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UNIQUENESS AND EXISTENCE OF
SOLUTIONS FOR A SINGULAR SYSTEM
WITH NONLOCAL OPERATOR VIA
PERTURBATION METHOD

Kamel Saoudi*, Mouna Kratou? and Eadh Al Zahrani'?

Abstract In this work, we investigate the existence and the uniqueness of
solutions for the nonlocal elliptic system involving a singular nonlinearity as
follows:

(—2p)%u = a(@)u|"?u+ g2 %5 c(@)|ul o] 7, inQ,

(—Ap)*v = b(@)v]* %0 + g2 ge(@)|ul' 0|, inQ,
u=v=0, in RV\Q,

where 2 is a bounded domain in R"™ with smooth boundary, 0 < a < 1,
0<pB<l,2—a—-B<p<qg<pi= NNf’;p, a, b, c € C(Q) are non-negative
weight functions with compact support in 2, and (—A), is the fractional
p-laplacian operator. We use a perturbation method combine with some vari-
ationals methods in order to show the existence of a solution to the above
system. We also prove the uniqueness of the solution to the system for some

additional condition.

Keywords Singular nonlocal elliptic system, approximated methods, varia-
tionals methods, existence of solutions, uniqueness of solutions.

MSC(2010) 34B15, 37C25, 35R20.

1. Introduction

The purpose of this paper is to study the following elliptic system involving nonlocal
operator and singular nonlinearity:

(—Ap)*u = a(z)|u|?%u + Qi;fﬁc(aj)|u\_a|v|1_ﬁ, in €,

b(a)lo]t—20 + 5= c(@)ul v #,  in ©, (L.1)

0
P
bS]
T
»
e
I

u=v=0, in RV\Q

where Q is an open bounded domain of RY with smooth boundary, N > ps, s €
(0,1), 1 < p < oo and (—A,)® is the fractional p-laplacian operator which is defined
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as

u(@) — u(y) P> (u(@) — u(y))
|z —y| Ve

(*Ap)su(l’) = CN,sP-V/ dy N pe []_’ OO)
RN
with Cpy s, being the normalizing constant.

During the past few decades, the study of nonlocal elliptic PDEs involving sin-
gularity with Dirichlet boundary condition has drawn interest by many researchers,
both from a pure mathematical point of view and for concrete applications, since the
problems of this type are important in many fields of sciences, notably the fields of
physics, probability, finance, electromagnetism, astronomy, and fluid dynamics, it
also they can be used to accurately describe the jump Lévy processes in probability
theory and fluid potentials for more details see [1,6] and references therein.

Set a = B, a«+ = and uw = v. Then the problem (1.1) becomes the following
nonlocal singular problem

(—Ap)°u = /\Z(f) + Mu|?%u in Q,
u=0inRY\Q, (1.2)

u > 0in £,

where N > ps, M > 0, ¢: Q2 — R is a nonnegative bounded function. When M = 0
and p = 2 (the purely singular problem), FANG [8] had shown that the problem (1.2)
has a unique solution u € C%*(2) for 0 < a < 1. In [12], the multiplicity result for
the problem (1.2) is proved by converting the nonlocal problem to a local problem.
For 1 < p < oo, M =0 and X\ = 1 the problem (1.2) was studied by Canino et
al. [5]. In [9,10], the authors established the existence and the multiplicity of weak
solutions to the problem (1.2) by using the Nehari manifold method. Recently,
Saoudi et al. in [14] has guaranteed the existence of at least two solutions by using
min-max method with the help of modified Mountain Pass theorem. In particular,
n [13], the author considered the following nonlocal problem

(—A)pu = Aa(z)|u " *u + FAzgc(@)ul~*v[' 7, nQ,

p 2—«
(—A)pv = pb(@)[v]1720 + 52225 c(@)[ul' ~*[o|#, in Q, (1.3)

u=v=0, in RV\Q,

where 0 < a < 1, 0<B<1,2—a—6<p<q<pz,p::]\,iv is the fractional

ps
Sobolev exponent, \, 1 are two parameters, a, b, ¢ € C(Q) are non-negative weight
functions with compact support in 2. With the help of the Nehari manifold and
the fibering maps (appropriately modified), the authors proved the existence of at
least two non-negatives solutions of problem (1.3).

