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BIFURCATIONS AND EXACT TRAVELLING
WAVE SOLUTIONS OF M-N-WANG
EQUATION
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Abstract By using the method of dynamical systems to Mikhailov-Novikov-
Wang Equation, through qualitative analysis, we obtain bifurcations of phase
portraits of the traveling system of the derivative ¢(§) of the wave function
1(€). Under different parameter conditions, for ¢(&), exact explicit solitary
wave solutions, periodic peakon and anti-peakon solutions are obtained. By
integrating known ¢(§), nine exact explicit traveling wave solutions of ¥(§&)
are given.
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1. Introduction

Mikhailov, et al. [12, p11] considered the classification problem for integrable (1 4+
1)—dimensional scalar partial differential equations (PDEs) that are second order
in time. In the course of performing the classification, the equation

2
Wit = Wegat + 8wwth + 4wwwwt - wawwmwx - 4wwxwwww - 24wxwzw (11)

was found. This equation was obtained by means of the perturbative symmetry
approach to the classification of integrable PDEs.
By rewriting equation (1.1) as the following system

Ut = Uggy + OUUL + Uz, U = DUz + 2uvy, (1.2)

and applying the Wahlquist-Estabrook prolongation algebra method, Hone, et al. [4,
pll] obtained the zero curvature representation of the equation, which leads to a Lax
representation in terms of an energy-dependent Schréodinger spectral problem of the
type studied by [1,2]. The solutions of system (1.2) and of its associated hierarchy of
commuting flows display weak Painlevé behavior, i.e. they have algebraic branching.
By considering the travelling wave solutions of the next flow in the hierarchy, they
found an integrable perturbation of the case (i) of Hénon-Heiles system which
has the weak Painlevé property. They performed separation of variables for this
generalized Hénon-Heiles system and described the corresponding solutions of the
PDE (1.2). By taking the traveling wave reduction of system (1.2), Hone, et al. [5,
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pll] showed that the integrable case (ii) of Hénon-Heiles system can be extended
by adding an arbitrary number of non-polynomial (rational) terms to the potential.

We notice that to the best of our knowledge, the dynamical behavior and exact
traveling wave solutions of equation (1.1) has not be studied before. It is different
from [4, p11]. In this paper, we investigate straightly the exact traveling wave
solutions of equation (1.1) by using the dynamical system approach.

Let w(z,t) = ¢ (x — ct) = ¢¥(£), where ¢ is the wave speed. Then, equation(1.1)
becomes

021#” — _cw//// _ 6C<(’L/)I)2)/ _ Q(wlw///)/ _ ((,(/)//)2)/ _ 8((’(/)/)3)/, (13)

where “/” stands for the derivative with respect to £. Integrating this equation once
and setting the integration constant as g, it follows that

021// _ _C'l///, o 66(1[)/)2 _ Qw/w/// _ (w//)2 _ 8(1/)/)3 —g. (1.4)
Letting ¢ = ', equation (1.4) yields
(20 +c)¢" = —(¢')* = 89° — 6cp® — *¢ — g. (1.5)
Equation (1.5) is equivalent to the following two-dimensional system:
do dy _ y*+84° +6cp® +Ph+yg (1.6)
ac P ae T 2 + ¢ ’ '
which has the following first integral:
H(¢,y) =y*(26 + ) + 46" + 4cd” + ¢*¢” + 29¢ = h. (1.7)

When we solve ¢ = ¢(€) from system (1.6), we obtain

wla.t) = 0(©) = [ o(6)d (1.8)

Without loss of generality, we assume that the wave speed c is fixed. Obviously,
system (1.6) is a planar dynamical system with one-parameter g. We shall inves-
tigate all possible phase portraits of system (1.6) in the (¢, y)-phase plane as the
parameter g is varied.

We notice that the right hand of the second equation in system (1.6) is not
continuous when ¢ = ¢ = —5. In other words, on this straight lines in the phase
plane (¢,y), ¢¢ is not well-defined. This implies that the differential system (1.6)
could have non-smooth traveling wave solutions. Such phenomenon has been studied
by several authors [7-9,13,14]. The existence of singular lines for a traveling wave
equation is the reason why there exist peakons, periodic peakons and compactons.
More references can see [6,10, 11].

