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Abstract In this paper, we study a nonautonomous predator-prey model
with Crowley-Martin and modified Leslie-Gower schemes with stochastic per-
turbation. The existence of a global positive solution and stochastically ul-
timate boundedness are obtained. Sufficient conditions are established for
extinction, persistence in the mean, and stochastic permanence of the system.
Finally, simulations are carried out to verify our results.
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1. Introduction

As we all know, functional response is one of the most important factors in the
dynamic relationship between predators and their preys [4,5,8,11,25]. The classical
types of functional response involve Holling types [9], Beddington-DeAngelis type
[3], ratio-dependence type [1], etc. In 1975, Crowley and Martin [20] proposed
the Crowley-Martin functional response, which considers the interaction between
predator and prey. Even assuming the prey density is enough large, the catches
still decline with the increase of predator density. In addition, whether or not a
predator search for prey, there always exists interference between predators. Hence
it’s more in line with the natural biological phenomenon.

Meanwhile, considering the fact that reduction in a predator population has a
reciprocal relationship with per capita availability of its preferred food, Leslie [13]
introduced a predator-prey model where the carrying capacity of the predator’s
environment is proportional to the number of prey. For this predator-prey model,
Leslie and Gower [14], Pielou [23] had discussed the predator dynamics which can
be written as follows

dy _ y
i)

dt oz

in which the growth of the predator population is of logistic form if letting ax be
the carrying capacity. Here, the denominator cx measures the carrying capacity
set by the environmental resources and is proportional to prey abundance, o > 0
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is the conversion factor of prey into predator. The term L is named the Leslie-
Gower term, which measures the loss of the predator population due to the rarity
of its favorite food. In real world, when the prey population is severely scarce,
the predator y can search for other food, but its growth will be limited because
it is the fact that its most favorite food, the prey x is not enough. So, it’s vital
to add a positive constant to the denominator, which is generally called modified

Leslie-Gower functional response, then the above equation becomes

d—y:ry 1- Y
dt ar+d)’

In recent years, the predator-prey models with modified Leslie-Gower func-
tional response have received great attention and have been studied extensive-
ly [6,11,17,24]. However, so far as our knowledge is concerned, no results related
to predator-prey models with Crowley-Martin and modified Leslie-Gower schemes
have been reported. Motivated by these, in this paper, we will concentrate on
the nonautonomous predator-prey model with Crowley-Martin and modified Leslie-
Gower schemes:

with initial value z(0) = xo > 0, y(0) = yo > 0, where z(¢) and y(t) stand for
the population density of prey and predator at time ¢ respectively; a(t) and r(t)
are the growth rates of the prey and predator, respectively; b(t) and h(t) represent
density-dependent coefficients of z(t) and y(t); ¢(t) is the capturing rate of predator;
f(t) is the maximum value of the per capita reduction rate of y(t) due to z(t); m(t)
measures the extent to which the environment provides protection to predator y(t);
a(t) and S(t) represent the effects of handling time and magnitude of interference
among predators. Furthermore, c(t) > 0, f(t) > 0 and a(t), b(t), r(t), h(t), m(t),
a(t), B(t) are all continuous and bounded above and below by positive constants
on Ry = (0, 400).

In realistic environment, population systems are often affected by noise, and
hence stochastic differential equation models play important roles in various branch-
es of applied sciences including biology and population dynamics, as they pro-
vide some additional degree of realism compared to their deterministic counterpart.
Moreover, due to continuous fluctuations in the environment, parameters involved
in models are not absolute constants, but they always fluctuate around some aver-
age value. As a result, the population density never attains a fixed value with the
advancement of time but rather exhibits continuous oscillation around some average
values. Based on these factors, stochastic population models have gotten more and
more attention [2,16,19,26]. In this paper, we add stochastic perturbations in this
way:

a(t) = a(t) + o1 ()Bi(t), r(t) = r(t) + oo(t)Ba(t).
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Then the stochastic model takes the following form:

B c(t)y(t)
cM@)w@)P@)b@W“)(1+aupxwx1+ﬁuw@»}dt

+ o1 (t)a(t)d By (t), (1.1)
dmw=mwpw—hwww_t

which is studied in this paper.

Throughout this paper, unless otherwise specified, let (Q, F,{F;}¢>0,P) be a
complete probability space with a filtration {F; },>¢ satisfying the usual conditions
(i.e., it is right continuous and Fy contains all P-null sets). Let oy (t) and o3(t) stand
for the intensities of the white noises, Bi(t) and Bs(t) denote the independent
standard Brownian motions defined on this probability space. We denote Ri =
{X(1) = ((t),y(t)[2(t) > 0,y(t) > 0} and [X(£)] = (x(1)? + y(t)?)>.

The paper is designed as follows. In Section 2, we make some preliminaries
and give some important results of stochastic equations. In Section 3, we use
comparison theorem of stochastic equations and Ité formula to obtain the global
existence of a unique positive solution of the system (1.1). Moreover, by using
Chebyshev inequality, we obtain the stochastically ultimate boundedness of the
system. In Sections 4 and 5, we investigate the long time behavior of the system
(1.1). The conditions of extinction, persistence in the mean, and the stochastic
permanence are established. Finally, simulations are carried out to support our
results.

2. Preliminaries

For convenience, we do some definitions and notations:

fr=sup f0, £ = f £, () = 7 [ o)

t>0 t>0
J*=lmsup f(t), f. = lminf /().

t——+oo

Definition 2.1 ( [15]). Let X (¢) = (z(t),y(t)) be the solution of system (1.1), if
for any e € (0, 1), there exists a constant y > 0 such that

limsup P(| X (¢)] > x) <&,

t——+oo
then we say system (1.1) is stochastically ultimately bounded.