Motivated by above results, in the present work, we are interested in the ex-
istence and the uniqueness of solutions for nonlocal system (1.1) via perturbed
method’s.

In order to state our result, let us introduce some notations. We define

WeP(RY) := {u € LP(RY) : uw measurable , |ul,, < oo},

the usual fractional Sobolev space with the Gagliardo norm

1
lllsp = (Ilullp + [ulf,) "
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For a detailed account on the properties of W*P(RY) we refer the reader to [11].
Denote

Q =R\ (R¥\ Q) x (RV\ Q))

and we define the space

_ P
X= {u : RY — R Lebesgue measurable : u\q € LP(2) and W € LP(Q)}
x — y|N+

with the norm

|u(x y)P 1/p
||U||X - HU“LP(Q) + / wdmdy) .

Through this paper we consider the space
Xo={ueX:u=0ae inR"\ Q},

with the norm

ulx P 1/p
||u||x0— /l |N+5p| dwdy) .

It is readily seen that (X, ||.]|) is & uniformly convex Banach space and that the
embedding Xy — L7(Q) is continuous for all 1 < ¢ < p¥, and compact for all
1 < g < p%. The dual space of (Xo,||.||) is denoted by (X*,||.||«), and (.,.) denotes
the usual duality between Xy and X*.

Let Ay = Xy x X be the Cartesian product of two Hilbert spaces, which is
(In [6] it is claimed that X is a Hilbert space) a reflexive Banach space endowed
with the norm

u(a e /v
(u,v)]| = / y|N+ps d dy + ‘Nﬂw dxdy) . (1.4)

Before stating our main results, we make the following assumptions throughout this
paper:

(H1) 0<a<1,0<6<1,2—a—6<p<q§p§=N]i’;p.

(H2) a, b, c € C(Q) are non-negative weight functions with compact support in Q.
(H3) a=0b=0,c€ C(Q)is a non-negative weight functions with compact support
in Q, a:ﬁand%<a<1.

We now list out the results that we will prove in this work.

Theorem 1.1. Suppose that (H1)-(H2) are fulfilled. Then the system (1.1) has
at least one positive solution.

Theorem 1.2. Suppose that (H1)-(H3) are fulfilled. Then the system (1.1) has a
unique positive solution.

This paper is organized as follows: The Section 2 is devoted to study approxi-
mated system. While, existence of solution (Theorem 1.1) and uniqueness of solu-
tion (Theorem 1.2) will be presented in Section 3 and in Section 4 respectively.
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2. The approximated fractional system

In this section, we introduce the following approximated system, for a fixed n > 1

(~A,)"u = ale) [u(@)|" 2 u+ =2 e(@) (jul + 1) (o] + £)7

i - L, ey
(—Ap) v =b(@) (@) v+ 525 e(@) (jul + 2) " (Jo] + 2) .

Associated to the approximated problem (2.1), we define the functional E,, : Xy — R

by
|u(z IU
/ N+SP N+sp d dy

—5/<<>|u|‘I+b<>\v\>

1a 11—,6’
5o @il + ' (ol +

Notice that FE, is a C! functional and obviously, any critical point of FE,, is a
weak solution of the problem (2.1).

Definition 2.1. We say that (u,v) € A is a weak solution of problem (2.1) if

u,v > 0 in €2, one has

[ ju(e) — u(y) P () —u) (@)~ 6W) ,

|Z‘ _ ‘N—&-sp

/|u v (vl) )W) W),

|z —y|NFsp

_ /Q (o) ul~2ug + b(x)|v|q—2w)dx

Q_B/ Wi+ 5) (1ol + +) o

toarg fye (e ) (b ) v

for all (¢,9) € C(Q2) x C(£).

Before, given the first result in this section let us recall the following inequality
(d+e)" <d™+e™ (2.2)
for all d, e € RT and m € (0,1). On the other hand, using Hélder’s inequality and
Sobolev inequalities, one has
[ (a@lut + b@)ol7) o < 057 z)
o :

pﬁ:q _a
<1977 575 (llal oollull + 1Bl [0117)

(11alofullf,

P

<1057 575 (Ilall&7 + [blloo) ™) 7 (Il + 1e]|7)
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b—q

<1017 75 (llall&7 + [blIET) 7 ll(w,v) 1%
(2.3)

Lemma 2.1. The functional E, is coercive and bounded below in Xj.

