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Abstract In this paper we are interested in a technique for solving some
nonlinear rational systems of difference equations of third order, in three-
dimensional case. Moreover, we study the periodicity of solutions for such
systems. Finally, some numerical examples are presented.
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1. Introduction

The nature of many biological systems naturally leads to their study by means of
a discrete variable. Particular examples include population dynamics and genet-
ics. Some elementary models of biological phenomena, including a single species
population model, harvesting of fish, the production of red blood cells, ventilation
volume and blood CO2 levels, a simple epidemics model and a model of waves of
disease that can be analyzed by difference equations are shown in [28]. Recently,
there has been interest in so-called dynamical diseases, which correspond to phys-
iological disorders for which a generally stable control system becomes unstable.
One of the first papers on this subject was that of Mackey and Glass [27]. In that
paper they investigated a simple first order difference-delay equation that models
the concentration of blood-level CO2. They also discussed models of a second class
of diseases associated with the production of red cells, white cells, and platelets in
the bone marrow.

The dynamical characteristics of population system have been modelled, among
others by differential equations in the case of species with overlapping generations
and by difference equations in the case of species with non-overlapping generations.

In practice, one can formulate a discrete model directly from experiments and
observations. Sometimes, for numerical purposes one wants to propose a finite-
difference scheme to numerically solved a given differential equation model, espe-
cially when the differential equation cannot be solved explicitly. For a given dif-
ferential equation, a difference equation approximation would be most acceptable
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if the solution of the difference equation is the same as the differential equation
at the discrete points [21]. But unless we can explicitly solve both equations, it is
impossible to satisfy this requirements. Most of the time, it is desirable that a dif-
ferential equation, when derived from a difference equation, preserves the dynamical
features of the corresponding continuous-time model such as equilibria, their local
and global stability characteristics and bifurcation behaviors. If such discrete mod-
els can be derived from continuous-time models and it will preserve the considered
realities; such discrete-time models can be called ‘dynamically consistent’ with the
continuous-time models.

The study of asymptotic stability and oscillatory properties of solutions of d-
ifference equations is extremely useful in the behavior of mathematical models of
various biological systems and other applications. This is due to the fact that differ-
ence equations are appropriate models for describing situations where the variable
is assumed to take only a discrete set of values and they arise frequently in the
study of biological models, in the formulation and analysis of discrete time system-
s, the numerical integration of differential equations by finite-difference schemes,
the study of deterministic chaos, etc. For example, [26] the study of oscillation of
positive solutions about the positive steady state N in the delay logistic difference
equation

Nn+1 = Nn exp

r
1−

m∑
j=0

pjNn−j

 ,
where r, pm ∈ (0,∞), p0, p1, ..., pm−1 ∈ [0,∞) and m+r 6= 1, which describes situa-
tions where population growth is not continuous but seasonal with non-overlapping
generations, leads to the study of oscillations about zero of a linear difference equa-
tion of the form

xn+1 − xn +

m∑
i=0

pixn−ki = 0, n = 0, 1, ... .

Also, difference equations are appropriate models for describing situations where
population growth is not continuous but seasonal with overlapping generations.

For example, the difference equation,

yn+1 = yn exp
[
r
(

1− yn
K

)]
,

has been used to model various animal populations. This equation is considered by
some to be the discrete analogue of the logistic differential equation

y′(t) = ry(t)

(
1− y(t)

k

)
,

where r and k are the growth rate and the carrying capacity of population, respec-
tively.

El-Metwally et al. [13] investigated the asymptotic behavior of the population
model:

xn+1 = α+ βxn−1e
−xn ,

where α is the immigration rate and β is the population growth rate.
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Ding et al. [10] studied the following discrete delay Mosquito population equation

xn+1 = (αxn + βxn−1) e−xn .

The generalized Beverton-Holt stock recruitment model has investigated in [4,8]:

xn+1 = axn +
bxn−1

1 + cxn−1 + dxn
.

See also [1–22]. The long term behavior of the solutions of nonlinear difference
equations systems of order greater than one has been extensively studied during the
last decade. For example, various results about boundedness, stability and periodic
character of the solutions of the second-order nonlinear difference equations and
systems of difference equations see [23,27,30–42].

Many researchers have investigated the behavior of the solution of difference
equations systems for example:

The periodicity of the positive solutions of the rational difference equations
system

xn+1 =
1

zn
, yn+1 =

yn
xn−1yn−1

, zn+1 =
1

xn−1
,

has been obtained by Cinar in [6].
In [15] Elsayed et al. dealed with the solutions of the systems of the difference

equations

xn+1 =
1

xn−pyn−p
, yn+1 =

xn−pyn−p
xn−qyn−q

,

and

xn+1 =
1

xn−pyn−pzn−p
, yn+1 =

xn−pyn−pzn−p
xn−qyn−qzn−q

, zn+1 =
xn−qyn−qzn−q
xn−ryn−rzn−r

.

In [39] Yalcinkaya and Cinar, showed that every solution of the following system
of the difference equations

x
(1)
n+1 =

x
(2)
n x

(3)
n−1

x
(2)
n x

(3)
n−1 − x

(2)
n − x(3)n−1

,

x
(2)
n+1 =

x
(3)
n x

(4)
n−1

x
(3)
n x

(4)
n−1 − x

(3)
n − x(4)n−1

,

...,

x
(z0)
n+1 =

x
(1)
n x

(2)
n−1

x
(1)
n x

(2)
n−1 − x

(1)
n − x(2)n−1

,

is periodic with known period.
Kurbanli [24, 25] dealed with the behavior of the solutions of the following sys-

tems of difference equations

xn+1 =
xn−1

xn−1yn − 1
, yn+1 =

yn−1
yn−1xn − 1

, zn+1 =
zn−1

zn−1yn − 1
,

xn+1 =
xn−1

xn−1yn − 1
, yn+1 =

yn−1
yn−1xn − 1

, zn+1 =
xn

zn−1yn
.
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Zkan and Kurbanli [41] have investigated the periodical solutions of the following
system of third order rational difference equations

xn+1 =
yn−2

−1± yn−2xn−1yn
, yn+1 =

xn−2
−1± xn−2yn−1xn

, zn+1 =
xn−2 + yn−2

−1± xn−2yn−1xn
.

Similar to difference equations and nonlinear systems of rational difference equations
were investigated see [23–30].

Definition 1.1 (Periodicity). A sequence {xn}∞n=−z0 is said to be periodic with
period p if xn+p = xn for all n ≥ −z0.

Definition 1.2 (Fibonacci Sequence). The sequence {fm}∞m=1 = {1, 1, 2, 3, 5, 8, 13,
21, 34, 55, ...} i.e. fm+1 = fm + fm−1, m ≥ 0, f−1 = 1, f0 = 0 is called Fibonacci
Sequence.

The main goal of this paper, is to study a class of nonlinear rational systems of
difference equations of order three, in three-dimensional case,given by

xn+1 =
yn−1xn−2
xn−2 ± zn

, yn+1 =
zn−1yn−2
yn−2 ± xn

, zn+1 =
xn−1zn−2
zn−2 ± yn

,

with the initial conditions are nonzero real numbers.

2. Some Systems and Their Solutions

Here we interest to investigate the following systems of difference equations

xn+1 =
yn−1xn−2
xn−2 + zn

, yn+1 =
zn−1yn−2
yn−2 + xn

, zn+1 =
xn−1zn−2
zn−2 + yn

. (2.1)

xn+1 =
yn−1xn−2
xn−2 + zn

, yn+1 =
zn−1yn−2
yn−2 + xn

, zn+1 =
xn−1zn−2
zn−2 − yn

. (2.2)

xn+1 =
yn−1xn−2
xn−2 + zn

, yn+1 =
zn−1yn−2
yn−2 − xn

, zn+1 =
xn−1zn−2
zn−2 − yn

. (2.3)

where n ∈ N0 and the initial conditions are arbitrary nonzero real numbers.
The following theorems are devoted to the form of the solutions of previous

systems.

