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1. Introduction

The study of systems of fractional differential equations is an important area of
investigation as such systems appear in various problems of applied nature; for
instance, see [5,6,9]. For theoretical development (existence theory) of coupled
fractional differential equations, we refer the reader to the articles [1-3,7, 10, 11]
and the references cited therein.

In this paper, we initiate the study of fractional order mixed nonlinear coupled
systems involving both Riemann-Liouville and Caputo fractional derivatives, sup-
plemented with coupled integro-differential boundary conditions. Precisely, we are
concerned with the existence and uniqueness of solutions for the following problem:

RLDI(CDra(t)) = f(t,z(t),y(t)), 0<t<T,

D" ("Dy(t)) = g(t, x(t),y(t), 0<t<T,

a'(€) =X “DYy(n), «(T)=p IPy(C), &mn.¢€(0,T),
y(0) =0, y(T)=mIPz(C), G €(0,7),

“ﬁ@

(1.1)
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where #L' D4 is the standard Riemann-Liouville fractional derivative of order ¢ €
(0,1), D", YD are the Caputo fractional derivatives of order r € (0,1) and v €
(0,1) respectively with ¢ + r > 1, I?, IP' are the Riemann-Liouville fractional
integrals of order p > 0,p; >0, f,g:J xR x R — R are continuous functions and
A pyp € R

Here the left-hand side of the first equation in (1.1) can be interpreted as follows:
the quantity z(t), expressed as © D"x(t) = x,,(t) (say), means that the input values
of z(t) appear in form of the power-weighted sum in terms of Caputo-fractional
differential operator. Thus %X D%z, (t) represents the Riemann-Liouville fractional
derivative of the input values z,,(t). So the system (1.1) consists of fractional
variational functional equations. For details, we refer the reader to the text [8].

We apply Leray-Schauder alternative and Banach fixed point theorem to obtain
the existence and uniqueness results for the problem at hand. Our results are new
and significantly enhance the literature on the topic.

The rest of the paper is organized as follows. In Section 2, we recall some basic
definitions of fractional calculus and present an auxiliary lemma, which plays a
key role in obtaining the main results presented in Section 3. We also discuss an
example illustrating the existence and uniqueness result.

2. Preliminaries

We recall some basic definitions of fractional calculus.

Definition 2.1. The Riemann-Liouville fractional integral of order & € R (av > 0)
for a locally integrable real-valued function g on —oco < a <t < b < 400 is defined

as
t

1

1290 = (9 Ka) (0 = 1o / (t— 57" g (s)ds,

a

where K, (t) = % and I(r) = [;t"te~ dt.

Definition 2.2. Let g € L'[a,b], —00 < a <t < b < +oo and g * K, €
W™ ta, b),m = [a] + 1,a > 0, where W™![a, b] is the Sobolev space defined as

W™ a, b = {g € L'a,b] : jt—mg € Ll[a,b]}.

The Riemann-Liouville fractional derivative DYg of order & > 0 (m -1 < a <
m, m € N) is defined as

t
(o] — dm m—ao _ #dl Ml
D29 () = G0 (0) = s g [ (=" g ()i

a

In terms of Riemann-Liouville fractional differential operator D¢, the Caputo
fractional derivative *D%g (t) is defined by

“D2g(t) = DI |g(t) — g (@) — ¢/ (a) L= — .~ gom-D) <a>%
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Remark 2.1. If g € C™]a,b], then the Caputo fractional derivative DS of order
aceR (m—-1<a<m,méeN) is defined as

t

/(t —5)" 1 g™ (5)ds.

a

1

‘DY [g) (1) = 17 g"™) (1) = Tm—a)

In the sequel, the Riemann-Liouville fractional integral I and the Caputo frac-
tional derivative D¢ with a = 0 are respectively denoted by I* and “D®.

Lemma 2.1 (see [6]). Fory € C(0,7)N L(0,T) and q > 0, the following relation
holds:

e (Cqu) (t) = y(t) +co+crt +eat? + -+ cpyt"
where ¢; €R, i =0,1,2,...,n—1 and n = [¢] + 1.

In the following lemma, we solve the linear variant of the system (1.1), which
plays a fundamental role in the forthcoming analysis.

