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UNIQUENESS AND EXISTENCE OF
SOLUTIONS FOR A SINGULAR SYSTEM

WITH NONLOCAL OPERATOR VIA
PERTURBATION METHOD

Kamel Saoudi1,2,†, Mouna Kratou1,2 and Eadh Al Zahrani1,2

Abstract In this work, we investigate the existence and the uniqueness of
solutions for the nonlocal elliptic system involving a singular nonlinearity as
follows: 

(−∆p)
su = a(x)|u|q−2u+ 1−α

2−α−β
c(x)|u|−α|v|1−β , in Ω,

(−∆p)
sv = b(x)|v|q−2v + 1−β

2−α−β
c(x)|u|1−α|v|−β , in Ω,

u = v = 0, in RN \ Ω,

where Ω is a bounded domain in Rn with smooth boundary, 0 < α < 1,
0 < β < 1, 2 − α − β < p < q ≤ p∗s = Np

N−sp
, a, b, c ∈ C(Ω) are non-negative

weight functions with compact support in Ω, and (−∆)sp is the fractional
p-laplacian operator. We use a perturbation method combine with some vari-
ationals methods in order to show the existence of a solution to the above
system. We also prove the uniqueness of the solution to the system for some
additional condition.

Keywords Singular nonlocal elliptic system, approximated methods, varia-
tionals methods, existence of solutions, uniqueness of solutions.
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1. Introduction
The purpose of this paper is to study the following elliptic system involving nonlocal
operator and singular nonlinearity:

(−∆p)
su = a(x)|u|q−2u+ 1−α

2−α−β c(x)|u|
−α|v|1−β , in Ω,

(−∆p)
sv = b(x)|v|q−2v + 1−β

2−α−β c(x)|u|
1−α|v|−β , in Ω,

u = v = 0, in RN \ Ω,

(1.1)

where Ω is an open bounded domain of RN with smooth boundary, N > ps, s ∈
(0, 1), 1 < p <∞ and (−∆p)

s is the fractional p-laplacian operator which is defined
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as

(−∆p)
su(x) = CN,sP.V.

∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+ps
dy , ∀ p ∈ [1,∞)

with CN,s, being the normalizing constant.
During the past few decades, the study of nonlocal elliptic PDEs involving sin-

gularity with Dirichlet boundary condition has drawn interest by many researchers,
both from a pure mathematical point of view and for concrete applications, since the
problems of this type are important in many fields of sciences, notably the fields of
physics, probability, finance, electromagnetism, astronomy, and fluid dynamics, it
also they can be used to accurately describe the jump Lévy processes in probability
theory and fluid potentials for more details see [1, 6] and references therein.

Set α = β, α+ β = γ and u = v. Then the problem (1.1) becomes the following
nonlocal singular problem

(−∆p)
su =

λc(x)

uγ
+M |u|q−2u in Ω,

u = 0 in RN \ Ω, (1.2)
u > 0 in Ω,

where N > ps, M ≥ 0, c : Ω → R is a nonnegative bounded function. When M = 0
and p = 2 (the purely singular problem), Fang [8] had shown that the problem (1.2)
has a unique solution u ∈ C2,α(Ω) for 0 < α < 1. In [12], the multiplicity result for
the problem (1.2) is proved by converting the nonlocal problem to a local problem.
For 1 < p < ∞, M = 0 and λ = 1 the problem (1.2) was studied by Canino et
al. [5]. In [9,10], the authors established the existence and the multiplicity of weak
solutions to the problem (1.2) by using the Nehari manifold method. Recently,
Saoudi et al. in [14] has guaranteed the existence of at least two solutions by using
min-max method with the help of modified Mountain Pass theorem. In particular,
in [13], the author considered the following nonlocal problem

(−∆)spu = λa(x)|u|q−2u+ 1−α
2−α−β c(x)|u|

−α|v|1−β , in Ω,

(−∆)spv = µb(x)|v|q−2v + 1−β
2−α−β c(x)|u|

1−α|v|−β , in Ω,

u = v = 0, in RN \ Ω,

(1.3)

where 0 < α < 1, 0 < β < 1, 2 − α − β < p < q < p∗s, p
∗
s = N

N−ps is the fractional
Sobolev exponent, λ, µ are two parameters, a, b, c ∈ C(Ω) are non-negative weight
functions with compact support in Ω. With the help of the Nehari manifold and
the fibering maps (appropriately modified), the authors proved the existence of at
least two non-negatives solutions of problem (1.3).

Motivated by above results, in the present work, we are interested in the ex-
istence and the uniqueness of solutions for nonlocal system (1.1) via perturbed
method’s.

In order to state our result, let us introduce some notations. We define

W s,p(RN ) :=
{
u ∈ Lp(RN ) : u measurable , |u|s,p <∞

}
,

the usual fractional Sobolev space with the Gagliardo norm

||u||s,p :=
(
||u||pp + |u|ps,p

) 1
p .
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For a detailed account on the properties of W s,p(RN ) we refer the reader to [11].
Denote

Q = R2N \
(
(RN \ Ω)× (RN \ Ω)

)
and we define the space

X=

{
u : RN → RLebesgue measurable : u\Ω∈Lp(Ω) and |u(x)− u(y)|p

|x− y|N+sp
∈Lp(Q)

}
with the norm

∥u∥X = ∥u∥Lp(Ω) +
(∫

Q

|u(x)− u(y)|p

|x− y|N+sp
dxdy

)1/p
.