The main result of this paper is the following conclusion.

Theorem 1.1. (1) For a given parameter ¢ # 0, when g is varied, system (1.6)
has different bifurcations of phase portraits given by Figure 1 and Figure 2.

(2) When g € (—go,90), where gy = £|C|3, system (1.6) has three different
equilibrium points. Corresponding to the homoclinic orbit, system (1.6) has solitary
wave solutions given by (3.3), (3.5), (3.6), (4.2), (4.3),(4-4), (4.5) and (4.7).

(8) When ¢ > 0 and g = —2% c3, corresponding to the heteroclinic triangle of
system (2.1), system (1.6) has an exact anti-peakon solution given by (4.6).

(4) Equation (1.1) has 9 exact traveling wave solutions given by (5.1)-(5.9).
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The proof of this theorem can be seen in next sections. This paper is organized
as follows. In section 2, we discuss the bifurcations of phase portraits of system
(1.6) depending on the change of parameter g. In section 3 and 4, we calculate the
explicit parametric representations for the homoclinic orbits of system (1.6). In
sections 5, we compute the exact solutions of equation (1.1).

2. Bifurcations of phase portraits of system (1.6)

Imposing the transformation d§ = (2¢ + c)d(¢ for ¢ # —$ on system (1.6) leads to
the following associated regular system:

dp
dic - y(2¢+0),

This system has the same first integral as (1.7) and the same phase orbits as system
(1.6) except for the straight line ¢ = —5. Apparently, the singular line ¢ = —§ is
an invariant straight line solution of system (2.1) but not a orbit of system (1.6).
Near this straight line, the variable ”(” is a fast variable while the variable "£” is a
slow variable in the sense of the geometric singular perturbation theory.

To see the equilibrium points of (2.1), we write that

Zié: —(% + 86° + 6cg? + %) + g). (2.1)

F@) =6+ 306 + 6+ L0, f(9) =36+ ot P =3(0-G) (6, (22)

where ¢, = LHe(=34+3), b = —Le(3+V3).
C2

Let ¢ = —%, r = —+. Then, the discriminant S = ¢* 4 r? of the cubic

polynomial f(¢) = 0 just is that S = 5= (9% — 135¢®) . Write that gy = %‘CP, It
is easy to see that for given ¢, when g € (—go, go), we have S < 0. It follows that
there exist three simple real roots ¢; (j = 1,2, 3) of f(¢). When g = %g¢ there exist
a simple real root and a double real root of f(¢).

Obviously, system (2.1) has at most 3 equilibrium points at E;(¢;,0),j =1,2,3.
in the ¢—axis. On the straight line ¢ = —35, there exist two equilibrium points
S+ (—%,Fv/—g) of system (2.1) if g < 0.

Let M(¢;,y;) be the coefficient matrix of the linearized system of (2.1) at an
equilibrium point E;(¢;,y;). We have

J(¢5,0) = detM(¢;,0) = 8(2¢; + ¢) f'(¢;), (2.3)

J (—g q:\/?g) — detM (_g ZFH) — 49 <0, for g<O0. (2.4)

By the theory of planar dynamical systems, for an equilibrium point of a planar
integrable system, if J < 0, then the equilibrium point is a saddle point; If J > 0
and (traceM)? — 4J < 0(> 0), then it is a center point (a node point); if J = 0
and the Poincaré index of the equilibrium point is 0, then this equilibrium point is
cusped [6].

We see from (2.3) that the sign of f'(¢;) and the relative positions of the e-
quilibrium points E;(¢;,0) of (2.1) with respect to the singular line ¢ = —§ can
determine the types (saddle points or centers) of the equilibrium points E;(¢;,0).

And two equilibrium points St (%, IF\/—g) are saddle points for g < 0.
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Let h; = H(¢;,0) and hy = H (,%H;\/fg) = —cg, where H is given by (1.7).
Notice that for ¢ > 0, when g = —;—i, we have hy = H(—%c, 0) = hs, where
¢o = —%c is a solution of the algebraic equations f(¢) = 0.

