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INTERACTION SOLUTIONS AND
ABUNDANT EXACT SOLUTIONS FOR THE
NEW (341)-DIMENSIONAL GENERALIZED

KADOMTSEV-PETVIASHVILI EQUATION IN
FLUID MECHANICS

Jian-Guo Liu"", Wen-Hui Zhu?' and Li Zhou!

Abstract In this work, we present the interaction solutions and abundant ex-
act solutions for the new (3+1)-dimensional generalized Kadomtsev-Petviashvili
equation based on the Hirota’s bilinear form and a direct function. The ob-
tained interaction solutions contain the interaction between the rational func-
tion and the tanh function and the interaction between the rational function
and the cos function. The dynamical properties of these resulting solutions are
analyzed and shown in three-dimensional plots, corresponding contour graphs
and plane figures.
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1. Introduction

Profound changes happening in modern natural science, nonlinear science through
the mathematical science, life science, space science and earth science, becomes
an important frontier field for contemporary scientific research. Solitary wave and
soliton are one of the important concepts to promote the development of nonlinear
science [1-5]. Soliton originated in solitary wave, it has been applied in a series of
high tech fields such as nonlinear optical, magnetic flux sub-device, biology, plasma
and optical fiber isolation, and many of these applications can be represented by
nonlinear partial differential equation (NPDE) [6-14]. So it is necessary to study
the solitary wave solution or the soliton solution for the NPDE. Various method are
proposed by the researchers [15-25].

Recently, the rational function solution called lump solution as a kind of soli-
ton solution has attracted the attention of many scholars, especially interaction
solution between the rational function and other functions, such as trigonometric
functions, exponential functions, hyperbolic functions, and so on [26,27,30-32]. In
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this paper, we aim to research the new (3 + 1)-dimensional generalized Kadomtsev-
Petviashvili(ngKP) equation [28].

Uty + Utz + Uty — Uz + 3(”1 uy)a: + Uggry = 0. (11)

The multiple soliton solutions were investigated by Wazwaz in Ref. [28]. New exact
periodic solitary-wave solutions were obtained in Ref. [29]. As far as we know,
interaction solutions among the rational function, the tanh function and the cos
function have not been found in other literatures.

The organization of this paper is as follows: Section 2 lists the Hirota’s bilinear
form and obtains the interaction solutions between the rational function and the
tanh function. Section 3 presents the interaction solutions between the rational
function and the cos function. Section 4 obtains the abundant exact solutions. The
dynamical properties of these obtained solutions are analyzed and shown in some
corresponding figures. Finally, the conclusions are presented.

2. Hirota’s bilinear form and interaction solutions
between the rational function and the tanh func-
tion

Substituting u = 2[In¢], into Eq. (1.1) and simplifying, we have the following
Hirota’s bilinear form [29]

(DD, + D;D, + D;D, + D2D, — D) - ¢ = 0. (2.1)
This is equivalent to:

(Cmazzy + Cta: + Cty + Ctz - sz) C - 3<mzyCz + 3<xy Ca:m

—Cy Came — GiCa — GGy — Gi¢z + (2 = 0. (2.2)

Considering Eq. (2.2) has the following interaction solutions between the rational
function and the tanh function

0= 01T+ Loy + t3z + 14T + t5,
¢ = 6T + L7y + Lgz + Lol + L10,
¢ = 0® 4+ <% + ktanh(jix + joy + jaz + jat) + t11, (2.3)
where ¢;(1 <14 < 11) and j;(1 < i < 4) are undetermined constants. Substituting
Eq. (2.3) into Eq. (2.2), we have the following relational expression

2

. L3lg L3 . L1j3
to=t7=71 =018 = —,14 = j2 = ——,
L1 L1+ i3 L3
. 2
. L3]3 L3l6
Ja=——,lg = 5— (2.4)

5 69 )
1143 2+ 1301

where t1 # 0,13 # 0,¢1 + t3 # 0. Therefore, we have

L33t 11J . 13t
(1= ktanh(?’jT?’ + (jsy +j32) + (t5 + i + x4 132)?