Lemma 2.2. Let A = 7AF2+B(A1F27A2F1)+A2FO 7é 0 and fl, g1 € C([O, T], R)
Then the linear system

RLD(“Dra(t)) = f1(t), 0<t<T,
CDT(REDIy(1)) = gi(t), 0<t<T,

(€)= XD y(n), =x(T)=p IPyC), &n,Ce(0,T),
y(0) =0, y(T)=mI"z(C1), G €(0,7),

is equivalent to a system of integral equations:

q+r—1
L [ -5 )
BLy (g () — 17 (1))
+(Do = BI1) (M7 g1 () = 171 1(6) )|
(AT = a0 (19979, (0) — e ()

+(AzTo = AT2) (™71 (¢) = 17 (T) )

(2.1)

x(t) = 1777 f1(t) +

H(AT) = ATo) (M~ g1 () = 171 11(6)) ], (2:2)
+ Ao B (W1 g,(Q) ~ 17 (D))
(4= AB) (AT g1 () = U A(9) (2.3)
where
_ F(q) 1+g+r—1 _ F<q) q+r—1 _ F(q) q+r—2
A*,u‘ll—\(q_"_r) f I ) Alir(qi—FT)T‘F 5 14271—‘(q_’_7ﬂ_1)£+ )
H1 p1 _ 1 q M ) 1

B=_M o= T4, Ti=— b Ty=A——— iV,
L(1+p1)™t " T(14q) " D(g+r+1) F(q+1—1/)n
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Proof. Applying the Riemann-Liouville fractional integral of order g to both sides
of the first equation in (2.1) and using Lemma 2.1, we get

CDx(t) = I9f1(t) + c1t?7 L, (2.4)

where ¢; € R is an unknown arbitrary constant. Operating the Riemann-Liouville
fractional integral of order r on both sides (2.4) yields

I'(q) -
z(t) = I f1(t) + ¢ —2—t7" " 4 ¢y, 2.5
(0= 1" A0 + e s : (2:5)
where c; € R is an unknown arbitrary constant.
Now applying firstly the Riemann-Liouville fractional integral of order r to both
sides of the second equation in (2.1), and then Riemann-Liouville fractional integral
of order ¢ to the resulting equation, we obtain

y(t) =191 (t) + di 5 19+ dot? 1, (2.6)

(1+49)
where dy,ds € R are unknown arbitrary constants. Using y(0) = 0 in (2.6) implies
that do = 0. Thus, from (2.5) and (2.6), we have

r
W) = I () ey g,

I(g+r—-1)
_ I'(q) -
C v _ +r—v v
D t) =11 t) +dj—-——t1 s
y() gl() 1F(q+1—y)

T
1Py(t) = T2, (1) 4+ dy D __yatr,

T(g+p+1)
Iplx(t) — JItTtPL f1 (t) + F(Q) tq+r+p1—1 + ¢y L tP1
L(g+7+p1) I'(1+4p1)

Making use of the remaining boundary conditions given by (2.1) into (2.5) and (2.6)
together with above expressions, and setting

P = Iq-i-rgl(T) _ Hlel+q+Tf1(Cl)7

Q — u[q+r+pgl(§) _ I‘Hrfl(T),
R= M gi(n) = 17771 f1(€),

we obtain the following system:
Acy + Bey —Tody = P,
Arer + o —Thdy = Q,
Asc; —T'ad; = R.

Solving the above system for the unknown constants c;, ¢, and d;y yields

1
¢l =~ { ~TyP + BIQ + (Ty — BFl)R},

A
1

Cy = K |:(A1F2 — AQFl)P + (AQFO — AFQ)Q + (AI‘1 — A1F0)R 5
1

d =+ [ — AyP + A3 BQ + (A — AIB)R].

Inserting the values of ¢1, ¢ and dy in (2.5) and (2.6), we find the required solution
given by (2.2) and (2.3). The converse follows by direct computation. The proof is
completed. O
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3. Main Results

Let us introduce the space X = C([0, T]) endowed with the norm ||z|| = sup{|z(t)|,t €
[0,77}. Obviously (X,| -||) is a Banach space. Then the product space (X X
X, ||(z,y)]]) is also a Banach space equipped with norm ||(z, )| = ||z|| + ||ly||-

In view of Lemma 2.2, we define an operator 7': X x X — X x X by

Tyt = | P 31)
TQ(xay)(t)
where
q+r—1 _
Tia)(0) = 177 50 + 1 O o [ o (177 () - e )

