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�G�B�i���Q �w�?���M�;1,2,3�- �u�B�7���M �w�?���M�;1 ���M�/ �s�B���M�v�m �w�m�Q4,†

���#�b�i�`���+�i �_�2�+�2�M�i�H�v�- �"���B ���M�/ �w�?���M�; �(�L�m�K�2�`�B�+���H �G�B�M�2���` ���H�;�2�#�`�� �r�B�i�? ���T�T�H�B�+���@
�i�B�Q�M�b�- �k�y�R�j�- �k�y�- �9�k�8���9�j�N�) �+�Q�M�b�i�`�m�+�i�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�@
�i�B�M�; �K�2�i�?�Q�/�b �#�v ���M �2�[�m�B�p���H�2�M�i �`�2�7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v
�T�`�Q�#�H�2�K �B�M�i�Q �� �b�v�b�i�2�K �Q�7 �}�t�2�/�@�T�Q�B�M�i �2�[�m���i�B�Q�M�b ���M�/ �b�i�m�/�B�2�/ �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7
�i�?�2�K�c �G�B �2�i ���H�X �(�C�Q�m�`�M���H �Q�7 �L���M�+�?���M�; �l�M�B�p�2�`�b�B�i�v �U�L���i�m�`���H �a�+�B�2�M�+�2�V�- �k�y�R�j�- �j�d�-
�j�y�d���j�R�k�) �b�i�m�/�B�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b�c �w�?���M�;
���M�/ �G�B �(�*�Q�K�T�m�i�2�`�b ���M�/ �J���i�?�2�K���i�B�+�b �r�B�i�? ���T�T�H�B�+���i�B�Q�M�- �k�y�R�9�- �e�d�- �R�N�8�9���R�N�8�N�)
���M���H�v�x�2�/ ���M�/ �Q�#�i���B�M�2�/ �i�?�2 �r�2���F�2�` �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b �7�Q�` �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�@
�i���`�B�i�v �T�`�Q�#�H�2�K�b�X �A�M �i�?�B�b �T���T�2�`�- �r�2 �;�2�M�2�`���H�B�x�2 �i�?�2�B�` ���H�;�Q�`�B�i�?�K�b ���M�/ �7�m�`�i�?�2�`
�b�i�m�/�v �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@
�T���`���K�2�i�2�`�b �K�2�i�?�Q�/�b �7�Q�` �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v �T�`�Q�#�H�2�K�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �r�2
�;�B�p�2 �i�?�2 �r�2���F�2�` �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b �Q�7 �Q�m�` �M�2�r �K�2�i�?�Q�/ �B�M �i�?�B�b �T���T�2�` �r�?�2�M �i�?�2
�b�v�b�i�2�K �K���i�`�B�t �B�b �� �#�H�Q�+�FH+−�K���i�`�B�t�X �h�?�2�`�2�7�Q�`�2�- �M�2�r �`�2�b�m�H�i�b �T�`�Q�p�B�/�2 �� �;�m���`�@
���M�i�2�2 �7�Q�` �i�?�2 �Q�T�i�B�K���H �`�2�H���t���i�B�Q�M �T���`���K�2�i�2�`�b�- �T�H�2���b�2 �`�2�7�2�` �i�Q �(���X �>���/�D�B�/�B�K�Q�b�-
�J�X �G���T�B�/���F�B�b ���M�/ �J�X �h�x�Q�m�K���b�- �a�A���J �C�Q�m�`�M���H �Q�M �J���i�`�B�t ���M���H�v�b�B�b ���M�/ ���T�@
�T�H�B�+���i�B�Q�M�b�- �k�y�R�k�- �j�j�- �N�d���R�R�y�- �U�/�t�X�/�Q�B�X�Q�`�;�f�R�y�X�R�R�j�d�f�R�y�y�3�R�R�k�k�k�V�)�- �r�?�2�`�2 �Q�T�i�B�K���H
�T���`���K�2�i�2�`�b ���`�2 �/�2�i�2�`�K�B�M�2�/�X

�E�2�v�r�Q�`�/�b�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �K�2�i�?�Q�/�- �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v
�T�`�Q�#�H�2�K�- �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�;�- �#�H�Q�+�FH+−�K���i�`�B�t�- �b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�;�X

�J�a�*�U�k�y�R�y�V�e�8�6�R�y�- �e�8�6�R�8�- �e�8�6�8�y�X

�R�X �A�M�i�`�Q�/�m�+�i�B�Q�M

�*�Q�M�b�B�/�2�` �i�?�2 �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v �T�`�Q�#�H�2�K�- ���#�#�`�2�p�B���i�2�/ ���b �G�*�S(q, A)�- �7�Q�` �}�M�/�B�M�;
�� �T���B�` �Q�7 �`�2���H �p�2�+�i�Q�`�br ���M�/z ∈ Rn �b�m�+�? �i�?���i

r := Az + q ≥ 0, z ≥ 0 and zT(Az + q) = 0, �U�R�X�R�V

†�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; ���m�i�?�Q�`�X �1�K���B�H ���/�/�`�2�b�b�, �t�B���M�v�m−�x�m�Q�!�R�e�j�X�+�Q�K�U�s�X �w�m�Q�V�-
�H�B�i���Q�x�?���M�;�!�R�e�j�X�+�Q�K�U�G�X �w�?���M�;�V�- �v�B�7���M�x�?���M�;�k�y�R�N�!�R�k�e�X�+�Q�K�U�u�X �w�?���M�;�V

1�a�+�?�Q�Q�H �Q�7 �J���i�?�2�K���i�B�+�b�- �w�?�2�M�;�x�?�Q�m �l�M�B�p�2�`�b�B�i�v �Q�7 ���2�`�Q�M���m�i�B�+�b�- �w�?�2�M�;�x�?�Q�m�-
�>�2�M���M�- �9�8�y�y�R�8�- �*�?�B�M��

2�*�Q�H�H�2�;�2 �Q�7 �J���i�?�2�K���i�B�+�b ���M�/ �A�M�7�Q�`�K���i�B�Q�M �a�+�B�2�M�+�2�- �>�2�M���M �L�Q�`�K���H �l�M�B�p�2�`�b�B�i�v�-
�s�B�M�t�B���M�;�- �>�2�M���M�- �9�8�j�y�y�d�- �*�?�B�M��

3�>�2�M���M �T�`�Q�p�B�M�+�2 �a�v�M�2�`�;�v �A�M�M�Q�p���i�B�Q�M �*�2�M�i�2�` �Q�7 ���p�B���i�B�Q�M �2�+�Q�M�Q�K�B�+ �/�2�p�2�H�Q�T�@
�K�2�M�i�- �w�?�2�M�;�x�?�Q�m�- �>�2�M���M�- �9�8�y�y�R�8�- �*�?�B�M��

4�A�M�b�i�B�i�m�i�2 �Q�7 �.���i�� ���M�/ �E�M�Q�r�H�2�/�;�2 �1�M�;�B�M�2�2�`�B�M�;�- �a�+�?�Q�Q�H �Q�7 �*�Q�K�T�m�i�2�` ���M�/ �A�M�7�Q�`�@
�K���i�B�Q�M �1�M�;�B�M�2�2�`�B�M�;�- �>�2�M���M �l�M�B�p�2�`�b�B�i�v�- �E���B�7�2�M�;�- �>�2�M���M�- �9�d�8�y�y�9�- �*�?�B�M��
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�R�k�e�3 �G�X �w�?���M�;�- �u�X �w�?���M�;�-�� �s�X �w�m�Q

�r�?�2�`�2A = (aij) ∈ Rn×n �B�b �� �;�B�p�2�M �H���`�;�2�- �b�T���`�b�2 ���M�/ �`�2���H �K���i�`�B�t ���M�/
q = (q1, q2, ..., qn)

T ∈ Rn �B�b �� �;�B�p�2�M �`�2���H �p�2�+�i�Q�`�X �>�2�`�2�-zT ���M�/≥ �/�2�M�Q�i�2 �i�?�2 �i�`���M�b�T�Q�b�2
�Q�7 �i�?�2 �p�2�+�i�Q�`z ���M�/ �i�?�2 �+�Q�K�T�Q�M�2�M�i�r�B�b�2 �/�2�}�M�2�/ �T���`�i�B���H �Q�`�/�2�`�B�M�; �#�2�i�r�2�2�M �i�r�Q �p�2�+�i�Q�`�b�-
�`�2�b�T�2�+�i�B�p�2�H�v�X