Definition 2.2 ( [15]). Let X(t) = (x(¢),y(t)) be the solution of system (1.1), if
for any € € (0, 1), there are constants § > 0, x > 0 such that

. S5 >1— T < >1—
ltlrﬁnigofIP’OX(tﬂ >6)>1—¢ and %:linﬁ&fPUX(t” <x)>1-¢,

then we say system (1.1) is stochastically permanent.

Definition 2.3 ( [27]). In the predator-prey system (1.1), we say the prey x(t) is

(1) Extinction, if lim;—,yox(t) = 0, a.s.
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(2) Non-persistence in the mean, if (z(t))* = 0.
(3) Weak-persistence in the mean, if (z(¢))* > 0.
(4) Strong persistence in the mean, if (x(t)), > 0.

Lemma 2.1 ( [10], Stochastic comparison theorem). Considering the two one-
dimensional stochastic differential equations:

da1(t) = fi(@1(t), £)dt + g(@1(t), £)dB1(t), 21(0) =21 € R,
dxg(t) = fz(wg(t),t)dt + g(l‘g(t),t)dBl (t), {L‘Q(O) = ‘fg eR.
If the solutions of the two equations exist and at least one is unique, and satisfy:
i‘lzi‘% fl(xat)SfQ(x7t)a Vt207 Z‘ER,

then
x1(t) < xa(t) a.s.

Lemma 2.2 ( [22], Existence and uniqueness of the local solutions). Consider the
d — dimensional stochastic differential equation:

dz(t) = f(z(t), t)dt + g(x(t), t)dB(t).

Assume that for every integer n > 1, there exists a positive constant K, such that
for all t € [to, T] and for all z, y € R? with |z| V |y| < n,

[f(@,t) = fy, 0>V |g(z, 1) — g(y, 1) < Koz —y|?,

then there exists a unique solution x(t) to the above equation and the solution belongs
to M>([to, T); R?).

Lemma 2.3 ( [21], Strong law of large numbers). Let M = {M,;},>¢ be a real-valued
continuous local martingale vanishing at t = 0. Then

. : M,
tl}gloo<M7 M>t =00 a.s. = tl}EIO(D Wt =0a.s.
and also
. (M, M), . M;
limsup ———— < o0 a.s. = lim — =0a.s.
t—+oo t—r+o0

Lemma 2.4 ( [21], It6 formula). Let z(t) be a d—dimensional Ité process on t > 0
with the stochastic differential

de(t) = F(£)dt + g(t)dB(1),

where f € LY (R ;RY) and g € L2(Ry;R>*™). Let V € C*1 (R x Ry ;R). Then
V(x(t),t) is again an Ité process with the stochastic differential given by

AV (z(t),t) = [Vi(z(t),t) + Va(x(t), ) (1) + %tmce(gT(t)Vm(w(t),t)g(t))]dt
+ Va(z(t),t)g(t)dB(t) a.s.
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Lemma 2.5 ( [21], Holder inequality). Ifp > 1, + ++- =1, X € LP, Y € L9, then

141
P g

[E(XTY)| < (EIX[P)» (Y |7)7.
Lemma 2.6 ( [21], Chebyshev inequality). If p >0, ¢ >0, X € L?, then
¢ PEIX ()P > P(IX(1)] = c).

Lemma 2.7 ( [21], Burkholder-Davis-Gundy inequality). Let g € £L2(Ry;R">™).
Define fort >0,

2(t) = /0 o(s)dB(s) and A(t) = /O 19(s)[2ds.

Then for every p > 0, there exist universial positive constants c,, Cp,, which are
only dependent on p, such that

P P
2 2

pE[A(t)|2 <E( sup [x(s)[") < CpE[A(?)]

0<s<t

for allt > 0. In particular, one may take

N 32\ ° .
=) a-(3) s
cp =1, Cp =4, ifp=2;

» pp+1 5 '
Cp = (2p)7§7 Cp = |:2(p — 1)[)—1:| s pr > 2.

Lemma 2.8 ( [21], Borel-Cantelli’s lemma). (i) If{A} C Fand > ;- P(Ax) <
oo, then
P(limsup Aj) = 0.

k—o0

That is, there exists a set Qy € F with P() = 1 and an integer-valued

random variable ko such that for every w € Qg we have w ¢ Aj whenever
k Z k)o(w).

(ii) If the sequence {Ay} C F is independent and ;- P(Ay) = oo, then

P(limsup A) = 1.

k—o0

That is, there exists a set Qy € F with P(Qg) = 1 such that for every w € Qy,
there exists a sub-sequence {Ay,} such that the w belongs to every Ay,.

Lemma 2.9 ( [19]). Suppose z(t) € C[QUxRy,RY], where RS := {ala > 0,a € R}.

(i) If there are positive constants Ao, T and X > 0 such that
t n
Ina(t) < M — Ao / w(t)ds + 3 BiBi(1)
0 i=1

fort > T, where B; is a constant, 1 < i <mn, then (z(t))* < /\40 a.s.
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(i) If there are positive constants Ao, T and A > 0 such that
t n
Ina(t) > M — Ay / 2(H)ds + S BiBi(t)
0 i=1

fort > T, where B; is a constant, 1 <i <mn, then (x(t)). > /\% a.s.

