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GLOBAL SMOOTH SOLUTION FOR THE
COMPRESSIBLE LANDAU-LIFSHITZ-BLOCH
EQUATION*

Boling Guo! and Fangfang Li%t

Abstract The Landau-Lifshitz-Bloch equation is often used to describe mi-
cromagnetic phenomenon under high temperature. In this paper, we establish
the existence and uniqueness of global smooth solution for the initial problem
of the compressible Landau-Lifshitz-Bloch equation in dimension one.

Keywords Landau-Lifshitz-Bloch equation, compressible model, global so-
lution.

MSC(2010) 35K15, 35Q60, 82DA0.

1. Introduction

As well known, the Landau—Lifshitz equation well describes the magnetization dy-
namics of ferromagnets at low temperature. It is famous and many important
results has been obtained, see [7]. In order to describe the magnetization dynamics
in a ferromagnetic body for a wide range of temperatures, Garanin [5, 6] derived
the Landau-Lifshitz-Bloch equation from statistical mechanics with the mean field
approximation in 1990s. The Landau-Lifshitz-Bloch equation is able to rule the
time evolution of both the direction and the modulus of the vector Z, and has
been recently applied to simulations of FePtin [9,14]. It generalizes the well-known
Landau-Lifshitz equation.
The Landau—Lifshitz—Bloch equation is given as follows

Ly

W(Z -HNZ LI (Z x H*T), (1.1)

Zy = —~Z x H! -
= ! ZP
where Z(z,t) = (Z1(x,t), Zo(z,t), Z3(x,t)) is a magnetization functional vector,
v, L1, Lo are constants, “x” denotes the vector outer product, H¢f/ is the effective
field. We can also rewrite (1.1) as follows
T
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with ya = L1, yai = L. Here a and a are dimensionless damping parameters
that depend on the temperature and are defined as follows [1]

0
AM1l——),if0 <6,
a”(ﬁ):Q—e < 300) '

aH(Q), if @ > 0.,

where \ > 0 is a constant.
The effective field H°® is given by

1 3 T
HY=Az - — (142 VARR WA 1.2
X|< Jr5T_TC| |> ) (1.2)

where x| is the longitudinal susceptibility, if L; = Lg, (1.1) can be reduced as
follows [10]

Zi =kiAZ +4Z x AZ — ko(1 + p| Z)?) 2, (1.3)

where the coeffcients k1, ko, v, > 0 and the existence of global weak solution for
the equation (1.3) has been obtained.
In 1982, Fivez derived the classical compressible Heisenberg chain equation

Zy = (G(Zs)Z % Zs),, x € R, (1.4)

where G(£) = A+ B|¢|? and A, B > 0 are constants. Magyari obtained the solutions
of equation (1.4) with B = 0 in [13]. When B = 0, A = g(z) is some given function,
the existence and uniqueness of the smooth solution of (1.4) were obtained in [15]
with g(z) = 1 and g(z) # constant in [3]. The existence of measure-valued solution
of the equation was establish in [2].

In this paper, we will consider the following generalized compressible Landau—
Lifshitz—Bloch equation

Zy = k1 Zaw + (G(2)Z x Zy) , — ka(1 + pl Z*) Z (1.5)
with the initial value
Z(x,0) = Zy(x), v € R, (1.6)

where G(§) = A+ B|¢|%,q > 2 and A, B > 0 are constants, which can be viewed
as a generalization of Landau-Lifshitz—Bloch equation and compressible Heisenberg
chain equation, no one has discussed the compressible LLB equation at present, we
will concentrate on the existence and uniqueness of global smooth solution for the
initial problem (1.5)-(1.6). Developing and extending the methods of [4,8,11], we
obtain the following theorem:

Theorem 1.1. Let the initial data Zy(x) € H™(m > 2), k > 0, > 0, then the
problem (1.5)-(1.6) admits a global smooth solution satisfying

01072 € L=([0, T); L*(R")), 8]0} Z € L*(10,T]; L(R")),
where 25 + |a] <m and 2k + 5 < m + 1.