L1 L3 L3 L1 L3
2
Lglat Lgl3z
oo+ 5 igr + 2252 4y, (2.5)

L]+ t3t1 A



962 J. Liu, W. Zhu & L. Zhou

Substituting Eq. (2.5) into the transformation u = 2[Ing],,, we derive the inter-
action solutions of the ngKP equation

2

L3t
u = [2|2t1(e5 + + 1+ t32) + 206(t10 + 55—
[2[201(¢5 0+ s 1 3%2) 6(t10 L%-}-Lng

Lttt

+ g

13t

L1+L3

L33t 117 .
M/ le11 + k tanh(—223% 4 BI3Y 4 5oy 4 (s +
L1 L1 + 3 L3

Lel3z

Lglzz

)?]- (2.6)

t
2
‘oz +32)° + (L0 + —L% e + 16T + »

The dynamical properties for interaction solution between rational function and
tanh function are displayed in Fig. 1. Figures 1(a), 1(b) and 1(c) list the 3d graphs
in the (y, z)-plane when © = —5, 0, 5 respectively, Figures 1(d), 1(e) and 1(f) present
the corresponding contour diagrams of Figures 1(a), 1(b) and 1(c), and Figures 1(g),
1(h) and 1(i) show the corresponding plane figures of Figures 1(a), 1(b) and 1(c)
with y = —8.
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Figure 1. Plots of the interaction solutions (2.6) for 11 =6 =2, k=t =1, 13 = —1, 15 =5, t11 = —6,
t10 = 3, j3 = —2, when z = =5 in (a) (d) (g), z = 0 in (b) (e) (h) and z = 5 in (c) (f) (). y = —8 in
(g) (h) and (i).
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3. Interaction solutions between the rational func-
tion and the cos function

Based on the collision of rational function and trigonometric function, we set

0 = 11X + L2y + L3z + 14t + 15,
S = 16T + L7y + tgz + gt + 10,
G = 0%+ %+ kcos(jix + joy + jaz + jat) + t11. (3.1)

Substituting Eq. (3.1) into Eq. (2.2), we have the following comparison expression

Lale L3lg L% L%Lﬁ
g = ——,lg = ——,l4 = Lo = )
L l1 1+ 1o+ 13 t1 (b1 + 2 +13)
. 2 4 2., ,2
.. t1J3 — LaJy _ 2 (Ll + LG)
J2 = — yJa = ; - — K = D) s
L1 t1 (j1+J3) — tan J1

t3 = —[ua (6 +6§) (—30) [26357 + s (1 — 43 — eegi)] -
\/mz (f +18) 231l (1 + Js) — 2t ]P[=0F + 313 + 1201 (57 + 2)]]
J103 +18) 3213 + 05 = vona (57 + 2)1); (3.2)

where L1 7é Oaj1+j3 7& 07 L1+L2+L3 7& Ovjl 7& 07 L%—’_L% 7& 07 L1 (.71 +j3)_L2j1 7& 07 L%—’_
13— 1501 (jf +2) # 0. Substituting Eq. (3.1) and Eq. (3.2) into the transformation
u = 2[Ing],, we get another interaction solutions of the ngKP equation

L%t
L1 +t2+t3

t (1173 — 1247) . Ly . .
2 — + j1x — +732)/(J162
v1 (J1 + J3) — t2g1 L1 4 )
2
LLst Lol Lel3z
6L3 F T + 2l6Y + 613
t1(t1 + ta + t3) 1 1

u=4u1(5 + + x4+ oy + 132)/Co —4(L% ‘Hg)

x sin(

+4ug[t10 +

1/Ca- (3-3)

The dynamical properties for interaction solution between rational function and
cos function are demonstrated in Fig. 2 and Fig. 3. Figures 2(a), 2(b) and 2(c) show
the 3d graphs in the (y,t)-plane when & = —3,0, 3 respectively, Figures 2(d), 2(e)
and 2(f) list the corresponding contour diagrams of Figures 2(a), 2(b) and 2(c). Fig.
3 display the 3d graphs and corresponding contour diagrams of interaction solution
(3.3) in the (z,y)-plane when z = —35,0, 35 respectively.

