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Abstract In this paper, we study the behavior of the difference equation
bxnxn—1
CTrn—1 + dTn_2
r_2, Tr_1, To are arbitrary positive real numbers and a,b,c,d are positive

constants. Also, we give the solution of some special cases of this equation.

Tnt+l = ATn + , n = 0,1,..., where the initial conditions
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1. Introduction

In this paper, we deal with the behavior of the solutions of the following difference

equation )
LnLn—1
Tpil = GTn + I e n=0,1,..., (1.1)

where the initial conditions x_o, x_1, zg are arbitrary positive real numbers and
a, b, c,d are positive constants. Also, we obtain the solution of some special cases of
the same equation.

Let us introduce some basic definitions and some theorems that we need in the
sequel.

Let I be some interval of real numbers and let

[t =

be a continuously differentiable function. Then for every set of initial conditions
Tk X_ft1,--, Lo € I, the difference equation

Tnt1 = [(Tny Tty ooy Tnk)y, n=0,1,.., (1.2)

has a unique solution {z,}>2 . [34].
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Definition 1.1 (Equilibrium Point). A point Z € I is called an equilibrium point
of Eq. (1.2) if

T = f(T,T,...,T).
That is, x,, = T for n > 0, is a solution of Eq. (1.2), or equivalently, Z is a fixed
point of f.
Definition 1.2 (Stability). (i) The equilibrium point Z of Eq. (1.2) is locally stable
if for every € > 0, there exists § > 0 such that for all x_p,x_g41,...,2-1,20 €
I with

|z — T+ |v—py1 — T+ ... + |x0 — T <6,
we have
|z, —Z| <e forall n>—k.
(ii) The equilibrium point T of Eq. (1.2) is locally asymptotically stable if T is
locally stable solution of Eq.(1.2) and there exists v > 0, such that for all z_j,
T_fgly-y T_1, To € I with

|z — T + |1 — T+ ... + |x0 — T| < 7,

we have

lim =z, =7.
n—r oo

(iii) The equilibrium point Z of Eq. (1.2) is global attractor if for all _j, g1, ...,
r_1, g € I, we have

lim =z, =T7.
n—oo

(iv) The equilibrium point Z of Eq. (1.2) is globally asymptotically stable if T is
locally stable, and T is also a global attractor of Eq. (1.2).
(v) The equilibrium point Z of Eq. (1.2) is unstable if Z is not locally stable.

The linearized equation of Eq. (1.2) about the equilibrium Z is the linear differ-
ence equation

Ynt1 = myn_ (1.3)

Theorem A ( [34]).Assume that p,q € R andk € {0,1,2,...}. Then
Pl +lal < 1,
is a sufficient condition for the asymptotic stability of the difference equation

Tyl +PpTp +qTn_p =0, n=0,1,...

Remark 1.1. Theorem A can be easily extended to a general linear equations of
the form
Ttk + P1Tn+k—1 + .. + 02, =0, n=0,1,..., (14)

where p1,pa,....,pr € R and k € {1,2,...}. Then Eq. (1.4) is asymptotically stable

provided that
k
Z pil <1.
i=1
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Consider the following equation

Tnt1 = g(znaxn—hxn—2)- (15>
The following theorem will be useful for the proof of our results in this paper.

Theorem B ( [35]). Let [a,b] be an interval of real numbers and assume that
g+ la, b = [a,b],

s a continuous function satisfying the following properties :

(a) g(x,y, z) is non-decreasing in x and y in [a,b] for each z € [a,b], and is
non-increasing in z € [a,b] for each x and y in [a,b];

(b) If (m, M) € [a,b] x [a,b] is a solution of the system

M:g(Mvam) and m:g(mava)v

then
m= M.

Then Eq.(1.5) has a unique equilibrium T € [a,b] and every solution of Eq.(1.5)
converges to T.

Definition 1.3 (Periodicity). A sequence {z,}7° _, is said to be periodic with
period p if x,4p, =z, for all n > —k.