+BLa (™ 75(¢) — 177 (1))
+(To = BLy) (AL g(n) — 1L f(©) )|
[T = 40 (19979(T) = a0 7))

+(AsTo = AT) (I ™*7+7g(¢) — 17 (7))

(AT = ATo) (M7 g) — 17 () | (3.2
and
Taa)) = 17700 (0) + s 5 [ = A (1779(0) = 7))
+ Ao B (I T0G(() — 17 F(T)
HA = A B) (A1) — 17 (9)] (33)
where

F&) = ft,2(t),y(t), g(t) = g(t,z(t),y(t))-

For computational convenience, we introduce the notations:

r Tatr=1 r T
Qo= 1@ s LAC) (3.4)
D(g+7) [Al (g +7)|A]
T‘HT p1+q+r Tq+r
= 4 [ 1 4 |BDy| ot
@ L(g+r+1) @ ‘#1|F(p1 +qg+r+1) | 2|F(q+r+1)
€q+r—1 1 {)H—q-&-r
+[Ty — BT 7]+—{AF—AF 35
ICo 1|I‘(q+r) IA| [AaTs = Ay 1||M1‘F(p1+q+r+1) (3.5)
AT — ATy L ar, - A, S
+ - e - = |
| 210 2|F(q+7‘+1) | 1 1 |F(q+r)
r Ta+r B §q+r+p
= " _—
Q= gy TP
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patr—v Ta+r

1
0o — BIy|[A|=—————— | + — || 41Ty — Aol |————— (3.6
To 1| |F(q+r—y+1)} |A\[‘ 112 21‘I‘(q+r+1) (3.6)
AsTy — AT cr ATy — AT =1
+ —~ —_— - —_—,
AaTo = Asllul ==y 1A = AN F =
B {71+q+r Ta+r
@ QO[‘ S ey Rl vy
€q+rfl
+]A - A B|=2——|, 3.7
| ! ‘F(q—i—?“)} 3.7
Ta+r ~ Catrp
4 Qo[|Asl e+ A B
LA L PRy QO[‘ S vormny R L ey
AsBA T 3.8
+|A2B| |m]- (3.8)

In the following theorem, we prove the existence and uniqueness of solutions to
the system (1.1) via Banach contraction mapping principle.

Theorem 3.1. Assume that:

(H1) f,9:[0,T]xRxR — R are continuous functions and that there exist positive
constants ¢1 and 5 such that for all t € [0,T] and z;,y; € R, i = 1,2, we
have

|f(t, 21, 2) — f(t,y1,92)] < li(Jvr — yu| + 22 — 2]),
lg(t, x1,22) — g(t, y1,y2)| < Lal|z1 — y1| + 22 — y2|).

Then there exists a unique solution for the the system (1.1) on [0,T], provided that

Q1+ Q3)l + (Q2 + Qa)l2 < 1,

where Q;,1=0,1,2,3,4 are given by (3.4)-(3.8).

Proof. Define sup,¢jo 7 f(2,0,0) = N1 < 00, sup,ejo, 71 9(,0,0) = N3 < 0o and a
positive number r such that

(Q1+ Q3)N1 + (Q2 + Qu) N2
1—(Q1+Q3)h — (Q2 + Qu)la

r >

Then we show that TB, C B, where B, = {(z,y) € X x X : |[(z,y)|| < r}.
By the assumption (Hy), for (u,v) € B,., t € [0,T], we have

(&, 2(t), y()] < [f (8 =(2),y(t)) — f(£,0,0)] +[£(£,0,0)|
< Oz + [y®)]) + N
< G(llzl +llyl) + Ny < bar + Ny

and

l9(t,x(8), y()] < La(llzl| + [lyll) + N2 < Lor + No.
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In consequence, we obtain

T (2, ) (1)]

< I(H_T‘f(t” + F(Q) Tq+r71

Fiat T I (F7 19 il o))
BT (a1 |g(¢)] + 1777 F(T)))

Lo = BU1| (AT~ |g(m)| + 17 F(©)])]

w
42D — AT| (|l 177 *715(C)| + 17| F(D))
ATy = ATol (AT g(n)| + 171 F) )|

Tq+r F(q) Tqurfl
——(lir+ Ny) + r
a0t i g D

p1+q+r

(14T = Aoy (17715(D)] + | 277 (60 )

Ta+r

IN

(62’/’ + Ng)

! lr + N
il ar + W)