4. Abundant exact solutions

To study the exact solutions for Eq. (1.1), a direct test function is selected as follows
in Eq. (2.2)

C = Al 6\1/1 + 6_‘1’1 + A2 tan (\112) + A3 tanh (\113) N (41)

where ¥, = k; x4+ Ny +piz+vit,i =1,2,3,4 and k4, \;, pi, v; are undetermined
constants. Substituting Eq. (4.1) into Eq. (2.2) and equating all the coefficients
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Figure 2. Plots of the interaction solutions (3.3) for v1 =15 = j1 =2, ta = —1, 2 =16 =0, t11 = —6,
t10 =3, j3 = —2, when z = —3 in (a) (d), = 0 in (b) (e) and = = 3 in (c) (f).

Figure 3. Plots of the interaction solutions (3.3) for t1 = t5 = j1 = 2,10 = —1, 16 =1, t = 20 ¢t11 = —6,
t10 =3, j3 = —2, when z = —35 in (a) (d), 2 = 0 in (b) (e) and z = 35 in (c) (f).



Interaction solutions and abundant exact solutions. .. 965

of different powers of €1, e=¥1  tan (¥,), tanh (¥3) and constant term to zero via
symbolic computation [33-39], Eq. (1.1) has the following exact solutions
Case(1)

2 5
Ko = kg = 0, \g = K2 H2V2 M3 T HsVs o H2Vs
V2 Vs %]
2(,.3 3 ,
Kyt v 3 (K1 +2
)‘1:_#3(12 1)+M(1 ul)—m—ul,m:L,
V3 12} K1+ p1
H2 (— H%—4H%61—|—/§%+2M1)
T : (4.2)
2 (K1 + 1)

2
Mt N u—
Uy = [2 <H1A16”1+M1 triztAytiz — K1e ritm m1T— A1y ,ulz)]

2
A Mt A\ y—
/[A16“1+“1+K1m+ 1y+u1z+e mibpg 1T My “lz—l—Agtan[ugt—i—,ugz

23y (% - 1) Uol3Z
+ Il

+p2y ('u2 - 1)] + Agtanh[vst + , (4.3)
V3 V2 V2
where €; = £1.
Case(2)
2 _
K2 :H3:)\1 :07)\2 = £ M2y27>\3 - /1’3V3,H1 :2623
1) V3
2 2 4
pp= ) m el tis) (4.4)

+4es T ki w1+ 2€2
2
Uy = [2 <2€2A1€“1+2‘2 +2xex+p1z 2626_”111212_2$62_H12>}/[A16M1+2F2 +2xeatp12
2usyen (1 + 2€2) 3z (py + 262)}
(11 + 4eg) 2 w1+ 4eo

ot (11 + 4e2) 2poye€n
Aot — , 4.5
+Ap tan ( i+ 262 " —|—462 + ugz } ( )

2
Mt 9,
+e itz T TETE 4 g tanh[vst —

where €5 = £1.

Case(3)
13 — pisvs pa (1 —v1)
KB:AZ:)\1207A3: ,R1 = )
V3 12z

vs = ~luslines (i =) 2\/_2“‘;’1’1 + (u} —4) v + pd + 3uin

=3pdv} + pdvi — pf — 281/ (2mnd), (4.6)

2 —v

Uz = e H1 (:ul 1) 7 (4.7)

[A3 tanh(V3t+)\3y+;L32)+2 + 1]

( -)