Definition 1.4 (Fibonacci Sequence). The sequence { fy, }5° {1,2,3,5,8,13,...}

m=0 —
ie. foo = fm-1+ frmn—2, m>0, f_o =0, f_1 =1 is called Fibonacci Sequence.
The study of rational difference equations of order greater than one is quite
challenging and rewarding because some prototypes for the development of the basic
theory of the global behavior of nonlinear difference equations of order greater than
one come from the results for rational difference equations. However, there have
not been any effective general methods to deal with the global behavior of rational
difference equations of order greater than one so far. Therefore, the study of rational
difference equations of order greater than one is worth further consideration.
Recently, Agarwal et al. [4] investigated the global stability, periodicity character
and gave the solution of some special cases of the difference equation
dmnflxnfk

Tpy1 = a+ .
b—cxp_s

Alogeili [6] has obtained the solutions of the difference equation

Tn—1

Tptl = —————.
a4 — TpTn—-1

Cinar [12,13] deal with the solutions of the following difference equations

o Tn—1 o Tp—1
Tpy1 = y Tn4l =

14+ ar,Tn_1 —14+az,Tn_1

Elabbasy et al. [17, 18] investigated the global stability, periodicity character and
gave the solution of special case of the following recursive sequences

bz, QALp—k

Tyl = ATy — Tpy1 = ———F———.
B+v1lico zn—i
1=0 n—1

Ty — dTp_1’
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Ibrahim [27] has got the solutions of the rational difference equation

Tnlp—2

x = .
et Tn—1(a+ bx,Tp_2)

Karatas et al. [31] studied form of the solution of the difference equation

LTn—5

Tyl = ————————.
1+ Tp—2Tn—5

Simsek et al. [40] obtained the solutions of the following difference equations

Tp—3

Tpo] = ——————.
n+ 1+mn—1

See also [1-20]. Other related results on rational difference equations can be found
in refs. [21-49].

The study of these equations is quite challenging and rewarding and is still
in its infancy. We believe that the nonlinear rational difference equations are of
paramount importance in their own right, and furthermore we believe that these
results about such equations over prototypes for the development of the basic theory
of the global behavior of nonlinear rational difference equations.

2. Local Stability of Eq. (1.1)

In this section we investigate the local stability character of the solutions of Eq. (1.1).
Eq. (1.1) has a unique equilibrium point and is given by
bz?

T +dz’

T =ax +

or,
72(1 — a)(c+ d) = bz?,

if (¢ + d)(1 — a) # b, then the unique equilibrium point is T = 0.
Let f:(0,00)®> — (0,00) be a function defined by

b
flu,v,w) = au + cv—l—% (6)
Therefore it follows that
bu
fultw v w) =t g
bduw
fv(u,v,w) - (C?)+dw)2’
—bduv
fw(u7vaw) = W7

we see that
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o bd
fv(x7x7 x) = (C—’—d)z,
_ —bd
fu(Z,Z,T) = e

The linearized equation of Eq. (1.1) about Z is

bd bd

b
il — Yy 1+ 0 = 0. 2.1
Yn+1 (G+C+d>y (chd)Qy 1+(C+d)gy 2 (2.1)

Theorem 2.1. Assume that

b(c+3d) < (1 —a)(c+d)>.
Then the equilibrium point of Eq. (1.1) is locally asymptotically stable.
Proof. It is follows by Theorem A that, Eq. (2.1) is asymptotically stable if

a+ b + bd + bd <1
c+d (c+ d)2 (c+ d)? ’
or,
ot b n 2bd <1
c+d (c+d)? ’
and so,
bc + 3bd
—— s <(1—a).
The proof is completed. O

3. Global Attractor of the Equilibrium Point of
Eq. (1.1)

In this section we investigate the global attractivity character of solutions of E-

q. (1.1).

Theorem 3.1. The equilibrium point T of Eq. (1.1) is global attractor if c(1—a) # b.

Proof. Let p,q are a real numbers and assume that g : [p,q]> — [p,q] be a
b
function defined by g(u,v,w) = au + &, then we can easily see that the
cv + dw

function g(u,v,w) increasing in u,v and decreasing in w.
Suppose that (m, M) is a solution of the system

M =g(M,M,m) and m = g(m,m,M).

Then from Eq. (1.1), we see that

bM? bm?
M=aM+ ———— = T
“ +cM—|—dm’ m am+cm+dM’
or,
bM? bm?
M(1—a) m(l —a) = —=

T M +dm’ cm +dM’
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then
c(1—a)M? +d(1—a)Mm =0bM?, ¢(1—a)m?*+d(1 —a)Mm = bm?.
Subtracting we obtain
c(1 —a)(M? —m?) =b(M? —m?), c(1—a)#b.

Thus
M =m.