T N re
+Np) +
(o + No) + 5o Dy

gq-i-r—l
L(g+7) (Grr+ Nl))}
Ta+tr prgtr

o (lor+ No)+ |y | ———

Cq+r+p ’ N Ta+r ’ N
( 2T + 2)+m( 1+ 1))

gt+r—1
Fg(q +7) (r + Nl))]

T i

nq+r—u

(€1T+N1)>

+[To = B (N

—(q+r—y+1)(€2T+Nz)+

b

+ A [|A1F2*A2F1|(

(€1r+N1)>

Ay — AT -

nq+rfl/
(627”' —+ Ng) —+

+|AT *A1Fo\(|>\|m
= (Q1lr + Qa2l2)r + Q1 N1 + Q2 N2,

which implies that
171 (2, y)| < (Qulr + Q2l2)r + Q1 N1 + Q2Na.
In the same way, we can find that
1T2(2, y)| < (Qslr + Qala)r + Q3N1 + QaNa.
From the above inequalities, it follows that
1T(z,y)l| < [(Q1+ Q3)l1 + (Q2 + Qu)lo]r + (Q1 + Q3) N1 + (Q2 + Q4) N2 <1

Next, for (22,y2), (z1,y1) € X X X, and for any t € [0, 7], we get

T (w2, y2)(t) — Th(z1,91)(1)]
Tatr

< (s -
S T+ D) 1([lz2 = 21l + [ly2 — w1ll)
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D(q) T ! Tt

+77[F <7ﬁ To — 1| + -

{J1+q+r

+ Ui(|lze — x| + — )
|M1|F(p1+q+7"—|—l) 1(llz2 — z1 | + [ly2 — v ll)
BT —£Q+T+p V4

+ ( To — Ty + —
| BLs| |M|F(q+r—|—p+1) 2(lr2 — 21| + lly2 — v1ll)

Tqur ’

ez — ol + v — )

F(q+r+1) 1(|| 2 1|| Hyz y1||)
nq+r—v

Ty — BT ()\—6 29— 21 + vz —
ITo (] |F(q+r—1/+1) 2([lz2 — 1]l + [ly2 — v1ll)
5‘14’7‘*1

+=——l(|x2 — 21| + - )}
Tlq+7) 1(llz2 = z1 || + [ly2 — v1l])
1 AT A>T 7]"1"‘ V4

I L
A |A1Te — AoT'| Tarr 1) 2([lz2 — 1]l + lly2 — v1ll)

f1+q+r

+ li(||xe — x| + - )
|u1|F(p1+q+r—|—l) 1(llz2 — 21| + [ly2 — v ll)
AsT AT —C’l‘*‘r‘*‘l” V4

+ — ( To — 21| + —
| AT 2| |M|F(q+7’+p+1) 2([[z2 — m1]| + [y — w1 ll)

Tqur '
g ilies = aill+ v )
AT, — AT (N
HADL = ATl (1N gyl — ol + e~ )
Squrfl
76 _ o
gy flles =il + v =)

< (@1l + Q2b2)(||lz2 — || + [ly2 — w1 l)s
which leads to

Ty (22, y2) — Th(z1,y1)]] < (Quly + Q2b2)(|x2 — w1 + [ly2 — wl])- (3.9)

Similarly, one can obtain

T2 (w2, y2)(t) — To(z1, y1) | < (@31 + Qalo)(|z2 — 21| + [ly2 —wal).  (3.10)
From (3.9) and (3.10), we deduce that

1T (z2,y2) — T'(w1,y1)ll < [(Q1 + Q3)l1 + (Q2 + Qu)la](lz2 — 1] + [ly2 — w1 )-

Since (Q1 + Q3)¢1 + (Q2 + Q4)¢2 < 1, therefore, T is a contraction. So, by Banach
fixed point theorem, the operator 7" has a unique fixed point, which corresponds to
a unique solution of problem (1.1). This completes the proof. O

The second result is based on Leray-Schauder alternative.

Lemma 3.1 (Leray-Schauder alternative, [4] p. 4.). Let F': E — E be a completely
continuous operator (i.e., a map that restricted to any bounded set in E is compact).
Let

E(F)={x € E:xz=M\F(z) for some (0 <\ <1}

Then either the set E(F) is unbounded, or F has at least one fized point.
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Theorem 3.2. Assume that:

(Hs) f,9:]0,T] x R xR = R are continuous functions and that there exist real
constants ki,~v; >0, (i =0,1,2) with kg > 0,79 > 0 such that, Vz; € R, (i =
1,2),

|f(t, 21, 22)] < ko + k1|z1] + kalaal,
lg(t, 21, 22)] < 0 +y1lz1] + v2l22].