V1

where €3 = £1.
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Case(4)
1V2 1%
>\1:>\2=>\3=07,uz='u , 13 = K2 2
151 V2
K1 = (i = 1) , Ko = ta (2 — v2) y k3 = H3lfs = V) (ps = V3), (4.8)
V1 12 Vs
ug = [2[py Ape” TTRIETIE 4 g0 Ay sec? <1/2t + Kox + M1V2Z)
151

1V3% —vit—Kiz—
4 53A3560h2 <I/3t + KT + H ) — Kie vit—K1x ;leH/[Aleult+n1m+u1z
31

+ Az tan <1/2t + Ko + MWZ) + A3z tanh <V3t + K3w + W)

1% ¢!
+ e—vlt—nlx—ulz]. (49)
Case(5)
M o= Ao = Ag = 0,5 = 1123
151
o = (1 — Vl)’ﬁs _ ps(ps — V3)7 (4.10)
11 V3

; 132 —uit— —
U5 = [2[/{1A16V1t+ma+ulz+/€3A38€Ch2 (U3t+ﬁ3.’17+uy )—me vit—mz M1ZH
1

J[Aperrttratinz 4 As tanh (Vgt + k3T + W) e tTmTTmE] (411)

141
Case(6)
Al = A3 = )\2 = O,Iil = M,Kz = 12 (MZ — V2)7I/2 = IuQVl, (412)
11 12} M1
ug = [2[ry Age”tHETTIE o Ay sec? (ot + Kox + pgz) — Kye VT FIT TR
J[Age tTEEt g LAy tan (vat + Kox + pigz) 4+ e VTR, (4.13)
Case(7)
2
pi — v (K1 + pr)
Ao = Ay =0,\ = 4.14
2 3 ! 4Kk3 + 11 (4.14)
Z/[M% — vy (K1 + py)]

uy = [2[k1A1 explat + k1T + + p1z] — Ky expl—nt

4Kk3 4+ 11
ylpui —vi (K1+pm)] ylui —vi (K1 +p)]
iz - A t
K1T PP, u12]]]/[Ar exp[vit+riz+ PP,
2 vy (ke +
+p12] + exp[—uvit — K1x — Yl = vi(ma + p)l w1 z]]. (4.15)

4Kk3 + 11

As an example, we study the dynamical behaviors for Eq. (4.3) by choosing
different values of parameters as follows

K1 = V3 = 2,/.1,1 = —1,/,62 = -3. (416)
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Figure 4. Solution (4.3) with Ay = —2, Ao =1, A3 =0, z =t = 0, (a) three-dimensional graph (b)
contour graph.

Figure 5. Solution (4.3) with Ay =0, A2 =1, Az =1, z =t = 0, (a) three-dimensional graph (b)
contour graph.

>
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N

Figure 6. Solution (4.3) with Ay = —2, Ao =0, Ag =1, z =t = 0, (a) three-dimensional graph (b)
contour graph.
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Figure 7. Solution (4.3) with Ay = —2, Ao =1, A3 =1, 2 =0, when t = =5 in (a) (d), t = 0 in (b)
(e) and t =5 in (c) (f).

Figure 8. Solution (4.9) when z = —10 in (a) (d), z =0 in (b) (e) and z = 10 in (c) (f).
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Substituting Eq. (4.16) into Eq. (4.3), the dynamical behaviors for solution (4.3)
are shown in Figs. 4-7.
Setting

vV =UlV3 = 2,/11 = —171/2 = A2 = A3 = 1,A1 = -2. (417)

Substituting Eq. (4.17) into Eq. (4.9), the dynamical behaviors for solution (4.9)
are shown in Fig. 8.

5. Conclusion

In this paper, the interaction solutions for the ngKP equation between rational
function and tanh function or cos function are presented based on the Hirota’s
bilinear form. Abundant exact solutions are also obtained by using a direct test
function. Equations using this method need to have the Hirota’s bilinear form. The
dynamical properties of the obtained solutions are analyzed and shown in figures,
which contain 3d plots, 2d contour plots and the plane graphs.
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