It follows by Theorem B that T is a global attractor of Eq. (1.1) and then the proof
is completed. O

4. Boundedness of solutions of Eq. (1.1)
In this section, we study the boundedness of solutions of Eq. (1.1).

b
Theorem 4.1. Every solution of Eq.(1.1) is bounded if (a + -) < 1.
c

Proof. Let {z,}52 _, be a solution of Eq. (1.1). It follows from Eq. (1.1) that
bDTrTr—1 bTrTr—1 ( b)
Tpt1 =aTp + ———————— < alp+ ——— = [ a+ = | Ty.
CTp—1 + dTp—2 CTp—1 c

Then
Tpy1 <z, forall n>0.

Then the sequence {z,}52 , is decreasing and so are bounded from above by M =
max{x_o,x_1,Z0}. O

5. Special Cases of Eq. (1.1)

5.1. First Equation
In this subsection, we deal with the following special case of Eq. (1.1)

TnTp—1

el 5.1
Tp—1+ Tn-2 ( )

Tn+1 = T +

where the initial conditions z_o, x_1, x( are arbitrary positive real numbers.

Theorem 5.1. Let {z,}52 5 be a solution of Eq.(5.1). Then forn=0,1,2,...

n—1
l’zn—hH<f2+3 + fait2 ><f2+3 +f2+27")7
=0

foixah + foit1k ) \ foirok + foipar

N ﬁ <f2i+1h + f2i/€> (f2i+3k + f2¢+27“)
" 25 \faih + faicak ) \ faivok + faiyar )

wherex_o =1, x_1 =k, xo=h, {fm}>__,=1{0,0,1,1,2,3,5,8,13,...}.
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Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assump-
tion holds for n — 1, n — 2. That is;

Ton—2 = hﬁ <f2i+3h + f2i+2k> <f2i+3k + f2i+27">
" , foitah + foitk faivok + faivar )’

n—1
i i i+3k i
Tom_1 = H (fz 11h+ fo k) <f2 3k + fo +27")7
=0

faih + faicik foivok + foipar
N ﬁ <f2i+1h + f2ik> <f2i+3k + f2i+27“>
U e \faih + faimik ) \ faivok + foipar )
Now, it follows from Eq. (5.1) that

n—1
Ton-1%Tan—2 _ H (f2i+1h + f2ik> (f2i+3/<i + f2i+27“)
Top—2 + Ton-—3 faih + fai_1k foit2k + foipar

n-1 n-2
fait1h+faik foigzk+faigar foirzh+foitok foirzk+faigar
H(fZih+f2i—lk> <f2i+2k+f2i+1r>hH<f21+2h+f21+1k> (f2i1+»2k+f2i+17'>
T faitsh+foitok foitsk+faitor foit1h+foik faitsk+faitar
h H (f2L+2h+f21+1k> <f2i+2k7+f2i+17‘>+H<f2ih+f2i—1k?> <f2i+2k+f2i+1r>
_ 1:[ (f2z+1h + faik ) (f2i+3ki + f2i+27“)
foih + fai1k ) \ faiyok + foizir
—2
H <f21+1h + faik > (f2i+3/€ + f2i+27’> h (f2i+3h + f2i+2k>
o \J2ih + faicik ) \ faivok + faivar ) 5 \ faiv2h + faiik
4= —
-2
H (f2i+3h + f2i+2k> n h (f2i+1h + f2ik)
; faitah + foiprk 0 \Jaih + faiak
faiv1h + faik ) <f21+3k + f2i+27')
Jaih + fai1k ) \ faivek + foitar

]:[ <f2z+1h+f2z

Top =Ton—1 +

1=

) (f2i+3k + f2i+27“> (f2n—1h + f2n—2k‘)
Joit2k + faiv1r ) \ fon—2h + fon_3k
f2n—1h+ f2n—2k)

+1

(f2n2h + fon—3k

foivsk + f2z‘+27”)

foitok + foiyir

(f2i+3k + foiqor
foit2k + faiyar
fonh + fon_1k
foir3k + f2i+27") (1 n fon—1h + f2n2k>

foit2k + foipar fanh + fon—1k

foitsk + f2i+27“) (f2n+1h + onk)
foivok + foivir ) \ fonh + fon—1k )’

foih + foi_1k

—1
_ Jaiv1h + fo
B H <f27,h+f22 1k>
—1
faiv1h + foik
E) <f2zh+f21 1k

<
+ |
<
<

> (fon—1h + fon_2k)