Through this paper we consider the space

X0 = {u ∈ X : u = 0 a.e. in Rn \ Ω} ,

with the norm

∥u∥X0 =
(∫

Q

|u(x)− u(y)|p

|x− y|N+sp
dxdy

)1/p
.

It is readily seen that (X0, ||.||) is a uniformly convex Banach space and that the
embedding X0 ↪→ Lq(Ω) is continuous for all 1 ≤ q ≤ p∗s, and compact for all
1 ≤ q < p∗s. The dual space of (X0, ||.||) is denoted by (X∗, ||.||∗), and ⟨., .⟩ denotes
the usual duality between X0 and X∗.

Let X0 = X0 × X0 be the Cartesian product of two Hilbert spaces, which is
(In [6] it is claimed that X0 is a Hilbert space) a reflexive Banach space endowed
with the norm

∥(u, v)∥ =
(∫

Q

|u(x)− u(y)|p

|x− y|N+ps
dxdy +

∫
Q

|v(x)− v(y)|p

|x− y|N+ps
dxdy

)1/p
. (1.4)

Before stating our main results, we make the following assumptions throughout this
paper:

(H1) 0 < α < 1, 0 < β < 1, 2− α− β < p < q ≤ p∗s = Np
N−sp .

(H2) a, b, c ∈ C(Ω) are non-negative weight functions with compact support in Ω.

(H3) a = b = 0, c ∈ C(Ω) is a non-negative weight functions with compact support
in Ω, α = β and 1

2 < α < 1.

We now list out the results that we will prove in this work.

Theorem 1.1. Suppose that (H1)-(H2) are fulfilled. Then the system (1.1) has
at least one positive solution.

Theorem 1.2. Suppose that (H1)-(H3) are fulfilled. Then the system (1.1) has a
unique positive solution.

This paper is organized as follows: The Section 2 is devoted to study approxi-
mated system. While, existence of solution (Theorem 1.1) and uniqueness of solu-
tion (Theorem 1.2) will be presented in Section 3 and in Section 4 respectively.
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2. The approximated fractional system
In this section, we introduce the following approximated system, for a fixed n > 1 (−∆p)

s
u = a(x) |u(x)|q−2

u+ 1−α
2−α−β c(x)

(
|u|+ 1

n

)−α (|v|+ 1
n

)1−β

(−∆p)
s
v = b(x) |v(x)|q−2

v + 1−β
2−α−β c(x)

(
|u|+ 1

n

)1−α (|v|+ 1
n

)−β
.

(2.1)

Associated to the approximated problem (2.1), we define the functional En : X0 → R
by

En(u, v) =
1

p

∫
Ω

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

1

p

∫
Ω

|v(x)− v(y)|p

|x− y|N+sp
dxdy

−1

q

∫
Ω

(a(x) |u|q + b(x) |v|q) dx

− 1

2− α− β

∫
Ω

c(x)(|u|+ 1

n
)1−α(|v|+ 1

n
)1−βdx.

Notice that En is a C1 functional and obviously, any critical point of En is a
weak solution of the problem (2.1).

Definition 2.1. We say that (u, v) ∈ X0 is a weak solution of problem (2.1) if
u, v > 0 in Ω, one has∫

Q

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+sp
dx dy

+

∫
Q

|v(x)− v(y)|p−2(v(x)− v(y))(ψ(x)− ψ(y))

|x− y|N+sp
dx dy

=

∫
Ω

(
a(x)|u|q−2uφ+ b(x)|v|q−2vψ

)
dx

+
1− α

2− α− β

∫
Ω

c(x)
(
|u|+ 1

n

)−α(
|v|+ 1

n

)1−β

φdx

+
1− β

2− α− β

∫
Ω

c(x)
(
|u|+ 1

n

)1−α(
|v|+ 1

n

)−β

ψ dx

for all (φ, ψ) ∈ C∞
c (Ω)× C∞

c (Ω).

Before, given the first result in this section let us recall the following inequality

(d+ e)
m ≤ dm + em (2.2)

for all d, e ∈ R+ and m ∈ (0, 1). On the other hand, using Hölder’s inequality and
Sobolev inequalities, one has∫
Ω

(
a(x)|u|q + b(x)|v|q

)
dx ≤ |Ω|

p∗s−q

p∗s

(
||a||∞||u||qp∗

s
+ ||b||∞||v||qp∗

s

)
≤ |Ω|

p∗s−q

p∗s S− q
p

(
||a||∞||u||q + ||b||∞||v||q

)
≤ |Ω|

p∗s−q

p∗s S− q
p

(
||a||

p
p−q
∞ + ||b||∞)

p
p−q

) p−q
p
(
||u||q + ||v||q

)
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≤ |Ω|
p∗s−q

p∗s S− q
p

(
||a||

p
p−q
∞ + ||b||

p
p−q
∞

) p−q
p ||(u, v)||q.