Theorem 2.1. Assume that {xn, yn, zn} are solutions of system (2.1). Then for
n = 0, 1, 2, ..., we see that

x6n−2 = x−2

n−1∏
i=0

(f6n−1z0 + f6nx−2) (f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2)

(f6nz0 + f6n+1x−2) (f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2)
,

x6n−1 = x−1

n−1∏
i=0

(f6ny0 + f6n+1z−2) (f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2)

(f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2) (f6n+5y0 + f6n+6z−2)
,

x6n= x0
n−1∏
i=0

(f6n+1x0 + f6n+2y−2) (f6n+3x0 + f6n+4y−2) (f6n+5x0 + f6n+6y−2)

(f6n+2x0 + f6n+3y−2) (f6n+4x0 + f6n+5y−2) (f6n+6x0 + f6n+7y−2)
,

x6n+1 = x−2y−1

(z0+x−2)

n−1∏
i=0

(f6n+2z0+f6n+3x−2) (f6n+4z0+f6n+5x−2) (f6n+6z0+f6n+7x−2)

(f6n+3z0+f6n+4x−2) (f6n+5z0+f6n+6x−2) (f6n+7z0+f6n+8x−2)
,

x6n+2 =y0(y0+z−2)
(y0+2z−2)

n−1∏
i=0

(f6n+3y0 + f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)

(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)
,
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x6n+3 = y−2z−1(x0+2y−2)
(x0+y−2)(2x0+3y−2)

n−1∏
i=0

(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)
(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)(f6n+9x0+f6n+10y−2)

,

y6n−2 =y−2

n−1∏
i=0

(f6n−1x0 + f6ny−2) (f6n+1x0 + f6n+2y−2) (f6n+3x0 + f6n+4y−2)

(f6nx0 + f6n+1y−2) (f6n+2x0 + f6n+3y−2) (f6n+4x0 + f6n+5y−2)
,

y6n−1 =y−1

n−1∏
i=0

(f6nz0 + f6n+1x−2) (f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2)

(f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2) (f6n+5z0 + f6n+6x−2)
,

y6n=y0

n−1∏
i=0

(f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2) (f6n+5y0 + f6n+6z−2)

(f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2) (f6n+6y0 + f6n+7z−2)
,

y6n+1 = y−2z−1

(x0+y−2)

n−1∏
i=0

(f6n+2x0+f6n+3y−2)(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)
,

y6n+2 = z0(z0+x−2)
(z0+2x−2)

n−1∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)

(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)
,

y6n+3 = x−1z−2(y0+2z−2)
(y0+z−2)(2y0+3z−2)

n−1∏
i=0

(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)
(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)(f6n+9y0+f6n+10z−2)

,

and

z6n−2 =z−2

n−1∏
i=0

(f6n−1y0 + f6nz−2) (f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2)

(f6ny0 + f6n+1z−2) (f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2)
,

z6n−1 =z−1

n−1∏
i=0

(f6nx0+f6n+1y−2) (f6n+2x0+f6n+3y−2) (f6n+4x0 + f6n+5y−2)

(f6n+1x0+f6n+2y−2) (f6n+3x0+f6n+4y−2) (f6n+5x0+f6n+6y−2)
,

z6n=z0

n−1∏
i=0

(f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2) (f6n+5z0 + f6n+6x−2)

(f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2) (f6n+6z0 + f6n+7x−2)
,

z6n+1 = x−1z−2

(y0+z−2)

n−1∏
i=0

(f6n+2y0+f6n+3z−2) (f6n+4y0+f6n+5z−2) (f6n+6y0+f6n+7z−2)

(f6n+3y0+f6n+4z−2) (f6n+5y0+f6n+6z−2) (f6n+7y0+f6n+8z−2)
,

z6n+2 = x0(x0+y−2)
(x0+2y−2)

n−1∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)

(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)
,

z6n+3 = x−2y−1(z0+2x−2)
(z0+x−2)(2z0+3x−2)

n−1∏
i=0

(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)
(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)(f6n+9z0+f6n+10x−2)

,

where {fn}∞n=−1 = {1, 0, 1, 1, 2, 3, 5, 8, 13, ...}.

Proof. For n = 0 the result holds. Now suppose that n > 1 and that our assump-
tion holds for n− 1. that is,

x6n−8 =x−2

n−2∏
i=0

(f6n−1z0 + f6nx−2) (f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2)

(f6nz0 + f6n+1x−2) (f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2)
,

x6n−7 =x−1

n−2∏
i=0

(f6ny0 + f6n+1z−2) (f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2)

(f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2) (f6n+5y0 + f6n+6z−2)
,
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x6n−6 =x0

n−2∏
i=0

(f6n+1x0 + f6n+2y−2) (f6n+3x0 + f6n+4y−2) (f6n+5x0 + f6n+6y−2)

(f6n+2x0 + f6n+3y−2) (f6n+4x0 + f6n+5y−2) (f6n+6x0 + f6n+7y−2)
,

x6n−5 = x−2y−1

(z0+x−2)

n−2∏
i=0

(f6n+2z0+f6n+3x−2)(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)
,

x6n−4 = y0(y0+z−2)
(y0+2z−2)

n−2∏
i=0

(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)

(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)
,

x6n−3 = y−2z−1(x0+2y−2)
(x0+y−2)(2x0+3y−2)

n−2∏
i=0

(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)
(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)(f6n+9x0+f6n+10y−2)

,

y6n−8 =y−2

n−2∏
i=0

(f6n−1x0 + f6ny−2) (f6n+1x0 + f6n+2y−2) (f6n+3x0 + f6n+4y−2)

(f6nx0 + f6n+1y−2) (f6n+2x0 + f6n+3y−2) (f6n+4x0 + f6n+5y−2)
,

y6n−7 =y−1

n−2∏
i=0

(f6nz0 + f6n+1x−2) (f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2)

(f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2) (f6n+5z0 + f6n+6x−2)
,

y6n−6 =y0

n−2∏
i=0

(f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2) (f6n+5y0 + f6n+6z−2)

(f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2) (f6n+6y0 + f6n+7z−2)
,

y6n−5 = y−2z−1

(x0+y−2)

n−2∏
i=0

(f6n+2x0+f6n+3y−2)(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)
,

y6n−4 = z0(z0+x−2)
(z0+2x−2)

n−2∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)
(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)

,

y6n−3 = x−1z−2(y0+2z−2)
(y0+z−2)(2y0+3z−2)

n−2∏
i=0

(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)
(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)(f6n+9y0+f6n+10z−2)

,

and

z6n−8 = z−2

n−2∏
i=0

(f6n−1y0 + f6nz−2) (f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2)

(f6ny0 + f6n+1z−2) (f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2)
,

z6n−7 = z−1

n−2∏
i=0

(f6nx0 + f6n+1y−2) (f6n+2x0 + f6n+3y−2) (f6n+4x0 + f6n+5y−2)

(f6n+1x0 + f6n+2y−2) (f6n+3x0 + f6n+4y−2) (f6n+5x0 + f6n+6y−2)
,

z6n−6 = z0

n−2∏
i=0

(f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2) (f6n+5z0 + f6n+6x−2)

(f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2) (f6n+6z0 + f6n+7x−2)
,

z6n−5 = x−1z−2

(y0+z−2)

n−2∏
i=0

(f6n+2y0+f6n+3z−2)(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)

(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)
,

z6n−4 = x0(x0+y−2)
(x0+2y−2)

n−2∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)

(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)
,

z6n−3 = x−2y−1(z0+2x−2)
(z0+x−2)(2z0+3x−2)

n−2∏
i=0

(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)
(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)(f6n+9z0+f6n+10x−2)

.