Proof. From the Holder’s and Sobolev inequalities combine with Eq. (2.2) and
Eq. (2.3), we obtain

1 1 1
E,(u,v qup—i—fvp—f/ a(z) lul? + b(x) |v]|? )dx
(w,0) 2l + ol = [ (ate) ul” +0(2) ol

p
e ) )

ps

1
> 2 |(w,0)||F —c|Q 7
,p||( | €2

p—qg

—-p
ST (a2 B ) T o))

1 1= 1- 1— 1—
—m(\ldlm s Ml p;ﬁ = lell,, Null,=™ = llell, llv pzﬁ - ||c\|1)
1 p p;:p —q/p p/pP—q p/p—q e q
> @ )" —elal 7 s (allZe= + 1o27=7) ™ i, )
1 —a— 1— 1— _ 1—
‘m(52 el llully,™ ol ™" = 8= llell, llull,™

_ 1—
=81 el lwlly ™ = lelly )

with

r = Np

(at+B)(N—sp)+Np+2sp—2N> 2 = WVW’ 3= MVW' On the

other hand, it is very simple to see that 1 < max(rg,r3) < 11 < %. Hence, E,, is

coercive and bounded below on Aj. O
Consider the following minimization problem

¢ =inf{FE, (u,v), (u,v) € Xp}. (2.4)

Hence, from Lemma 2.1 combine with the Ekeland’s variational principle, we ob-
tain the existence of the sequences (ug,vg) € Xp such that E,(uk,vr) — ¢ and
E! (ug,vr) — 0in X as k — oo.

Now, we prove the following crucial result.

Lemma 2.2. the approximated system (2.1) has a nonnegative solution.

Proof. At first, it is simple to see from the coerviness of the functional energy
E,, the boundedness of the sequence {uy,v;} in Xy. So, there exists {U,,V,} in
Ay such that

(ug, vr) = (Un, V) weakly in X
(u,vp) = (Un, Vi) strongly in L¥(Q) for 1 <k < p
(ug, vr) = (Up, V) pointwise a.e. in €.

By dominated convergence theorem, we claim that

/ \uk|q_2u;€¢da:—>/ U, |20, @dx ¥V ® € C°(Q). (2.5)
Q Q
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Indeed, from [3], there exists [ € L"(R™) such that
luk(2)] < U(z),  |or(2)] < U(z), ask — o0

for any 1 < r < p%. The fact that, (ug, vg) = (Un, V) pointwise a.e. in . Therefore,
by Dominated convergence theorem, our claim is true. Similarly,

/ v |7 20, Wda %/ Vo772V, Wde VU € C(RQ). (2.6)
Q Q

On the other hand, note that {uy} is bounded, by the Sobolev embedding theorem,
so there exists a constant C' > 0 such that |ug|,» < C < co. Moreover, by Hélder
inequalities we have

L
prfa—1 ‘uk

[ elwpd=de < el [l de < [ <I92
Q Q

11—«
o (2.7)
Thus, using Eq. (2.7), there exists I; € L1=%)(Q), and up to a subsequence,

c(x) <|uk| + ;) o <|vk| + i) _B U — ¢(z) (|Un + i) o <|Vn| + 711) _5 Ta.e.

and

1\'™* 1\
’c(w) (|uk+n> (|vk|+n> ‘l/‘ <nfle|(Jlu]' + )P € L} ().

Now, apply the Lebesque’s dominated convergence theorem, we conclude that,

VU e 0X(N)
1\ 1\ "
/ c(x) (uk| + ) (vk + ) Udz —
0 n n

/Qc(x) (Un| + i) T <|Vn + ;) "~ e (2.8)

Similarly, we deduce that, V & € C°(Q),

/Qc(x) (|uk| + i) B (W + ;)Hﬂ Bz —
/Qc(x) (|Un + ;) h (|Vn| + i)l_ﬂ Pdz. (2.9)

Moreover, let p’ the Holder conjugate of p given by p’ = 1%, then {|ug(z) —

wr(y) P72 (up () — uy, (y))/|x—y\(N+3p)/p/} is bounded in L?' (R*") and by pointwise
convergence u, — Uy, a.e. in Q

Jur (@) —ur () [P~ (ur(@) —ur(y)) , [Un(@) =Un(@)I"*(Un(2) ~Un(y))

2N
|z —y| (N +sp) /P’ [z —y [N FsD) /7 a.e. in R*Y.