For a fixed parameter ¢ < 0 and ¢ > 0 respectively, we take g as a bifurcation
parameter. Then, as g increasing from —oo to oo, we obtain different topological
phase portraits of equation (2.1) shown in Figure 1 and Figure 2. The corresponding

parameter conditions are also given.

(e) 0<g<go ) 9=g90 (g) 90 < g <o

Figure 1. The bifurcations of phase portraits of system (2.1) for ¢ < 0

We see from Figure 1 and Figure 2 that as g is varied, the cases ¢ < 0 and ¢ > 0
have different bifurcation behaviors.

In next sections, we investigate all possible exact explicit parametric represen-
tations of the orbits of system (1.6).

3. Exact explicit parametric representations of the
orbits of system (1.6) for c<0

From (1.7), we have y? = h'_4¢4_4gii_ccz¢2_2g¢, for 2¢ + ¢ # 0. By using the first

equation of system (1.6), we have

?1
£ = —dg. (3.1)
b0 Y
From Figure 1(a)-(c), we know that for every h € (hs, hs), a branch of the level
curves defined by H(¢,y) = h is a periodic orbit enclosing the equilibrium point
(43, 0) of system (1.6). Now, H(¢,y) = h can be written as

2 _ A(ri—¢)(¢—r2)[(¢—b1)>+a3]
vy = 2¢+c
From (3.1), we have

, where 1, 7 are the roots of the equation H(¢,0) = h.

' VOt 5o (3.2)

R STy s T ey e
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S==r_

(8) 0 < g<go (h) g =90 (i) 9> 9o

Figure 2. The bifurcations of phase portraits of system (2.1) for ¢ > 0

We can not obtain the exact explicit parametric representation of the periodic wave
solution of system (1.6). By numerical method, considering the above periodic
orbits closing to the singular line ¢ = —§, we obtain the profile of periodic peakon
solutions shown in Figure 4(a). As the limit curve of the periodic orbits, the level
curve defined by H(¢,y) = hy is a heteroclinic loop connecting two saddle points St
of system (2.1) (see Figure 3 (c¢)). For the singular system (1.6), this loop also gives
rise to a periodic peakon solution [6]. We have the similar parametric representation
as (4.1).

3.1. When —gg < g < 0, we see from Figure 3(e) that corresponding to the
level curves defined by H(¢,y) = hi, there exist a homoclinic orbit enclosing
the center FEs(¢2,0) and an open orbit passing through the point (¢r,0) and
tending to the straight line ¢ = % when |y| — oo for which we have 3? =

hi—4¢*—4ct®—P¢>—29¢ _ 2(8L—¢)(dm —¢)(¢—¢1)° 2(dr=¢)(d=dm)(d=01)*
2¢+c (3lel—o) (¢—3lel)
spectively, where ¢y, ¢, are the roots of the equation H($,0) = hy and satisfy

and y? =

re-
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W lel
0 < ¢ < ¢u < ¢r. From (3.1), we have v/2¢ = fd)M 2 040

and
(6=61)\/ (=) (b2 —0)
VaE = [f et
PL ($1-0)\/(pL—)(6—dar)
solitary wave solution of system (1.6) which has the parametric representation:

oar — Lsn?(x. k)

respectively. The homoclinic orbit gives rise to a

P(x) = 2 )
9(3 ICII1 y k; (33
= 71 arcsin(sn a?
g(X) \f(ébM le)n( ( (Xvk))’ 1ak)7

1
where g = Z__ k2= ZLL iﬁ‘ ,af = 5)‘;‘ gl (-, a2, k) is the elliptic integral of

L—¢Mm
the third kind,sn(u, k), cn(u, k) are the Jacobian elliptic functions [3]. And the open
orbit gives rise to a compacton solution of system (1.6) [6] which has the parametric
representation:

P00 = b1~ (61— el (. K),

g 1 — P1—31¢ | ‘ 2 (3.4)
= + II(arcsin(sn(y, k)), a1, k) |,
369) 7 X e ( (sn(x, k)), a1, k)
—lig . 1 e
where g = \/¢L2 —, k?* = iLL (blM‘ LG43 = ZLL 245‘1' (-, a2, k) is the elliptic integral of

the third kind,sn(u, k) is the Jacobian elliptic functions [3].