If
(Q1+Q3)k1 +(Q2+Qa)y1 <1 and (Q1+ Q3)kas + (Q2+ Qu)r2 <1, (3.11)

where Q;,1=0,1,2,3,4, are given by (3.4)-(3.8), then the system (1.1) has at least
one solution on [0,T].

Proof. Firstly we show that the operator T': X x X — X x X defined by (3.1) is
completely continuous. Notice that continuity of the operator T follows from that
of the functions f and g.

Let © € X x X be bounded. Then there exist positive constants L; and Lo
such that |f(¢, z(t),y(t))| < L1, |g(t, z(t),y(t))| < La, VY(z,y) € Q. Then, for any
(z,y) € Q, we have

Ta+r Lo+ I'(q) Ta+r—1 [|I‘ ‘( Tatr
(q+r+1) " T(q+r) A 2T (

p1t+q+r

1 Ll)

D(p +q+7r+1)
§q+r+p Ta+r

+|BT ( Lo+ )

BT |“|F(q+r+p+1) TTq+r+0)™
77!1+er §q+r71

Lo+ L )]

(q+r—v+1) 2 "T(g+r)

Ta+r {)1+q+r
L L)
Tlg+r+1) 7 |M1‘F(p1+q+r+1) !

qt+r+p Tatr

¢ Ly + Ll)
(g+r+p+1) T(g+r+1)

nq—i—r—l/ gq—i—r—l
Lo+ L )}
(@ —v+1)"2 " Tlg+r) "

T3, 9) 1) <

+p1]

+To — BTN

+|71\| [|A1F2 - A2F1|(

+|AT — AF2|<|H|F

ATy — ArTol (1A 5
= Q1L + Q2Lo,

which implies that
T (2, y)|| < Q1L1 + Q2Lo.

In a similar manner, one can find that
[T2(z,y)|| < QsL1 + QaLo.

Thus, it follows from the above inequalities that the operator T is uniformly bounded,
since || T(z,y)|| < (Q1 + @3)L1 + (Q2 + Q1) La.
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Next, we show that T is equicontinuous. Let t1,t € [0,7] with ¢; < t2. Then
we have

Ta(2(t2), y(t2)) — Ta(x(ts), y(t))]

1 h —3 q+r—1__ —3 q+r—1 s 1 t2 —3 q+r—1 s
SL{F@HOA e s e A d}

T t']-H”—l _ tq+r—1 Ta+r p1+g+r
<Q) | 2 1 | {|F2|< L2 4 |N’1| 1 Ll)
I(g+r) |A| L(g+7r+1) Lpr+q+7r+1)
BT §q+r+p I Tq+r I
+1Br + )
B\ s 2 T T e
o — By (A e
+lo — BI + )]
o= BRI TG = i ™

Ly

R — TR S KT T L
< Rt — ) T - e
T(q) |4t —¢it “F |( Tt Ll puvatr I )
T(g+7) Al Nrgrrt ) " rgrrrn
BT €q+r+p I Tatr I
+Br|( + )
S P ) e R VPR el
o — By (A —
+lo — BI + )]
o= BN v i ™

Analogously, we can obtain

T2 (2(t2), y(t2)) — Ta(z(t1), y(t1))]

L,
R — ) TN ST T
_F(q+r+1)[(2 )T+t 1

U(q) [t5 -t
i Ml

45| (Inl

Ta+r p1+q+r

Ly + 1 L)
gt+r+1)"7 |“1|1“(p1+q+r+1) !
q+r+p Tatr
¢ ) 1)

Ly + L
(q+r+p+1) 7 Tlg+r+1

natr—v £q+r—1) 1)}

Lo + L
(@+r—v) 2 T(g+r

Thus the operator T'(x,y) is equicontinuous. In view of the foregoing arguments,
we deduce that the operator T'(x,y) is completely continuous.