(2.3)

Lemma 2.1. The functional En is coercive and bounded below in X0.

Proof. From the Hölder’s and Sobolev inequalities combine with Eq. (2.2) and
Eq. (2.3), we obtain

En(u, v) ≥
1

p
∥u∥p + 1

p
∥v∥p − 1

q

∫
Ω

(
a(x) |u|q + b(x) |v|q

)
dx

− 1

2− α− β

∫
Ω

c(x)
(
|u|+ 1

)1−α(
|v|+ 1

)1−β

dx

≥ 1

p
∥(u, v)∥p − c |Ω|

p∗s−p

p∗s S−q/p
(
∥a∥p/p−q

∞ + ∥b∥p/p−q
∞

) p−q
p ∥(u, v)∥q

− 1

2− α− β

(
∥c∥r1 ∥u∥

1−α
p∗
s

∥v∥1−β
p∗
s

− ∥c∥r2 ∥u∥
1−α
p∗
s

− ∥c∥r3 ∥v∥
1−β
p∗
s

− ∥c∥1
)

≥ 1

p
∥(u, v)∥p − c |Ω|

p∗s−p

p∗s S−q/p
(
∥a∥p/p−q

∞ + ∥b∥p/p−q
∞

) p−q
p ∥(u, v)∥q

− 1

2− α− β

(
S2−α−β ∥c∥r1 ∥u∥

1−α
p ∥v∥1−β

p − S1−α ∥c∥r2 ∥u∥
1−α
p

−S1−β ∥c∥r3 ∥v∥
1−β
p − ∥c∥1

)
with
r1 = Np

(α+β)(N−sp)+Np+2sp−2N , r2 = Np
(α−1)(N−sp)+Np , r3 = Np

(β−1)(N−sp)+Np . On the
other hand, it is very simple to see that 1 ≤ max(r2, r3) ≤ r1 ≤ N

sp . Hence, En is
coercive and bounded below on X0.

Consider the following minimization problem

c = inf {En(u, v), (u, v) ∈ X0} . (2.4)

Hence, from Lemma 2.1 combine with the Ekeland’s variational principle, we ob-
tain the existence of the sequences (uk, vk) ∈ X0 such that En(uk, vk) → c and
E′

n(uk, vk) → 0 in X ∗
0 as k → ∞.

Now, we prove the following crucial result.

Lemma 2.2. the approximated system (2.1) has a nonnegative solution.

Proof. At first, it is simple to see from the coerviness of the functional energy
En, the boundedness of the sequence {uk, vk} in X0. So, there exists {Un, Vn} in
X0 such that

(uk, vk) → (Un, Vn) weakly in X0

(uk, vk) → (Un, Vn) strongly in Lk(Ω) for 1 ≤ k < p∗s

(uk, vk) → (Un, Vn) pointwise a.e. in Ω.

By dominated convergence theorem, we claim that∫
Ω

|uk|q−2ukΦdx→
∫
Ω

|Un|q−2UnΦdx ∀ Φ ∈ C∞
c (Ω). (2.5)
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Indeed, from [3], there exists l ∈ Lr(RN ) such that

|uk(x)| ≤ l(x), |vk(x)| ≤ l(x), as k → ∞

for any 1 ≤ r < p∗s. The fact that, (uk, vk) → (Un, Vn) pointwise a.e. in Ω. Therefore,
by Dominated convergence theorem, our claim is true. Similarly,∫

Ω

|vk|q−2vkΨdx→
∫
Ω

|Vn|q−2VnΨdx ∀ Ψ ∈ C∞
c (Ω). (2.6)

On the other hand, note that {uk} is bounded, by the Sobolev embedding theorem,
so there exists a constant C > 0 such that |uk|p∗

s
≤ C < ∞. Moreover, by Hölder

inequalities we have∫
Ω

c(x)u1−α
k dx ≤ ∥c∥∞

∫
Ω

|uk|1−αdx ≤ ∥c∥∞|Ω|
p∗s

p∗s+α−1 |uk|1−α
p∗
s
. (2.7)

Thus, using Eq. (2.7), there exists l1 ∈ L(1−α)(Ω), and up to a subsequence,

c(x)

(
|uk|+

1

n

)1−α(
|vk|+

1

n

)−β

Ψ → c(x)

(
|Un|+

1

n

)1−α(
|Vn|+

1

n

)−β

Ψa.e.

and ∣∣∣c(x)(|uk|+ 1

n

)1−α(
|vk|+

1

n

)−β

Ψ
∣∣∣ ≤ nβ |c|(|l1|1−α + 1)Ψ ∈ L1(Ω).