It follows from Eq. (2.1) that

x6n−2 =
y6n−4x6n−5
x6n−5 + z6n−3
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=

(
z0(z0+x−2)
(z0+2x−2)

n−2∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)
(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)

)
(

x−2y−1

(z0+x−2)

n−2∏
i=0

(f6n+2z0+f6n+3x−2)(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)
(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)

)
(

x−2y−1

(z0+x−2)

n−2∏
i=0

(f6n+2z0+f6n+3x−2)(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)
(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)

)
+(

x−2y−1(z0+2x−2)
(z0+x−2)(2z0+3x−2)

n−2∏
i=0

(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)
(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)(f6n+9z0+f6n+10x−2)

)

=

(
z0(z0+x−2)

(z0+2x−2)

n−2∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)
(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)

)

1+

(
(z0+2x−2)

(2z0+3x−2)

n−2∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+8z0+f6n+9x−2)
(f6n+2z0+f6n+3x−2)(f6n+9z0+f6n+10x−2)

)

=

(
z0(z0+x−2)

(z0+2x−2)

n−2∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)
(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)

)
1+

(
(f6n−4z0+f6n−3x−2)
(f6n−3z0+f6n−2x−2)

)

=z0(z0+x−2)
(z0+2x−2)

n−2∏
i=0

(f6n+3z0+f6n+4x−2)(f6n+5z0+f6n+6x−2)(f6n+7z0+f6n+8x−2)
(f6n+4z0+f6n+5x−2)(f6n+6z0+f6n+7x−2)(f6n+8z0+f6n+9x−2)

(
f6n−3z0+f6n−2x−2

f6n−2z0+f6n−1x−2

)
.

Then we see that

x6n−2 = x−2

n−1∏
i=0

(f6n−1z0 + f6nx−2) (f6n+1z0 + f6n+2x−2) (f6n+3z0 + f6n+4x−2)

(f6nz0 + f6n+1x−2) (f6n+2z0 + f6n+3x−2) (f6n+4z0 + f6n+5x−2)
.

Also, we see from Eq. (2.1) that

y6n−2 =
z6n−4y6n−5

y6n−5 + x6n−3

=

(
x0(x0+y−2)
(x0+2y−2)

n−2∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)
(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)

)
(

y−2z−1

(x0+y−2)

n−2∏
i=0

(f6n+2x0+f6n+3y−2)(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)
(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)

)
(

y−2z−1

(x0+y−2)

n−2∏
i=0

(f6n+2x0+f6n+3y−2)(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)
(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)

)
+(

y−2z−1(x0+2y−2)
(x0+y−2)(2x0+3y−2)

n−2∏
i=0

(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)
(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)(f6n+9x0+f6n+10y−2)

)

=

(
x0(x0+y−2)

(x0+2y−2)

n−2∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)
(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)

)

1+

(
(x0+2y−2)

(2x0+3y−2)

n−2∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+8x0+f6n+9y−2)
(f6n+2x0+f6n+3y−2)(f6n+9x0+f6n+10y−2)

)

=

(
x0(x0+y−2)

(x0+2y−2)

n−2∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)
(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)

)
1+

(
(f6n−4x0+f6n−3y−2)
(f6n−3x0+f6n−2y−2)

)

=x0(x0+y−2)
(x0+2y−2)

n−2∏
i=0

(f6n+3x0+f6n+4y−2)(f6n+5x0+f6n+6y−2)(f6n+7x0+f6n+8y−2)
(f6n+4x0+f6n+5y−2)(f6n+6x0+f6n+7y−2)(f6n+8x0+f6n+9y−2)

(
f6n−3x0+f6n−2y−2

f6n−2x0+f6n−1y−2

)
.

Then

y6n−2 = y−2

n−1∏
i=0

(f6n−1x0 + f6ny−2) (f6n+1x0 + f6n+2y−2) (f6n+3x0 + f6n+4y−2)

(f6nx0 + f6n+1y−2) (f6n+2x0 + f6n+3y−2) (f6n+4x0 + f6n+5y−2)
.
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Finally from Eq. (2.1), we see that

z6n−2 =
x6n−4z6n−5
z6n−5 + y6n−3

=

(
y0(y0+z−2)
(y0+2z−2)

n−2∏
i=0

(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)
(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)

)
(

x−1z−2

(y0+z−2)

n−2∏
i=0

(f6n+2y0+f6n+3z−2)(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)
(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)

)
(

x−1z−2

(y0+z−2)

n−2∏
i=0

(f6n+2y0+f6n+3z−2)(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)
(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)

)
+(

x−1z−2(y0+2z−2)
(y0+z−2)(2y0+3z−2)

n−2∏
i=0

(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)
(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)(f6n+9y0+f6n+10z−2)

)

=

(
y0(y0+z−2)

(y0+2z−2)

n−2∏
i=0

(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)
(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)

)

1+

(
(y0+2z−2)

(2y0+3z−2)

n−2∏
i=0

(f6n+3y0+f6n+4z−2)(f6n+8y0+f6n+9z−2)
(f6n+2y0+f6n+3z−2)(f6n+9y0+f6n+10z−2)

)

=

(
y0(y0+z−2)

(y0+2z−2)

n−2∏
i=0

(f6n+3y0+f6n+4z−2)(f6n+5y0+f6n+6z−2)(f6n+7y0+f6n+8z−2)
(f6n+4y0+f6n+5z−2)(f6n+6y0+f6n+7z−2)(f6n+8y0+f6n+9z−2)

)
1+

(
(f6n−4y0+f6n−3z−2)
(f6n−3y0+f6n−2z−2)

) .

Thus

z6n−2 = z−2

n−1∏
i=0

(f6n−1y0 + f6nz−2) (f6n+1y0 + f6n+2z−2) (f6n+3y0 + f6n+4z−2)

(f6ny0 + f6n+1z−2) (f6n+2y0 + f6n+3z−2) (f6n+4y0 + f6n+5z−2)
.

Similarly we can prove the other relations. This completes the proof.

Lemma 2.1. Let {xn, yn, zn} be a positive solution of system (2.1), then every
solution of system (2.1) is bounded and converges to zero.

Proof. It follows from Eq. (2.1) that

xn+1 =
yn−1xn−2
xn−2 + zn

≤ yn−1, yn+1 =
zn−1yn−2
yn−2 + xn

≤ zn−1,

zn+1 =
xn−1zn−2
zn−2 + yn

≤ xn−1,

we see that

xn+4 ≤ yn+2, yn+2 ≤ zn, zn ≤ xn−2, ⇒ xn+4 < xn−2,

yn+4 ≤ zn+2, zn+2 ≤ xn, xn ≤ yn−2, ⇒ yn+4 < yn−2,

zn+4 ≤ xn+2, xn+2 ≤ yn, yn ≤ zn−2, ⇒ zn+4 < zn−2,

Then the subsequences {x6n−2}∞n=0, {x6n−1}∞n=0, {x6n}∞n=0, {x6n+1}∞n=0, {x6n+2}∞n=0,
{x6n+3}∞n=0 are decreasing and so are bounded from above byM = max{x−2, x−1, x0,
x1, x2, x3}. Also, the subsequences {y6n−2}∞n=0, {y6n−1}∞n=0, {y6n}∞n=0, {y6n+1}∞n=0,
{y6n+2}∞n=0, {y6n+3}∞n=0 are decreasing and so are bounded from above by M =
max{y−2, y−1, y0, y1, y2, y3} and {z6n−2}∞n=0, {z6n−1}∞n=0, {z6n}∞n=0, {z6n+1}∞n=0,
{z6n+2}∞n=0, {z6n+3}∞n=0, are decreasing and also, bounded from above by M =
max{z−2, z−1, z0, z1, z2, z3}.
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Theorem 2.2. Suppose that {xn, yn, zn} are solutions of system (2.2). Then the
solution of system (2.2) are given by the following formula for n = 0, 1, 2, ...,

x6n−2 = x−2

n−1∏
i=0

(z0 + (4i)x−2) (z0 + (4i+ 1)x−2)

