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Abstract We study an existence and uniqueness for the nonlinear Riemann
type problem and also give an error estimation for the approximate solutions
in the Newton embedding procedure in higher dimensional spaces. Clifford
analysis plays a key role in our approach.
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1. Introduction

The Riemann-Hilbert boundary value problem is also called Riemann type problem
and is a boundary value problem for analytic functions in plane which was first
formulated by Hilbert during his investigations of a set of problems mentioned by
Riemann in his dissertation. The results of linear Riemann-Hilbert type problems
on the complex plane in the classical sense were studied. What is the nonlinear
Riemann-Hilbert approach in higher dimensional space? Is this nonlinear approach
exists? Clifford algebras were introduced over one hundred years ago in attempt by
William Kingdon Clifford to develop higher dimensional number system analogous
to the real and complex numbers. Clifford analysis generalized complex analysis to
a higher dimension in a natural and elegant way is systematically studied, see [4,7].
Thus, it is natural to consider Riemann-Hilbert problems within the frame work
of Clifford analysis setting. We refer to [1-3,8-12,14]. From pure mathematics,
mathematical physics and engineering applications, we need to research the theory
of nonlinear Riemann type problems in higher dimensional spaces. The nonlinear
problems are not easy to be solved. Due to the Hilbert transform which plays an
important role in Riemann-Hilbert problems in Clifford analysis is not a compact
operator, the classical method of functional analysis fail to solve the problems. To
solve the nonlinear Riemann type problems, we use Clifford analysis and Newton
embedding method.

The structure of this article is the following. In Section 2 some basic notations
of Clifford algebras and Clifford analysis need in the sequel are introduced. Section
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3 is dedicated to our main result, where the nonlinear Riemann-Hilbert problem is
investigated in Clifford Holder spaces. Section 4 gives an error estimation for the
approximate solutions in the Newton embedding procedure.

2. Preliminaries

Let A :=R(ey,...,e,) denote the free R-algebra with n indeterminants {ey, ..., e, }.
Let J be the two-sided ideal in A generated by the elements
{2 —1,i= 1,...,5;612+1,i:5+1,...,n;eiej+ejei,1 <i<j<n}.

7

The quotient algebra Ci(V;, ) := A/J is called the Clifford algebra with parameters
n, s. Without risk of ambiguity, we take the usual practice of using the same symbol
to denote an indeterminant e; in 4 and its equivalent class in A/J. Therefore,

e1,- - , ey considered as elements of A/J have the following relations:
e? =1, i=1,...,s,
e? = —1, 1=s+1,...,n, (2.1)

€i€j + €€, = 07 1 7& ]
Set
en..1, =€y e, whilel<[ <--- <l <n.

For more information on CI(V,, ), we refer to [4-7]. In this article, we only consider
s = n. Thus CI(V,,,) is a real linear non-commutative algebra. An involution is
defined by

7L(A)(n2(A)+3)

éAZ(—l) eq,if A€ PN,
- (2.2)
A= > Adaea, if A= > Aaea,

AEePN AEPN

where
{ea, A={ly,....,} ePN, 1<y <---<l. <n},

n(A) is the cardinal number of the set A, N stands for the set {1,2,---,n} and
PN denotes the family of all order-preserving subsets of N in the above way. The
Cl(Vy n)-value n-1-differential form

n

do =Y (-1)"te;dz)

i=1
is exact, where
di'\iv :difl /\"'/\dxi,1/\d(Ei+1/\"'/\d.’En.

If dS stands for the classical surface element and

n

n= E €1y,

i=1
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where n; is the i-th component of the outward pointing normal, then the Clifford-
valued surface element do can be written as

do = ndS. (2.3)

The norm of A is defined by [A| = (3 [Aal?)2.
AEPN
Suppose 2 be an open non-empty subset of R" (n > 3), denote 2T = Q and

Q~ = R™\ Q. We introduce the Dirac operator D = Z €; 72 a . In particular, we

have that DD = A where A is the Laplacian over R™. A functlon u: Q= Cl(Vyn)
is said to be left monogenic if it satisfies the equation D[u](x) = 0 for each x € Q. A
similar definition can be given for right monogenic functions. For more information
as regards the Clifford algebra can be found in [4,7].

3. The Clifford Holder spaces and a non-linear Rie-
mann type Problems

In order to solve nonlinear Riemann type boundary value problem, we need to
introduce the theory of Clifford Holder space and define a new function space.
Let ©Q be an nonempty subset of R, u(x) = > esua(x), where us(x) are
A

real functions. wu(x) is called a Holder continuous functions on  if the following
condition is satisfied

2

lu(x1) — u(xz)| = Z lua(x1) —ua(x2)?| < Clxi — x|,
A

where for any x;, X2 € 0, X1 # X2, 0 < a < 1, C' is a positive constant independent
of x1, X2. Denote by H*(Q) the set of Hélder continuous functions with values in
Cl(Vpn) on Q (the Holder exponent is o, 0 < a < 1). Define the norm of u in
HO(©) as

lull e ) = llulloo + llullne (3.1)
where |[u||oo 1= sup |u(x)], ||ul[pe == sup % It is clear that H*(Q) is
xS x1,%2€
X1¢XQ

a Banach space with norm (3.1).