(a) —oco < h < h3 (b) h3 < h < hs = (d) hs < h < hl

(e) h=nhl (f) h1 < h < h2 (g) h2 < h < o
Figure 3. The changes of level curves defined by H(¢,y) = h in Fig.1(c)

3.2. When g = 0, we see from Figure 1 (d) that corresponding to the homoclinic
orbit defined by H(¢,y) = h; = hs = 0 to the origin E;(0,0), enclosing the center
Es(%e],0), we have y? = 2¢2(1|c| — ¢). It gives rise to the following parametric
representation of the solitary wave solution of system (1.6):

) = glelsoa (V) (35)
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3.3. When 0 < g < gg, we see from Figure 1(e) that corresponding to the homoclin-
ic orbit defined by H(¢,y)=hs, i.e., y*>= ha4¢* At 29?290 _ 2S=¢1) (9=dm)(¢3=¢)"

2¢+c ] (zlel—¢)
enclosing the center Fy(¢2,0), we have V2 = ffm (¢3_¢)\/(£|§C“C_‘;iff¢l)(¢_¢ R
: m

where ¢y, ¢, are the roots of the equation H(¢,0) = hz and satisfy ¢, < 0 < ¢, <
¢3. Thus, we obtain the parametric representation of the solitary wave solution of
system (1.6) as follows:

_ (bm B (bl

¢(X) - (bl + dng(x7 k_)v

1 2
£x) = ¢ — &\ Lic| — o (3.6)

_ 1.
(51 = o+ 2= 20 =0 i, k), o )
2 ¢)3 - (;bm
where k? = %éllccl‘id;r;,a% = ijE;il)'

Using (3.3),(3.5) to draw the figures, we obtain the following smooth bright
solitary wave profiles shown in Figure 4(b).While Using (3.6) to draw the figure,
we obtain the following smooth dark solitary wave profiles shown in Figure 4(c).
Figure 4(d) is given by (3.4).

(b) Solitary wave so- (c) Solitary wave so- (d) Compacton solu-
lution lution tion

(a) Periodic peakon

Figure 4. Solitary wave ,compacton and periodic peakon solutions of system (1.6)

4. Exact explicit parametric representations of the
orbits of system (1.6) for c¢>0

4.1. When g = —go, for h € (hq, hs), the level curves defined by H(¢,y) = h contain
a family of periodic orbits enclosing the equilibrium points E;(¢1,0) and E3(¢s,0).
When |h — hg| < 1, these periodic orbits give rise to a family of periodic peakon
solutions (see Figure 6(a)). As the limit curve of these periodic orbits, the level

curve defined by H(¢,y) = hs = %c‘* is a heteroclinic loop connecting two saddle
points Sy of system (2.1) (see Figure 2 (b)). For the singular system (1.6), this loop
also gives rise to a periodic peakon solution [6]. Now, we have y? = 2(¢,,, — ®)[(¢ —

b)? el and V2L = [ ey Where dun =5 G+ 22

b=} (do+i+2)c o = & (30-2)"¢ o = (3+12v3+4V27+12V3) .
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Hence, we obtain the following periodic peakon solution of system (1.6):

(Al + d)Ml)CH(V 2A1£a k) - (Al - ¢M1)
1+ cen(v241€,k) ’

A1—bi1+¢
where A% = (bl - ¢N11)2 + a%’kQ = %

For h = hy = hy = (% + %) ¢*, a branch of the level curves defined by
H(¢,y) = hy is a homoclinic orbit to the double equilibrium point of system (1.6).

2 _ 2(¢—¢1)3(¢M2_¢)) _ M2 (¢+%C)d¢
We have y o+ 1c and V2¢ = [, (=01 Grra— D) D91 (0130)

where ¢1 = ¢o = —i (1 + ?) C, Py = i (—1 + \/§) c¢. Thus, we obtain the follow-
ing solitary wave solution of system (1.6) (see Figure 6(b)):

Ve
3

o(§) =

(4.1)

¢(X) = ¢A12 - <¢M2 - ¢1)Sn2(X’ k) = ¢M2 - SHZ(X? k)’

€00 = V2(¢1 + o) (( 1 \/§> .

\/ ¢Mz + %C (bl + %C) " ¢
V2(01+3¢) V3
Vous e VIE

where k2 = %, E(-, k) is the normal elliptic integral of the second kind [3].