(z0 + (4i+ 2)x−2) (z0 + (4i+ 3)x−2)
,

x6n−1 = x−1

n−1∏
i=0

((4i)y0 − (4i+ 1)z−2) ((4i+ 1)y0 − (4i+ 2)z−2)

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)
,

x6n = x0

n−1∏
i=0

(y−2 + (4i+ 1)x0) (y−2 + (4i+ 2)x0)

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)
,

x6n+1 =
x−2y−1

(z0 + x−2)

n−1∏
i=0

(z0 + (4i+ 2)x−2) (z0 + (4i+ 3)x−2)

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)
,

x6n+2 =
y0(y0 − z−2)

(y0 − 2z−2)

n−1∏
i=0

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)

((4i+ 4)y0 − (4i+ 5)z−2) ((4i+ 5)y0 − (4i+ 6)z−2)
,

x6n+3 =
x0y−2z−1

(y−2 + x0)(y−2 + 2x0)

n−1∏
i=0

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)

(y−2 + (4i+ 5)x0) (y−2 + (4i+ 6)x0)
,

y6n−2 = y−2

n−1∏
i=0

(y−2 + (4i+ 1)x0) (y−2 + (4i+ 2)x0)

(y−2 + (4i)x0) (y−2 + (4i+ 3)x0)
,

y6n−1 = y−1

n−1∏
i=0

(z0 + (4i+ 2)x−2) (z0 + (4i+ 3)x−2)

(z0 + (4i+ 1)x−2) (z0 + (4i+ 4)x−2)
,

y6n = y0

n−1∏
i=0

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)

((4i+ 1)y0 − (4i+ 2)z−2) ((4i+ 4)y0 − (4i+ 5)z−2)
,

y6n+1 =
y−2z−1

(y−2 + x0)

n−1∏
i=0

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)

(y−2 + (4i+ 2)x0) (y−2 + (4i+ 5)x0)
,

y6n+2 =
z0(z0 + x−2)

(z0 + 2x−2)

n−1∏
i=0

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)

(z0 + (4i+ 3)x−2) (z0 + (4i+ 6)x−2)
,

y6n+3 =
−x−1z−2(y0 − 2z−2)

(y0−z−2)(2y0−3z−2)

n−1∏
i=0

((4i+4)y0−(4i+5)z−2)((4i+5)y0−(4i+6)z−2)

((4i+3)y0−(4i+4)z−2) ((4i+6)y0−(4i+7)z−2)
,

and

z6n−2 = z−2

n−1∏
i=0

((4i− 1)y0 − (4i)z−2) ((4i+ 2)y0 − (4i+ 3)z−2)

((4i)y0 − (4i+ 1)z−2) ((4i+ 1)y0 − (4i+ 2)z−2)
,

z6n−1 = z−1

n−1∏
i=0

(y−2 + (4i)x0) (y−2 + (4i+ 3)x0)

(y−2 + (4i+ 1)x0) (y−2 + (4i+ 2)x0)
,

z6n = z0

n−1∏
i=0

(z0 + (4i+ 1)x−2) (z0 + (4i+ 4)x−2)

(z0 + (4i+ 2)x−2) (z0 + (4i+ 3)x−2)
,
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z6n+1 =
−x−1z−2
(y0 − z−2)

n−1∏
i=0

((4i+ 1)y0 − (4i+ 2)z−2) ((4i+ 4)y0 − (4i+ 5)z−2)

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)
,

z6n+2 = (x0 + y−2)

n−1∏
i=0

(y−2 + (4i+ 2)x0) (y−2 + (4i+ 5)x0)

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)
,

z6n+3 =
y−1(z0 + 2x−2)

(z0 + x−2)

n−1∏
i=0

(z0 + (4i+ 3)x−2) (z0 + (4i+ 6)x−2)

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)
.

Proof. For n = 0 the result holds. Now suppose that n > 1 and that our assump-
tion holds for n− 1. that is,

x6n−5 =
x−2y−1

(z0 + x−2)

n−2∏
i=0

(z0 + (4i+ 2)x−2) (z0 + (4i+ 3)x−2)

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)
,

x6n−4 =
y0(y0 − z−2)

(y0 − 2z−2)

n−2∏
i=0

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)

((4i+ 4)y0 − (4i+ 5)z−2) ((4i+ 5)y0 − (4i+ 6)z−2)
,

x6n−3 =
x0y−2z−1

(y−2 + x0)(y−2 + 2x0)

n−2∏
i=0

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)

(y−2 + (4i+ 5)x0) (y−2 + (4i+ 6)x0)
,

y6n−5 =
y−2z−1

(y−2 + x0)

n−2∏
i=0

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)

(y−2 + (4i+ 2)x0) (y−2 + (4i+ 5)x0)
,

y6n−4 =
z0(z0 + x−2)

(z0 + 2x−2)

n−2∏
i=0

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)

(z0 + (4i+ 3)x−2) (z0 + (4i+ 6)x−2)
,

y6n−3 =
−x−1z−2(y0−2z−2)

(y0−z−2)(2y0−3z−2)

n−2∏
i=0

((4i+4)y0−(4i+5)z−2) ((4i+5)y0−(4i+6)z−2)

((4i+3)y0−(4i+4)z−2)((4i+6)y0−(4i+7)z−2)
,

and

z6n−5 =
−x−1z−2
(y0 − z−2)

n−2∏
i=0

((4i+ 1)y0 − (4i+ 2)z−2) ((4i+ 4)y0 − (4i+ 5)z−2)

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)
,

z6n−4 = (x0 + y−2)

n−2∏
i=0

(y−2 + (4i+ 2)x0) (y−2 + (4i+ 5)x0)

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)
,

z6n−3 =
y−1(z0 + 2x−2)

(z0 + x−2)

n−2∏
i=0

(z0 + (4i+ 3)x−2) (z0 + (4i+ 6)x−2)

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)
.

We see from Eq. (2.2) that

x6n−2 =
y6n−4x6n−5
x6n−5 + z6n−3

=

 z0(z0+x−2)

(z0+2x−2)

n−2∏
i=0

(z0+(4i+4)x−2)(z0+(4i+5)x−2)
(z0+(4i+3)x−2)(z0+(4i+6)x−2)

 x−2y−1
(z0+x−2)

n−2∏
i=0

(z0+(4i+2)x−2)(z0+(4i+3)x−2)
(z0+(4i+4)x−2)(z0+(4i+5)x−2)


 x−2y−1

(z0+x−2)

n−2∏
i=0

(z0+(4i+2)x−2)(z0+(4i+3)x−2)
(z0+(4i+4)x−2)(z0+(4i+5)x−2)

+
 y−1(z0+2x−2)

(z0+x−2)

n−2∏
i=0

(z0+(4i+3)x−2)(z0+(4i+6)x−2)
(z0+(4i+4)x−2)(z0+(4i+5)x−2)


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=

 x−2z0(z0+x−2)

(z0+2x−2)

n−2∏
i=0

(z0+(4i+4)x−2)(z0+(4i+5)x−2)
(z0+(4i+3)x−2)(z0+(4i+6)x−2)


x−2+

(z0+2x−2)

n−2∏
i=0

(z0+(4i+6)x−2)
(z0+(4i+2)x−2)



=

 x−2z0(z0+x−2)

(z0+2x−2)

n−2∏
i=0

(z0+(4i+4)x−2)(z0+(4i+5)x−2)
(z0+(4i+3)x−2)(z0+(4i+6)x−2)


x−2+z0+(4n−2)x−2

= x−2z0(z0+x−2)
(z0+2x−2)

n−2∏
i=0

(z0 + (4i+ 4)x−2) (z0 + (4i+ 5)x−2)

(z0 + (4i+ 3)x−2) (z0 + (4i+ 6)x−2)

(
1

z0+(4n−1)x−2

)
.