Furthermore, since (®(z) — ®(y))/|z — y|NTP)/? € LP(R?*N), we deduce that

/ |k () — wk(y) P2 (ur (@) — ur () (®(z) — 2(y))
Q

|z —y|NFsp

dx dy
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/ |Un(z YIP2(Un(@) — Un(1)(2(2) — 2(y))

o=y

dx dy for any ® € C°(Q).
(2.10)

Using the same argument, as above, we obtain

/|Uk — o ()P (or (@) — v () (¥(x) — V(y))

|z —y|NHep

dzx dy

_>/ Vi (2 PP (Vi) = Va (@) (¥(z) — ¥(y)) dzdy for any U € C(9).

|z —y|[Ntep
(2.11)

Therefore, from Eqs. (2.5), (2.6), (2.8), (2.9), (2.10) and (2.11), we deduce that
(L, (wk, ve) (2, 9)) — (L, (Un, Vi) (2,9)) = 0 ¥ (®, ¥) € C°(Q) x C(Q).

Now, we will prove that the sequence (ug,vi) converge strongly to (Uy,,V,) in Xp.
Indeed, since

<Ir/L (ukavk) - Ir/L (Un7 Vn) s (uk —Up,vi — Vn)> — 0,
as k — oo, we conclude that,

o (1) = (I, (up, vi) = I, (Un, Vi) , (ug = Uny v, — Vi)
/|Uk ) — ur ()" (uk () — ur () ((ur, — Un) (@) — (ux — U,) (y))dady

N
|z —y|V TP

-/ V(@) U™ (U ) =Un) (05 =U)@) = (s =U)®)

N
lz—y|" TP

+/|Uk( z) —or()I" (on(2) = o () ((0r = Vi) (2) = (0= V2 (9))

‘N+sp

dxdy
[z —y

/IVn DI (Vi) = Vo () (06 = Vi) (@) = (0= Vi) ()

- N
—/Qa(x) (|uk|q wp — V| )(uk—U ) da
—/b()(mr’* v~ Vol T2V (o — Vi) d

s [ [(|uk|+ O e (ol + 1)
(|U|+> v (Wl 1)
= [(|uk|+ O v (i + )
(|Un|+;) v (W + 2)

dxdy

dzx

dx.
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By Holder inequality, it follows that

T = U

as k — oo. (2.12)

Lr) 0

rT—q

[ ate) el e e = U)o < o
Q

Similarly,

1
L@ loell - [l (vr — VallLro) — 0

[ bt el v (o = Vi o < o
Q
as k — oo. (2.13)

On the other hand, let € > 0, there exists R, > 0 such that

0< / (@) Jug, — Up 27 da
Q

< el ( /
m4+2a—2 BR

which gives that

2 (d—a)

|ug, —Un|mdx> + Cie

€

/ (@) Jup, — Up 2" da = 0
Q

and . )
o(z)TT= Uy, = ¢(x) 2= U, in L21=9(Q). (2.14)

Similarly, we obtain
()T Vi = c(a) AV, in L20-A) (Q) (2.15)

Therefore, from Eqs. (2.14) and (2.15), there exists L; € L2(=9(Q), Ly €
L*(1=5)(Q) and up to a subsequence

o (el + 1) (il + 1)

" '
c() (Un| + n) (up — Up) (|Vn| + n) a.e. in Q, and

o) (el + 1) v (il + 1)

< el (Jurl)™ (lux = Unl) (Joel =" + 1)
< el (ju) ™ (s = Unl) (Joel ™ 4 1)

< lef (u)' = (Jonl' ™" +1) < Jel (12 ™ Lo ™ + 2] 7%) € LY (9).