Now, apply the Lebesque’s dominated convergence theorem, we conclude that,
∀ Ψ ∈ C∞

c (Ω) ∫
Ω

c(x)

(
|uk|+

1

n

)1−α(
|vk|+

1

n

)−β

Ψdx→∫
Ω

c(x)

(
|Un|+

1

n

)1−α

|Un|
(
|Vn|+

1

n

)−β

Ψdx. (2.8)

Similarly, we deduce that, ∀ Φ ∈ C∞
c (Ω),∫

Ω

c(x)

(
|uk|+

1

n

)−α(
|vk|+

1

n

)1−β

Φdx→∫
Ω

c(x)

(
|Un|+

1

n

)−α(
|Vn|+

1

n

)1−β

Φdx. (2.9)

Moreover, let p′ the Hölder conjugate of p given by p′ = p
p−1 , then {|uk(x) −

uk(y)|p−2(uk(x)−uk(y))/|x−y|(N+sp)/p′
} is bounded in Lp′

(R2N ) and by pointwise
convergence uk → Un a.e. in Ω

|uk(x)−uk(y)|p−2(uk(x)−uk(y))
|x−y|(N+sp)/p′ → |Un(x)−Un(y)|p−2(Un(x)−Un(y))

|x−y|(N+sp)/p′ a.e. in R2N .

Furthermore, since (Φ(x)− Φ(y))/|x− y|(N+sp)/p ∈ Lp(R2N ), we deduce that∫
Q

|uk(x)− uk(y)|p−2(uk(x)− uk(y))(Φ(x)− Φ(y))

|x− y|N+sp
dx dy
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→
∫
Q

|Un(x)− Un(y)|p−2(Un(x)− Un(y))(Φ(x)− Φ(y))

|x− y|N+sp
dx dy for any Φ ∈ C∞

c (Ω).

(2.10)

Using the same argument, as above, we obtain∫
Q

|vk(x)− vk(y)|p−2(vk(x)− vk(y))(Ψ(x)−Ψ(y))

|x− y|N+sp
dx dy

→
∫
Q

|Vn(x)− Vn(y)|p−2(Vn(x)− Vn(y))(Ψ(x)−Ψ(y))

|x− y|N+sp
dx dy for any Ψ ∈ C∞

c (Ω).

(2.11)

Therefore, from Eqs. (2.5), (2.6), (2.8), (2.9), (2.10) and (2.11), we deduce that

⟨I ′n (uk, vk) (Φ,Ψ)⟩ −→ ⟨I ′n (Un, Vn) (Φ,Ψ)⟩ = 0 ∀ (Φ,Ψ) ∈ C∞
c (Ω)× C∞

c (Ω).

Now, we will prove that the sequence (uk, vk) converge strongly to (Un, Vn) in X0.
Indeed, since

⟨I ′n (uk, vk) − I ′n (Un, Vn) , (uk − Un, vk − Vn)⟩ → 0,

as k → ∞, we conclude that,

ok(1) = ⟨I ′n (uk, vk)−I ′n (Un, Vn) , (uk−Un, vk − Vn)⟩

=

∫
Q

|uk(x)− uk(y)|p−2
(uk(x)− uk(y))((uk − Un)(x)− (uk − Un)(y))dxdy

|x− y|N+sp

−
∫
Q

|Un(x)−Un(y)|p−2
(Un(x)−Un(y))((uk−Un)(x)− (uk−Un)(y))

|x−y|N+sp
dxdy

+

∫
Q

|vk(x)−vk(y)|p−2
(vk(x)−vk(y))((vk−Vn)(x)−(vk−Vn)(y))

|x− y|N+sp
dxdy

−
∫
Q

|Vn(x)−Vn(y)|p−2
(Vn(x)−Vn(y))((vk−Vn)(x)−(vk−Vn)(y))

|x− y|N+sp
dxdy

−
∫
Ω

a(x)
(
|uk|q−2

uk − |Vn|q−2
Vn

)
(uk − Un) dx

−
∫
Ω

b(x)
(
|vk|q−2

vk − |Vn|q−2
Vn

)
(vk − Vn) dx

− 1− α

2− α− β

∫
c(x)

[(
|uk|+

1

n

)−α

(uk − Un)

(
|vk|+

1

n

)1−β

−
(
|Un|+

1

n

)−α

(uk − Un)

(
|Vn|+

1

n

)1−β
]
dx

− 1− β

2− α− β

∫
c(x)

[(
|uk|+

1

n

)1−α

(vk − Vn)

(
|vk|+

1

n

)−β

−
(
|Un|+

1

n

)1−α

(vk − Vn)

(
|Vn|+

1

n

)−β
]
dx.
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By Hölder inequality, it follows that∫
Ω

a(x) |uk|q−2
uk (uk − Un) dx ≤ ∥a∥

L
r

r−q
(Ω) ∥uk∥q−1

Lr ∥(uk − Un)∥Lr(Ω) → 0

as k → ∞. (2.12)

Similarly,∫
Ω

b(x) |vk|q−2
vk (vk − Vn) dx ≤ ∥b∥

L
r

r−q
(Ω) ∥vk∥q−1

Lr ∥(vk − Vn)∥Lr(Ω) → 0

as k → ∞. (2.13)

On the other hand, let ε > 0, there exists Rϵ > 0 such that

0 ≤
∫
Ω

c(x) |uk − Un|2(1−α)
dx

≤ ∥c∥ m
m+2α−2

(∫
BRϵ

|uk − Un|m dx

)2
(1−α)

m

+ C1ε

which gives that ∫
Ω

c(x) |uk − Un|2(1−α)
dx→ 0

and
c(x)