Thus

x6n−2 = x−2

n−1∏
i=0

(z0 + (4i)x−2) (z0 + (4i+ 1)x−2)

(z0 + (4i+ 2)x−2) (z0 + (4i+ 3)x−2)
.

Also, we see from System (2.2) that

y6n =
z6n−2y6n−3

y6n−3 + x6n−1

=

(
z−2

n−1∏
i=0

((4i−1)y0−(4i)z−2)((4i+2)y0−(4i+3)z−2)
((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)

)
(
−x−1z−2(y0−2z−2)
(y0−z−2)(2y0−3z−2)

n−2∏
i=0

((4i+4)y0−(4i+5)z−2)((4i+5)y0−(4i+6)z−2)
((4i+3)y0−(4i+4)z−2)((4i+6)y0−(4i+7)z−2)

)
(
−x−1z−2(y0−2z−2)
(y0−z−2)(2y0−3z−2)

n−2∏
i=0

((4i+4)y0−(4i+5)z−2)((4i+5)y0−(4i+6)z−2)
((4i+3)y0−(4i+4)z−2)((4i+6)y0−(4i+7)z−2)

)
+(

x−1
n−1∏
i=0

((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)
((4i+2)y0−(4i+3)z−2)((4i+3)y0−(4i+4)z−2)

)

=

(
z−2

n−1∏
i=0

((4i−1)y0−(4i)z−2)((4i+2)y0−(4i+3)z−2)
((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)

)

1+



(
n−1∏
i=0

((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)
((4i+2)y0−(4i+3)z−2)((4i+3)y0−(4i+4)z−2)

)
(

(y0−z−2)(2y0−3z−2)
−z−2(y0−2z−2)

n−2∏
i=0

((4i+3)y0−(4i+4)z−2)((4i+6)y0−(4i+7)z−2)
((4i+4)y0−(4i+5)z−2)((4i+5)y0−(4i+6)z−2)

)


=

(
z−2

n−1∏
i=0

((4i−1)y0−(4i)z−2)((4i+2)y0−(4i+3)z−2)
((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)

)

1+

(
n−1∏
i=0

1

((4i+3)y0−(4i+4)z−2)

)(
(y0−z−2)

n−2∏
i=0

((4i+3)y0−(4i+4)z−2)

)

=

(
z−2

n−1∏
i=0

((4i−1)y0−(4i)z−2)((4i+2)y0−(4i+3)z−2)
((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)

)
1+

(
(y0−z−2)

((4n−1)y0−(4n)z−2)

)

= z−2

n−1∏
i=0

((4i−1)y0−(4i)z−2)((4i+2)y0−(4i+3)z−2)
((4i)y0−(4i+1)z−2)((4i+1)y0−(4i+2)z−2)

(
(4n−1)y0−(4n)z−2

(4n)y0−(4n+1)z−2

)
.

Then

y6n = y0

n−1∏
i=0

((4i+ 2)y0 − (4i+ 3)z−2) ((4i+ 3)y0 − (4i+ 4)z−2)

((4i+ 1)y0 − (4i+ 2)z−2) ((4i+ 4)y0 − (4i+ 5)z−2)
.
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Although, from Eq. (2.2), we see that

z6n+2 =
x6nz6n−1

z6n−1 − y6n+1

=

(
x0

n−1∏
i=0

(y−2+(4i+1)x0)(y−2+(4i+2)x0)
(y−2+(4i+3)x0)(y−2+(4i+4)x0)

)(
z−1

n−1∏
i=0

(y−2+(4i)x0)(y−2+(4i+3)x0)
(y−2+(4i+1)x0)(y−2+(4i+2)x0)

)
(
z−1

n−1∏
i=0

(y−2+(4i)x0)(y−2+(4i+3)x0)
(y−2+(4i+1)x0)(y−2+(4i+2)x0)

)
−
(

y−2z−1
(y−2+x0)

n−1∏
i=0

(y−2+(4i+3)x0)(y−2+(4i+4)x0)
(y−2+(4i+2)x0)(y−2+(4i+5)x0)

)

=

(
x0

n−1∏
i=0

(y−2+(4i+1)x0)(y−2+(4i+2)x0)
(y−2+(4i+3)x0)(y−2+(4i+4)x0)

)

1−
(

y−2
(y−2+x0)

n−1∏
i=0

(y−2+(4i+1)x0)(y−2+(4i+4)x0)
(y−2+(4i)x0)(y−2+(4i+5)x0)

)

=

(
x0

n−1∏
i=0

(y−2+(4i+1)x0)(y−2+(4i+2)x0)
(y−2+(4i+3)x0)(y−2+(4i+4)x0)

)
1−
(

(y−2+(4n)x0)
(y−2+(4n+1)x0)

)

= x0

n−1∏
i=0

(y−2+(4i+1)x0)(y−2+(4i+2)x0)
(y−2+(4i+3)x0)(y−2+(4i+4)x0)

(
(y−2+(4n+1)x0)

x0

)
.

Thus

z6n+2 = (x0 + y−2)

n−1∏
i=0

(y−2 + (4i+ 2)x0) (y−2 + (4i+ 5)x0)

(y−2 + (4i+ 3)x0) (y−2 + (4i+ 4)x0)
.

Similarly one can prove the other formulas. This completes the proof.

Theorem 2.3. If {xn, yn, zn} are solutions of difference equation system (2.3).
Then the solution of system (2.3) are takes the following form for n = 0, 1, 2, ...,

x6n−2 = x−2

(
x−2+z0
x−2−z0

)n
, x6n−1 = x−1

(
y0−2z−2

y0

)n
, x6n = x0

(
2x0−y−2

y−2

)n
,

x6n+1 = x−2y−1

x−2+z0

(
x−2−z0
x−2+z0

)n
, x6n+2 = (y0 − z−2)

(
y0

y0−2z−2

)n+1

,

x6n+3 = −x0z−1

(x0−y−2)

(
y−2

2x0−y−2

)n+1

,

y6n−2 = y−2

(
2x0−y−2

y−2

)n
, y6n−1 = y−1

(
x−2−z0
x−2+z0

)n
, y6n = y0

(
y0

y0−2z−2

)n
,

y6n+1 = z−1y−2

y−2−x0

(
y−2

2x0−y−2

)n
, y6n+2 = (x−2 + z0)

(
x−2+z0
x−2−z0

)n
,

y6n+3 = x−1y0
y0−z−2

(
y0−2z−2

y0

)n+1

,

and

z6n−2 = z−2

(
y0

y0−2z−2

)n
, z6n−1 = z−1

(
y−2

2x0−y−2

)n
, z6n = z0

(
x−2+z0
x−2−z0

)n
,

z6n+1 = x−1z−2

z−2−y0

(
y0−2z−2

y0

)n
, z6n+2 = (x0 − y−2)

(
2x0−y−2

y−2

)n
,

z6n+3 = −y−1z0
(x−2+z0)

(
x−2−z0
x−2+z0

)n
,

where y0 6= 2z−2, y0 6= z−2, y−2 6= 2x0, y−2 6= x0, and x−2 6= ±z0.

Proof. The proof as in the proof of Theorems 2.1, 2.2 and so will be left to the
reader.
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Here for confirming the results of this section, we consider an interesting numerical
examples of the systems (2.1)–(2.3).

Example 2.1. We consider this example for the difference system (2.1) with the
initial conditions x−2 = 12, x−1 = 6, x0 = −8, y−2 = 3, y−1 = −7, y0 =
−4, z−2 = 5, z−1 = −16 and z0 = 9. (See Fig. 1).
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Figure 1.