�J���M�v �T�`�Q�#�H�2�K�b �B�M �b�+�B�2�M�i�B�}�+ �+�Q�K�T�m�i�B�M�; ���M�/ �2�M�;�B�M�2�2�`�B�M�; ���T�T�H�B�+���i�B�Q�M�b �K���v �H�2���/
�i�Q �b�Q�H�m�i�B�Q�M�b �Q�7 �G�*�S�b �Q�7 �i�?�2 �7�Q�`�K �U�R�X�R�V�X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�@
�B�i�v �T�`�Q�#�H�2�K �K���v ���`�B�b�2 �7�`�Q�K ���T�T�H�B�+���i�B�Q�M �T�`�Q�#�H�2�K�b �b�m�+�? ���b �i�?�2 �+�Q�M�p�2�t �[�m���/�`���i�B�+
�T�`�Q�;�`���K�K�B�M�;�- �i�?�2 �L���b�? �2�[�m�B�H�B�#�`�B�m�K �T�Q�B�M�i �Q�7 �i�?�2 �#�B�K���i�`�B�t �;���K�2�- �i�?�2 �7�`�2�2 �#�Q�m�M�/�@
���`�v �T�`�Q�#�H�2�K�b �Q�7 �~�m�B�/ �/�v�M���K�B�+�b �2�i�+�X �U�2�X�;�X �b�2�2 �(�R�8�-�R�d�) ���M�/ �i�?�2 �`�2�7�2�`�2�M�+�2�b �i�?�2�`�2�B�M�V�X
�a�Q�K�2 �b�Q�H�p�2�`�b �7�Q�` �G�*�S(q, A) �r�B�i�? �� �b�T�2�+�B���H �K���i�`�B�tA �r�2�`�2 �T�`�Q�T�Q�b�2�/ �(�k���3�-�R�9�-�R�e�-�k�y�)�X
�_�2�+�2�M�i�H�v�- �K���M�v �T�2�Q�T�H�2 �?���p�2 �7�Q�+�m�b�2�/ �i�?�2 �b�Q�H�p�2�` �Q�7 �G�*�S(q, A) �r�B�i�? ���M ���H�;�2�#�`�� �2�[�m���@
�i�B�Q�M �(�d���N�-�R�R���R�9�-�R�e�-�k�y�-�k�N�-�j�j���9�k�)�X �A�M �T���`�i�B�+�m�H���` �"���B �T�`�Q�T�Q�b�2�/ �� �K�Q�/�m�H�m�b�@�#���b�2�/
�K���i�`�B�t �K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/ �7�Q�` �b�Q�H�p�B�M�; �G�*�S(q, A) ���M�/ �T�`�2�b�2�M�i�2�/ �+�Q�M�p�2�`�@
�;�2�M�+�2 ���M���H�v�b�B�b �7�Q�` �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�b�c �b�2�2 �(�d�-�3�)�X �w�?���M�; ���M�/ �_�2�M �(�j�j�) �2�t�i�2�M�/�2�/
�i�?�2 �+�Q�M�/�B�i�B�Q�M �Q�7 �� �+�Q�K�T���i�B�#�H�2H−�b�T�H�B�i�i�B�M�; �i�Q �i�?���i �Q�7 ���MH �@�b�T�H�B�i�i�B�M�;�X �G�B �(�k�d�) �2�t�@
�i�2�M�/�2�/ �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/ �K���i�`�B�t �b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/ �i�Q �K�Q�`�2 �;�2�M�2�`���H �+���b�2�b�X
�"���B �(�R�y�) �T�`�2�b�2�M�i�2�/ �T���`���H�H�2�H �K���i�`�B�t �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �`�2�H���t���i�B�Q�M �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b
���M�/ �2�b�i���#�H�B�b�?�2�/ �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �i�?�2�Q�`�v �Q�7 �i�?�2�b�2 �M�2�r �K�2�i�?�Q�/�b �B�M �� �i�?�Q�`�Q�m�;�? �K���M�M�2�`�X
�G�B �2�i ���H�X �(�k�3�) �b�i�m�/�B�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b�X �w�?���M�;
���M�/ �G�B �(�j�8�) �;�2�M�2�`���H�B�x�2�/ �"���B ���M�/ �w�?���M�;�ö�b �K�2�i�?�Q�/�b �(�R�) ���M�/ �b�i�m�/�B�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/
�b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b �K�2�i�?�Q�/�b �7�Q�` �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v
�T�`�Q�#�H�2�K�b�X

�A�M �i�?�B�b �T���T�2�`�- �r�2 �;�2�M�2�`���H�B�x�2 �i�?�2 �K�2�i�?�Q�/�b �Q�7 �"���B ���M�/ �w�?���M�;�ö�b �(�R�) ���M�/ �w�?���M�; ���M�/
�G�B�ö�b �(�j�8�) �7�`�Q�K �T�Q�B�M�i �7�Q�`�K �i�Q �#�H�Q�+�F �7�Q�`�K ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b
�K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b ���M�/ �+�Q�M�b�B�/�2�` �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�@
�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b �K�2�i�?�Q�/ �7�Q�` �b�Q�H�p�B�M�; �G�*�S(q, A)�X �J�Q�`�2�@
�Q�p�2�`�- �r�2 �;�B�p�2 �b�Q�K�2 �i�?�2�Q�`�2�i�B�+���H ���M���H�v�b�B�b ���M�/ �B�K�T�`�Q�p�2 �b�Q�K�2 �2�t�B�b�i�B�M�; �+�Q�M�p�2�`�;�2�M�+�2 �`�2�@
�b�m�H�i�b �B�M �(�R�-�k�3�)�X

�h�?�2 �`�2�b�i �Q�7 �i�?�B�b �T���T�2�` �B�b �Q�`�;���M�B�x�2�/ ���b �7�Q�H�H�Q�r�b�, �A�M �b�2�+�i�B�Q�M �k�- �r�2 �;�B�p�2 �b�Q�K�2 �M�Q�i���i�B�Q�M�b
���M�/ �H�2�K�K���b�X �A�M �b�2�+�i�B�Q�M �j�- �r�2 �T�`�Q�T�Q�b�2 �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b
�#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b �K�2�i�?�Q�/ �7�Q�` �b�Q�H�p�B�M�; �G�*�S(q, A)�X �A�M �b�2�+�i�B�Q�M �9�-
�r�2 �;�B�p�2 �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 ���M���H�v�b�B�b �7�Q�` �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�X

�k�X �L�Q�i���i�B�Q�M�b ���M�/ �G�2�K�K���b

�A�M �Q�`�/�2�` �i�Q �b�i�m�/�v �K�m�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b
�7�Q�` �b�Q�H�p�B�M�; �G�*�S(q, A)�- �H�2�i �m�b �B�M�i�`�Q�/�m�+�2 �b�Q�K�2 �/�2�}�M�B�i�B�Q�M�b ���M�/ �H�2�K�K���b�X

�� �K���i�`�B�tA = (aij) �B�b �+���H�H�2�/ ���MM �@�K���i�`�B�t�B�7aij ≤ 0 �7�Q�`i ̸= j ���M�/A−1 ≥ 0�X �h�?�2
�+�Q�K�T���`�B�b�Q�M �K���i�`�B�t⟨A⟩ = (αij) �Q�7 �K���i�`�B�tA = (aij) �B�b �/�2�}�M�2�/ �#�v�,αij = |aij |, �B�7
i = j;αij = −|aij |, �B�7i ̸= j�X �� �K���i�`�B�tA �B�b �+���H�H�2�/ ���MH �@�K���i�`�B�t�B�7⟨A⟩ �B�b ���MM �@�K���i�`�B�t
���M�/ �B�b �+���H�H�2�/ ���MH+�@�K���i�`�B�t�B�7 �B�i �B�b ���MH �@�K���i�`�B�t �r�B�i�? �T�Q�b�B�i�B�p�2 �/�B���;�Q�M���H �2�M�i�`�B�2�b �(�k�N�)�X
�G�2�iρ(A) �/�2�M�Q�i�2 �i�?�2 �b�T�2�+�i�`���H �`���/�B�m�b �Q�7A�X �� �`�2�T�`�2�b�2�M�i���i�B�Q�MA = M −N �B�b �+���H�H�2�/ ��
�b�T�H�B�i�i�B�M�;�Q�7A �r�?�2�MM �B�b �M�Q�M�b�B�M�;�m�H���`�X �G�2�iA ���M�/B �#�2M �@�K���i�`�B�+�2�b�X �A�7A ≤ B�- �i�?�2�M
A−1 ≥ B−1�X �6�B�M���H�H�v�- �r�2 �/�2�}�M�2 �#�vRn

+ = {x|x ≥ 0, x ∈ Rn}�X

�.�2�}�M�B�i�B�Q�M �k�X�R�U �(�R�y�)�V�X�.�2�}�M�2 �i�?�2 �b�2�i�,
�U�R�VLn,I(n1, n2, ..., np) = {A = Aij ∈ Ln(n1, n2, ..., np)|Aii ∈ L(Rni)
is nonsingular (i = 1, 2, ..., p)}�c



�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F. . . �R�k�e�N

�U�k�VLd
n,I(n1, n2, ..., np) = {A = diag(A11, A22, ..., App)|Aii ∈ L(Rni)

is nonsingular (i = 1, 2, ..., p)�ö

�.�2�}�M�B�i�B�Q�M �k�X�k�U �(�j�y�)�V�X�G�2�iA ∈ Ln,I(n1, n2, ..., np)�- ���M�/ �U�A�V�@�i�v�T�2 �#�H�Q�+�F �+�Q�K�T���`�B�b�Q�M
�K���i�`�B�t⟨M⟩ = (⟨M⟩ij) ∈ L(Rn) ���M�/ �U�A�A�V�@�i�v�T�2 �#�H�Q�+�F �+�Q�K�T���`�B�b�Q�M �K���i�`�B�t⟨⟨M⟩⟩ =
(⟨⟨M⟩⟩ij) ∈ L(Rn) ���`�2 �/�2�}�M�2�/ ���b

⟨M⟩ij =

∥M−1
ii ∥−1, i = j

−∥Mij∥ , i ̸= j
i, j = 1, 2, ..., p

⟨⟨M⟩⟩ij =

1, i = j

−∥M−1
ii Mij∥, i ̸= j

i, j = 1, 2, ..., p

�`�2�b�T�2�+�i�B�p�2�H�v�X

�J�Q�`�2�Q�p�2�`�- �#���b�2�/ �Q�M �#�H�Q�+�F �K���i�`�B�tA∈Ln,I(n1, n2, ..., np) ���M�/L∈Ln,I(n1, n2, ..., np),
�H�2�iD(L) = diag(L11, L22, ..., Lpp), B(L) = D(L)−L, J(A) = D(A)−1B(A), µ1(A) =
ρ(J⟨A⟩), µ2(A) = ρ(I − ⟨⟨A⟩⟩), �m�b�B�M�; �/�2�}�M�B�i�B�Q�M �k�X�k�- �i�?�2�M �r�2 �2���b�B�H�v �p�2�`�B�7�v

⟨I − J(A)⟩ = ⟨⟨I − J(A)⟩⟩ = ⟨⟨A⟩⟩, µ2(A) ≤ µ1(A).

�.�2�}�M�B�i�B�Q�M �k�X�j�U �(�j�y�)�V�X�G�2�iA∈Ln;I (n1,n2, ...,np ), �B�7 �i�?�2�`�2 �2�t�B�b�iP,Q∈Ld
n;I (n1,n2, ...,np ),

�b�m�+�? �i�?���i⟨PAQ⟩ �B�bM �@�K���i�`�B�t�- �i�?�2�MA �B�b �+���H�H�2�/ �U�A�V�@�i�v�T�2 �#�H�Q�+�FH �@�K���i�`�B�t�UH
(I)
B (P,Q)�@

�K���i�`�B�t�V ���#�Q�m�i �M�Q�M�b�B�M�;�m�H���` �#�H�Q�+�F �K���i�`�B�+�2�bP,Q�c �b�m�+�? �i�?���i⟨⟨PAQ⟩⟩ �B�bM �@�K���i�`�B�t�-
�i�?�2�MA �B�b �+���H�H�2�/ �U�A�A�V�@�i�v�T�2 �#�H�Q�+�FH �@�K���i�`�B�t�UH

(II)
B (P,Q)�@�K���i�`�B�t�V ���#�Q�m�i �M�Q�M�b�B�M�;�m�H���`

�#�H�Q�+�F �K���i�`�B�+�2�bP,Q.