Therefore, by Dominated convergence theorem, we conclude that

/Qc(x) <|uk| + Tll) = U <|vk| + i) TP a0 as koo, (2.16)
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Using the same argument, we conclude that

-« —B
1
/ C(z (Uk+ ) (|vk|+n> (vp — Vp)dz — 0 as k— oco. (2.17)

Now, from the inequality |a — b|' < 2!=2 (|a|l_2 a— |b\l_2 b) (a —b) foralla,b € RN
and [ > 2, we obtain:
ok (1) = (I}, (up, vr) = I}, (Un, V), (un=Uny vr = Vi) = || (= Un) 1P +llvw = Vi |7
Now, combine Egs. (2.12), (2.13), (2.16) and (2.17), we deduce that
lug = Un|l = 0 and |log — Vu|| =0 as k — oo.
Hence, there exists (Up, Vi) € &y such that

E,(U,,V,)= inf FE, (u,v).
n ( ) W (u,v)

Moreover, since E,(U,,V,) = (\U [, [Va]) and (|Ug|, |[Va|) € X, so we may
assume (U,,V,,) > 0. Hence, (U, V,) is a non-trivial non-negative solution of the
problem (2.1). O

3. Proof of Theorem 1.1

This section is devoted to prove the existence of a solution to the problem (1.1).
The proof is done in servals Steps.

Step 1: The solutions (U,,) and (V,,) of the problem (2.1) are uniformly
bounded.

Firstly, we have proved in section 2 that (U,,V,,) is a solution to the problem
2.1. Then, taking (U,,0) as test function in the weak formulation of the problem
(2.1), we obtain

[Un(2) — Un(y)[? _
/Q = e da:dy—/ﬂa(x)|Un|q

n 11—«
2—Oé—ﬁ [¢)

pi—a
< llalloo|2] 72

() (U] + 1>-a<|vn| + 1300, da

B/ DU (Vi 4 1) de. (3.1)

In the same way, taking (0,V},) as test function in the weak formulation of the
problem (2.1), we get

Vo) — Val)P? / q
/ |x—y\N+sp dudy = f @IV

1-a 15
— ﬁ/ WUal + ) =Vl + )V

< [lalloo || &

l—a 1-8
B/ V(U= + DV P de. (3.2)
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Now, combine Eq. (3.1) with Eq. (3.2) and using Holder and Sobolev inequalities,
we deduce that

(U, V)IIP < ol [(Uns V)19 + e[ (Un, V) [P7277 + e | (Uns Vi) I
+03||(Un,Vn]||1_’6+C4

which yields that (U,,) and (V;,) are uniformly bounded in Xj.

Now, let us prove a priori estimate in L () of the solution U,, and V,,. Define
vy = (M —Uy,)™". For 0 < t < 1define £(t) = I,(Up + tvps, Vi +tvpr). Thus, using
(v, 0) as test function, we obtain

gl(t) = (In(Un + toam, Vi + tonr), (var, 0))

= ((=2p)* (Un + tvar, Voo + tvar) = a(@)|Up + toar| 2 (Un + toar) (3.3)
1 1-8

- 1\« 1
— M -t — Vao+1t —) , .
2—a—ﬂ(‘U+UM|+n) <| +'UM|+n vM)

Similarly,

§'(1) = (I(Up + var, Vo + var), (01, 0))
= <In(M, V. + UM), (UM,O)>
= ((=Ap)* (M) — a(x)|M|*"*M (3.4)

for sufficiently small M > 0. Moreover,

—€'(1) +&(t) =((=Ap)*(Un + toar) — (=Ap)*(Un + var)
+ a(x)|Up + var| 72Uy +var) — a(2)|Uy + topg |72 (U, + toar)
1- 1y e 1\1-8
7_afﬂ(‘Un+0M|+ﬁ> (|Vn+'UM|+E>

2
1 1-p

~ )y ([0 + toad| + ) I (A S )

+ ¢(z)

—a 1-8
Since [s|772s + (\5\ + %) (|s| + %) is a uniformly nonincreasing function with
respect to € Q for sufficiently small s > 0. Also from the monotonicity of (—A,)*

we have, for sufficiently small M > 0, 0 < £'(1) — £'(¢). From the Taylor series
expansion, we have 30 < # < 1 such that

0 S In(Un + UM, Vn + UM) - In(Un7 Vn)
= <I;L(Un -+ QUM, V., + Q”UM), U]V[>
=¢£(0).
Thus for ¢t = 6 we have £'(6) > 0 which is a contradiction to £'(0) < &'(1) < 0. We

have verified vy, = 0 in Q, that is U,, < M. Similarly, by using (0, (M — V,,)") as
test function, we obtain V,, < M.