:n 1(f2i+1h+f2i )
faih + fai_1k

<f21+1h + faik )
f21h + f2z lk
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Therefore

foivoh + foix1k ) \ foitok + foipar
Also, from Eq. (5.1), we see that

n—1
Ton = h H (f2i+3h + f2i+2k> (f21+3k + f2i+2r> .
i=0

n—1

TmTan—1 H (f2i+3h + f2¢+2k> (f2i+3k + f2¢+27’>
Ton—1 + Ton—2 foiv2h + faip1k ) \ foig2k + foigar

Toan4+1 =T2n +
i=0
n—1 n—1

hH Joivshtfaipok\ [ faigsktfaiqor H Joiv1h+faik [ foivsk+foitror
foivahtfaigak )\ faitokt+foiqar foih+faio1k ) \ faiqok+faipar
i=0

i=0

n—1

n—2
H fait1h+faik faitsk+faitar Jrhl_I faitsh+foitok foitrzk+faitar
foih+fai1k foitok+ foiyir foiroh+fait1k foirok+foip1r

i=0

1=0
:hﬁ <f2¢+3h + f2i+2k> <f2¢+3k7 + f2i+27”>
"o \J2ir2h + foivik ) \ faivek + faipar
ﬁ <f2i+3h + f2i+2k?> (f2i+3k + f2i+27“) <f2n+1k + f2n7“)
foiyah + foit1k foiyok + foiy1r fonk + fon—17

=0

Jong1k + f2n7“>
e B
(ank + fon—1r

n—1
_h H <f2¢+3h+f2i+2k> (f2i+3k+f2z‘+27”> (1+ foni1ktfan )
=0

f2i+2h+f2i+1k f2i+2k+f2i+1r font1ktfanrtfonktfon 17

:hﬁ <f2¢+3h + f2i+2k> <f2¢+3k + f2i+27”> <1 n font1k + fonr >
o foitoh + foitk foitok + foipar font2k + fonir

:hTﬁ <f2¢+3h + f2z'+2/<3> <f2¢+3k + f2i+27‘> <f2n+3k + f2n+27“)
o foigoh + foit1k foiqgok + foipir fontok + fonsar )’

Thus

gy = ﬁ (f2i+1h+f2ik) <f2i+3k+f2¢+27‘)
nr o \J2ih + foicak ) \ faigok + faipar '

Hence, the proof is completed. O
For confirming the results of this section, we consider numerical example for
Eq. (5.1) put z_92 =3, x_1 =6, zo = 7. [See Fig. 1].

5.2. Second Equation

In this subsection, we give a specific form of the solutions of the difference equation
TnTp—1
Tppl = Ty + ——Mm, (5.2)
" " Tp—1— Tp-2
where the initial conditions x_o, _1, zg are arbitrary positive real numbers with
xr_1 7é Lo, -1 # r_9.

Theorem 5.2. Let {z,}52_, be a solution of Eq.(5.2). Then forn =0,1,2,...

n—1
fiyzh — fi+1k) (fi+3k - fi+17“)
Ton, = h ,
’ g <fi+1h_fi1k fivak — fioar
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x10° plot of x(n+1)= x(n)+(x(n)x(n-1))/(x(n-1)+x(n-2))

osf

Figure 1.

L (2k—r T [ fixsh = figak ( forak — fiyor
Tant1 = h ( k—r ) H (f7:+1h— fi—1k> < fivok — fir ) 7

=0

wherex_o =1, x_1 =k, vo =h, {fm}5__,=1{1,0,1,1,2,3,5,8,...}.

Proof. As the proof of Theorem 5.1 and will be omitted. O

Assume for Eq. (5.2) that x_o = 3.6, x_1 = 2, xo = 1.4. [See Fig. 2], and for
Tr_o9 = 4, r_1 = 11, o = 3. [See Fig. 3]

x10° plot of x(n+1)= X(n) (<) X(n-D)/(x(n-1)-x(n-2)) x10%° plot of x(n+1)= X(n)+(<(n)X(n-D)/(x(n-1)-x(n-2)

)

0 5 10 15 20 25 30 0 5 10 15 20 25 30

5.3. Third Equation

In this subsection, we obtain the solution of the following special case of Eq. (1.1)
TnTp—1

Tn+l = Tn —
Tpn—1+ Tn-2 ’

(5.3)

where the initial conditions z_s, x_1, xg are arbitrary positive real numbers.
Theorem 5.3. Let {x,}5° _5 be a solution of Eq.(5.3). Then forn=0,1,2,...