Lemma 2.10 ( [12]). For the logistic equation:
dz(t) = z(¢) (a(t) — b(t)z(t)) dt + a(t)x(t)dB(t)

with initial value x(0) = xg. Assume a(t), b(t), a(t) are continuous bounded func-
tions on Ry = [0,4+00) and a(t) > 0, b(t) > 0, then the equation has an explicit
solution of the form:

olo[a(s)=Fa%(9)]ds+ [§ a(s)dB(s)
z(t) =

B ?1()_‘_]; b(s)efos[a(’r)féoﬁ(f)]dv'%»fos a(m)dB(1) Qs

3. Existence, uniqueness and stochastically ultimate
boundedness

In this section, taking into account the biological meanings, we are only interested
in the positive solutions. Here, by making the change of variables and comparison
theorem for stochastic equations, we show the existence and uniqueness of the posi-
tive solution. Moreover, by using Chebyshev inequality, we obtain the stochastically
ultimate boundedness of the system (1.1).

Here is our first result.

Lemma 3.1. There is a unique positive local solution (z(t),y(t)) fort € [0,7,) to
system (1.1) a.s. for the initial value xo > 0, yo > 0.

Proof. Consider the equation

u = |la o U%(t) - eu(t) B C(t)ev(t)
du(t) = [ (t) 2 b(t) (14 at)er®)(1 + B(t)e”(t))] dt
+ o1 (t)dBy (1), (3.1)

o2 ev(t)
dv(t) _ |:7’(t) _ Z(t) _ h(t)ev(t) _ M} dt+ O'Q(t)dBQ(t)

on ¢t > 0 with initial value «(0) = Inxzg, v(0) = Inyg. Obviously, the coefficients of
system (3.1) satisfy the local Lipschitz condition, then there is unique local solution
(u(t),v(t)) ont € [0,7,), where 7, is the explosion time. By Ité’s formula, it is easy
to see z(t) = e“®) | y(t) = e*® is the unique positive local solution to system (1.1)
with initial value z¢y > 0, yg > 0. O

Noting that Lemma 3.1 only tells us the unique positive solution is local. Next,
we will show a more important result, that is, the unique positive solution is global.
It suffices to prove 7, = co. Since the solution is positive, we have

da(t) < z(t) (a(t) — b(t)z(t)) dt + o1 (t)x(t)d By (¢).
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Let ®(t) be the unique solution of equation

dD(t) = B(t) (a(t) — bE)D(t)) dt + o1 (£)B(¢)d By (1),
@(O) = Zg-

Then, by Lemma 2.10,

fot [a(s)—@} ds+f0t o1(s)dBi(s)
e

o(t) = 22(n)

Iy |:a(7')— 5 ]dT-‘rfoS 01(T)dBl(T)dS.

% + fg b(s)e
According to the comparison theorem of stochastic equations, we know
z(t) < ®(t), t € [0,7,), a.s.
From the first equation of system (1.1), we have

da(t) > z(t) [a(t) - ;((?) - b(t)x(t)} dt + oy (H)z(t)dBy (1).

By the comparison theorem of stochastic equations, we get
z(t) > o(t), t € [0,7,), a.s.

where ¢(t) is the unique solution of equation

a6(t) = o) [au) _dn b<t>¢<t>] dt + o1 (D6()dB (1),

It follows from the second equation of system (1.1) that

(Mh() + f()

() 2 0) [rt0) - LD )+ ey )it

Then by the comparison theorem of stochastic equations, we derive

y(t) = ¥(b), t € [0,7,), a.s.

where 9 (t) is the unique solution of equation

m(t)h(t) + f(t)
m(t)

a(t) = b(t) [r@s) -
1/)(0) = Yo-

¢<t>] dt + oa(t)6(t)dBa(t),

By virtue of (3.2) and the second equation of system (1.1), we get

) < 40 [m) (00

(t)+<I>(t)} dt + o2(t)y(t)dBa(t).

Therefore, by the comparison theorem of stochastic equations, we also have

y(t) < ¥(t), t €[0,7,), a.s.

(3.2)

(3.3)
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Here, ¥(¢) is the unique solution of equation

ft)

Aw(t) = W(t) |r(t) — mt) + (t)

W(t)| dt + oo (t) ¥ (t)dBsy(t),
‘I’(O) = Yo-

Noting that ¢(t), ¥ (t), P(t), U(t) are existence on ¢ > 0. That is to say x(t), y(¢)
are existence on t > 0. Hence 7, = oco. Therefore, we get the following theorem

Theorem 3.1. There is a unique positive solution (z(t), y(t)) of system (1.1) a.s.
for any initial value xg > 0, yo > 0. Moreover, there exist ¢(t), ¥(t), (t), V(t)
defined as above such that

6(t) < 2(t) < B(E), V() <y(H) SW(EE>0, aus.

Theorem 3.2. The solution of system (1.1) is stochastically ultimately bounded for
any initial value Xo = (w0, y0) € R3.
Proof. Now we need to show that for any € € (0, 1), there exists a positive constant
6 = 6(e) such that for any initial value Xy = (zo,y0) € R2, the solution X (¢) of
system (1.1) satisfies

limsup P{| X (t)| > ¢} < e.

t——+o0
Let Vi(z(t)) = aP(t), Va(y(t)) = yP(t) for (z(t),y(t)) € RE and p > 0. Then, we
obtain

A1) = per = (n(r) + 22 e (0)?