Example 2.2. See Figure 2 for an example for the system (2.2) with the initial
values x−2 = −.2, x−1 = −.6, x0 = .8, y−2 = .3, y−1 = .7, y0 = .4, z−2 = −.5,
z−1 = .6 and z0 = .9.
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Example 2.3. We assume the initial conditions x−2 = .5, x−1 = .56, x0 =
2, y−2 = −3, y−1 = .7, y0 = 2.5, z−2 = 1.5, z−1 = .6 and z0 = −1.5, for the
difference system (2.3), see Fig. 3.
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3. Periodicity of Some Systems:

In this section, we investigate the periodic nature of the solutions of the following
systems of three difference equations

xn+1 =
yn−1xn−2
xn−2 − zn

, yn+1 =
zn−1yn−2
yn−2 − xn

, zn+1 =
xn−1zn−2
zn−2 − yn

. (3.1)

xn+1 =
yn−1xn−2
−xn−2 − zn

, yn+1 =
zn−1yn−2
−yn−2 − xn

, zn+1 =
xn−1zn−2
−zn−2 − yn

. (3.2)

where n ∈ N0 and the initial conditions are arbitrary non zero real numbers.

The following theorem is devoted to the expressions and the periodicity of the
solutions of systems (3.1), (3.2).

Theorem 3.1. Suppose that {xn, yn, zn} are solutions of system (3.1) such that
y0 6= z−2, y−2 6= x0, x−2 6= z0. Then every solutions of system (3.1) are periodic
with period twelve and given by the following formula for n = 0, 1, 2, ...,

x12n−2 = x−2, x12n−1 = x−1, x12n = x0, x12n+1 =
x−2y−1
x−2 − z0

, x12n+2 = y0 − z−2,

x12n+3 =
x0z−1
y−2 − x0

, x12n+4 = −x−2, x12n+5 = −x−1, x12n+6 = −x0,

x12n+7 = − x−2y−1
x−2 − z0

, x12n+8 = −(y0 − z−2), x12n+9 = − x0z−1
y−2 − x0

,

y12n−2 = y−2, y12n−1 = y−1, y12n = y0, y12n+1 =
y−2z−1
y−2 − x0

, y12n+2 = z0 − x−2,
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y12n+3 =
x−1y0
z−2 − y0

, y12n+4 = −y−2, y12n+5 = −y−1, y12n+6 = −y0,

y12n+7 = − y−2z−1
y−2 − x0

, y12n+8 = −(z0 − x−2), y12n+9 = − x−1y0
z−2 − y0

,

and

z12n−2 = z−2, z12n−1 = z−1, z12n = z0, z12n+1 =
x−1z−2
z−2 − y0

, z12n+2 = x0 − y−2,

z12n+3 =
y−1z0

x−2 − z0
, z12n+4 = −z−2, z12n+5 = −z−1, z12n+6 = −z0,

z12n+7 = − x−1z−2
z−2 − y0

, z12n+8 = −(x0 − y−2), z12n+9 = − y−1z0
x−2 − z0

.

Or equivalently,

{xn}+∞n=−2 =

x−2, x−1, x0,
x−2y−1

x−2−z0 , y0 − z−2,
x0z−1

y−2−x0
,−x−2,−x−1,

−x0,− x−2y−1

x−2−z0 ,−(y0 − z−2),− x0z−1

y−2−x0
, x−2, x−1, ...

 ,

{yn}+∞n=−2 =

 y−2, y−1, y0,
y−2z−1

y−2−x0
, z0 − x−2, x−1y0

z−2−y0 ,−y−2,−y−1,

−y0,− y−2z−1

y−2−x0
,−(z0 − x−2),− x−1y0

z−2−y0 , y−2, y−1, ...

 ,

{yn}+∞n=−2 =

 z−2, z−1, z0,
x−1z−2

z−2−y0 , x0 − y−2,
y−1z0
x−2−z0 ,−z−2,−z−1,

−z0,− x−1z−2

z−2−y0 ,−(x0 − y−2),− y−1z0
x−2−z0 , z−2, z−1, ...

 .

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assump-
tion holds for n− 1. that is,

x12n−5 = − x−2y−1
x−2 − z0

, x12n−4 = −(y0 − z−2), x12n−3 = − x0z−1
y−2 − x0

,

y12n−5 = − y−2z−1
y−2 − x0

, y12n−4 = −(z0 − x−2), y12n−3 = − x−1y0
z−2 − y0

,

z12n−5 = − x−1z−2
z−2 − y0

, z12n−4 = −(x0 − y−2), z12n−3 = − y−1z0
x−2 − z0

.

Now from Eq. (3.1) it follows that

x6n−2 =
y6n−4x6n−5
x6n−5 − z6n−3

=
−(z0−x−2)

(
− x−2y−1

x−2−z0

)
(
− x−2y−1

x−2−z0

)
−
(
− y−1z0

x−2−z0

) = x−2,

y6n−1 =
z6n−3y6n−4

y6n−4 − x6n−2
=

y−1z0
x−2−z0 (z0 − x−2)

−(z0 − x−2)− x−2
= y−1,

z6n =
x6n−2z6n−3
z6n−3 − y6n−1

=
x−2

(
− y−1z0
x−2−z0

)
(
− y−1z0
x−2−z0

)
− y−1

= z0.

The other relations can be proved similarly. The proof is complete.

Theorem 3.2. Assume that {xn, yn, zn} are solutions of system (3.2), with y0 6=
−z−2, y−2 6= −x0, x−2 6= −z0, then the following statements are true:-
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1. {xn}+∞n=−2, {yn}
+∞
n=−2 and {zn}+∞n=−2 are periodic with period six i.e., xn+6 =

xn, yn+6 = yn, zn+6 = zn for n ≥ −2.
2. We have

x6n−2 = x−2, x6n−1 = x−1, x6n = x0, x6n+1 = −x−2y−1

x−2+z0
,

x6n+2 = −y0 − z−2, x6n+3 = −x0z−1

x0+y−2
,

y6n−2 = y−2, y6n−1 = y−1, y6n = y0, y6n+1 = −y−2z−1

x0+y−2
,

y6n+2 = −z0 − x−2, y6n+3 = −x−1y0
z−2+y0

,

z6n−2 = z−2, z6n−1 = z−1, z6n = z0, z6n+1 = −x−1z−2

z−2+y0
,

z6n+2 = −x0 − y−2, z6n+3 = −y−1z0
x−2+z0

.

Or equivalently,

{xn}+∞n=−2 =

{
x−2, x−1, x0,

−x−2y−1
x−2 + z0

,−y0 − z−2,
−x0z−1
y−2 + x0

, x−2, x−1, x0, ...

}
,

{yn}+∞n=−2 =

{
y−2, y−1, y0,

−y−2z−1
y−2 + x0

,−z0 − x−2,
−x−1y0
z−2 + y0

, y−2, y−1, y0, ...

}
,

{yn}+∞n=−2 =

{
z−2, z−1, z0,

−x−1z−2
z−2 + y0

,−x0 − y−2,
−y−1z0
x−2 + z0

, z−2, z−1, z0, ...

}
.

Example 3.1. Figure 4 shows the behavior of the solution of the difference system
(3.1) with the initial conditions x−2 = .9, x−1 = 6, x0 = −2, y−2 = −3, y−1 =
7, y0 = 2, z−2 = 1.5, z−1 = .8 and z0 = 11.
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Example 3.2. See Figure 5 to know the periodicity of the solution of the difference
system (3.2) with the initial conditions x−2 = 7, x−1 = −2, x0 = 5, y−2 = −3,
y−1 = 9, y0 = .7, z−2 = −11, z−1 = 8 and z0 = .14.
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4. Other Systems:

In this section, we get the solutions of the following systems of the difference equa-
tions

xn+1 =
yn−1xn−2
xn−2 + zn

, yn+1 =
zn−1yn−2
yn−2 − xn

, zn+1 =
xn−1zn−2
zn−2 + yn

. (4.1)

xn+1 =
yn−1xn−2
xn−2 − zn

, yn+1 =
zn−1yn−2
yn−2 + xn

, zn+1 =
xn−1zn−2
zn−2 + yn

. (4.2)

xn+1 =
yn−1xn−2
xn−2 − zn

, yn+1 =
zn−1yn−2
yn−2 + xn

, zn+1 =
xn−1zn−2
zn−2 − yn

. (4.3)

xn+1 =
yn−1xn−2
xn−2 − zn

, yn+1 =
zn−1yn−2
yn−2 − xn

, zn+1 =
xn−1zn−2
zn−2 + yn

. (4.4)

where n ∈ N0 and the initial conditions are arbitrary nonzero real numbers.