Step 2: The solutions (U,) and (V,,) of the problem (2.1) are positive
almost every where in (.
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At first, taking into account that (Uy,,V,,) is a solution of the problem (2.1) and
taking (U, ,0) as test function, we obtain

U ( WP (Un(z) = Un(y)(Uy (2) = Uy (y))
/ |z — y[N+ep drdy
9 _ 11—« 1., 1.4 5,._
=/a($)\Un|" UnUy, — 5———= [ c(@)([Un] + =)~ *(IVal + =)' 7PU,; da.
Q 2-a—-8Jg n n

(3.5)

Then, by the elementary inequality (a — b)(a_ —b_) < —(a_ — b_)? we have

0</ u(z) — u()[P~* (u(z) — uy))(u_(z) — u_(y))

o=y

dxdy

u(x) — u(y)|P2(u_(x) —u_ 2
o [ MO,y 50
Therefore, since the right hand side of the Eq. (3.5) is nonnegative and not equiv-
alently to 0, we can deduce from (3.6) that [|U,, || = 0. Which implies that U, is
nonnegative and by the strong maximum principle we conclude that U, is positive
almost every where in ). In the same manner, we can prove that V,, is positive
almost every where in Q.

Step 3: The solutions (U,,) and (V;,) of the problem (2.1) are bounded
from below.

From step 1, we know that (U,) and (V;,) are bounded in Xy. Therefore, by
using a standard comparison argument (see Lemma 2.1 in [2]) combine with the
strong maximum principle version of the fractional p-laplace operator in [4] we con-
clude that for all K CC Q there exists Cx such that U,(z) > Cx > 0 for a. e.
z € K and for any n € N. The boundedness from below of V,, follows by the same
manner.

Step 4: The problem (1.1) has a positive weak solution.

Firstly, by Step 1, (U,) and (V,,) are bounded in Xy. Thus, since the space Xj is
reflexive, there exists a subsequence, still denoted by {U,} and {V,,}, which weakly
converges to, say, U, V € X such that

U,—UandV, -V weakly in Ay
U,—UandV, -V strongly in L"(Q) for 1 <r < pi
U, — U and V,, -V pointwise a.e. in . (3.7)

Now, since (Up, V;,) is a positive solution of the problem (2.1), ones has

Un(z WP (Un(z) — Un(y))(o(z) — ¢(y))
/ |z — y|[NHer drdy

Va(z WP (Vo) = V() (@ (x) — ¥(y))
/ |z — y|NFep drdy

_ /Q (@@)NUl2Un6 + b(@) Va1~ 2Viuts ) o
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2—04—5/ (0l +5) " (Wil + ) o

B REICATS i (AFE) e

for all (¢,v) € Xp. Then, by the weak convergence of U, and V,, to U and V
respectively, we have Uy (z) = Un (y) [P~ (Un (2) = Un(y)) /|2 — y\ N+SP>/p’ is bounded
in L?' (R?V) where p’ is the Holder conjugate of p given by p’ = , and converges

to [U(z) — Uy) P 2(U(x) — U(y)/|z — y|NFP)/P" in R2N and( ( )=U(y)/lz -
y|(N+sp)/p c LP(RQN)’ S0

|Un (2 WP (Un(z) = Un(y)(o(2) — 6(y))
/ v — y[Nrep ey
U (z YIP 2 U(x) - U®)(d(x) — o(y))
/ |z — y|NFsp e dy.
for any ¢ € C’g"(Q) Similarly,
[V (z WP (Va(@) = Valy)) (W (2) — ¥(y))
/ |z — y| NP oy
- [ W=V (V(a) V) =00 o o
o =y 7 "

On the other hand, since U,, — U in L"(supp(¢)) and V;, — V in L"( supp(®)).
We deduce, using the dominated convergence theorem, that