�.�2�}�M�B�i�B�Q�M �k�X�9�U �(�j�y�)�V�X�G�2�iA ∈ Ln,I(n1, n2, ..., np), �i�?�2�M[A] = (∥Mij∥) ∈ L(Rp)
�B�b �+���H�H�2�/ �#�H�Q�+�F ���#�b�Q�H�m�i�2 �p���H�m�2 �Q�7 �#�H�Q�+�F �K���i�`�B�tA. �a�B�K�B�H���`�H�v�- �r�2 �K���v �/�2�}�M�2 �#�H�Q�+�F
���#�b�Q�H�m�i�2 �p���H�m�2 �Q�7 �#�H�Q�+�F �p�2�+�i�Q�`x ∈ Vn(n1, n2, ..., n

p) ���b[x] ∈ Rn.

�G�2�K�K�� �k�X�8�U �(�R�y�)�V�X�G�2�iA,B ∈ Ln,I(n1, n2, ..., np), x, y ∈ Vn(n1, n2, ..., np), γ ∈ R1,
�i�?�2�M

�U�R�V|[A]− [B]| ≤ [A+B] ≤ [A] + [B](|[x]− [y]| ≤ [x+ y] ≤ [x] + [y]);
�U�k�V[AB] ≤ [A][B]([Ax] ≤ [A][x]);
�U�j�V[γA] ≤ |γ|[A](γ[x] ≤ |γ|[x]);
�U�9�Vρ(A) ≤ ρ(|A|) ≤ ρ([A]).

�G�2�K�K�� �k�X�e�U �(�R�y�)�V�X�G�2�iA,B ∈ Ln,I(n1, n2, ..., np) �B�bH(I)
B (P,Q)�@�K���i�`�B�t�- �i�?�2�M

�U�R�VA �B�b �M�Q�M�b�B�M�;�m�H���`�c
�U�k�V[(PAQ)−1] ≤ ⟨PAQ⟩−1;
�U�j�Vµ1(PAQ) < 1.

�G�2�K�K�� �k�X�d�U �(�R�y�)�V�X�G�2�iA,B ∈ Ln,I(n1, n2, ..., np) �B�bH(II)
B (P,Q)�@�K���i�`�B�t�- �i�?�2�M

�U�R�VA �B�b �M�Q�M�b�B�M�;�m�H���`�c
�U�k�V[(PAQ)−1] ≤ ⟨⟨PAQ⟩⟩−1[D(PAQ)−1];
�U�j�Vµ2(PAQ) < 1.

�.�2�}�M�B�i�B�Q�M �k�X�3�U �(�R�y�)�V�X �.�2�}�M�2 �i�?�2 �b�2�i�,
�U�R�VΩ(I)

B (M) = {F = (Fij) ∈ Ln,I(n1, n2, ..., np) |∥ F−1
ii ∥=∥ M−1

ii ∥, ∥ Fij ∥=∥
Mij ∥ (i ̸= j), i, j = 1, 2, ..., p}�c



�R�k�d�y �G�X �w�?���M�;�- �u�X �w�?���M�;�-�� �s�X �w�m�Q

�U�k�VΩ(II)
B (M) = {F = (Fij) ∈ Ln,I(n1, n2, ..., np) |∥ F−1

ii Fij ∥=∥ M−1
ii Mij ∥, i, j =

1, 2, ..., p},
�2�t�T�`�2�b�b �i�?�2 �b���K�2 �K�Q�/�2 �b�2�i �Q�7 �U�A�V�@�i�v�T�2 ���M�/ �U�A�A�V�@�i�v�T�2 ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �K���i�`�B�t
M = (Mij) ∈ Ln,I(n1, n2, ..., np), �`�2�b�T�2�+�i�B�p�2�H�v�X

�G�2�K�K�� �k�X�N�U �(�R�3�)�V�X�G�2�iA �#�2 ���MH �@�K���i�`�B�t�X �h�?�2�MA �B�b �M�Q�M�b�B�M�;�m�H���`�- ���M�/|A−1| ≤
⟨A⟩−1�X

�G�2�K�K�� �k�X�R�y�U �(�j�k�)�V�X�G�2�iA = (aij) ∈ Zn×n �r�?�B�+�? �?���b ���H�H �T�Q�b�B�i�B�p�2 �/�B���;�Q�M���H �2�M�i�`�B�2�b�X
A �B�b ���MM �@�K���i�`�B�t �B�7 ���M�/ �Q�M�H�v �B�7ρ(B) < 1�- �r�?�2� �̀2B = D−1C, D = diag(A), A =
D − C.

�G�2�K�K�� �k�X�R�R�U �(�9�)�V�XA ∈ Rn×n �#�2 ���MH+�@�K���i�`�B�t�X �h�?�2�M�- �i�?�2 �G�*�S(q, A) �?���b ��
�m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M �7�Q�` ���M�vq ∈ Rn.

�G�2�K�K�� �k�X�R�k�U �(�d�)�V�X�G�2�iA = M −N �#�2 �� �b�T�H�B�i�i�B�M�; �Q�7 �i�?�2 �K���i�`�B�tA ∈ Rn×n,Ω �#�2
�� �T�Q�b�B�i�B�p�2 �/�B���;�Q�M���H �K���i�`�B�t�- ���M�/γ �� �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�i�X �h�?�2�M�- �7�Q�` �i�?�2 �G�*�S(q, A) �i�?�2
�7�Q�H�H�Q�r�B�M�; �b�i���i�2�K�2�M�i�b �?�Q�H�/ �i�`�m�2�,

�U�B�V �B�7(z, r) �B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �G�*�S(q, A)�- �i�?�2�Mx = 1
2γ(z − Ω−1r) �b���i�B�b�}�2�b �i�?�2

�B�K�T�H�B�+�B�i �}�t�2�/�@�T�Q�B�M�i �2�[�m���i�B�Q�M

(Ω +M)x = Nx+ (Ω−A)|x| − γq; �U�k�X�R�V

�U�B�B�V �B�7x �b���i�B�b�}�2�b �i�?�2 �B�K�T�H�B�+�B�i �}�t�2�/�@�T�Q�B�M�i �2�[�m���i�B�Q�M �U�k�V�- �i�?�2�M

z = γ−1(|x|+ x) and r = γ−1Ω(|x| − x) �U�k�X�k�V

�B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �G�*�S(q, A)�X

�j�X �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/�b

���i �}�`�b�i�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �+�Q�M�+�2�T�i �Q�7 �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�2�i�?�Q�/ ���M�/ �i�?�2 �/�2�i���B�H�2�/ �T�`�Q�+�2�b�b
�Q�7 �T���`���H�H�2�H �B�i�2�`���i�B�p�2 �K�2�i�?�Q�/�X

{Mk, Nk, Ek}lk=1 �B�b ��multisplitting �Q�7 �#�H�Q�+�F �K���i�`�B�tA �B�7
�R�VA = Mk −Nk,det(Mk) ̸= 0 �B�b �� �b�T�H�B�i�i�B�M�; �7�Q�`k = 1, 2, ..., l;

�k�VEk = diag(Ek
11, ..., E

k
pp), k = 1, 2, ..., l�- ���M�/

l∑
k=1

∥E(k)
ii ∥ = 1, i = 1, 2, ..., p,

�r�?�2�`�2 �i�?�2 �#�H�Q�+�F �K���i�`�B�+�2�bMk, Nk, Ek ∈ Ln(n1, n2, ..., np), ���M�/∥ • ∥ �2�t�T�`�2�b�b�2�b �+�Q�M�@
�b�B�b�i�2�M�i �K���i�`�B�t �M�Q�`�K �b���i�B�b�7�v�B�M�;∥I∥ = 1 �UI ∈ L(Rm) �B�b ���M �m�M�B�i �K���i�`�B�t�V�X

�:�B�p�2�M �� �T�Q�b�B�i�B�p�2 �/�B���;�Q�M���H �K���i�`�B�tΩ ���M�/ �� �T�Q�b�B�i�B�p�2 �+�Q�M�b�i���M�iγ�- �7�Q�`�K �G�2�K�K�� �k�X�R�j�-
�r�2 �F�M�Q�r �i�?���i �B�7x �b���i�B�b�}�2�b �2�B�i�?�2�` �Q�7 �i�?�2 �B�K�T�H�B�+�B�i �}�t�2�/�@�T�Q�B�M�i �2�[�m���i�B�Q�M�b

(Ω +Mk)x = Nkx+ (Ω−A)|x| − γq, k = 1, 2, ..., l, �U�j�X�R�V

�i�?�2�M
z = γ−1(|x|+ x) and r = γ−1Ω(|x| − x) �U�j�X�k�V

�B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �G�*�S(q, A)�X
�"���b�2�/ �Q�M �#�H�Q�+�F �K���i�`�B�tA ∈ Rm×m, �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �#�H�Q�+�F �/�B���;�Q�M���H �K���i�`�B�t �B�b

D = diag(A11, A22, ..., App), and Lk �B�b �#�H�Q�+�F �b�i�`�B�+�i�H�v �i�`�B���M�;�m�H���` �K���i�`�B�t�-Uk = D −



�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F. . . �R�k�d�R

Lk−A, �i�?�2�M(D−Lk, Uk, Ek) �B�b ��multisplitting �Q�7 �#�H�Q�+�F �K���i�`�B�tA ∈ Rm×m. �q�B�i�?
�i�?�2 �2�[�m�B�p���H�2�M�i �`�2�7�Q�`�K�m�H���i�B�Q�M�b �U�9�V�- �U�8�V ���M�/ ���+�+�2�H�2�`���i�2�/ �Q�p�2�`�@�`�2�H���t���i�B�Q�M �U���P�_�V �Q�7 �i�?�2
�G�*�S(q, A)�- �r�2 �+���M �2�b�i���#�H�B�b�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b
�#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b ���P�_ �K�2�i�?�Q�/ �U�:�_�J�a�"�J�J���P�_�V�- �r�?�B�+�? �B�b
�b�B�K�B�H���` �i�Q �J�2�i�?�Q�/ �j�X�R �B�M �(�R�N�) ���M�/ �J�2�i�?�Q�/ �j�X�R �B�M �(�k�3�)�X