1
2(1−α)Uk → c(x)

1
2(1−α)Un in L2(1−α)(Ω). (2.14)

Similarly, we obtain

c(x)
1

2(1−β)Vk → c(x)
1

2(1−β)Vn in L2(1−β) (Ω) . (2.15)

Therefore, from Eqs. (2.14) and (2.15), there exists L1 ∈ L2(1−α)(Ω), L2 ∈
L2(1−β)(Ω) and up to a subsequence

c(x)

(
|uk|+

1

n

)−α

(uk − Un)

(
|vk|+

1

n

)1−β

→

c(x)

(
|Un|+

1

n

)−α

(uk − Un)

(
|Vn|+

1

n

)1−β

a.e. in Ω, and∣∣∣∣∣c(x)
(
|uk|+

1

n

)−α

(uk − Un)

(
|vk|+

1

n

)1−β
∣∣∣∣∣

≤ |c| (|uk|)−α
(|uk − Un|)

(
|vk|1−β

+ 1
)

≤ |c| (|uk|)−α
(|uk − Un|)

(
|vk|1−β

+ 1
)

≤ |c| (|uk|)1−α
(
|vk|1−β

+ 1
)
≤ |c|

(
|L1|1−α |L2|1−β

+ |L1|1−α
)
∈ L1 (Ω) .

Therefore, by Dominated convergence theorem, we conclude that∫
Ω

c(x)

(
|uk|+

1

n

)−α

(uk − Un)

(
|vk|+

1

n

)1−β

dx→ 0 as k → ∞. (2.16)
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Using the same argument, we conclude that∫
Ω

C(x)

(
|vk|+

1

n

)1−α(
|vk|+

1

n

)−β

(vk − Vn) dx→ 0 as k → ∞. (2.17)

Now, from the inequality |a− b|l ≤ 2l−2
(
|a|l−2

a− |b|l−2
b
)
(a− b) for all a, b ∈ RN

and l ≥ 2, we obtain:

ok(1)=⟨I ′n (uk, vk)− I ′n (Un, Vn) , (uk−Un, vk − Vn)⟩≥∥(uk−Un)∥p+∥vk − Vn∥p .

Now, combine Eqs. (2.12), (2.13), (2.16) and (2.17), we deduce that

∥uk − Un∥ → 0 and ∥vk − Vn∥ → 0 as k → ∞.

Hence, there exists (Un, Vn) ∈ X0 such that

En (Un, Vn) = inf
(u,v)∈X0

En (u, v) .

Moreover, since En(Un, Vn) = En(|Un|, |Vn|) and (|Un|, |Vn|) ∈ X0, so we may
assume (Un, Vn) ≥ 0. Hence, (Un, Vn) is a non-trivial non-negative solution of the
problem (2.1).

3. Proof of Theorem 1.1
This section is devoted to prove the existence of a solution to the problem (1.1).
The proof is done in servals Steps.

Step 1: The solutions (Un) and (Vn) of the problem (2.1) are uniformly
bounded.

Firstly, we have proved in section 2 that (Un, Vn) is a solution to the problem
2.1. Then, taking (Un, 0) as test function in the weak formulation of the problem
(2.1), we obtain∫

Q

|Un(x)− Un(y)|p

|x− y|N+sp
dx dy =

∫
Ω

a(x)|Un|q

+
1− α

2− α− β

∫
Ω

c(x)(|Un|+
1

n
)−α(|Vn|+

1

n
)1−βUn dx

≤ ||a||∞|Ω|
p∗s−q

p∗s ||Un||qp∗
s
+

1− α

2− α− β

∫
Ω

c(x)|Un|1−α(|Vn|1−β + 1) dx. (3.1)

In the same way, taking (0, Vn) as test function in the weak formulation of the
problem (2.1), we get∫

Q

|Vn(x)− Vn(y)|p

|x− y|N+sp
dx dy =

∫
Ω

a(x)|Vn|q

+
1− α

2− α− β

∫
Ω

c(x)(|Un|+
1

n
)1−α(|Vn|+

1

n
)−βVn dx

≤ ||a||∞|Ω|
p∗s−q

p∗s ||Vn||qp∗
s
+

1− α

2− α− β

∫
Ω

c(x)(|Un|1−α + 1)|Vn|1−β dx. (3.2)
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Now, combine Eq. (3.1) with Eq. (3.2) and using Hölder and Sobolev inequalities,
we deduce that

||(Un, Vn)||p ≤ c0||(Un, Vn)||q + c1||(Un, Vn)||2−α−β + c2||(Un, Vn)||1−α

+c3||(Un, Vn]||1−β + c4

which yields that (Un) and (Vn) are uniformly bounded in X0.
Now, let us prove a priori estimate in L∞(Ω) of the solution Un and Vn. Define

vM = (M −Un)
+. For 0 < t < 1 define ξ(t) = In(Un+ tvM , Vn+ tvM ). Thus, using

(vM , 0) as test function, we obtain

ξ′(t) = ⟨In(Un + tvM , Vn + tvM ), (vM , 0)⟩
= ⟨(−∆p)

s(Un + tvM , Vn + tvM )− a(x)|Un + tvM |q−2(Un + tvM )