(1))
0+ alz()(1 + B(t)y(t))] a

PO r )62 (8)dt + pa? (D) (t)o (H)ABL (1)

2
c()y(t)

— pgP a p—1 _
=pe(l) { O+ 50~ Tamem)n +6(t)y(t))} at
— pb(t)zP T (t)dt + paP (t)o1 (t)d By (t)

< pa®(t) {a(t) + ga%(t)} dt — pb(H)aP T (£)dt + paP (t)oy (H)d By (t)

= per (1)a() [a(t) ~b(t)a(t)

< par (1) [0 + B(o1)2] dt - pb'a?* (1t + a7 () (D)AB ().

Integrating it from 0 to t and taking expectation, we have

E (a”(t)) < af +/0 P (a“ + g(aw) E (27 (s)) ds — /0 PHE (2741 (s)) ds.
Thus,
<pla*+ L01)?| E@ (1) - p'E (277 (1))

<plat+ L1 E@r () - ' [E @ ).
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By using the stochastic comparison theorem, we know

at D (gl 21P
“)} = K\(p). (3.4

E(zP(t)) < |: b
In the same way, we obtain

A1) = p Ody(r) + 2Dy ) ay (1)

= 0u(0) [r(0) = o) - O T e 22Dy g
oy Ou(E)()ABa()

=) [rt0) + Pt - HOVO e o ar
+py? (002 (1)dBa (1)

< py(t) [r(t) + SoB(8)] dt — ph()y ! (D)t + py (o (H)dBa()

< (1) [ + B (09)%] b = ph“yPt (0t + py? (Hoa()dBa().

Integrating it from 0 to ¢ and taking expectation, we attain

B0 <+ [ o[+ B3P B ) ds— [ ohE (0t ) ds

Therefore,
<p [+ Dos?| B (0) - ph'E (37 (1)

1

<p [+ Lo EGr(0) - phEGP O,

Bro) < [ HE] - k) (3.5)
Since
(Ve +2®) < (V220 v y20)])
<2f (Ve + VD))
=25 (2P (1) +47(1),
then )
XD <28 @ () + 47 (1), X(8) = (2(t).y(t)
Consequently,

EIX (1) < 25 [E(2()) + E(y"(1))] < 2% (K1 (p) + Ka(p)) = K (p)-

By the Chebyshev inequality, the proof is completed. O
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4. Persistence and extinction

To prove the persistence and extinction of the system, we first state an important
result which can be used in the sequel.
Lemma 4.1. If (z(t),y(t)) is the solution of system (1.1), then

Inaz(t
lim sup nz(t) <0, limsup——=
t—+oo 1t t—too 1t

Proof. Define
V(X(8) = V(z(t), y(t) = =(t) + y(1).
By Ité’s formula, we get
dV(X (1)) =dx(t) + dy(t) < a(®)z(t) +r(t)y(t) + o1(t)z(t)dB1(t) + o2 (t)y(t)dBa(t)
<max{a®, "} (@(t) + y(1) + o1 (2B (1) + 02(t)y(t)dBa?).
Integrating it from ¢ to r and taking expectation, yields

t+1
E { sup V(X(r))] <EV(X(t)+ max{a“,r"}/t EV(X(s))ds

t<r<t+1

+E [ sup /tr(al(s)x(s)dBl(s) + o2(s)y(s)dBa(s))| -

t<r<t+1 @)
By (3.4) and (3.5), we obtain
lirgigop E(V(X(1) = lirgfgop E(z(t) +y(t))
< limsup E(z(t)) + limsup E(y(t)) (4.2)

t——+o0 t——+oo
< Ki(1) + Ko(1) 1= 272 K (1),
and
41
limsupIE/ | X (s)?ds < K(2).
t

t—+o0
By the well-known Burkholder-Davis-Gundy inequality (Lemma 2.7) and Holder
inequality (Lemma 2.5), we attain

E{ sup /:(01(8)56(8)6131(8)+02(8)y(8)d32(5))}

t<r<t+1

< max{on (). ra(E | swp [  ()aBys) + (5128205
< max{o?,o$}E | sup t+1x<s>d3<s)}

t<r<t+1Jt

t+1 3
< 3max{o}, 05 }E [/ XQ(S)d8:|
t
t+1 3
< 3max{o}, o5} [E X2(s)ds}
t
1

< 3max{o}, 05} (K(2))2.
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Therefore,

E { sup V(X(r))]

t<r<t+1

=

t+1
<EV(X(t)) + max{a®, r“}/ EV (X (s))ds + 3max{o7, 05} (K(2))2,
t
which combing with (4.2) leads to
limsupE [ sup V(X(r))}

t—+oo t<r<t+1

< (1+ max{a®,r*})K(1)27% + 3max{o}, o4 } (K (2))%.

Since | X (t)| < x(t) + y(t), then

limsup E [ sup |X(t)] <1 —l—max{a“,r“})K(l)Q_% +3max{oi‘7ag}(K(2))%.

t—400 t<r<t+1
B (4.3)
From (4.3), there exists a positive constant K such that
E [ sup |X(t)|] <K, k=1,2,..
k<t<k+1
Let € > 0 be arbitrary. Then according to the Chebyshev inequality, we have
IP’{ sup |X(t)|>k1+a}< K k=1,2,..
k<t<k+1 = kltel o

Using the Borel-Cantelli lemma, we know that for almost all w € €2,

sup | X (1) < k' (4.4)

k<t<k+1

holds for all but finitely many k. Hence, there exists a kg(w), for almost all w € €,
(4.4) holds whenever k > kq. Consequently, for almost all w € Q, if k¥ > ko and
k<t<k+1,

In|X(#)|  (1+e)lnk
< =1 .
Int Ink e
Therefore
. In | X ()]
limsup ——— < 1+e.
t—stoo 1N
Letting € — 0, we get
: In | X(?)]
limsup ———— <
t—+oo  Int
Consequently,
Inxz(t t
lim sup nz(t) <1, limsup y(®) <1
t—too 1Nt i—too  Int
Thus,
t Inx(t Int Int
lim sup z(?) = lim sup nz(t) X lirnsupL < limsupL =0.

t—+o0 t—+o0 3t t—+o0 t—+o0
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In the same way, we get
Iny(t
lim sup ny(t)
t——+o0 t

<0.