�J�2�i�?�Q�/ �j�X�R�U�h�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/ �7�Q�` �G�*�S(q, A)�V�X
�G�2�i(Mk, Nk, Ek)(k = 1, 2, ...l) �#�2 �� �K�m�H�i�B�b�T�H�B�i�i�B�M�; �Q�7 �i�?�2 �b�v�b�i�2�K �K���i�`�B�tA ∈ Rn×n�X
�:�B�p�2�M ���M �B�M�B�i�B���H �p�2�+�i�Q�`x(0) ∈ Rn �7�Q�m̀ = 0, 1, ... �m�M�i�B�H �i�?�2 �B�i�2�`���i�B�Q�M �b�2�[�m�2�M�+�2
{z(m)}∞m=0 ⊂ Rn

+ �B�b �+�Q�M�p�2�`�;�2�M�i�- �+�Q�K�T�m�i�2z(m+1) ∈ Rn
+ ���M�/x(m+1) ∈ Rn

+ �#�v

z(m+1) =
1

γ
(|x(m+1)|+ x(m+1))

���M�/x(m,k) ∈ Rn ���+�+�Q�`�/�B�M�; �i�Q

x(m+1) = ω

l∑
k=1

Ekx
(m,k) + (1− ω)x(m),

�r�?�2�`�2x(m,k), k = 1, 2, ..., l, ���`�2 �Q�#�i���B�M�2�/ �#�v �b�Q�H�p�B�M�; �i�?�2 �H�B�M�2���` �b�v�b�i�2�K�b

(αkΩ+D−βkLk)x
(m,k)=[(1−αk)D+(αk−βk)Lk+αkUk]x

(m)+αk[(Ω−A)|x(m)|−γq],

k = 1, 2, ..., l,
�U�j�X�j�V

�`�2�b�T�2�+�i�B�p�2�H�v�X

�_�2�K���`�F �j�X�R�X�A�M �J�2�i�?�Q�/ �j�X�R�- �r�?�2�M �i�?�2 �+�Q�2�{�+�B�2�M�i �K���i�`�B�tA �B�b �T�Q�B�M�i �7�Q�`�K ���M�/
αk = α, βk = β, ω = 1�- �i�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/ �`�2�/�m�+�2�b �i�Q �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/
�b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�; ���P�_ �K�2�i�?�Q�/ �U�J�a�J���P�_�V �(�R�)�c �q�?�2�M �i�?�2 �+�Q�2�{�+�B�2�M�i �K���@
�i�`�B�tA �B�b �T�Q�B�M�i �7�Q�`�K ���M�/ω = 1�- �i�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/ �`�2�/�m�+�2�b �i�Q �i�?�2
�K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b ���P�_ �K�2�i�?�Q�/ �U�J�a�J�@
�J���P�_�V �(�j�8�)�c �q�?�2�Mω = 1�- �i�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/ �`�2�/�m�+�2�b �i�Q �i�?�2 �K�Q�/�m�H�m�b�@
�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b ���P�_ �K�2�i�?�Q�/ �U�J�a�"�J�@
�J���P�_�V �(�k�3�)�c �q�?�2�M �i�?�2 �T���`���K�2�i�2�`�b(αk, βk, ω) = (αk, αk, 1), (1, 1, 1) ���M�/(1, 0, 1),
�i�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/ �`�2�/�m�+�2�b �i�Q �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�@
�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b �b�m�+�+�2�b�b�B�p�2 �Q�p�2�`�@�`�2�H���t���i�B�Q�M �U�J�a�"�J�J�a�P�_�V�- �K�Q�/�m�H�m�b�@
�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �:���m�b�b�@�a�2�B�/�2�H �U�J�a�"�J�:�a�V ���M�/ �K�Q�/�m�H�m�b�@
�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �C���+�Q�#�B �U�J�a�"�J�C�V �K�2�i�?�Q�/�b�- �`�2�b�T�2�+�i�B�p�2�H�v�c
�q�?�2�M �i�?�2 �T���`���K�2�i�2�`�b(αk, βk, ω) = (αk, αk, ω), (1, 1, ω) ���M�/(1, 0, ω), �i�?�2 �:�_�J�a�"�J�@
�J���P�_ �K�2�i�?�Q�/ �`�2�/�m�+�2�b �i�Q �i�?�2 �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�@
�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b �b�m�+�+�2�b�b�B�p�2 �Q�p�2�`�@�`�2�H���t���i�B�Q�M �U�:�_�J�a�"�J�J�a�P�_�V�- �;�H�Q�#���H
�`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �:�@�a �U�:�_�J�a�"�J�J�:�a�V ���M�/
�;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �C���+�Q�#�B �U�:�_�J�a�"�@
�J�J�C�V �K�2�i�?�Q�/�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�9�X �*�Q�M�p�2�`�;�2�M�+�2 ���M���H�v�b�B�b

�A�M �k�y�R�j�- �#���b�2�/ �Q�M �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�; ���P�_ �K�2�i�?�Q�/�- �"���B
���M�/ �w�?���M�; �(�R�) �Q�#�i���B�M�2�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�b�m�H�i�b�X



�R�k�d�k �G�X �w�?���M�;�- �u�X �w�?���M�;�-�� �s�X �w�m�Q

�h�?�2�Q�`�2�K �9�X�R�U �(�R�)�V�X �G�2�iA ∈ Rn×n �#�2 ���MH+�@�K���i�`�B�t�- �r�B�i�?D =�/�B���;(A) ���M�/
B = D−A�- ���M�/ �H�2�i(Mk, Nk, Ek)(k = 1, 2, ..., l) ���M�/(D−Lk, Uk, Ek)(k = 1, 2, ..., l)
�#�2 �� �K�m�H�i�B�b�T�H�B�i�i�B�M�; ���M�/ �� �i�`�B���M�;�m�H���` �K�m�H�i�B�b�T�H�B�i�i�B�M�; �Q�7 �i�?�2 �K���i�`�B�tA�- � �̀2�b�T�2�+�i�B�p�2�H�v�X
���b�b�m�K�2 �i�?���iγ > 0 ���M�/ �i�?�2 �T�Q�b�B�i�B�p�2 �/�B���;�Q�M���H �K���i�`�B�tΩ �b���i�B�b�}�2�bΩ ≥ D. �A�7A =
D − Lk − Uk(k = 1, 2, ..., l) �b���i�B�b�}�2�b⟨A⟩ = D − |Lk| − |Uk|(k = 1, 2, ..., l)�- �i�?�2�M �i�?�2
�B�i�2� �̀��i�B�Q�M �b�2�[�m�2�M�+�2{z(m)}∞m=0 �;�2�M�2� �̀��i�2�/ �#�v �i�?�2 �J�a�J���P�_ �B�i�2� �̀��i�B�Q�M �K�2�i�?�Q�/ �+�Q�M�p�2� �̀;�2�b
�i�Q �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�Mz∗ �Q�7 �G�*�S(q, A) �7�Q�` ���M�v �B�M�B�i�B���H �p�2�+�i�Q�`z(0) ∈ Rn

+�- �T� �̀Q�p�B�/�2�/ �i�?�2
� �̀2�H���t���i�B�Q�M �T��� �̀��K�2�i�2�`�bα ���M�/β �b���i�B�b�7�v

0 < β ≤ α <
1

ρ(D−1|B|)
.

�A�M �k�y�R�j�- �#���b�2�/ �Q�M �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; ���P�_
�K�2�i�?�Q�/�- �G�B �2�i ���H�X �(�k�3�) ���M���H�v�x�2�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�b�m�H�i�b�X

�h�?�2�Q�`�2�K �9�X�k�U �(�k�3�)�V�X �G�2�iA ∈ Ln,I(n1, n2, ..., np) �#�2 �� �#�H�Q�+�FH
(I)
B (P,Q)�@�K���i�`�B�t�-

�r�B�i�?H ∈ Ω
(I)
B (PAQ), ���M�/ �H�2�i(M̄k, N̄k, Ek)(k = 1, 2, ..., l) ���M�/(D̄− L̄k, Ūk, Ek)(k =

1, 2, ..., l) �#�2 �� �#�H�Q�+�F �K�m�H�B�b�T�H�B�i�i�B�M�; ���M�/ �� �#�H�Q�+�F �i�`�B���M�;�m�H���` �K�m�H�i�B�b�T�H�B�i�i�B�M�; �Q�7 �#�H�Q�+�FH
�K���i�`�B�t�- � �̀2�b�T�2�+�i�B�p�2�H�v�X ���b�b�m�K�2 �i�?���iγ > 0 ���M�/ �i�?�2 �T�Q�b�B�i�B�p�2 �K���i�`�B�tΩ �b���i�B�b�}�2�bΩ ≥
D(H) ���M�/diag(Ω) = diag(D(H)). �A�7H = D̄ − L̄k − Ūk(k = 1, 2, ..., l) �b���i�B�b�}�2�b
⟨H⟩ = ⟨D̄⟩ − [L̄k]− [Ūk] = D⟨H⟩ − B⟨H⟩(k = 1, 2, ..., l), �i�?�2�M �i�?�2 �B�i�2� �̀��i�B�Q�M �b�2�[�m�2�M�+�2
{z(m)}∞m=0 �;�2�M�2� �̀��i�2�/ �#�v �i�?�2 �J�a�"�J���P�_ �B�i�2� �̀��i�B�Q�M �K�2�i�?�Q�/ �+�Q�M�p�2� �̀;�2�b �i�Q �i�?�2 �m�M�B�[�m�2
�b�Q�H�m�i�B�Q�Mz∗ �Q�7 �G�*�S(q, A) �7�Q�` ���M�v �B�M�B�i�B���H �p�2�+�i�Q�`z(0) ∈ Rn

+�- �T� �̀Q�p�B�/�2�/ �i�?�2 � �̀2�H���t���i�B�Q�M
�T��� �̀��K�2�i�2�`�bαk ���M�/βk �b���i�B�b�7�v

0 < β ≤ α <
1

µ1(PAQ)
.