The rest of this paper is as follows. In section 2, the proof of smooth local solu-
tion of (1.5)-(1.6) is proved in R, a priori uniform estimates in H™ is established,
and the existence and uniqueness of the global smooth solution of (1.5)-(1.6) is
proved in R!.
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2. The proof of Theorem 1.1

From [12] it can be shown that there exists T' > 0 and a smooth solution of problem
(1.5)-(1.6) in [0,7]. Indeed it is easy to check that e?*'2 is a analytic semigroup
generated by k1A in L?(RY), let

X ={2|Z e C([0,T]; H™(R")), t*Z € C*([0,T]; H™(R")), Z(0) = Zo}
and
Y ={Z|Z € X, | Zllcqo,r;mm®vy) + [t Z]caqo,r);mm @)y < 0},

where 0 < a@ < 1 and m > 2. Define a nonlinear operator I on Y by I'(Z) = v,
where v is the solution of

Vg = k1Ugs + (G(Z)Z X Zx)w — k(l +#|Z|2)Z

By Theorem 4.3.5 of Reference [12] (pp.137-139), for every Z € Y, I'(Z) € C([0,T7;
H™(R)) and t°T(Z) € C*([0,T); H™(R!)), then, using the same arguments as in
the proof of Theorem 8.1.1, there exists T'> 0 and § >0 suchthat ' : Y - Y isa
contraction, there exists a unique smooth local solution of problem (1.5)-(1.6).
The following Gagliardo-Nirenberg inequality will be used many times.

Lemma 2.1. (Gagliardo-Nirenberg Inequality) Assume that v € L9(Q),D™u €
L"(Q), QCcR", 1<qr<oo,0<j<m. Then

1D7ull o) < CGymsp,r, @)l|ullfym oy lull oy (2.1)

where C(j,m;p,r,q) is a positive constant, and

1 ] 1 1 ]
=l hac -0, L<as<
p n roon q m
For simplicity, we denote
H : ||LP(]R1) = || : Hpap > 2.

Lemma 2.2. Assume that the initial data Zo(x) € H™(m > 1), for the smooth
solution of problem (1.5)-(1.6), we have

t
1Z2( )13 + / 12, 1)|3dt < C, (2.2)

t
122, DI + / | Zaa -1 )|2dt < C. (2.3)

Proof. Taking the scalar product of Z with equation (1.5), and integrating the
result over R!, we get

1d

L9y 200 + k| Za( 02 = — / G(2)Z x Zy - Zuda
2dt R1

~ta [ 1+ plzP2Pd,
]Rl
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then by the fact A x B+ B =0, A, B are vectors, we find

1d

5120005+ kall Zo ()15 + ka/ (14 p|Z*)|ZPdx = 0.
2dt -

Since k1 > 0,k2 > 0,1 > 0, we get
t
1Z(, )3 +/0 122 (-, )l3dt < | Z(-,0)]]5- (2.4)

Taking the scalar product of | Z|P~2Z(p > 2) with equation (1.5), and integrating
the result over R', we get

|Z|P~2Z - Z,dx
Rl
= [ |ZP7%2Z- Zmdx+/ Z|P2Z - (G(2)Z % Zy) da
R R
— ko / |Z|P~2 (1 + p|Z)?) Z%dx
R1

<— | 12|1P7%Z, - Zpdx — (p —2) / \Z|P~(Z - Z,)?dx
Rt R
<0

)

so we have

Lzl <o
which implies
1Z()llLe < [|Zo(2)lLe, (2.5)
let p — oo, we have
1Z(. Iz~ < [ Zo(a)l=, ¥t > 0. (2.6)

Differentiating (1.5) with respect to « and multiplying it by Z,, we have
ZotZw = k1 Zaae Zo + (G(2)Z X Zy) | Zo — ko (L + plZ*)Z) Zy. (2.7)

Integrating the result over R!, we find
L
2dt

= _/ (G(Z)Z X Zw)zZmda: —/ k‘g((l +M\Z|2)Z)1de$
R R

| Za|I5 + k1| Zae |13

= —/ qB|Z|7*(Z - Z)Z X Zy - Zypdx
Rl

— /R ko(2uZ2Z2 + (1 + plZ|?) 22 dx

<CZ)|& N Za 13l Zaoll2 + CI 215 + DI Z: 13
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1

The generalized Gronwall’s inequality says that if f' = C(f-¢g)+C, f < Cexp (fot gdt)
+C, by replacing f and g by || Z,||3 and ||Z,||3 respectively, and the boundedness
of fot gdt from (2.4), we have the estimate (2.3). Thus the lemma is proved. O

Lemma 2.3. Assume that the initial data Zo(x) € H™(m > 2), for the smooth
solution of problem (1.5)-(1.6), we have the following estimate

t
1 Zaa( 8)]2 + / | Zuaa(-8) 242 < C, (2.8)

where the constant C depends on ki, ko, i, || Zo(2)]|3-

Proof. Taking the scalar product of Z..,, with equation (1.5), and integrating
the result over R!, we get