Theorem 4.1. If {xn, yn, zn} are solutions of difference equation system (4.1).
Then the solution of system (4.1) are takes the following form for n = 0, 1, 2, ...,

x6n−2 = x−2

n−1∏
i=0

(x−2 + (4i+ 1)z0) (x−2 + (4i+ 2)z0)

(x−2 + (4i)z0) (x−2 + (4i+ 3)z0)
,

x6n−1 = x−1

n−1∏
i=0

(y0 + (4i+ 2)z−2) (y0 + (4i+ 3)z−2)

(y0 + (4i+ 1)z−2) (y0 + (4i+ 4)z−2)
,

x6n = x0

n−1∏
i=0

((4i+ 2)x0 − (4i+ 3)y−2) ((4i+ 3)x0 − (4i+ 4)y−2)

((4i+ 1)x0 − (4i+ 2)y−2) ((4i+ 4)x0 − (4i+ 5)y−2)
,

x6n+1 =
x−2y−1

(z0 + x−2)

n−1∏
i=0

(x−2 + (4i+ 3)z0) (x−2 + (4i+ 4)z0)

(x−2 + (4i+ 2)z0) (x−2 + (4i+ 5)z0)
,

x6n+2 =
y0(y0 + z−2)

(y0 + 2z−2)

n−1∏
i=0

(y0 + (4i+ 4)z−2) (y0 + (4i+ 5)z−2)

(y0 + (4i+ 3)z−2) (y0 + (4i+ 6)z−2)
,
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x6n+3 = −y−2z−1(x0−2y−2)
(x0−y−2)(2x0−3y−2)

n−1∏
i=0

((4i+4)x0−(4i+ 5)y−2) ((4i+5)x0−(4i+6)y−2)

((4i+3)x0−(4i+4)y−2)((4i+6)x0−(4i+7)y−2)
,

y6n−2 = y−2

n−1∏
i=0

((4i− 1)x0 − (4i)y−2) ((4i+ 2)x0 − (4i+ 3)y−2)

((4i)x0 − (4i+ 1)y−2) ((4i+ 1)x0 − (4i+ 2)y−2)
,

y6n−1 = y−1

n−1∏
i=0

(x−2 + (4i)z0) (x−2 + (4i+ 3)z0)

(x−2 + (4i+ 1)z0) (x−2 + (4i+ 2)z0)
,

y6n = y0

n−1∏
i=0

(y0 + (4i+ 1)z−2) (y0 + (4i+ 4)z−2)

(y0 + (4i+ 2)z−2) (y0 + (4i+ 3)z−2)
,

y6n+1 = −y−2z−1

(x0−y−2)

n−1∏
i=0

((4i+ 1)x0 − (4i+ 2)y−2) ((4i+ 4)x0 − (4i+ 5)y−2)

((4i+ 2)x0 − (4i+ 3)y−2) ((4i+ 3)x0 − (4i+ 4)y−2)
,

y6n+2 = (x−2 + z0)

n−1∏
i=0

(x−2 + (4i+ 2)z0) (x−2 + (4i+ 5)z0)

(x−2 + (4i+ 3)z0) (x−2 + (4i+ 4)z0)
,

y6n+3 =
x−1(y0 + 2z−2)

(y0 + z−2)

n−1∏
i=0

(y0 + (4i+ 3)z−2) (y0 + (4i+ 6)z−2)

(y0 + (4i+ 4)z−2) (y0 + (4i+ 5)z−2)
,

z6n−2 = z−2

n−1∏
i=0

(y0 + (4i)z−2) (y0 + (4i+ 1)z−2)

(y0 + (4i+ 2)z−2) (y0 + (4i+ 3)z−2)
,

z6n−1 = z−1

n−1∏
i=0

((4i)x0 − (4i+ 1)y−2) ((4i+ 1)x0 − (4i+ 2)y−2)

((4i+ 2)x0 − (4i+ 3)y−2) ((4i+ 3)x0 − (4i+ 4)y−2)
,

z6n = z0

n−1∏
i=0

(x−2 + (4i+ 1)z0) (x−2 + (4i+ 2)z0)

(x−2 + (4i+ 3)z0) (x−2 + (4i+ 4)z0)
,

z6n+1 =
x−1z−2

(y0 + z−2)

n−1∏
i=0

(y0 + (4i+ 2)z−2) (y0 + (4i+ 3)z−2)

(y0 + (4i+ 4)z−2) (y0 + (4i+ 5)z−2)
,

z6n+2 = x0(x0−y−2)
(x0−2y−2)

n−1∏
i=0

((4i+ 2)x0 − (4i+ 3)y−2) ((4i+ 3)x0 − (4i+ 4)y−2)

((4i+ 4)x0 − (4i+ 5)y−2) ((4i+ 5)x0 − (4i+ 6)y−2)
,

z6n+3 =
x−2y−1z0

(x−2 + z0)(x−2 + 2z0)

n−1∏
i=0

(x−2 + (4i+ 3)z0) (x−2 + (4i+ 4)z0)

(x−2 + (4i+ 5)z0) (x−2 + (4i+ 6)z0)
.

Theorem 4.2. Assume that {xn, yn, zn} are solutions of system (4.2). Then for
n = 0, 1, 2, ...,

x6n−2 = x−2

n−1∏
i=0

((4i)x−2 − (4i− 1)z0) ((4i+ 3)x−2 − (4i+ 2)z0)

((4i+ 1)x−2 − (4i)z0) ((4i+ 2)x−2 − (4i+ 1)z0)
,

x6n−1 = x−1

n−1∏
i=0

(z−2 + (4i)y0) (z−2 + (4i+ 3)y0)

(z−2 + (4i+ 1)y0) (z−2 + (4i+ 2)y0)
,

x6n = x0

n−1∏
i=0

(x0 + (4i+ 1)y−2) (x0 + (4i+ 4)y−2)

(x0 + (4i+ 2)y−2) (x0 + (4i+ 3)y−2)
,
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x6n+1 = x−2y−1

(x−2−z0)

n−1∏
i=0

((4i+ 2)x−2 − (4i+ 1)z0) ((4i+ 5)x−2 − (4i+ 4)z0)

((4i+ 3)x−2 − (4i+ 2)z0) ((4i+ 4)x−2 − (4i+ 3)z0)
,

x6n+2 = (y0 + z−2)

n−1∏
i=0

(z−2 + (4i+ 2)y0) (z−2 + (4i+ 5)y0)

(z−2 + (4i+ 3)y0) (z−2 + (4i+ 4)y0)
,

x6n+3 =
z−1(x0 + 2y−2)

(x0 + y−2)

n−1∏
i=0

(x0 + (4i+ 3)y−2) (x0 + (4i+ 6)y−2)

(x0 + (4i+ 4)y−2) (x0 + (4i+ 5)y−2)
,

y6n−2 = y−2

n−1∏
i=0

(x0 + (4i)y−2) (x0 + (4i+ 1)y−2)

(x0 + (4i+ 2)y−2) (x0 + (4i+ 3)y−2)
,

y6n−1 = y−1

n−1∏
i=0

((4i+ 1)x−2 − (4i)z0) ((4i+ 2)x−2 − (4i+ 1)z0)