− 1− α

2− α− β

(
|Un + tvM |+ 1

n

)−α(
|Vn + tvM |+ 1

n

)1−β

, vM ⟩.
(3.3)

Similarly,

ξ′(1) = ⟨In(Un + vM , Vn + vM ), (vM , 0)⟩
= ⟨In(M,Vn + vM ), (vM , 0)⟩
= ⟨(−∆p)

s(M)− a(x)|M |q−2M

− 1− α

2− α− β

(
|M |+ 1

n

)−α(
|Vn + vM |+ 1

n

)1−β

, vM ⟩ < 0

(3.4)

for sufficiently small M > 0. Moreover,

−ξ′(1) + ξ′(t) =⟨(−∆p)
s(Un + tvM )− (−∆p)

s(Un + vM )

+ a(x)|Un + vM |q−2(Un + vM )− a(x)|Un + tvM |q−2(Un + tvM )

+ c(x)
1− α

2− α− β

(
|Un + vM |+ 1

n

)−α(
|Vn + vM |+ 1

n

)1−β

− c(x)
1− α

2− α− β

(
|Un + tvM |+ 1

n

)−α(
|Vn + tvM |+ 1

n

)1−β

, vM ⟩.

Since |s|q−2s+
(
|s|+ 1

n

)−α(
|s|+ 1

n

)1−β

is a uniformly nonincreasing function with
respect to x ∈ Ω for sufficiently small s > 0. Also from the monotonicity of (−∆p)

s

we have, for sufficiently small M > 0, 0 ≤ ξ′(1) − ξ′(t). From the Taylor series
expansion, we have ∃ 0 < θ < 1 such that

0 ≤ In(Un + vM , Vn + vM )− In(Un, Vn)

= ⟨I ′n(Un + θvM , Vn + θvM ), vM ⟩
= ξ′(θ).

Thus for t = θ we have ξ′(θ) ≥ 0 which is a contradiction to ξ′(θ) ≤ ξ′(1) < 0. We
have verified vM ≡ 0 in Ω, that is Un ≤ M. Similarly, by using (0, (M − Vn)

+) as
test function, we obtain Vn ≤M.

Step 2: The solutions (Un) and (Vn) of the problem (2.1) are positive
almost every where in Ω.
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At first, taking into account that (Un, Vn) is a solution of the problem (2.1) and
taking (U−

n , 0) as test function, we obtain∫
Q

|Un(x)− Un(y)|p−2(Un(x)− Un(y))(U
−
n (x)− U−

n (y))

|x− y|N+sp
dx dy

=

∫
Ω

a(x)|Un|q−2UnU
−
n − 1− α

2− α− β

∫
Ω

c(x)(|Un|+
1

n
)−α(|Vn|+

1

n
)1−βU−

n dx.

(3.5)

Then, by the elementary inequality (a− b)(a− − b−) ≤ −(a− − b−)
2 we have

0 ≤
∫
Q

|u(x)− u(y)|p−2(u(x)− u(y))(u−(x)− u−(y))

|x− y|N+ps
dxdy

≤ −
∫
Q

|u(x)− u(y)|p−2(u−(x)− u−(y))
2

|x− y|N+ps
dxdy. (3.6)

Therefore, since the right hand side of the Eq. (3.5) is nonnegative and not equiv-
alently to 0, we can deduce from (3.6) that ||U−

n || = 0. Which implies that Un is
nonnegative and by the strong maximum principle we conclude that Un is positive
almost every where in Ω. In the same manner, we can prove that Vn is positive
almost every where in Ω.

Step 3: The solutions (Un) and (Vn) of the problem (2.1) are bounded
from below.

From step 1, we know that (Un) and (Vn) are bounded in X0. Therefore, by
using a standard comparison argument (see Lemma 2.1 in [2]) combine with the
strong maximum principle version of the fractional p-laplace operator in [4] we con-
clude that for all K ⊂⊂ Ω there exists CK such that Un(x) ≥ CK > 0 for a. e.
x ∈ K and for any n ∈ N. The boundedness from below of Vn follows by the same
manner.

Step 4: The problem (1.1) has a positive weak solution.
Firstly, by Step 1, (Un) and (Vn) are bounded in X0. Thus, since the space X0 is

reflexive, there exists a subsequence, still denoted by {Un} and {Vn}, which weakly
converges to, say, U, V ∈ X0 such that

Un → U and Vn → V weakly in X0

Un → U and Vn → V strongly in Lr(Ω) for 1 ≤ r < p∗s

Un → U and Vn → V pointwise a.e. in Ω. (3.7)