This completes the proof. O

Theorem 4.1. For the prey population z(t) in system (1.1), the following conclu-
stons hold

(1) If {a(t) — @V <0, then lim xz(t) =0.

—+o00

(2) If (a(t) — LY+ = 0, then (w(t))* = 0.

a2 (1)«
(3) If (a(t) — DY > 0, then (a(t))* < M, = L0220

)= 72
(4) 1f alt) = )" > 0, (r(t) = D) < (' + L) (W(0)", then (@(t)" > 0.
Here, 1(t) is the solution of equation (3 3).
) -

(5) If {a(t) — Z2), — (£9)= > 0, then ((t)). > 0.

Proof. (1) For the system (1.1), by using Ité’s formula, we have

)yt ROy,
e (B0 2 ) 0B
)

dlny(t)—(r(t)h(t)y(t)mf(g)y(t) _ostt )t os (1) Ba ).

dlnz(t)= (a(t) —b(t)z(t)—

+(t) 2

(4.5)
Integrating the first equation of (4.5), we have
Inz(t) — Inz ol (t
et 21020 _ (o) - 70 (pieye(e)
(4.6)

Let
My(t) = /0 o1 (s)dB(s), Ma(t) = /O 3 (5)dBa(s).

Then, M;(t) (i = 1,2) are local martingales, and the quadratic variations satisfy

(M, M), :/O o?(s)ds < (o)t

and .
(My, Ms), :/ o3 (s)ds < (0¥)?t.
0
According to the strong law of large numbers for martingales, we have
M;(t
lim sup J
t—foo 1t

=0 a.s. (4.7)

For (4.6), it follows from (4.7) and the property of the superior limit

(lnx(t)t— lnxo)* < <a(t) B 0%2(t)>* -0
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Then
lim x(t) = 0.

t—o0

(2) By virtue of the superior limit and (4.7), we can show that for any ¢ > 0,
there exists 7' > 0 such that

2 2
_ 91 (t) _ 91 (t) € Ml(t) g
<a(t) 5 ><< 5 > +2 <3 for all ¢t >T.

It follows from the first equation of (4.5), we achieve

na(t) —Inzo (a(t) - 012(t)>* +& = b {a(t)) = — b a(t)).

; <
According to Lemma 2.9, we get

9
7.

(z(8)” <

o

By the arbitrariness of €, the desired conclusion is obtained.
(3) From the first equation of (4.5), we have

2
01

t

dlnz(t) < (a(t) —b(t)x(t) — 2()> dt + o1 (¢)dBy (t).
e Ina(t) -1 2(0) (v

nz(t) — Inxg 01t> ’ Mq(t

— 0 < BRI - 0

- < (a(t) = =) ' (a(t) + —

By virtue of the superior limit and (4.7), for any given positive number ¢ > 0, there
exists 17 > 0 satisfying

< for all ¢ > T7.

(a(t) — 1 (t>> < <a(t) _a ®) >* + %’ and M;(t)

€
2 b
Therefore

nx —Inx 0'2 *
1 (t)t Inzg §<a(t)f¥> fbe<x(t)>+€.

According to Lemma 2.9 and the arbitrariness of €, we get

a(t) — 71 () )«
iy < M2y,

(4) Here, we note t(t) is the solution of (3.3). According to the comparison
theorem of stochastic equations, we know

y(t) > (t), t €[0,7,), a.s.

By (4.7) and Lemma 4.1, we have
b (1)) + c“(y(1))*
2 (B0 a0

t

> <a(t) - 0%2(t>>* > 0.
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There must exist (z(¢))* > 0 a.s. If not, for arbitrary v € {{z(¢t,v))* = 0}. By (4.8)
we have (y(t,v))* > 0. Meanwhile, from the second equation of system (4.5), we
get

()~ (vt~ Y et ~ (o Pt
< (r0) = ZOY ety - Loy
= (- B (w4 Dy
< (ri) = BN (14 L) iy
< 0.

Then, tlim y(t,v) = 0, which contradicts with (y(¢,v))* > 0. The proof is complet-
—00
ed. 2
(5) By the condition (a(t) — 24
e > 0 such that

~

= <E((tt)) )* > 0, there exists a sufficiently small

U% c *
(o~ B) (0 >0

By (4.7), for this € > 0, there exists T > 0, such that for all ¢t > T5,

2 B(t)
2 *
- <a(t) - "12“) > - <C((’?)> — e — b(a(t)

According to Lemma 2.9 and the arbitrariness of ¢, we have

0’2 *
(alt) — 1), — (0
bu

O

Theorem 4.2. For the predator population y(t) in system (1.1), the following con-
clusions hold:

_ a3 (t)\ % : _
(1) If (r(t) 5—)* <0, then tlgnooy(t) =0.

(2) If {r(t) — )" =0, then (y(£))* = 0.