�A�M �k�y�R�9�- �#���b�2�/ �Q�M �i�?�2 �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b
���P�_ �K�2�i�?�Q�/�- �w�?���M�; ���M�/ �G�B �(�j�8�) �b�i�m�/�B�2�/ �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�b�m�H�i�b�X

�h�?�2�Q�`�2�K �9�X�j�U �(�j�8�)�V�X �G�2�iA ∈ Rn×n �#�2 ���MH+�@�K���i�`�B�t�- �r�B�i�?D =�/�B���;(A) ���M�/
B = D−A�- ���M�/ �H�2�i(Mk, Nk, Ek)(k = 1, 2, ..., l) ���M�/(D−Lk, Uk, Ek)(k = 1, 2, ..., l)
�#�2 �� �K�m�H�i�B�b�T�H�B�i�i�B�M�; ���M�/ �� �i�`�B���M�;�m�H���` �K�m�H�i�B�b�T�H�B�i�i�B�M�; �Q�7 �i�?�2 �K���i�`�B�tA�- � �̀2�b�T�2�+�i�B�p�2�H�v�X
���b�b�m�K�2 �i�?���iγ > 0 ���M�/ �i�?�2 �T�Q�b�B�i�B�p�2 �/�B���;�Q�M���H �K���i�`�B�tΩ �b���i�B�b�}�2�bΩ ≥ D. �A�7A =
D − Lk − Uk(k = 1, 2, ..., l) �b���i�B�b�}�2�b⟨A⟩ = D − |Lk| − |Uk|(k = 1, 2, ..., l)�- �i�?�2�M
�i�?�2 �B�i�2� �̀��i�B�Q�M �b�2�[�m�2�M�+�2{z(m)}∞m=0 �;�2�M�2� �̀��i�2�/ �#�v �i�?�2 �J�a�J�J���P�_ �B�i�2� �̀��i�B�Q�M �K�2�i�?�Q�/
�+�Q�M�p�2� �̀;�2�b �i�Q �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�Mz∗ �Q�7 �G�*�S(q, A) �7�Q�` ���M�v �B�M�B�i�B���H �p�2�+�i�Q�`z(0) ∈ Rn

+�-
�T� �̀Q�p�B�/�2�/ �i�?�2 � �̀2�H���t���i�B�Q�M �T��� �̀��K�2�i�2�`�bαk ���M�/βk �b���i�B�b�7�v

0 < βk ≤ αk ≤ 1 or 0 < βk <
1

ρ(D−1|B|)
, 1 < αk <

1

ρ(D−1|B|)
.

�"���b�2�/ �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@
�T���`���K�2�i�2�`�b ���P�_ �K�2�i�?�Q�/�- �r�2 �r�B�H�H �T�`�2�b�2�M�i �� �r�2���F�2�` �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �K�m�H�i�B�@
�b�T�H�B�i�i�B�M�; �K�2�i�?�Q�/�b �7�Q�` �i�?�2 �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v �T�`�Q�#�H�2�K �r�?�2�M �i�?�2 �b�v�b�i�2�K �K���i�`�B�t
�B�b �� �#�H�Q�+�FH+�@�K���i�`�B�t�- �r�?�B�+�? �B�b ���b �7�Q�H�H�Q�r�b�,

�h�?�2�Q�`�2�K �9�X�9�X�G�2�iA ∈ Ln,I(n1, n2, ..., np) �#�2 �� �#�H�Q�+�FH
(I)
B (P,Q)�@�K���i�`�B�t�- �r�B�i�?

H ∈ Ω
(I)
B (PAQ), ���M�/ �H�2�i(M̄k, N̄k, Ek)(k = 1, 2, ..., l) ���M�/(D̄ − L̄k, Ūk, Ek)(k =



�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F. . . �R�k�d�j

1, 2, ..., l) �#�2 �� �#�H�Q�+�F �K�m�H�B�b�T�H�B�i�i�B�M�; ���M�/ �� �#�H�Q�+�F �i�`�B���M�;�m�H���` �K�m�H�i�B�b�T�H�B�i�i�B�M�; �Q�7 �#�H�Q�+�FH
�K���i�`�B�t�- � �̀2�b�T�2�+�i�B�p�2�H�v�X ���b�b�m�K�2 �i�?���iγ > 0 ���M�/ �i�?�2 �T�Q�b�B�i�B�p�2 �K���i�`�B�tΩ �b���i�B�b�}�2�bΩ ≥
D(H) ���M�/diag(Ω) = diag(D(H)). �A�7H = D̄ − L̄k − Ūk(k = 1, 2, ..., l) �b���i�B�b�}�2�b
⟨H⟩ = ⟨D̄⟩ − [L̄k]− [Ūk] = D⟨H⟩ − B⟨H⟩(k = 1, 2, ..., l), �i�?�2�M �i�?�2 �B�i�2� �̀��i�B�Q�M �b�2�[�m�2�M�+�2
{z(m)}∞m=0 �;�2�M�2� �̀��i�2�/ �#�v �i�?�2 �:�_�J�a�"�J�J���P�_ �B�i�2� �̀��i�B�Q�M �K�2�i�?�Q�/ �+�Q�M�p�2� �̀;�2�b �i�Q �i�?�2
�m�M�B�[�m�2 �b�Q�H�m�i�B�Q�Mz∗ �Q�7 �G�*�S(q, A) �7�Q�` ���M�v �B�M�B�i�B���H �p�2�+�i�Q�`z(0) ∈ Rn

+�- �T� �̀Q�p�B�/�2�/ �i�?�2
� �̀2�H���t���i�B�Q�M �T��� �̀��K�2�i�2�`�bαk ���M�/βk �b���i�B�b�7�v

0 < βk ≤ αk ≤ 1, 0 < ω < 2
1+ρ0 or

0 < βk < 1
µ1 (PAQ) , 1 < αk < 1

µ1 (PAQ) , 0 < ω < 2
1+ρ0 ,

�U�9�X�R�V

�r�?�2� �̀2µ1(PAQ) = ρ(D−1
⟨H⟩B⟨H⟩) = ρ(J⟨H⟩), ρ

0
= max

1≤k≤l
{1 − 2αk + 2αkρϵ, 2βkρϵ −

1, 2αkρϵ − 1}.
�S�`�Q�Q�7�X�6�`�Q�K �G�2�K�K�� �k�X�R�R ���M�/ �U�j�X�j�V�- �7�Q�` �i�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/�- �B�i �?�Q�H�/�b
�i�?���i

(αkΩ+ D̄ − βkL̄k)x∗=[(1− αk)D̄+(αk − βk)L̄k+αkŪk]x∗+αk[(Ω−H)|x∗|−γq],

k = 1, 2, ..., l. �U�9�X�k�V

�"�v �b�m�#�i�`���+�i�B�M�; �U�9�X�k�V �7�`�Q�K �U�j�X�j�V�- �r�2 �?���p�2

x(m +1)−x∗ = ω
lP

k=1

Ek (αk 
+ �D−βk �Lk )−1[(1−αk ) �D+( αk −βk ) �Lk + αk �Uk ](x(m )−x∗)

+ω
lP

k=1

Ek (αk 
+ �Dv−βk �Lk )−1αk (
 −H)( |x(m )|−|x∗|)+(1 −ω)(x(m )−x∗).

�U�9�X�j�V
�"�v �i���F�B�M�; ���#�b�Q�H�m�i�2 �p���H�m�2�b �Q�M �#�Q�i�? �b�B�/�2�b �Q�7 �i�?�2 �2�[�m���H�B�i�v �U�9�X�j�V�- �2�b�i�B�K���i�B�M�;|[x(m)] −
[x∗]| ≤ [x(m) − x∗] ���M�/ ���K�T�H�B�7�v�B�M�;�- �r�2 �K���v �Q�#�i���B�M

[x(m +1) − x∗] ≤ ω
lP

k=1

[Ek ][(αk 
 + �D − βk �Lk )−1][|1− αk |[ �D] + |αk − βk |[ �Lk ]

+αk [ �Uk ]][x(m )−x∗]+ ω
lP

k=1

[Ek ][(αk 
+ �D−βk �Lk )−1]αk [
 −H]([x(m )−x∗])

+ |1− ω|[x(m ) − x∗].

�a�B�M�+�2[Ω −H] = ⟨Ω⟩ − (D⟨H⟩ − B⟨H⟩) ���M�/B⟨H⟩ = [L̄k] + [Ūk], [D̄] ≥ D⟨H⟩, �b�Q �r�2
�?���p�2

[x(m +1) − x∗] ≤ ω
lP

k=1

[Ek ][(αk 
 + �D − βk �Lk )−1][|1− αk |[ �D] + |αk − βk |[ �Lk ] + αk [ �Uk ]

+ αk [
 −H]][x(m ) − x∗] + |1− ω|[x(m ) − x∗]

≤ ω
lP

k=1

[Ek ](αk ⟨
 ⟩ + D⟨H ⟩ − βk [ �Lk ])−1[(|1− αk | − αk )D⟨H ⟩

+( |αk −βk |+ αk )[ �Lk ]+2αk [ �Uk ]+ αk ⟨
 ⟩][x(m )−x∗]+ |1−ω|[x(m )−x∗]

= ω
lP

k=1

[Ek ]HGRMSBMMAOR [x(m ) − x∗] + |1− ω|[x(m ) − x∗]

= {ω
lP

k=1

[Ek ]HGRMSBMMAOR + |1− ω|I}[x(m ) − x∗]

= HGRMSBMMAOR [x(m ) − x∗].

�U�9�X�9�V



�R�k�d�9 �G�X �w�?���M�;�- �u�X �w�?���M�;�-�� �s�X �w�m�Q

�r�?�2�`�2

HGRMSBMMAOR = ω
lP

k=1

[Ek ]HGRMSBMMAOR + |1− ω|I,

HGRMSBMMAOR = ( αk ⟨
 ⟩ + D⟨H ⟩ − βk [ �Lk ])−1[(|1− αk | − αk )D⟨H ⟩

+( |αk − βk | + αk )[ �Lk ] + 2αk [ �Uk ] + αk ⟨
 ⟩].

�U�9�X�8�V

�h�?�2 �2�`�`�Q�` �`�2�H���i�B�Q�M�b�?�B�T �U�9�X�9�V �B�b �i�?�2 �#���b�2 �7�Q�` �T�`�Q�p�B�M�; �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �Q�7 �:�_�J�a�"�@
�J�J���P�_ �K�2�i�?�Q�/�X �"�v �K���F�B�M�; �m�b�2 �Q�7 �G�2�K�K���b �k�X�8 ���M�/ �k�X�e�- �/�2�}�M�B�M�;ϵ(m) = x(m)−x∗
���M�/ ���`�`���M�;�B�M�; �b�B�K�B�H���` �i�2�`�K�b �i�Q�;�2�i�?�2�`�- �r�2 �+���M �Q�#�i���B�M

[ϵ(m+1)] = [x(m+1) − x∗]

≤ HGRMSBMMAOR[x
(m) − x∗]

= {ω
l∑

k=1

[Ek]HGRMSBMMAOR + |1− ω|I}[x(m) − x∗].