1d

2dt

_1d

S 2dt

— 7/ (G(2)Z % Z,) ,, Zuaada 7/ ko (1 + p|Z°)2) Zyguwde, (2.9)
R? R1

R

1Z2z 3 + | Zawa I3

where
/R 1 (G(2)Z x Z) ,, Znadr
:/Rl Ba(q — 22172 - 2,22 X Zy - Znpapda
+/Rl Ba|Z|" (22 4 Z - Z,00)Z % Zy - Zugada
+ /R 2Bq| 2|72 - Z4)Z X Zg + Zgaada

t+ | G(2)Zy X Zyy - Zypoda
Rl

<CIZNGHZo I3 Zosall2 + CNZNLN Zollal| Zo || Zowa 2
+ CA+ 12181 Z2 | all Zeallal| Zaea |-

By Gagliardo-Nirenlerg inequality, we get

3 1 3 1
1Zalloc < CllZall3 1 Zazallz s 1Z2lla < CllZall3 1 Zaall3

5 1 3 1
”Zx”ﬁ < O”anf ”Zxx:c”QGv ||Zxx||4 < O”Zacac”é1 ”ZmeéL:

so we have
/ (G(2)Z % 2,), Zopaddi
R

5 3 3 5
<CIZIGHZolI3 | Zaaall3 + CNZNEN Zall3 1 Zaoll2l| Zoaa 3
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3 5
+ CA+ZIENZ2 I3 | Z2a 2]l Zawall 2

<C(NZeal) + 71 Zaral + C.
By the Hélder inequality, it follows that
— [ k04 12)2) i
=k /Rl (L4 plZ*)2) Zyzoda

—ta [ (222 + (U 2P 2e) D
R
<O 2121 Ze o) Zese s

1
<71 e} + €,
then
d 2 2 4
i1 Zaall2 + 1 Zzaollz < Cll Zasll2 + €, (2.10)

by Gronwall’s inequality, the (2.8) holds. O

Lemma 2.4. Assume that the initial data Zo(x) € H™(m > 2), then for the smooth
solution of problem (1.5)-(1.6), we have the following estimate

t
| Zawa (- 0)2 + /0 | Zawas (- 8)|2dt < C (2.11)

where the constant C depends on ki, ko, , || Zo(x)]|3.

Proof. Taking the scalar product of Z, ;420 With equation (1.5) and integrating
the result over R', we have

1d
a 7. szm 2 k Z:vzzxa:Zxazmd
5 i1 ZonslE = [ .
:/ (G(2)Z x Zy) oo Dagad —/ ko ((1 +M|Z|2)Z)Tmzwmdx
- -
= _/ (G(2)Z x Zy) ,, Zoaada +/ ko(L+ plZ1?)2) , Zogaadz,  (2.12)
R R1

where

/ (G(2)Z % 2,).. Zusuode
R o
:/ {2%1.(2)2 X Zy 4 3Gn(Z)Z X Zuw + 3Ga(Z) 20 X Zon
Rl
+ SGw(Z)Z X Lpww + ZG(Z)ZI X Lpww + G(Z)Z X mew}wawwdx

-/ {Bq<q—2><q—4>|Z|q-6<Z-zz>3
Rl
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+3Bq(q—2)|Z|""NZ - Zo)(Z2+ Z - Zy)

+ Bq|Z|"7%(3Zy - Zpw + Z - me)}z X Zop * DwwwndT

+ /R {Bq(q - |21 Z - Z,)?

+ Bq|z|" 2z} + Z - Zm)}Z X Zyg * Zoweadr
+ /R 3qB|Z|"H(Z - Z2)Zuw X Za - Zanwwd
+ /R 39B|Z|"2(Z - 2)7 X Zue - Znunda

—|—/ 2G(2)Z, x me}medx
R1

<CN 22N Za I3 1 Zozasll2 + CIZNES 1 Za 26N Zao |2 ]| Zowaa |2
+ Cl 21122131 Zaaol2]| Zowaa 2
+CUIZISH N Ze 2l Zaz N2 + 1 21811 Zew |D N Zo i |12
+ ClIZIIE N Zz oo | Zaa 2| Zo e |2
+ O+ 218N Zellol| Zeall2 | Zazall2 ]| Zaza 2

By Gagliardo-Nirenlerg inequality, we get
1Zolloo < CNZol3 1 Zuwallds 1 Zaalls < Cll Zool3 1 Zuzall3
thus,
/R (G2 % 2),,, Zuwnda
<CN 23| Zuwe o Zawaallz + CllZol 311 Zuna 12 | Zaa 2| Zuma
+ CN 2013 1 Zowol3 | Zosasllz + CN 2213 1 Zuwoll3 | Zos 2] Zasao
+ O\ Ze |1 Zea |31 Zonaa |2 + Ol Ze 131 Zewa | | Zoall2 ] Zoaalls
< i Zearal3 4 O Zuaal3 + 1 Zusal )
By the Hélder inequality, it follows that