2
o3 ()
t)——2—)

(3) If (r(t) — L)% > 0, then (y(t))* < M, := LO=—"2")"
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(4) If (r(t) — 20y ¢ LOIN >0, then (y(£))* > 0. Here (E(1),j(t)) is the

solution of the following equation

da(t) = 2(t) (a(t) — b(t)z(t)) dt + o1 (t)x(t)d B (¢),
dy(t) = y(t) (r(t) — h()y(t)) dt + o2()y(t)dBa(t).

(4.9)

~—

(5) If (r(t) — Z8), >0, then (y(t)), > 0.

Proof. (1) For the second equation of (4.5), we integrate it from 0 to ¢ and get
Iny(t) —Inyo a3(t)
ISR = (v = B2 — (h(ty(0)

t
f@)y(t) L[
- <m(t) n x(t)> + ?/0 o2(1)dBa (1),

(4.10)

which combing with (4.7) and the property of the superior limit produces

(hly(t)t_hlyo)* < (r(v - Ug;t)>* <0.

Then,
tlggo y(t) = 0.

(2) By virtue of the superior limit and (4.7), we can show that for any € > 0, there
exists T' > 0, such that for all t > T

<r(t) - @> < <r(t) - @y + g, and M%(t) < g

From (4.10), we know

DO 210 o (r - BV 4o w4y(0) = e WGyt0),

According to Lemma 2.9, we get

W) < o7

By the arbitrariness of €, the desired conclusion is obtained.
(3) From the second equation of (4.5), we achieve

dlny(t) < (r(t) — h()y(t) — "32(“) dt + oo (t)dBa(t).

Thereby,
lny(t) - lnyo < <7"(t) N O’%(t)> _ hé<y(t)> + MQ(t)

t - 2 t
By exploiting the superior limit and (4.7), for any given positive number ¢ > 0,
there exists 77 > 0 satisfying, for all ¢ > T,

(= 20N < (ri) - BOY 2 g 2o €

DN
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Therefore,

N 1 0_2 *
IO 200 o (e - 2N o ey,

According to Lemma 2.9 and the arbitrariness of €, we have

r _ Jg(t) *
(y(t)" < % = M,.

(4) Here, we want to prove that (y(¢))* > 0 a.s. If not, for arbitrary e; > 0, there
exists a solution (z(t),y(t)) with initial value (xo,yo) € R% such that P{(y(t))* <
€1} > 0. Let e1 be sufficiently small such that

(- 20) - (Cotem) >

o o F0r ) — 2 >]

(mZ)Qthé

Here (Z(t), §(t)) is the solution of (4.9) and (z(t), y(t)) is the solution of (1.1). Then,
by the comparison theorem, we have

o(t) <x(t), yt) <y(t).

Since
-0 (0 0
o2 U 2
- (o~ Y gy (0
f@®)y(t) f®y()
* <m(t) Y ) m) + o t)>
Then
n — In 02 * *
(20 0y (A0
= (r(t) - L) oyt - (DN
+< f@y) — fOy@) >*
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By the above result, we know (y(t))* < M,. Then we have

< F®5() f(t)y(t)t) > > (fLZ)zMyW) ). (4.12)

m(t) +Z(t) m(t) + «(

Combining with (4.11), we acquire

(my<t>>*2<r(t)o%2<w>* eyt — (10O

t (4.13)

- WMy@(t) —x(t)”.

Define the Lyapunov function V3(t) = InZ(¢) — In x(¢t), which is a positive func-
tion on Ry. Thus,

. (dE@) B (dz(t))? B dz(t) B (da(t))?
i e(ty () (4.14)
= |:—b(t)l‘(t) + b(t)l?(t) + (1 + Oz(t)l' t))(l + B(t)y(t)):| a

[—b°(2(t) — 2(t)) + c"y(t)] dt.
Integrating (4.14), we get
That is
which indicates that

Combining with (4.13), we have

<1ny(t))* § <T(t) ~ 052(t)>* ) — < f(t)ﬂ(t)t)>* - (T{L:)C:b@My@(t»*

t m(t) + &(
B 3(t) F@)3(t) W fre () — 22 )
- <r(t)_ 2 > _<m(t)—|—§:(t)> [h * (mé)2béhé2 (w(®)
o3(t) FOi(E) W U (r(t) — 28y
2<r(t)7 2 > 7<m(t)+5:(t)> a [h + (mé)%w2 °1
>0
(4.15)

which contradicts with Lemma 4.1 and thus we complete the proof.
2
(5) By the condition (r(t) — UQT(”% > 0, there exists a sufficiently small £ > 0 such

that )
t
<r(t) - "QT()> —e>0.
By the second equation of (4.5), we attain

YO 1000 5 oy~ 2 sty - L ey + 220,
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For any given positive number € > 0, there exists T > 0 satisfying, for all t > T,

(00 > (- ) -5, w0

Therefore,

D0 =0 5 (1) - 220N o (e LYoo,

According to Lemma 2.9 and the arbitrariness of ¢, we have

(r(t) — 22,
hu+ fv

mt

> 0.

{y() =

O

Remark 4.1. According to the proof of Theorem 4.1 and Theorem 4.2, we can
2 2

know that if (a(t)—3-)* > 0 and (r(t)—%)* < 0, then although the prey population

survives, the predators die out because of the too large diffusion coefficients o3.

5. Stochastic permanence

Theorem 5.1. Suppose that min{a’ — 2—2, r'} — smax{(c1)?, (c%)?} > 0, then the

system (1.1) is stochastically permanent.

Proof. The proof is motivated by Li and Mao [15] and Liu and Wang [18]. The
whole proof is divided into two parts.