((4i+ 3)x−2 − (4i+ 2)z0) ((4i+ 4)x−2 − (4i+ 3)z0)
,

y6n = y0

n−1∏
i=0

(z−2 + (4i+ 1)y0) (z−2 + (4i+ 2)y0)

(z−2 + (4i+ 3)y0) (z−2 + (4i+ 4)y0)
,

y6n+1 =
y−2z−1

(x0 + y−2)

n−1∏
i=0

(x0 + (4i+ 2)y−2) (x0 + (4i+ 3)y−2)

(x0 + (4i+ 4)y−2) (x0 + (4i+ 5)y−2)
,

y6n+2 = z0(x−2−z0)
(2x−2−z0)

n−1∏
i=0

((4i+ 4)x−2 − (4i+ 3)z0) ((4i+ 3)x−2 − (4i+ 2)z0)

((4i+ 5)x−2 − (4i+ 4)z0) ((4i+ 6)x−2 − (4i+ 5)z0)
,

y6n+3 =
x−1y0z−2

(z−2 + y0)(z−2 + 2y0)

n−1∏
i=0

(z−2 + (4i+ 3)y0) (z−2 + (4i+ 4)y0)

(z−2 + (4i+ 5)y0) (z−2 + (4i+ 6)y0)
,

z6n−2 = z−2

n−1∏
i=0

(z−2 + (4i+ 1)y0) (z−2 + (4i+ 2)y0)

(z−2 + (4i)y0) (z−2 + (4i+ 3)y0)
,

z6n−1 = z−1

n−1∏
i=0

(x0 + (4i+ 2)y−2) (x0 + (4i+ 3)y−2)

(x0 + (4i+ 1)y−2) (x0 + (4i+ 4)y−2)
,

z6n = z0

n−1∏
i=0

((4i+ 3)x−2 − (4i+ 2)z0) ((4i+ 4)x−2 − (4i+ 3)z0)

((4i+ 2)x−2 − (4i+ 1)z0) ((4i+ 5)x−2 − (4i+ 4)z0)
,

z6n+1 =
x−1z−2

(y0 + z−2)

n−1∏
i=0

(z−2 + (4i+ 3)y0) (z−2 + (4i+ 4)y0)

(z−2 + (4i+ 2)y0) (z−2 + (4i+ 5)y0)
,

z6n+2 =
x0(x0 + y−2)

(x0 + 2y−2)

n−1∏
i=0

(x0 + (4i+ 4)y−2) (x0 + (4i+ 5)y−2)

(x0 + (4i+ 3)y−2) (x0 + (4i+ 6)y−2)
,

z6n+3 = x−2y−1(2x−2−z0)
(x−2−z0)(3x−2−2z0)

n−1∏
i=0

((4i+ 5)x−2 − (4i+ 4)z0) ((4i+ 6)x−2 − (4i+ 5)z0)

((4i+ 4)x−2 − (4i+ 3)z0) ((4i+ 7)x−2 − (4i+ 6)z0)
.

Theorem 4.3. The solutions of difference equation system (4.3) are given by the
following relations for n = 0, 1, 2, ...,

x6n−2 = (−1)
n
x−2

(
z0

2x−2−z0

)n
, x6n−1 =x−1

(
z−2

2y0−z−2

)n
, x6n=(−1)

n
x0

(
x0+y−2

x0−y−2

)n
,

x6n+1 = (−1)nx−2y−1

x−2−z0

(
2x−2−z0

z0

)n
, x6n+2 = (y0 − z−2)

(
2y0−z−2

z−2

)n
,
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x6n+3 = (−1)n+1x0z−1

(x0+y−2)

(
x0−y−2

x0+y−2

)n
,

y6n−2 = (−1)
n
y−2

(
x0+y−2

x0−y−2

)n
, y6n−1 =(−1)

n
y−1

(
2x−2−z0

z0

)n
, y6n=y0

(
2y0−z−2

z−2

)n
,

y6n+1 = (−1)nz−1y−2

x0+y−2

(
x0−y−2

x0+y−2

)n
, y6n+2 = (−1)

n
(x−2 − z0)

(
z0

2x−2−z0

)n+1

,

y6n+3 = −x−1y0
y0−z−2

(
z−2

2y0−z−2

)n+1

,

and

z6n−2 = z−2

(
2y0−z−2

z−2

)n
, z6n−1 =(−1)

n
z−1

(
x0−y−2

x0+y−2

)n
, z6n=(−1)

n
z0

(
z0

2x−2−z0

)n
,

z6n+1 = −x−1z−2

y0−z−2

(
z−2

2y0−z−2

)n
, z6n+2 = (−1)

n
(x0 + y−2)

(
x0+y−2

x0−y−2

)n
,

z6n+3 = (−1)ny−1z0
(x−2−z0)

(
2x−2−z0

z0

)n+1

,

where x0 6= ±y−2, z−2 6= 2y0, z−2 6= y0, z0 6= 2x−2, z0 6= x−2.

Theorem 4.4. Assume that {xn, yn, zn} are solutions of system (4.4) with y0 6=
±z−2, x−2 6= 2z0, x−2 6= z0, x0 6= 2y−2, x0 6= y−2. Then for n = 0, 1, 2, ...,

x6n−2 = (−1)
n
x−2

(
x−2−2z0
x−2

)n
, x6n−1 =(−1)

n
x−1

(
y0−z−2

y0+z−2

)n
, x6n=x0

(
x0

x0−2y−2

)n
,

x6n+1 = (−1)nx−2y−1

x−2−z0

(
x−2

x−2−2z0

)n
, x6n+2 = (−1)

n
(y0 + z−2)

(
y0+z−2

y0−z−2

)n+1

,

x6n+3 = x0z−1

(x0−y−2)

(
x0−2y−2

x0

)n+1

,

y6n−2 = y−2

(
x0

x0−2y−2

)n
, y6n−1 =(−1)

n
y−1

(
x−2

x−2−2z0

)n
, y6n=(−1)

n
y0

(
y0+z−2

y0−z−2

)n
,

y6n+1 = −z−1y−2

x0−y−2

(
x0−2y−2

x0

)n
, y6n+2 = (−1)

n+1
(x−2 − z0)

(
x−2−2z0
x−2

)n
,

y6n+3 = (−1)n+1x−1y0
y0+z−2

(
y0−z−2

y0+z−2

)n
,

and

z6n−2 = (−1)
n
z−2

(
y0+z−2

y0−z−2

)n
, z6n−1 =z−1

(
x0−2y−2

x0

)n
, z6n=(−1)

n
z0

(
x−2−2z0
x−2

)n
,

z6n+1 = (−1)nx−1z−2

y0+z−2

(
y0−z−2

y0+z−2

)n
, z6n+2 = (x0 − y−2)

(
x0

x0−2y−2

)n+1

,

z6n+3 = (−1)n+1y−1z0
(x−2−z0)

(
x−2

x−2−2z0

)n+1

.
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[32] G. Türk, I. Yalçınkaya and D. Tollu, On solutions of a system of two fourth-
order difference equations, Dynamics of Continuous, Discrete and Impulsive
Systems Series B: Applications and Algorithms, 2018, 25(2), 85–96.

[33] C. Wang, X. Su, P. Liu, X. Hu and R. Li, On the dynamics of a five-order fuzzy
difference equation, J. Nonlinear Sci. Appl., 2017, 10, 3303–3319.

[34] I. Yalcinkaya, On the global asymptotic stability of a second-order system of
difference equations, Discrete Dynamics in Nature and Society, 2008, 2008,
Article ID 860152, 12 pages.

[35] I. Yalçınkaya, On the global asymptotic behavior of a system of two nonlinear
difference equations, ARS Combinatoria, 2010, 95, 151–159.



2380 E. M. Elsayed & F. Alzahrani
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