/ a()|U, |20 </>dx+/ DU (3.8)
Q
and

/ D) Va2 Vi — / V], (3.9)
Q

Moreover, let ¢ € C§°(Q) with supp(¢) = K CC Q. By Step 3, there exists Ck
such that

1 —« 1 1-8
c(x) (|Un + n) <|Vn| + n> ¢ — c(x)UVIFp ae.
and
1 - 1 1-3
o) (Il + ) (Wl +1) o] < Cro0r+ 1 idiol e @)
Applying, Lebsgue’s dominated convergence theorem
1 1
/ () (|Un| + =) (Vi + =) Popda — / c(x)UVIPpda. (3.10)
Q n n Q
Similarly, we obtain

[ @l + v+ e o [ @ vrea @)
Q
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Therefore, using Eq. (3.8), Eq. (3.8), Eq. (3.8), Eq. (3.9), Eq. (3.10) and Eq.
(3.11), we conclude that

/ U(z) = U)P~2(U(x) = Uy))($(z) — ¢(y))
Q

|z —y|NHep ey

Va) = V(y)|P*(V(z) = V() ((z) - ¥(y))

+/Q o — y|N T dz dy

:/ (a(m)|U|Q*2U¢)+b(gj)‘V‘q*Qwa)der1_70[/ (@)U VI P da
Q 2—a—-0Jq

1-p l—ay,—
+—" | () UV Py dr
pp— Q() 0

for all (¢,9) € C(Q) x C*(R). Yielding, that (U, V) is a positive solution to the
problem (1.1) and finished the prove of the Theorem 1.1.

4. Uniqueness of solution

Firstly, let us recall the following elementary inequality needed for the proof of
uniqueness of solutions.

Lemma 4.1 (cf. [7, Lemma 2.3]). Let vy, vo € WP(Q)\{0}. There exists a positive
constant c,, depending only on p, such that

|[v1—va||?

2-p> Zf 1< p< 2
P
(=Ap)°v1 — (=Ap) vz, 01 —v2) > (Hvlllp+l\vzllp)
|Jor — va]|?, if p>2.

We begin this section by introducing the following nonlocal pure singular prob-
lem:

—A))%u = Le(x)|ult72*, inQ,

(~y)u = Je(@)u )
u=0, in RV\Q.

Now, we state our first result.

Lemma 4.2. The problem (4.1) has at most a positive solution.

Proof. We proceed by contradiction. Suppose that the problem (4.1) has two
positives solutions u; and us that is

(=Ap)°u1, @) = %/ﬂc(w)u%*h@ dz (4.2)
and )
((=Ap)°us, @) = é/ﬂc(x)uéfzacb dz (4.3)

for all ® in C°(Q). Subtracting (4.2) from (4.3), we have

(=8 = (=80, ®) = 5 [ @) (@l =) e (4)
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Choose ® = (u; — uz) as a test function. So, from the equation (4.4) we obtain
<(_Ap)sul — (=Ap) ug, (u — uz))

1
— 5/ c(x) (u}*m — u§72a) (u1 — ug) dz
Q

<o. (4.5)
Hence, according to Lemma 4.1, we must have ||ug —uz|| = 0, it follows that u; = ug
a.e. in ). The proof of the Lemma 4.2. O

Proof of Theorem 1.2. Again as in Lemma 4.2, we proceed by contradiction.
We suppose that (u1,u2) be the positive solution of the system

(=Ap)*u = ze(@)ul =o'~ in Q,
(=Ap)*v = te(a)|ul*~*v|7®, inQ, (4.6)
u=v=0, in RV\Q
That is,
(=Ap)’ur, @) = %/Qc(:r)ufo‘u%*“@dx (4.7
and
(—A,) us, ®) = % /Q o(@)ul oz P de (4.8)

for all ® in C°(Q). Now, taking & = (u; — uz) as a test function, we have

0 < ((=Ap) u1 — (=Ap)uz, (u1 — u2))

1 —a —a
= 5/ o) (uy® —uy®) (ur — u2)(uy — ug) da
Q

<. (4.9)
So, from equation (4.9) and according to Lemma 4.1, we must have ||u; — uz|| = 0.
Therefore, we get u; = us almost everywhere in Q. Hence, (u1,u1) is the unique
solution to the system (4.6). This completes the proof of the Theorem 1.2. O
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