�U�9�X�e�V

�*���b�2 �R�, �G�2�i0 < βk ≤ αk ≤ 1, 0 < ω < 2
1+ρ0 . �.�2�}�M�2

Mk = αk⟨Ω⟩+D⟨H⟩ − βk[L̄k],

N1
k = (|1− αk| − αk)D⟨H⟩ + (|αk − βk|+ αk)[L̄k] + 2αk[Ūk] + αk⟨Ω⟩

= (1− 2αk)D⟨H⟩ + (2αk − βk)[L̄k] + 2αk[Ūk] + αk⟨Ω⟩

= Mk − 2αkD⟨H⟩ + 2αkB⟨H⟩.

�U�9�X�d�V

�a�Q�- �r�2 �?���p�2

HGRMSBMMAOR = M−1
k N1

k = M−1
k (Mk − 2αkD⟨H⟩ + 2αkB⟨H⟩)

= I − 2αkM
−1
k (D⟨H⟩ −B⟨H⟩).

�h�?�`�Q�m�;�? �7�m�`�i�?�2�` ���M���H�v�b�B�b�- �r�2 �?���p�2

[HGRRMSBMMAOR] ≤ M−1
k [Mk − 2αk(D⟨H⟩ −B⟨H⟩)]

≤ I − 2αkM
−1
k D⟨H⟩(I −D−1

⟨H⟩B⟨H⟩).

�a�B�M�+�2A ∈ Ln,I(n1, n2, ..., np) �B�b �� �#�H�Q�+�FH
(I)
B (P,Q)�@�K���i�`�B�t�- �#�v �G�2�K�K���b �k�X�e ���M�/

�k�X�d �r�2 �F�M�Q�rµ1(PAQ) = ρ(D−1
⟨H⟩B⟨H⟩) = ρ(J⟨H⟩) < 1, Jϵ = J⟨H⟩ + ϵeeT , �r�?�2�`�2

e �/�2�M�Q�i�2�b �i�?�2 �p�2�+�i�Q�`e = (1, 1, ..., 1)T ∈ Rn�X �a�B�M�+�2Jϵ �B�b �M�Q�M�M�2�;���i�B�p�2�- �i�?�2 �K���i�`�B�t
J⟨H⟩ + ϵeeT �?���b �Q�M�H�v �T�Q�b�B�i�B�p�2 �2�M�i�`�B�2�b ���M�/ �B�`�`�2�/�m�+�B�#�H�2 �7�Q�` ���M�vϵ > 0�X �"�v �i�?�2 �S�2�`�`�Q�M�@
�6�`�Q�#�2�M�B�m�b �i�?�2�Q�`�2�K �7�Q�` ���M�vϵ > 0�- �i�?�2�`�2 �B�b �� �p�2�+�i�Q�`xϵ > 0 �b�m�+�? �i�?���i

(J⟨H⟩ + ϵeeT )xϵ = ρϵxϵ,

�r�?�2�`�2ρϵ = ρ(J⟨H⟩ + ϵeeT ) = ρ(Jϵ)�X �J�Q�`�2�Q�p�2�`�- �B�7ϵ > 0 �B�b �b�K���H�H �2�M�Q�m�;�?�- �r�2 �?���p�2
ρϵ < 1 �#�v �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �b�T�2�+�i�`���H �`���/�B�m�b�X �"�2�+���m�b�2 �Q�70 < αk ≤ 1�- �r�2 ���H�b�Q �?���p�2
1− 2αk + 2αkρ < 1�- ���M�/1− 2αk + 2αkρϵ < 1�X �a�Q

[HGRRMSBMMAOR] ≤ I − 2αkM
−1
k D⟨H⟩[I − (D−1

⟨H⟩B⟨H⟩ + ϵeeT )]

= I − 2αkM
−1
k D⟨H⟩[I − Jϵ].



�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F. . . �R�k�d�8

�J�m�H�i�B�T�H�v�B�M�;xϵ �B�M �i�r�Q �b�B�/�2�b �Q�7 �i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v�- ���M�/M−1
k ≥ D−1

⟨H⟩�- �r�2 �+���M �Q�#�i���B�M

[HGRMSBMMAOR]xϵ ≤ xϵ − 2αkM
−1
k D⟨H⟩[1− ρ(Jϵ)]xϵ

≤ xϵ − 2αkD
−1
⟨H⟩D⟨H⟩[1− ρ(Jϵ)]xϵ

= (1− 2αk + 2αkρ(Jϵ))xϵ.

�"���b�2�/ �Q�MEk ���M�/ �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7[•], �r�2 �F�M�Q�r �i�?���i
l∑

k=1

[Ek] = I. �"�v �U�9�X�8�V�- �r�2 �?���p�2

[HGRMSMMAOR]xϵ ≤ ω
l∑

k=1

[Ek](1− 2αk + 2αkρ(Jϵ))xϵ + |1− ω|xϵ

≤ ω(1− 2αk + 2αkρϵ)xϵ + |1− ω|xϵ

≤ (ωρ
0
+ |1− ω|)xϵ

= θ1xϵ(ϵ → 0+),

�r�?�2�`�2θ1 = ωρ
0
+ |1− ω| < 1�X

�*���b�2 �k�, 0 < βk < 1
µ1 (PAQ) , 1 < αk < 1

µ1 (PAQ) , 0 < ω < 2
1+ρ0 .

�a�m�#�+���b�2 �R�, αk ≥ βk. �.�2�}�M�2

N2
k = (|1− αk| − αk)D⟨H⟩ + (|αk − βk|+ αk)[L̄k] + 2αk[Ūk] + αk⟨Ω⟩

= Mk − 2D⟨H⟩ + 2αkB⟨H⟩.
�U�9�X�3�V

�a�Q

[HGRMSBMMAOR] ≤ M−1
k [Mk − 2(D⟨H⟩ − αkB⟨H⟩)]

≤ I − 2M−1
k D⟨H⟩(I − αkD

−1
⟨H⟩B⟨H⟩).

�a�B�K�B�H���` �i�Q �i�?�2�*���b�2 �R�- �H�2�ie �/�2�M�Q�i�2 �i�?�2 �p�2�+�i�Q�`e = (1, 1, ..., 1)T ∈ Rn�- ���M�/xϵ > 0
�b�m�+�? �i�?���iJϵxϵ = (J⟨H⟩ + ϵeeT )xϵ = ρ(Jϵ)xϵ�X �J�Q�`�2�Q�p�2�`�- �B�7ϵ > 0 �B�b �b�K���H�H �2�M�Q�m�;�?�- �r�2
�?���p�2ρϵ < 1 �#�v �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �b�T�2�+�i�`���H �`���/�B�m�b�X �"�2�+���m�b�2 �Q�71 < αk < 1

µ1 (PAQ) �- �r�2
���H�b�Q �?���p�2

2αkρ− 1 < 1 and 2αkρϵ − 1 < 1.

�a�Q

[HGRMSBMMAOR] ≤ I − 2M−1
k D⟨H⟩[I − αk(D

−1
⟨H⟩D⟨H⟩ + ϵeeT )]

= I − 2M−1
k D⟨H⟩[I − αkJϵ].

�J�m�H�i�B�T�H�v�B�M�;xϵ �B�M �i�r�Q �b�B�/�2�b �Q�7 �i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v�- ���M�/M−1
k ≥ D−1

⟨H⟩�- �r�2 �+���M �Q�#�i���B�M

[HGRMSBMMAOR]xϵ ≤ xϵ − 2M−1
k D⟨H⟩[1− αkρ(Jϵ)]xϵ

≤ xϵ − 2(1− αkρ(Jϵ))xϵ

= (2αkρ(Jϵ)− 1)xϵ.



�R�k�d�e �G�X �w�?���M�;�- �u�X �w�?���M�;�-�� �s�X �w�m�Q

�"���b�2�/ �Q�MEk ���M�/ �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7[•], �r�2 �F�M�Q�r �i�?���i
l∑

k=1

[Ek] = I. �"�v �U�9�X�8�V�- �r�2 �?���p�2

[HGRMSBMMAOR]xϵ ≤ ω

l∑
k=1

[Ek](2αkρ(Jϵ)− 1)xϵ + |1− ω|xϵ

≤ ω(2αkρϵ − 1)xϵ + |1− ω|xϵ

≤ (ωρ
0
+ |1− ω|)xϵ

= θ2xϵ(ϵ → 0+),

�r�?�2�`�2θ2 = ωρ
0
+ |1− ω| < 1�X

�a�m�#�+���b�2 �k�, αk < βk. �.�2�}�M�2

N3
k = (|1− αk| − αk)D⟨H⟩ + (|αk − βk|+ αk)[L̄k] + 2αk[Ūk] + αk⟨Ω⟩

= Mk − 2D⟨H⟩ + 2βk[L̄k] + 2αk[Ūk]

≤ Mk − 2D⟨H⟩ + 2βkB⟨H⟩.

�U�9�X�N�V

�a�Q

[HGRMSBMMAOR] ≤ M−1
k [Mk − 2(D⟨H⟩ − βkB⟨H⟩)]

≤ I − 2M−1
k D⟨H⟩(I − βkD

−1
⟨H⟩B⟨H⟩).

�a�B�K�B�H���` �i�Q �i�?�2�*���b�2 �R�- �H�2�ie �/�2�M�Q�i�2 �i�?�2 �p�2�+�i�Q�`e = (1, 1, ..., 1)T ∈ Rn�- ���M�/xϵ > 0
�b�m�+�? �i�?���iJϵxϵ = (J⟨H⟩ + ϵeeT )xϵ = ρ(Jϵ)xϵ�X �J�Q�`�2�Q�p�2�`�- �B�7ϵ > 0 �B�b �b�K���H�H �2�M�Q�m�;�?�- �r�2
�?���p�2ρϵ < 1 �#�v �+�Q�M�i�B�M�m�B�i�v �Q�7 �i�?�2 �b�T�2�+�i�`���H �`���/�B�m�b�X �"�2�+���m�b�2 �Q�70 < βk < 1

µ1 (PAQ) �- �r�2
���H�b�Q �?���p�2

2βkρ− 1 < 1 and 2βkρϵ − 1 < 1.

�a�Q

[HGRMSBMMAOR] ≤ I − 2M−1
k D⟨H⟩[I − βk(D

−1
⟨H⟩D⟨H⟩ + ϵeeT )]

= I − 2M−1
k D⟨H⟩[I − βkJϵ].