/ ko (L+ plZ1*)2)  Zovanda
-

=k2/ 2u(Zy - Zp)Z + 207 Zyy - Z
]Rl

+5uZ - Zy - Zy + (14 | Z|?) Zo) Zowwwd

1
<71 el 4+,

then,

d



Global solution for compressible LLB equation 2461

by Gronwall’s inequality, the (2.11) holds. O
By induction, we also have

Lemma 2.5. Assume that the initial data Zo(z) € H™(m > 2), then for the smooth
solution of problem (1.5)-(1.6), we have the following estimate

t
sup 120G+ [ 1Zs (0t < (214
0<t<T 0

where the constant C depends on ki, ko, u, || Zo(x)||3, 7 > 3.

Now we will deal with the uniqueness of the solution in problem (1.5)-(1.6).
Assume that there exist two solutions Z,Y. Let W = Z — Y, then W satisfies the
following equation

Wi = kiWao + (G(2)W x Z,)  + (B(R(Z,Y) - W)Y X Zy)
+ (GO)Y x Wy) = ka(L+ plZP)W — ku(Z +Y) - WY, (2.15)

where R(Z,Y) = 29 |Z|/|Y|9=*~% making the scalar product of W with equation
(2.15) and then integrating the result over R!, we have

1d

2 dt

=— | G2)W x Z,  Wyda —/ B(R(Z,Y) - W)Y X Zy - W,da
R? R1

W13 + k| Wa I3

+/ k(1+,u|Z|2)|W|2dx+k2u/ (Z+Y) - WY -Wdx
R? R

SCW oo (L + 12118 Zall2[We 2
+ OV oWl (121155 + YIS )1 Z 21 |2
+CNZIENWIZ + CUI1Z]lso + 1Y o) Y o W13 (2.16)

By using Gagliardo-Nirenberg inequality, one has
3 1
[WllLee < CIWIZ [Waall3 - (2.17)

Applying the estimate (2.14) and inequality (2.17), we get

1d 1
57 Wz + FllWel3 < Z1Weal3 + CUWL 3 + [WII3). (2.18)

On the other hand, multiplying (2.15) by W, and then integrating the result
over R!, we have

1d
§$||Wz||§ + Ky |[Wasl3
:/ (GI2)W % Z2)s - Wanda +/ B(R(Z.Y) - W)Y x Z,) - Wyyda
R1 R1

+/ (GY)Y x Wp)y - Wpda +/ ko(1 4 p|ZHYW - Wypda
R R
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+kzu/ (Z+Y) - WY - Wyda
Rl

1
SZHWmII% + C(IWLll5 + [W113), (2.19)
where
/ (G2 X 20}y Wonda
RL

<C(IW sl ZIS N Za I Waall2 + I 211211 Za 4l W [l4l Wz 12
HIW oo | 2118 | Za 2] Waa|l2)

similarly,
/ B((R(Z, Y) W)Y x ch)z - Wepdz
R1

:B{/ (Ro(Z,Y) W)Y x Zy - Wynda +/ (R(Z,Y) - W)Y x Zy - Wyada
R1 R1

+/ (R(Z,Y) - W)Y, X Zp - Wydx
R1

+/ (R(Z,Y) W)Y X Zyy - Wmdx}
Rl

<SCR(|ZI5 1Y N1
+CR([|Z]| 0 1Y ]l
+ CR([[ Z]ls0: 1Y ]l
+ CR([| Z] o0, Y ]l

W lloo (I1Z2 1 + 1 Zzllall Y lla) W2
W lloo [ Za |4l Y || 4] Weze |2

1Z2 |l W [l Woa |2

IWllool| Zaall2Waa 2,

e — — —

where R([|Z oo, [V lloc) = {21 12115 Y [147, and
/ (GY)Y x Wy)y - Wagda
R1

= | Gu(Y)Y x Wy Wasdz + | G(Y)Ys x Wy - Wapda
R R1
[ GO)Y x Way - Waadz
R1
SC(IY oo 1213 MY W ll 4 Waa |2
+ O+ YISOVl allWellalWezll2 + CIY 18 [ Wea |13,

then by (2.14) and the following imbedding inequality

3 1
Wlla < CIWII3 [Well3

we have

Ld
2dt
Combining (2.18) and (2.20), we can get

1
IWell2 + | Weallz < 7 1Weallz + CUW I + [W23). (2.20)

d
S WIS+ I3} + LW I3 + W13} < CUWIE + [W213),
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and then by Gronwall’s inequality, we get the uniqueness.
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