Now, since (Un, Vn) is a positive solution of the problem (2.1), ones has∫
Q

|Un(x)− Un(y)|p−2(Un(x)− Un(y))(φ(x)− φ(y))

|x− y|N+sp
dx dy

+

∫
Q

|Vn(x)− Vn(y)|p−2(Vn(x)− Vn(y))(ψ(x)− ψ(y))

|x− y|N+sp
dx dy

=

∫
Ω

(
a(x)|Un|q−2Unφ+ b(x)|Vn|q−2Vnψ

)
dx
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+
1− α

2− α− β

∫
Ω

c(x)
(
|Un|+

1

n

)−α(
|Vn|+

1

n

)1−β

φdx

+
1− β

2− α− β

∫
Ω

c(x)
(
|Un|+

1

n

)1−α(
|Vn|+

1

n

)−β

ψ dx

for all (φ, ψ) ∈ X0. Then, by the weak convergence of Un and Vn to U and V

respectively, we have |Un(x)−Un(y)|p−2(Un(x)−Un(y))/|x−y|(N+sp)/p′
is bounded

in Lp′
(R2N ) where p′ is the Hölder conjugate of p given by p′ = p

p−1 , and converges
to |U(x)−U(y)|p−2(U(x)−U(y))/|x− y|(N+sp)/p′

in R2N and (U(x)−U(y))/|x−
y|(N+sp)/p ∈ Lp(R2N ), so∫

Q

|Un(x)− Un(y)|p−2(Un(x)− Un(y))(φ(x)− φ(y))

|x− y|N+sp
dx dy

→
∫
Q

|U(x)− U(y)|p−2(U(x)− U(y))(φ(x)− φ(y))

|x− y|N+sp
dx dy,

for any φ ∈ C∞
c (Ω). Similarly,∫

Q

|Vn(x)− Vn(y)|p−2(Vn(x)− Vn(y))(ψ(x)− ψ(y))

|x− y|N+sp
dx dy

→
∫
Q

|V (x)− V (y)|p−2(V (x)− V (y))(ψ(x)− ψ(y))

|x− y|N+sp
dx dy, for any ψ ∈ X0.

On the other hand, since Un → U in Lr(supp(φ)) and Vn → V in Lr( supp(ψ)).
We deduce, using the dominated convergence theorem, that∫

Ω

a(x)|Un|q−2Unφdx→
∫
Ω

a(x)|U |q−1φ (3.8)

and ∫
Ω

b(x)|Vn|q−2Vnψdx→
∫
Ω

b(x)|V |q−1ψ. (3.9)

Moreover, let φ ∈ C∞
0 (Ω) with supp(φ) = K ⊂⊂ Ω. By Step 3, there exists CK

such that

c(x)

(
|Un|+

1

n

)−α(
|Vn|+

1

n

)1−β

φ→ c(x)U−αV 1−βφ a.e.

and ∣∣∣c(x)(|Un|+
1

n

)−α(
|Vn|+

1

n

)1−β

φ
∣∣∣ ≤ C−α

k (M + 1)1−β |c||φ| ∈ L1(Ω).

Applying, Lebsgue’s dominated convergence theorem∫
Ω

c(x)(|Un|+
1

n
)−α(|Vn|+

1

n
)1−βφdx→

∫
Ω

c(x)U−αV 1−βφdx. (3.10)

Similarly, we obtain∫
Ω

c(x)(|Un|+
1

n
)1−α(|Vn|+

1

n
)−βψ dx→

∫
Ω

c(x)U1−αV −βψ dx. (3.11)
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Therefore, using Eq. (3.8), Eq. (3.8), Eq. (3.8), Eq. (3.9), Eq. (3.10) and Eq.
(3.11), we conclude that∫

Q

|U(x)− U(y)|p−2(U(x)− U(y))(φ(x)− φ(y))

|x− y|N+sp
dx dy

+

∫
Q

|V x)− V (y)|p−2(V (x)− V (y))(ψ(x)− ψ(y))

|x− y|N+sp
dx dy

=

∫
Ω

(
a(x)|U |q−2Uφ+ b(x)|V |q−2vψ

)
dx+

1− α

2− α− β

∫
Ω

c(x)U−αV 1−βφdx

+
1− β

2− α− β

∫
Ω

c(x)U1−αV −βψ dx

for all (φ, ψ) ∈ C∞
c (Ω)× C∞

c (Ω). Yielding, that (U, V ) is a positive solution to the
problem (1.1) and finished the prove of the Theorem 1.1.

4. Uniqueness of solution
Firstly, let us recall the following elementary inequality needed for the proof of
uniqueness of solutions.

Lemma 4.1 (cf. [7, Lemma 2.3]). Let v1, v2 ∈W s,p
0 (Ω)\{0}. There exists a positive

constant cp, depending only on p, such that

⟨(−∆p)
sv1 − (−∆p)

sv2, v1 − v2⟩ ≥


||v1−v2||2(

||v1||p+||v2||p
) 2−p

p

, if 1 < p < 2

||v1 − v2||p, if p ≥ 2.

We begin this section by introducing the following nonlocal pure singular prob-
lem:  (−∆p)

su = 1
2c(x)|u|

1−2α, in Ω,

u = 0, in RN \ Ω.
(4.1)

Now, we state our first result.

Lemma 4.2. The problem (4.1) has at most a positive solution.