We study the following Riemann type problems with respect to a given boundary
0f) which is a Lyapunov surface of an open bounded nonempty subset 2 in R™.

In what follows, we denote
tx)= lim u(y).

y—=+x€9Q
yeat

u

For u € H*(02), 0 < a < 1. Its Cauchy transform Cu and Hilbert transform
Hu by

Cu(x) := i/ udayu(y), x € R™\ 09, (3.2)
oo ly —x|"
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and

1 y—X
=— e Q .
Hu(x) o /69 v X|ndayu(y), x € 09, (3.3)

respectively. Here w,, is the area of the unit sphere in R™. In the articles [13,15],
the authors established the relationship between the Cauchy transform (3.2) and
the Hilbert transform (3.3).

Lemma 3.1 ( [13,15]). Foru € H*(0Q), 0 < a < 1. Then

o ulx) 1

Furthermore, the Cauchy transform Cu can be Hélder continuously extended from
Q into Q and from R™\ Q into R™ \ Q with limiting values in (3.4) and we have the
inequalities

ICull o @y < Cllull o (on) (3.5)
and
[Cull e ®m\0) < Cllull e 00), (3.6)
for some constant C depending on o and OS).

Theorem 3.1. Let u be the solution of the following Riemann type problem:

ut(z) =u (x) + g(x), z € 09,
lim w(x) =0,
|x|—00

where g(z) is Clifford value function in H*(0Q) 0 < o < 1. Then

[ull gre @) < Cllgllze o0 (3.7)

and
]l e mr\0y < Cllgll e (00)- (3.8)
Proof. In view of Lemma 3.1, we can directly prove the result. O

Remark 3.1. If a bounded w in H*(Q2) (| H*(R™ \ ), we define the norm
lulla = [lull go @) + lull o @m\0),
then (3.7) and (3.8) in Theorem 3.1 can be written in the form
ulla < Cllgll (o0

where C' = 2C.
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In this sequence, we consider the following nonlinear Riemann type problem
now:
Dlu] =0, in R™\ 09,
ut(x) =u"(x) + g(x,u™,u"), x € 09, (3.9)

lim wu(x) =0,
|x| =00

we assume the following conditions to be fulfilled:
(C1) For each uq, ug in H*(9Q) 0 < o < 1, the function
g(x,u1, uz) = g(x,u1(x), u2(x))

is in H*(0f2) as a function of x. Moreover there exists a nonnegative constant N
such that CN < 1 where C is the same as in Remark 3.1, and for all uy, w1, us, Us
in H*(0)) we have

llg(-su1,u2) — g(- U, U2)| e (a0)
SN[[Jur — [ gea0) + lug — U2l ze(00))-
We shall prove the existence of solution for the boundary value problem (3.9).

Theorem 3.2. Suppose g satisfies the above conditions (C1). Then the problem
(3.9) has exactly one solution provided that the constant N in (C1).

Proof. Firstly, for each t(0 <t < 1), we consider the problem

Dlug] =0, in R"\ 99,
uf (z) = u; (x) +tg(x,ut,u™), z € 99, (3.10)

lim wus(x) =0.
|x|—o00

When ¢ = 1, the problem (3.10) is just (3.9). For ¢t = 0, up(x) is a monogenic in
R™ vanishing at infinity so that ug(x) = 0 is the unique solution. We now assume
U, (X) to be a solution of (3.10) for a given ¢y with 0 < tg < 1. With the help of
a combination an imbedding method with a Newton’s method, we will show the
existence of a solution of (3.10) for all ¢ in ¢y < t < ¢y + ¢ for some ¢ > 0 that is
independent of t3. Then we can conclude there is a solution for ¢ = 1.

We denote u(x) £ uy,(x) and let uf™(x) to be the solution of the linear
problem

Duf™] =0, in R\ 99,

(W) (x) = (1)~ () + g, (uf) ¥ () ), x € 09, (3.11)

Thus the linear problem (3.11) is uniquely solvable. The differences

() £ uf (%) —uf(x), k €N,
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fulfill
D[fF] =0, in R™\ 99,
(FE)T(x) = (fF)7 (%) + hi(x), x € 9,
\x1|1£>noo ftn(X) =9
where
ho(x) 2 (t — to)g(x, (ug) ™, (u)7)
and

hie(x) £ tlg(x, (uf) ™, (uf) ™) = g(x, (i ™)F, (ur™ ) 7)), ke N\ {0}.
In view of Theorem 3.1, we obtain that
15 lla < Cllhkllma(o0) k € N {0}. (3.12)