Finally, it will be verified that the set £ = {(z,y) € X x X|(z,y) = A\T(x,y),0 <
A < 1} is bounded. Let (z,y) € &, with (z,y) = AT (z,y). For any ¢ € [0,T7], we
have

A - AB|(]A

x(t) = AT (z,y)(t), y(t) = ATz, y)(t).
Then
lz(t)| < Q1(ko + k1|z| + K2ly|) + Q2(v0 + il +2(y)
= Q1ko + Q270 + (Q1k1 + Q2m1)|z| + (Q1k2 + Q272) |yl
and
ly(t)] < Qz(ko + kilz| + k2|y|) + Qa(yo + yilz] + 12lyl)
= Q3ko + Quv0 + (Q3k1 + Qum1)|x| + (Qsk2 + Quy2)|yl-
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In consequence, we have

llz]] < Q1ko + Q270 + (Q1k1 + Q271)||1z]] + (Q1k2 + Q272)| Y]]

and
llyll < Qsko + Qavo + (Qski + Qumi)||z| + (Qzka + Qay2) |yl

which imply that

[zl + [yl < (Q1+ Q3)ko + (Q2 + Qa)vo + [(Q1 + Q3)k1 + (Q2 + Qu)m ]z
+[(Q1 + Q3)ka + (Q2 + Qa)2)]|lyll-

Thus we have

(Q1 4 Q3)ko + (Q2+ Qa)vo
w9}l < ht ,

where Mo = min{1—[(Q1+Q3)k1 +(Q2+ Qa)n], 1 - [(Q1+Q3)k2 + (Q2+ Q4)72)]},
which establishes that the set £ is bounded. Thus, by Lemma 3.1, the operator T
has at least one fixed point. Hence the system (1.1) has at least one solution. The
proof is complete. O

Example 3.1. Consider the following boundary value problem of coupled nonlinear
fractional differential equations

1 || 1
RL 4/5(0 1/2 ) _ . 2
D D )t =—-——+1+— , 0<t<3,
=(t) ) (®) 8(t+2)21+|x|+ +64smy

Cn1/2/RL nH4/5 S I —
D D t)) = n(27 + 0 t 3

2(1/2) = (1/12) OD'2y(1/3), x(3) = 2 I*/*y(1/2),
y(0) =0, y(3) = (1/2)1"2(1/4),

(3.12)

Here ¢ = 4/5, r = 1/2, £ = 1/2, A = 1/12, v = 1/2, n = 1/3, T = 3,
w=2p=2/3¢=1/2, uy = 1/2, py = 1/2, (4 = 1/4. With these data we
find A ~ 0.069498, A; ~ 1.546083, Ay ~ 0.684503, B ~ 0.282040, I'g ~ 2.585643,
'} ~ 1.714220, 'y ~ 0.092930, A ~ 1.473003, Qo =~ 1.049991, Qy ~ 1.817985,
Q1 ~ 6.24681, Qo ~ 4.728334, Q5 ~ 1.889017, Q4 ~ 8.732422. From f(t,z,y) =

1 2| 1 Y| 1

1
S — 1+ —sin®y, and g(¢ — — sin(2 -
St 22T e Tt v and gltny) = Gsin(2me) + 55m s+ 5,

lzr — 22| + |y1 — v2l),

we have 61 = 62 = éas |f(t,$1,$2) - f(tayhyQ)‘ < ﬁ(

1
lg(t,z1,22)—g(t,y1,y2)| < §(|x1—x2|+|y1—y2|). Then (Q1+Q3)l1+(Q2+Qu4)l2 =

0.674892 < 1. Thus all the conditions of Theorem 3.1 are satisfied and consequently,
its conclusion applies to the problem (3.12).

4. Conclusions

We proved the existence of solutions for a nonlinear mixed coupled system of frac-
tional differential equations involving Riemann-Liouville as well as Caputo frac-
tional derivatives, equipped with coupled integro-differential boundary conditions.
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By fixing the parameters involved in the given problem, we can obtain some new
results as special cases of the present work. For instance, if we take A = 0,4 =
0,1 = 0, our results correspond to the uncoupled three-point nonlocal boundary
conditions of the form: 2/(¢§) = 0,z(T) = 0;y(0) = 0,y(T) = 0, € (0,T). Let-
ting p1 = 0 in the results of this paper, we obtain the ones for a coupled system
of differential equations involving both Riemann-Liouville and Caputo fractional
derivatives, subject to the boundary conditions: z/(¢) = A “D¥y(n), z(T) =

w IPy(Q);y(0) = 0,y(T) = 0,€,71,¢ € (0,T).
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