In the first part, we prove that for arbitraty ¢ > 0, there exists a constant § > 0
such that P{|X(¢)] > 6} > 1 —e. Above all, we claim that for any initial value
X(0) = (x(0),y(0)) € R, the solution X (t) = (z(t),y(t)) satisfies

1
limsupE| —— | < H
P <|X<t>|9)—

Here, 8 < 2 is an arbitrary positive constant satisfying

min {af _ ;;,rf} _ %(9 + Dmax{ (o), (o2)2} > 0. (5.1)

Define Vy(x(t),y(t)) = z(t) + y(t), then

dVi(z(t), y(t)) = da(t) + dy(t)

— (1) [au) b(ya(t) -

y(0) [ru) ~ h(eyy(r) — DY

+ o (8)z(t)dBy (t) + 0a(t)y(t)dBa(t).
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Let U(t) = m By Ité’s formula, we obtain
dU(t) = —U?(t)dVy + U3(t)(dVy)?
=020 (0 () = 80)200) ~

+a0) (o) - o) - )

+ o3 (t)y? (1)t — U (t)on (t)2(t
= LU(t)dt — U*(t)oy (t)x(t)d By (¢

Here,

LU(t) = —U?(t) [x(t) <a(t) —b(t)x(t) —

) (1) = nowie) - H20 )

+ U2 () (0F (1) 2 (1) + o3 (t)y* (1))

Noting that the positive constant 8 < 2 obeying (5.1), so we can choose a suitable
p > 0 such that it satisfies the following inequality

omin{a’ — ﬁ ) - %9(9 + max{(c")2, (6%)2} — p > 0. (5.2)
Denote W (t) = eP (1 + U(t))?, then
AW (t) = pePt (1 4+ U(t))?dt + eP'0(1 + U (1))’ 1dU (¢)
+ 500~ 1)1+ U () (U ()
= LW (t)dt — e”*0(1 4 U (1)U (t)o1 (t)z(t)d By (t)
P14+ U) U () (E)y(£)dBa(L).

Here,

c(B)y(t)
— QU (t)x(t) (a(t) —b(t)x(t) — (14 at)z(t)) (1 + ﬁ(t)y(t)))
- %)

c(B)y(t)
—0UB (1) (1) (a<t> PR S e+ /J’(t)y(t))>
ot -~ 52
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+OUP (1) (0F (1) 2* (1) + 03 () (1))

)
+ 2O D) 020020 + o3|

In the following, we will make some estimations for the above LW (¢). For the last
two items, we have

U (t) (07 ()2 (t) + 03 (t)y* (1))
gaU?’(t)max{(a%) (05)*}(@*(t) +y*(1))
< OU (t)max{(0})?, (0%)?},

and
0D yswyo20at) + o) < V02 max{(o7)2, (037,
Moreover, the estimations on the expressions involving U?(t) are
fOy* ()
OU2(t)b(t)x? (t) + U (1) h(t)y*(t) + 60U (t)m
< Qmax{b“, B L} U2()(22() + 42(1))
< Omax{b“ h* + ﬁ}
and
U (D) alt) — c(Wy(t) o772 r
500200 (00) - (oot FmwE) ~ OO
< —GU(t)min{ae ~ g0 rf}
We proceed to estimate the rest expressions involving U3 (¢)
OU> (1)b(t)2? (t) +0U (t)h(t)y? (t)+9U3(t)nm < emax{b“ h“+ﬁ}U(t),
and
oo (o () P
500200 (00) ~ {rrarmaag s ~ OO
< —9U2(t)min{aé - @ml}

Summarizing the above estimations, we have

LW (t) < e (14 U(t)"~ {p + emax{bu he + ﬁ}

+ (2 + Omax{(01)2, (03)?) + omax{b", b + ﬁ}
—omin{a’ = .o DUE) + (p — omin{a’ - 5.7}
+ 9(6; l)max{(cﬁ‘)2, (05)2})U2(t)}

S Hl(’,pt.
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Where
4 2 U 1
H, = %j_%, e = Gmin{az — %, re} — 59(9 + max{(c)?, (6%)%} — p,
_ u\2 u\2 U LU v : ¢ c" l
es = 2p + Omax{(c})?, (o5) }+9max{b SR+ W} - Gmm{a - @,r },

u

e3 =p+ Gmax{b“, hY + —[}.
me

Thus

Bl (1 + V@) < 1+ o) + 2D,
Therefore
lim sup E[U? (1)) < limsup E[(1 + U(£))’] < %.
Since
1 _ 2 g 2
a2(t) +y2(t)  2(22(t) +y2(t) ~ (x(t) +y(t)?’
then
1 L2
22(t) +2(t) ~ =) +yt)
That is 1
%@ =2V

In other words,

1 91770 ot
E[X(me} <L) <P=L =

Hence, for any € > 0, letting § = (%)%, by the Chebyshev inequality, we obtain

P{|X(t)|<6}:IP’{|X1(t)|>(1§}< (;)HIE LX(lt)e] =6°E [X(lmg} g% - H=e.

Consequently
litginf P{X(t)| < d} <e,

which indicates
litminf]P’{|X(t)\ >0t >1—e.
—00

In the second part, we need to prove that for any € > 0, there exists a constant
x > 0 such that
Iminf P{|X(t)| < x}>1—¢.
t—o0

By Theorem 3.2, we obtain that the solution of the system (1.1) is stochastically
ultimately bounded, that is

E(IX(®)") < K(p).

