Introduction
	Preliminaries and correlative lemmas
	Main results