�J�m�H�i�B�T�H�v�B�M�;xϵ �B�M �i�r�Q �b�B�/�2�b �Q�7 �i�?�2 ���#�Q�p�2 �B�M�2�[�m���H�B�i�v�- ���M�/M−1
k ≥ D−1

⟨H⟩�- �r�2 �+���M �Q�#�i���B�M

[HGRMSBMMAOR]xϵ ≤ xϵ − 2(1− βkρ(Jϵ))xϵ

= (2βkρ(Jϵ)− 1)xϵ.

�"���b�2�/ �Q�MEk ���M�/ �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7[•], �r�2 �F�M�Q�r �i�?���i
l∑

k=1

[Ek] = I. �"�v �U�R�R�V�- �r�2 �?���p�2

[HGRMSBMMAOR]xϵ ≤ ω
l∑

k=1

[Ek](2βkρ(Jϵ)− 1)xϵ + |1− ω|xϵ

≤ ω(2βkρϵ − 1)xϵ + |1− ω|xϵ

≤ (ωρ
0
+ |1− ω|)xϵ

= θ3xϵ(ϵ → 0+),



�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F. . . �R�k�d�d

�r�?�2�`�2θ3 = ωρ
0
+ |1− ω| < 1�X

�_�2�K���`�F �9�X�R�X�P�#�p�B�Q�m�b�H�v�- �7�`�Q�K �6�B�;�m�`�2 �R�- �r�2 �+���M �}�M�/ �i�?���i �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �h�?�2�@
�Q�`�2�K �9�X�9 �U�r�?�2�Mω = 1�V �B�M �i�?�B�b �T���T�2�` ���`�2 �r�2���F�2�` �i�?���M �i�?�Q�b�2 �Q�7 �h�?�2�Q�`�2�K �R �B�M �(�k�j�)�X
�J�Q�`�2�Q�p�2�`�- �i�?�2 �T���`���K�2�i�2�`�b �+���M �#�2 ���/�D�m�b�i�2�/ �b�m�B�i���#�H�v �b�Q �i�?���i �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �T�`�Q�T�@
�2�`�i�v �Q�7 �K�2�i�?�Q�/ �+���M �#�2 �b�m�#�b�i���M�i�B���H�H�v �B�K�T�`�Q�p�2�/�X �h�?���i �B�b �i�Q �b���v�- �r�2 �?���p�2 �K�Q�`�2 �+�?�Q�B�+�2�b
�7�Q�` �i�?�2 �b�T�H�B�i�i�B�M�;A = B − C �r�?�B�+�? �K���F�2�b �i�?�2 �K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b
�+�Q�M�p�2�`�;�2�X �h�?�2�`�2�7�Q�`�2�- �Q�m�` �+�Q�M�p�2�`�;�2�M�+�2 �i�?�2�Q�`�B�2�b �2�t�i�2�M�/ �i�?�2 �b�+�Q�T�2 �Q�7 �K�m�H�i�B�b�T�H�B�i�i�B�M�;
�B�i�2�`���i�B�Q�M �K�2�i�?�Q�/�b �B�M ���T�T�H�B�+���i�B�Q�M�b�X

�6�B�;�m�`�2 �R�X�*�Q�K�T���`�B�b�Q�M �Q�7 �+�Q�M�p�2�`�;�2�M�+�2 �/�Q�K���B�M�b �B�M �G�B �2�i ���H�X�ö�b �T���T�2�` ���M�/ �B�M �i�?�B�b �T���T�2�`�X �>�2�`�2�-ρ = µ1 (PAQ).

�"���b�2�/ �Q�M �i�?�2 �b�B�K�B�H���` �T�`�Q�p�B�M�; �T�`�Q�+�2�b�b �Q�7 �h�?�2�Q�`�2�K �9�X�9�- �r�2 �+���M �Q�#�i���B�M �i�?�2 �7�Q�H�H�Q�r�B�M�;
�+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b�X

�h�?�2�Q�`�2�K �9�X�8�X�G�2�iA ∈ Ln,I(n1, n2, ..., np) �#�2 �� �#�H�Q�+�FH
(II)
B (P,Q)�@�K���i�`�B�t�- �r�B�i�?H ∈

Ω
(II)
B (PAQ), ���M�/ �H�2�i(M̄k, N̄k, Ek)(k = 1, 2, ..., l) ���M�/(D̄−L̄k, Ūk, Ek)(k = 1, 2, ..., l)

�#�2 �� �#�H�Q�+�F �K�m�H�B�b�T�H�B�i�i�B�M�; ���M�/ �� �#�H�Q�+�F �i�`�B���M�;�m�H���` �K�m�H�i�B�b�T�H�B�i�i�B�M�; �Q�7 �#�H�Q�+�FH �K���i�`�B�t�-
� �̀2�b�T�2�+�i�B�p�2�H�v�X ���b�b�m�K�2 �i�?���iγ > 0 ���M�/ �i�?�2 �T�Q�b�B�i�B�p�2 �K���i�`�B�tΩ �b���i�B�b�}�2�bΩ ≥ D(H)
���M�/diag(Ω) = diag(D(H)). �A�7⟨⟨H⟩⟩ = I − [D̄−1L̄k] − [D̄−1Ūk] = I − B⟨⟨H⟩⟩(k =

1, 2, ..., l), �i�?�2�M �i�?�2 �B�i�2� �̀��i�B�Q�M �b�2�[�m�2�M�+�2{z(m)}∞m=0 �;�2�M�2� �̀��i�2�/ �#�v �i�?�2 �:�_�J�a�"�J�J���P�_
�B�i�2� �̀��i�B�Q�M �K�2�i�?�Q�/ �+�Q�M�p�2� �̀;�2�b �i�Q �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�Mz∗ �Q�7 �G�*�S(q, A) �7�Q�` ���M�v �B�M�B�i�B���H
�p�2�+�i�Q�`z(0) ∈ Rn

+�- �T� �̀Q�p�B�/�2�/ �i�?�2 � �̀2�H���t���i�B�Q�M �T��� �̀��K�2�i�2�`�bαk ���M�/βk �b���i�B�b�7�v

0 < βk ≤ αk ≤ 1, 0 < ω < 2
1+ρ0 or

0 < βk < 1
µ2 (PAQ) , 1 < αk < 1

µ2 (PAQ) , 0 < ω < 2
1+ρ0 ,

�U�9�X�R�y�V

�r�?�2� �̀2µ2(PAQ) = ρ(J⟨⟨H⟩⟩), ρ
0
= max

1≤k≤l
{1− 2αk + 2αkρϵ, 2βkρϵ − 1, 2αkρϵ − 1}.

�_�2�K���`�F �9�X�k�X�6�`�Q�K �h���#�H�2 �R�- �r�2 �Q�#�p�B�Q�m�b�H�v �b�2�2 �i�?���i �i�?�2 �J�a�J�J���P�_ �K�2�i�?�Q�/ �B�M �(�R�)
���M�/ �i�?�2 �J�a�"�J���P�_ �K�2�i�?�Q�/ �B�M �(�k�3�) �m�b�2 �i�?�2 �b���K�2 �T���`���K�2�i�2�`�bα, β �B�M �/�B�z�2�`�2�M�i �T�`�Q�@
�+�2�b�b�Q�`�b�- �#�m�i �i�?�2 �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/ �B�M �i�?�B�b �T���T�2�` �m�b�2�b �/�B�z�2�`�2�M�i �T���`���K�2�i�2�`�b



�R�k�d�3 �G�X �w�?���M�;�- �u�X �w�?���M�;�-�� �s�X �w�m�Q

αk, βk(k = 1, 2, ..., l) �B�M �/�B�z�2�`�2�M�i �T�`�Q�+�2�b�b�Q�`�b�X �J�Q�`�2�Q�p�2�`�- �r�?�2�M �+�Q�K�T�m�i�B�M�;x(m+1) �B�M
�J�2�i�?�Q�/ �j�X�R�- �r�2 �m�i�B�H�B�x�2 �`�2�H���t���i�B�Q�M �2�t�i�`���T�Q�H���i�B�Q�M �i�2�+�?�M�B�[�m�2 ���M�/ ���/�/ �� �`�2�H���t���i�B�Q�M �T���@
�`���K�2�i�2�`ω. �h�?�2�`�2�7�Q�`�2�- �r�2 �K���v �+�?�Q�Q�b�2 �T�`�Q�T�2�` �`�2�H���t���i�B�Q�M �T���`���K�2�i�2�`�b �i�Q �B�M�+�`�2���b�2 �+�Q�M�@
�p�2�`�;�2�M�+�2 �b�T�2�2�/ ���M�/ �`�2�/�m�+�2 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �r�?�2�M �/�Q�B�M�; �M�m�K�2�`�B�+���H �2�t�T�2�`�B�K�2�M�i�b�X
�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b �B�M �(�R�) ���M�/ �(�k�3�) ���`�20 < β ≤ α < 1

ρ(D� 1 |B|)
���M�/0 < β ≤ α < 1

µ1 (PAQ) , �`�2�b�T�2�+�i�B�p�2�H�v�- �#�m�i �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b �B�M �i�?�B�b �T���T�2�`

���`�20 < βk ≤ αk ≤ 1, 0 < ω < 2
1+ρ0 �Q�0̀ < βk < 1

µ1 (PAQ) , 1 < αk < 1
µ1 (PAQ) , 0 <

ω < 2
1+ρ0 , �r�?�2�`�2ρ

0
= max

1≤k≤l
{1−2αk+2αkρϵ, 2βkρϵ−1, 2αkρϵ−1}�X �a�Q�- �Q�m�` �K�2�i�?�Q�/

�B�b �M�Q�i �Q�M�H�v �i�?�2 �;�2�M�2�`���H�B�x���i�B�Q�M �Q�7 �J�a�J���P�_ ���M�/ �J�a�"�J���P�_ �K�2�i�?�Q�/�b�- �#�m�i ���H�b�Q �+�Q�M�@
�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b �Q�7 �M�2�r �K�2�i�?�Q�/ ���`�2 �r�2���F�2�` �i�?���M �i�?�Q�b�2 �Q�7 �"���B ���M�/ �w�?���M�;�ö�b �(�R�) ���M�/
�G�B �2�i ���H�X�ö�b �(�k�3�)�X �A�M �:�_�J�a�"�J�J���P�_ �K�2�i�?�Q�/�- �r�2 �K���v �+�?�Q�Q�b�2 �T�`�Q�T�2�`Ek �i�Q �#���H���M�+�2
�i�?�2 �H�Q���/ �Q�7 �2���+�? �T�`�Q�+�2�b�b�Q�` ���M�/ ���p�Q�B�/ �b�v�M�+�?�`�Q�M�B�x���i�B�Q�M�X