M2 "2
3

4.2. When —go < g < =&, for h = hy, the level curves defined by H(¢,y) =
he are two homoclinic loops to the saddle points Ea(¢2,0) of system (1.6) (see

Figure 2 (c)) for which we have v/2¢ = (Z)M (¢7¢2)\/(¢(¢t;%;()§f¢ TeE and v2¢ =
M m 2

respectively, where ¢, ¢, are the roots of the

s (dn(x, k)tn(x, k) — E(arcsin(sn(x, k), k)) ,

f¢ (p+30)do
P (—02)\/ (6, —9)(6=0,,) 9+ )
equation H(¢,0) = hy and satisfy ¢, < ¢2 < ¢pr < 0. Hence, we obtain the
following two solitary wave solutions of system (1.6)(see Figure 6(b)-(c))

O(X) = ¢o — (b0 — Pm)s0> (X, k), X € (-Sn—l w’sn—l H) 7

d)M - (bm
| 2 ¢z + 3 .
§0) = b +1c [X+ oy _2¢2 H(arcsm(sn(x,k)),a%,k)} ,
M 2
(4.3)
where k% = ZIZ:_EC ,a3 = % and
1 ¢, + i
= ——¢C + ’7,
T it (4.4)
&x) = On + 3°) 2 (arcsin(sn(x, k)), a2, k) .
¢m - ¢2 (bM + %C ) y» P4 )
2 by —bm o Kk (patic)
where k% = ¢TI+%C’Q4 =,
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When h € (he, hs), we have the similar phenomenon as h € (hy, hs) in section
4.1.

4.3. When g = —S—i, for h = hy = hy = %04, the level curves defined by
H(¢,y) = hs contain a homoclinic orbit to the saddle point Fs(¢2,0) enclosing
the equilibrium point E3(¢s3,0) and a heteroclinic triangle enclosing the equilibrium
point Eq(¢1,0) of system (2.1), where ¢y = fi(E)Jr\/@)c, P2 = f%c, ¢3 = i(f5+
V/33)c. Now, for the homoclinic orbit, we have y* = 2(+c — ¢)(¢ + 1c)%. Therefore,
we obtain the following solitary wave solution (see Figure 6(b)):

$(¢) = —§ + %sech2 (‘f ) . (4.5)

On the other hand, when h increases from h; = ﬁ(i@ + 11\/@)04 to hg, the
periodic orbit enclosing the equilibrium point F1(¢1,0) defined by H(¢,y) = h,h €
(h1, hs) approaches to the boundary triangle curves. As the limit of the periodic
orbit family, the boundary curve gives rise to an anti-peakon solution of system
(1.6) [6]. Let & = ctnhﬂ%. Then, the anti-peakon solution (see Figure 6(e))
has the following parametric representation which is a limit solution of a periodic

peakon family (see Figure 6(d)):
€ ctnh? (\fg — 50> . (4.6)

D) e D
AT /

(a) h3 < h < hl (b) h1 < h < hs (¢) h=hs (d) hs < h < infity

(&) = 5

N

Figure 5. The changes of level curves defined by H(¢,y) = h in Figure 2(d)

4.4. When 75—; < g < go, the level curves defined by H(¢,y) = ha,ie., y> =
2(¢, —8)(0—02) (9—d1)

contain a homoclinic orbit to the equilibrium point Es(¢2,0)

pt+3e
enclosing the equilibrium point Ea(¢3,0) (see Figure 2 (e),(f) and (g)). Now, we
1
have V2¢ = Jo (t50)do where (¢ar,0) and (¢;,0) are the

(9=02)\/ (94, —9)(8+50)(6—1)
points at which the curve H(¢,y) = hs intersects the ¢— axis. Hence, we obtain

the following solitary wave solution:

— _ 1 a2 ; Can—1 ¢N1_¢2 =1 ¢M_¢2
0 =0 <¢M—F2@sn<xio¢mae< o [ P ¢M+gc>’

. 2 ¢2+%C . 2 :|
amM¢M_@[x+ﬁw_%nmmm@ka»a&m,

Py t5c o2 = bpt5c
G —P1 5 Gp— 027

where k2 =



Bifurcations and exact travelling wave solutions of M-N-Wang equation 219

o (b) Solitary wave so- (c) Solitary wave so-
(a) Periodic peakon lution lution

(d) Periodic wave so- (e) Anti-peakon solu-
lution tion

Figure 6. Solitary wave and Anti-peakon solutions of system (1.6)

5. Exact traveling wave solutions of equation (1.1)

In this section, we apply the solutions of system (1.6) given by section 3 and 4 to
obtain some exact traveling wave solutions of equation (1.1).