From the condition (C1), it is easy to check that

holl e o0y <(t = to)N||(u) ¥ || e a0y + (t — to) N || (uf) ™ || e (a0
+ (t —to)llg(+,0,0)[ zre a02) (3.13)
<(t —to)N|Juflla + (t — to)llg(- 0,0)|| o (00

and

sl e o) SENICE™)F e @a) + NI ™ e @0)

SN o .
Combining (3.12), (3.13) with (3.14), we have the following inequalities
£ ]la < C(t = to)Nufllo + C(t = o) 9(-,0,0) | 1o (a0 (3.15)
and
1fF e < CENFE (3.16)

where k € N\ {0}.

Since u?(x) is a solution of (3.11) for ¢t = tg, applying Theorem 3.1, the apriori

estimate gives
[ulla < toCllg (-, (u?)*, (@) ™) ma(an),
using the condition (C1), we obtain that
[uf]la < toCN||uflla + toCllg(-,0,0)|| e (o0)- (3.17)

Denote
k2 CN

and
ro = Cllg(+,0,0)| ge(o0)-
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We then have

tok
Pla < —— 3.18
o < £ (318)
and rewrite (3.15) as
tok
1 lla < (8 = to) (=== + o). (3.19)

1-— toli
We have

k n
j+1 j k
(™ o = g lla) < D1l
=0 k=0

J

and use the inequalities (3.15), (3.16), (3.17) and CN < 1, when n tend to +o0,

these imply the convergence of {uf}; >0 in the || - 4.
Secondly, we now prove that the limit function u.(x) satisfies (3.11). To do so
we let n tend to 400 in (3.11). Due to convergence is with respect to the || - |4

norm it follows that u:(x) belongs to H*(Q) (N H*(R™ \ ), and that the trans-

mission condition of (3.10) is satisfied. Moreover, |[u¥||, are uniformly bounded,

by Weierstrass’ Theorem (See [4,7]), we conclude that D[uf™] converge to D[uy]

uniformly on compact subsets of R™ \ 99 such that D[u;] = 0 in R™ \ 99. It is

clear that ‘ llim ut(x) = 0. Hence we have completed to show that wu;(x) satisfies
X|—00

all of (3.10). It follows that after finitely many steps one ends up with a solution of
(3.11) for t = 1, which is the problem (3.10).

Finally, to finish the proof of Theorem 3.2, we need to show the uniqueness. Let
u1 and ug be two solutions of (3.9). Then u = u; — ug is a solution of the linear

D[u] =0, in R™ \ 89,
ut(x) =u" (x) + g(x), x € 09,

lim wu(x)=0.
|x|—00

where

~ A

9(x) £ g(x,uf (%), uy (%)) = g(x, u3 (x), uy (x)).
Using Theorem 3.1 and the condition (C1) again, we get
lulla < CN|lulla,

since CN < 1, we conclude that u; = us. The proof is done. O

4. Error Estimation

In this section, we shall compute the difference of the solution of (3.9) and its
approximation u(x). Let
A

v (%) £ (%) — g (%), v(x) £ u(x) — ur(x)
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where u(x) = ui(x).
In view of (3.10) and (3.11), we have
Dlvk41] =0, in R™\ 09,
Ulj+1(x) = U1 (%) + gr (%), x € 09,

lm wvgyq(x) =0,
|x| =00

where
k(%) = tlg(e,uf  uy) — g, (u)h, (ug) 7))
According to Theorem 3.1, we get
lvntilla < Cllgrllre (o)
< tON|luf — (uf) || e on) + tCN|uy — (u) ™ || e (on)
< ONuq — b (4.1)
< HON[lJvgtalla + uf*t = ufla]
= t6[l[vkslla + /€l

moreover we have

tk

ksl < 17
by (3.15) and (3.16), we deduce that
o lla < c(tr)! (12)

where ¢ = 110(12__7:)2.
On the other hand, the function v is a solution of

D] =0, in R™\ 09,
vt =07 4+7, ondQ,
lim wv(x) =0,
|x|—00
where

Applying Theorem 3.1 and the condition (C1) again, we obtain that

[vlla < sllolla + (1 = Okllutlla + (1= H)C[lg(:,0,0)[| e (o0
= rlolla + (1 = O)kllurlla + (1 = t)ro,

furthermore
1—t
oo < 1= (0 + mluclla)
2—-kK 4.3)
<(l—-t)——— (4.
<( )(1 — H)Qkoo
=(1—-1t)c

Combining (4.2) with (4.3), we have the following result:
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Theorem 4.1. The error between the solution u(x) of (3.9) and its approximation

ul(z) can be estimated by

lu = wllo < e[(tr)*1 + (1= 1],

where ¢ = Kg (12:;)2 .
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