�h���#�H�2 �R�X�h�?�2 �;�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �U�#�H�Q�+�F�V �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�m�H�i�B�@�T���`���K�2�i�2�`�b �K�2�i�?�Q�/
���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�M�p�2�`�;�2�M�+�2 �`�2�b�m�H�i�b�X

�J�2�i�?�Q�/ αk, βk, ω �.�2�b�+�`�B�T�i�B�Q�M �_�2�7

�J�a�J�C αk = 1, βk = 0, ω = 1 �J�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b�(�R�)

�K�m�H�i�B�b�T�H�B�i�i�B�M�; �C���+�Q�#�B �K�2�i�?�Q�/

�J�a�J�:�a αk = βk = 1, ω = 1 �J�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b�(�R�)

�K�m�H�i�B�b�T�H�B�i�i�B�M�; �:���m�b�b�@�a�2�B�/�2�H �K�2�i�?�Q�/

�J�a�J�a�P�_ 0 < α(αk) = β(βk) < 1
ρ( D� 1 j Bj )

, ω = 1 �J�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b�(�R�)

�K�m�H�i�B�b�T�H�B�i�i�B�M�; �a�P�_ �K�2�i�?�Q�/

�J�a�J���P�_ 0 < β(βk) ≤ α(αk) < 1
ρ( D� 1 j Bj )

, ω = 1 �J�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b�(�R�)

�K�m�H�i�B�b�T�H�B�i�i�B�M�; ���P�_ �K�2�i�?�Q�/

�:�_�J�a�J�J���P�_ 0 < βk ≤ αk ≤ 1, 0 < ω < 2
1+ ρ

0 �Q�` �:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/�(�j�k�)

0 < βk < 1
ρ( D� 1 j Bj )

, 1 < αk < 1
ρ( D� 1 j Bj )

�b�v�M�+�?�`�Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�;

0 < ω < 2
1+ ρ

0 �K�m�H�i�B�@�T���`���K�2�i�2�`�b ���P�_ �K�2�i�?�Q�/

�r�?�2�`�2ρ
0
= max

1 � k� l
{1 − 2αk + 2αkρϵ,

2αkρϵ − 1, 2αkρϵ − 1}

�J�"�_�A 0 < β < 1
µ1 ( PAQ) , ω = 1 �S���`���H�H�2�H �K���i�`�B�t �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�;�(�R�y�)

�`�2�H���t���i�B�Q�M �B�i�2�`���i�B�Q�M �K�2�i�?�Q�/

�J�a�"�J���P�_ 0 < β ≤ α < 1
µ1 ( PAQ) , ω = 1 �J�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F�(�k�8�)

�K�m�H�i�B�b�T�H�B�i�i�B�M�; ���P�_ �K�2�i�?�Q�/

�:�_�J�a�"�J�J���P�_ 0 < βk ≤ αk ≤ 1, 0 < ω < 2
1+ ρ

0 �Q�` �:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/�i�?�B�b �T���T�2�`

0 < βk < 1
µ1 ( PAQ) , 1 < αk < 1

µ1 ( PAQ) �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F �K�m�H�i�B�b�T�H�B�i�i�B�M�;

0 < ω < 2
1+ ρ

0 �K�m�H�i�B�@�T���`���K�2�i�2�`�b ���P�_ �K�2�i�?�Q�/

�r�?�2�`�2ρ
0
= max

1 � k� l
{1 − 2αk + 2αkρϵ,

2βkρϵ − 1, 2αkρϵ − 1}

�h�?�2 ���m�i�?�Q�`�b �/�2�+�H���`�2 �i�?���i �i�?�2�v �?���p�2 �M�Q �+�Q�K�T�2�i�B�M�; �B�M�i�2�`�2�b�i�b�X

���+�F�M�Q�r�H�2�/�;�2�K�2�M�i�b

�h�?�B�b �`�2�b�2���`�+�? �Q�7 �i�?�B�b ���m�i�?�Q�` �B�b �b�m�T�T�Q�`�i�2�/ �#�v �i�?�2 �L���i�B�Q�M���H �L���i�m�`���H �a�+�B�2�M�+�2 �6�Q�m�M�/���@
�i�B�Q�M �Q�7 �*�?�B�M�� �U�R�R�k�k�e�j�j�d�- �R�R�8�y�R�8�k�8�- �R�R�N�e�R�y�3�k�- �R�R�3�y�R�8�k�3�- �e�R�8�d�R�R�y�9�- �9�R�N�y�e�y�y�j�V�- ���2�`�Q�@
�M���m�i�B�+���H �a�+�B�2�M�+�2 �6�Q�m�M�/���i�B�Q�M �Q�7 �*�?�B�M�� �U�k�y�R�d�w�.�8�8�y�R�9�V�- �"���b�B�+ �_�2�b�2���`�+�? �S�`�Q�D�2�+�i�b �Q�7
�E�2�v �a�+�B�2�M�i�B�}�+ �_�2�b�2���`�+�? �S�`�Q�D�2�+�i�b �S�H���M �B�M �>�2�M���M �>�B�;�?�2�` �1�/�m�+���i�B�Q�M �A�M�b�i�B�i�m�i�B�Q�M�b�U�k�y�x�t�y�y�j�V�-
�a�+�B�2�M�+�2 ���M�/ �h�2�+�?�M�Q�H�Q�;�B�+���H �_�2�b�2���`�+�? �Q�7 �E�2�v �S�`�Q�D�2�+�i�b �Q�7 �>�2�M���M �S�`�Q�p�B�M�+�2 �U�R�3�k�R�y�k�k�R�y�k�9�k�-



�:�H�Q�#���H �`�2�H���t�2�/ �K�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?�`�Q�M�Q�m�b �#�H�Q�+�F. . . �R�k�d�N

�R�3�k�R�y�k�R�R�y�y�e�8�V�- �S�`�Q�D�2�+�i �Q�7 �u�Q�m�i�? �"���+�F�#�Q�M�2 �h�2���+�?�2�`�b �Q�7 �*�Q�H�H�2�;�2�b ���M�/ �l�M�B�p�2�`�b�B�i�B�2�b �Q�7
�>�2�M���M �S�`�Q�p�B�M�+�2 �U�k�y�R�N�:�:�C�a�R�y�y�- �k�y�R�N�:�:�C�a�R�d�e�V�- �a�B�+�?�m���M �a�+�B�2�M�+�2 ���M�/ �h�2�+�?�M�Q�H�Q�;�v
�S�`�Q�;�`���K �U�k�y�R�N�u�C�y�j�8�d�V�X

�h�?�2 ���m�i�?�Q�`�b �r�Q�m�H�/ �H�B�F�2 �i�Q �2�t�T�`�2�b�b �i�?�2�B�` �;�`�2���i �i�?���M�F�7�m�H�M�2�b�b �i�Q �i�?�2 �`�2�7�2�`�2�2�b ���M�/
�2�/�B�i�Q�` �7�Q�` �v�Q�m�` �K�m�+�? �+�Q�M�b�i�`�m�+�i�B�p�2�- �/�2�i���B�H�2�/ ���M�/ �?�2�H�T�7�m�H ���/�p�B�+�2 �`�2�;���`�/�B�M�; �`�2�p�B�b�B�M�;
�i�?�B�b �K���M�m�b�+�`�B�T�i�X

�_�2�7�2�`�2�M�+�2�b

�(�R�)�w�X �"���B ���M�/ �G�X �w�?���M�;�-�J�Q�/�m�H�m�b�@�#���b�2�/ �b�v�M�+�?� �̀Q�M�Q�m�b �K�m�H�i�B�b�T�H�B�i�i�B�M�; �B�i�2� �̀��i�B�Q�M �K�2�i�?�@
�Q�/�b �7�Q�` �H�B�M�2���` �+�Q�K�T�H�2�K�2�M�i���`�B�i�v �T� �̀Q�#�H�2�K�b�- �L�m�K�2�`�B�+���H �G�B�M�2���` ���H�;�2�#�`�� �r�B�i�? ���T�@
�T�H�B�+���i�B�Q�M�b�- �k�y�R�j�- �k�y�- �9�k�8���9�j�N�X

�(�k�)�w�X �"���B�-�P�M �i�?�2 �+�Q�M�p�2� �̀;�2�M�+�2 �Q�7 �i�?�2 �K�m�H�i�B�b�T�H�B�i�i�B�M�; �K�2�i�?�Q�/�b �7�Q�` �i�?�2 �H�B�M�2���` �+�Q�K�T�H�2�@
�K�2�M�i���`�B�i�v �T� �̀Q�#�H�2�K�- �a�A���J �C�Q�m�`�M���H �Q�M �J���i�`�B�t ���M���H�v�b�B�b ���M�/ ���T�T�H�B�+���i�B�Q�M�b�- �R�N�N�N�-
�k�R�- �e�d���d�3�X

�(�j�)�w�X �"���B�-�h�?�2 �+�Q�M�p�2� �̀;�2�M�+�2 �Q�7 �T��� �̀��H�H�2�H �B�i�2� �̀��i�B�Q�M ���H�;�Q�`�B�i�?�K�b �7�Q�` �H�B�M�2���` �+�Q�K�T�H�2�@
�K�2�M�i���`�B�i�v �T� �̀Q�#�H�2�K�b�- �*�Q�K�T�m�i�2�`�b ���M�/ �J���i�?�2�K���i�B�+�b �r�B�i�? ���T�T�H�B�+���i�B�Q�M�b�- �R�N�N�e�- �j�k�-
�R���R�d�X

�(�9�)�w�X �"���B ���M�/ �.�X�C�X �1�p���M�b�-�J���i�`�B�t �K�m�H�i�B�b�T�H�B�i�i�B�M�; � �̀2�H���t���i�B�Q�M �K�2�i�?�Q�/�b �7�Q�` �H�B�M�2���`
�+�Q�K�T�H�2�K�2�M�i���`�B�i�v �T� �̀Q�#�H�2�K�b�- �A�M�i�2�`�M���i�B�Q�M���H �C�Q�m�`�M���H �Q�7 �*�Q�K�T�m�i�2�` �J���i�?�2�K���i�B�+�b�-
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�(�k�k�)�.�X �C�B���M�;�- �u�X �q���M�;�- �u�X �>���M ���M�/ �>�X �G�p�-�J���t�B�K�m�K �+�Q�M�M�2�+�i�B�p�B�i�v�@�#���b�2�/ �+�?���M�M�2�H
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