First, by using solutions (3.5), (4.5) and (4.6), formula (1.8) follows that, for
c <0,

w(x,t)zzp(a:—ct):/;l c|bech2< \Fg) d¢ = /|| tanh @M&) (5.1)

and for ¢ > 0,
3
w(z,t) = /0 (—; + %sech2 (f{)) d¢ = —%cﬁ + +/ctanh <;ﬁ§) . (5.2)
Slc¢ ¢ Ve
w(z,t) = /0 <6 - ictnh2 <2§ - §0)> d¢ 5
= —écf + +/cctnh (fg §0> \2/%

Second, we see from (3.3), (3.6), (4.2), (4.3),(4.4) and (4.7) that by using formula
(1.8), we obtain the following exact solutions [3] of w(x,t) = w(§):

X ¢M - mSHZ(Xak)
o= (M)«
= QS]\/IX ¢M Ijgl |

gi(zlel — ¢M)
\f(¢M—¢1)

[dn(x, k)tn(x, k) — E(arcsin(sn(x, k)), k)], (5.4)

&(x) = II(arcsin(sn(y, k)), a%, k),
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1
2 _ zled=o
M= S

2 k’2 _ ¢L—%
VérL—én’ T pr—dm’

w(x) = /0 ) <¢l + Lo (X"ZZ)) dx

= dx — %[Wsn(x, k)ed(x, k) — E(arcsin(sn(x, k)), k)],

2
o= \/ (el — 8@ — )

| (6 — B0)(Rlc] — )
[<|c| o+ En G

2
1 2
2 _ glel=¢m 2 k*(d3—¢1)
where k- = 6 2 = gy

wio= [ <¢ - Yy, k>> i

= <¢M2 — \/§c> X + @E(arcsin(sn(x,k)),k),

where g1 =

M (arcsin(sn(x, k)), a2, k)| ,

3k2 3k2
V2(¢1 + 3c) 1 N V3 (5.6)
ot he \@FED )
n V2(¢1 + %C) V3
Vs +3e VI H

$1+zc
¢M2+%C.

Ex) =

(dn(x, k)tn(x, k) — E(arcsin(sn(x, k)), k)) ,

where k2 =

wix) = /0 (610 — (6rs — S )sn® (s ) dx
= (0= P ) (P ) Bresingn(n, ). )
c (_Sn—l ¢M - ¢2 Sn_l ¢1W - ¢2 ) ’ (5'7)

¢IM - d)m ' (bM - ¢m

. 2 ¢2 + %C . 2 :|
€00 =[5 Y A Marcsitsn(, ). o, ).

2 Oy —Pm 2 by —Pm
where k* = ot lco ¥ = gl

A ¢m+%c>
w(X)_/o ( 2wt m )

= —lcx + $m ¥ §C[E(arcsin(sn()(7 k)), k) — k*sn(x, k)cd(x, k)], (5.8)

2 1—k2

2+ 30 _ )
§x) = (M) H(arcsin(sn(x, k)), a3, k),




Bifurcations and exact travelling wave solutions of M-N-Wang equation 221

where k2 = pg —fm 421 Koy ts C)

¢1W+%C’ P2—bm

0= [ (0 = @ + o (ch)) dx
(o

¢M il C) X+ <¢M ) E(arcsin(sn(x, k)), k),
< ¢A{ - 2 ¢1\4 ¢2> (5.9)
—sn~ 4 [ ————=—,sn"_ ,
\/ ¢M+lc brr + 3¢
¢2 + . 2 :|
“ <Z5M ¢2 II(arcsin(sn(x, k)), az, k) | ,

where k2 = bytizc o by tie

by — b1 X5 = bp— P2
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