K(p)
1>

E(XOP) _ .
XP -

)%, by the Chebyshev inequality, we

Thus, for any given € > 0, choosing x = (
get

PHX ()] > x} <
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Therefore
Iminf P{[X(t)] > x} <&,

WhiCh SllOWS
]‘m ]‘nf ED X t < > — €

So far, we complete all the proofs. O

6. Numerical simulations

This section presents a numerical simulation to verify the theoretical analysis of our
system. By means of the Milstein method mentioned in Higham [7], we obtain the
following discretized equations:

c(iAt)y; A
(1+ a(iAD)(1 + BiADy,)

2 .
+ x;01 (ZAt) Vv Atfz + @xz(gf — I)At,

Tit1 = X; + 25 (a(zAt) - b(zAt)xl —

N A O N £ (7A\) /I
Yi+1 = Yi + Yi (T(ZAt) hOAt)yl x; + m(’LAt) At
o3 (iAt)

+ yio2 (IAL)V Atn; + yi(n] — 1AL,

In Figure 1(a), we take

a(t) = 0.4+ 0.1sint, r(t) = 0.5+ 0.05sint, o1(t) =1+ 0.02sint,
o2(t) = 1.2+ 0.01sint, «o(t) = 0.46 4+ 0.04sint, 5(t) = 0.46 + 0.04sint.

By calculation, we have

<a(t) - U%Q(t) >* <0, and <7’(t) - @y < 0.

By Theorem 4.1 and Theorem 4.2, both of the prey and predator populations (z
and y, respectively) end in extinction. In Figure 1(b)-1(d), the other parameters are
the same as those in Figture 1(a) expect «a(t), S(t). By comparing Figures 1(a)-(d),
we observe that the effects of handling time «(t) and the magnitude of interference
among predators () do not influence the extinction of the system.

In Figure 2, we choose

a(t) = 1.5+ 0.02sint, r(t) = 0.4+ 0.02sint, o1(¢t) = 0.5 4 0.02sint,
o2(t) = 1.2+ 0.02sint, at) = 0.46 + 0.04sint, S(t) = 0.46 4+ 0.04sint.

Then, we have

<a(t) - @y >0, and <T(t) - 75 (1) >* < 0.

By Theorem 4.1 and Theorem 4.2, we get that the prey population x is weakly
persistent in the mean and the predator population y goes to extinction.



Analysis of a predator-prey model 2431

5
t
4 y() 4
=3 =3
> >
X2 X2
1 1
0 0
0 20 40 60 80 100 0 20 40 60 80 100
t t
(a) (b)
5 5
4 4
=3 3
> >
X2 X2
1 1
0 0 ——
0 20 40 60 80 100 0 20 40 60 80 100
t t
(c) (d)

Figure 1. The figures (a)-(d) depict the extinction of the prey and predator species. (a) a(t) =
0.46 + 0.04sint, B(t) = 0.46 + 0.04sint. (b) a(t) = 0, B(t) = 0.86 + 0.04sint. (c) a(t) = 0.86 +
0.04sint, B(t) = 0. (d) a(t) =0, B(t) = 0. Both of the prey and predator populations go to extinction.

— x(t)
—y(

w

x(8),y()

N

0 50 100 150 200 250 300
t

Figure 2. The prey population is weakly persistent in the mean, whereas the predator species y is
extinct.

In Figure 3, we make

a(t) = 0.8+ 0.1sint, r(t) = 0.4+ 0.02sint, o1(t) = 0.2 4+ 0.02sint,
o2(t) = 0.4+ 0.02sint, a(t) = 0.46 + 0.04sint, B(t) = 0.5+ 0.04sint,
¢(t) = 0.1+ 0.02sint.
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— x(t)
—y(®)]]

w

x(1).y())

N

0 50 100 150 200 250 300
t

Figure 3. The prey population is strongly persistent in the mean and the predator species
y is strongly persistent in the mean.

Direct calculation produces

(alt) - U%Q(t)>* - <;((’?)> >0, and (r(t) - @> >0,

By Theorem 4.1 and Theorem 4.2, we know that the prey population x is strongly

persistent in the mean and the predator population ¥ is strongly persistent in the
mean.

In Figure 4, we select

a(t) =0.7+0.02sint, r(t) = 1.0+ 0.02sint, o1(t) = 1.2+ 0.02sint,
o2(t) = 0.4+ 0.02sint, a(t) = 0.46 + 0.04sint, B(¢t) = 0.5+ 0.04sint,
c(t) = 0.1+ 0.02sint.

Then, we have

— x(t)
—y(®)]]

w

x(8),y()

N

=

0 50 100 150 200 250 300
t

Figure 4. The prey population is extinct but the predator species y is strongly persistent
in the mean.
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By Theorem 4.1 and Theorem 4.2, we get that the prey population x goes to
extinction and the predator population y is weakly persistent in the mean. Although
x goes to extinction due to the too large diffusion coefficients 0%, the predator do
not extinct because the predator can seek other food.

In Figure 5, we let

a(t) =1.5+0.02sint, r(t) = 0.4+ 0.02sint, o1(t) = 0.4+ 0.02sint,
o2(t) = 0.3 +0.02sint, «t) =0.46+0.04sint, 5(t) = 0.5+ 0.04sint,
c(t) = 0.1 + 0.02sint.

Then, we have

U 1
min {ae & Té} - *max{(git)ga (‘75)2} > 0.

B 2
By Theorem 5.1, we get that the system (1.1) is stochastically permanent.

— x(t)
— ()

x(0),y()

0 50 100 150 200 250 300
t

Figure 5. The system (1.1) is stochastically permanent.
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