Proof. We proceed by contradiction. Suppose that the problem (4.1) has two
positives solutions u1 and u2 that is

⟨(−∆p)
su1,Φ⟩ =

1

2

∫
Ω

c(x)u1−2α
1 Φdx (4.2)

and
⟨(−∆p)

su2,Φ⟩ =
1

2

∫
Ω

c(x)u1−2α
2 Φdx (4.3)

for all Φ in C∞
c (Ω). Subtracting (4.2) from (4.3), we have

⟨(−∆p)
su1 − (−∆p)

su2,Φ⟩ =
1

2

∫
Ω

c(x)
(
u1−2α
1 − u1−2α

2

)
Φdx. (4.4)
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Choose Φ = (u1 − u2) as a test function. So, from the equation (4.4) we obtain

⟨(−∆p)
su1 − (−∆p)

su2, (u1 − u2)⟩

=
1

2

∫
Ω

c(x)
(
u1−2α
1 − u1−2α

2

)
(u1 − u2) dx

≤ 0. (4.5)

Hence, according to Lemma 4.1, we must have ||u1−u2|| = 0, it follows that u1 = u2
a.e. in Ω. The proof of the Lemma 4.2.
Proof of Theorem 1.2. Again as in Lemma 4.2, we proceed by contradiction.
We suppose that (u1, u2) be the positive solution of the system

(−∆p)
su = 1

2c(x)|u|
−α|v|1−α, in Ω,

(−∆p)
sv = 1

2c(x)|u|
1−α|v|−α, in Ω,

u = v = 0, in RN \ Ω.

(4.6)

That is,
⟨(−∆p)

su1,Φ⟩ =
1

2

∫
Ω

c(x)u−α
1 u1−α

2 Φdx (4.7)

and
⟨(−∆p)

su2,Φ⟩ =
1

2

∫
Ω

c(x)u1−α
1 u−α

2 Φdx (4.8)

for all Φ in C∞
c (Ω). Now, taking Φ = (u1 − u2) as a test function, we have

0 ≤ ⟨(−∆p)
su1 − (−∆p)

su2, (u1 − u2)⟩

=
1

2

∫
Ω

c(x)
(
u−α
1 − u−α

2

)
(u1 − u2)(u1 − u2) dx

≤ 0. (4.9)

So, from equation (4.9) and according to Lemma 4.1, we must have ||u1 − u2|| = 0.
Therefore, we get u1 = u2 almost everywhere in Ω. Hence, (u1, u1) is the unique
solution to the system (4.6). This completes the proof of the Theorem 1.2.

Acknowledgments
The authors would like to thank the anonymous referees for their suggestions and
helpful comments which improved the presentation of the original manuscript.

References
[1] D. Applebaum, Lévy Processes and Stochastic Calculus, Cambridge University

Press, Cambridge, 2009.
[2] B. Barrios, M. Medina and I. Peral, Some remarks on the solvability of

non local elliptic problems with the Hardy potential, Contemp. Math., 2014.
DOI:10.1142/S0219199713500466.

[3] H. Brezis, Analyse fonctionelle, in: Théorie et Applications, Masson, Paris,
1983.



The approximated approach for a singular problem 1325

[4] L. Brasco and G. Franzina, Convexity properties of Dirichlet integrals and
Picone-type inequalities, Kodai Math. J., 2004, 37(3), 769–799.

[5] A. Canino , L. Montoro, B. Sciunzi and M. Squassina, Nonlocal problems with
singular nonlinearity, Bulletin des Sciences Mathématiques, 2017, 141 (3), 223–
250.

[6] A. Cotsiolis and N. Tavoularis, Best constants for Sobolev inequalities for higher
order fractional derivatives, J. Math. Anal. Appl., 2004, 295(1), 225–236.

[7] G. Ercole and G. A. Pereira, Fractional Sobolev inequalities associated with
singular problems, Mathematische Nachrichten, 2018, 291 (11–12), 1666–1685.

[8] Y. Fang, Existence, uniqueness of positive solution to a fractional Laplacians
with singular nonlinearity, arXiv preprint arXiv:1403.3149, 2014.

[9] A. Ghanmi and K. Saoudi, A multiplicity results for a singular problem in-
volving the fractional p-Laplacian operator, Complex. Var. Elliptic Equ., 2016,
61(9), 1199–1216.

[10] T. Mukherjee and K. Sreenadh, On Dirichlet problem for fractional p-Laplacian
with singularnon-linearity, Advances in Nonlinear Analysis, 2019, 8 (1), 52–72.

[11] E. D. Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math., 2012, 136(5), 521–573.

[12] K. Saoudi, A critical fractional elliptic equation with singular nonlinearities,
Fractional Calculus and Applied Analysis, 2017, 20 (6), 1507–1530.

[13] K. Saoudi, A singular system involving the fractional p-Laplacian operator via
the Nehari manifold approach, Complex Analysis and Operator Theory, 2019,
13(3), 801–818.

[14] K. Saoudi, S. Ghosh and D. Choudhuri, Multiplicity and Hölder regularity of
solutions for a nonlocal elliptic PDE involving singularity, Journal of mathe-
matical physics, 2019, 60 (10), 1–20.


	Introduction
	The approximated fractional system
	Proof of Theorem 1.1
	Uniqueness of solution