hkr
(fnk + fn+1r) (fnh + fnJrlk) ’

Top =
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- _ hkr
T Fpark + forar) (Fah + faiik)

Proof. For n = 0,1 the result holds. Now suppose that n > 1 and that our
assumption holds for n — 1, n — 2. That is;

. _ hkr
2T ik + for) nth + fuk)’
. B hkr
Tk + foar) (faoih + fok)
hkr

Zop—3 = .
s (fnflk"f'fnr) (fn72h+fn71k)
Now, it follows from Eq. (5.3) that

J— _ _Ton—1Ton—2 _ hkr
o e Ton—2 + Ton—3  (fok + fas17r) (fa—1h + fok)
hkr hkr
(fok + fas1r) (fam1h + fok) (fa—1k + far) (fa—1h + f1k)
hkr hkr
((fn—1k+fnr) (fn—1h+fnk) - (fn—lkﬂLfnr) (fn—2h+fn—1k))
hkr 1
_ hkr _ (fnk + fog1r) (fa1h + fuk) (fam1h + fuk)
(fnk + frns17) (fa—1h + fok) ( 1 + 1 >
(famrh+ fok) — (fa—2h + fo1k)
_ hkr
_(fnk+fn+lr) (fn 1h+fn fn 1h+fn
fn 2h+fn 1k
_ hkr . fosh+ fu 1k )
(fnk+fn+17n) fn than fn 2h+fn lkJan than
hkr

1—-

_ fn 2h+fn 1k>
(f?Lk‘F.fn—&-lT) fn 1h+fn fnh+fn+1k

hk (f h+fn+1k fn 2h fn 1k>

(fak + fagar) (faoih + fok) Inh+ fns1k
- hier Faih+ f
C(fak 4 faiar) (Faorh + fuk) fnh+fn+1k)

Then

A hkr
n (fnk+fn+1r) (fnh+fn+1k)
Also, we see from Eq. (5.3) that

- o TamTanol hkr
antl an Tan—1 + Tan—2 (fnk + fn+1r) (fnh + fn+1k>
hkr hkr
(fnk + fn-‘rlr) (fnh + fn+1k) (fnk + fn+1r) (fn—lh + fnk)

hkr L hkr
(fnk + fn+1r) (fnflh + fnk) (fnflk + fnr) (fnflh + fnk)
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hkr
_ hkr (fnk+fn+17“) (fuh+ frnirk) -1kt fur)
_(fnk+fn+1r) (fnh+fn+1k fnflk"‘fnT'ank"‘fnJrl"”
— hkr (1 fn 1k+fn >
(fuk + fos1m) (fah + fai1k) Jnr1k + foyor
_ hkr (f 11k + fagor — fno1k — fnr>
~ (fak 4 fag1r) (fuh + fogak) Jnr1k + foyor
B hkr ( fnk + faar )
 (fuk + frs1r) (foh + fag1k) \ frgrk + fagor
Therefore
B hkr
Tont = (fnJrlk + fn+2T) (fnh + fn+1k) .
Hence, the proof is completed. O

Fig. 4 shows the solution of Eq. (5.3) when x_5 =9, x_1 =6, 2o = 11.

plot of x(n+1)= x(n)~(x(n)*x(n-1))/(x(n-1)+x(n-2))

0 5 10 15 20 25 30

5.4. Fourth Equation
In this subsection, we study the following special case of Eq. (1.1)

TpTp—1

Tpp1 = Tp — —————, (5.4)
Tp—1 — Tp-2

where the initial conditions x_5, x_1, xg are arbitrary non zero real numbers.with
T_1 # xg, T_1 F# T_o.

Theorem 5.4. Let {z,}52 _, be a solution of Eq.(5.4). Then every solution of
Eq. (5.4) is periodic with period 6. Moreover {x,}22 _, takes the form

Syl B sy AL ey R s Ty S LS

{r, ko, hr hkr hr hr hkr hr } .

Or

hr
Ten-2 =T, Ten-1=k, Ten="h, Teny1 =
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plot of x(n+1)= x(n)~(x(n)*x(n-1))/(x(n-1)-x(n-2))

Figure 5.

hkr hr
Tenio = ———~—————, Teniz = —.
6n-+2 =Rk —1) on+3 = 3L

Proof. The proof is left to the reader. O

Fig. 5 shows the solution of Eq. (5.4) when z_2 =5, 21 = 3, x¢ = 2.
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