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Abstract This article studies the probability distributions of solutions in
the phase space for the discrete Zakharov equations. The authors first prove
that the generated process of the solutions operators possesses a pullback-D
attractor, and then they establish that there exists a unique family of invariant
Borel probability measures supported by the pullback attractor.
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1. Introduction

This article studies the following non-autonomous system of discrete Zakharov e-
quations

im + (A) — B2 (DY) — U + Y = fin(t), meZ, t >, (1.1)
Uy — (Au)m + hQ(Du)m - (A|'(/)|2)m + atyy, + Py, = gm(t), meZ,t>r,
(1.2)

with initial values
d}m(’r) - "/}m,‘ra um(T) = Um,r, um(T) = Uim,r», M € Z? TE ]R’ (13)

where the unknown functions ¥,,(-) € C, u,,(-) € R, C, R and Z are the sets of
complex, real and integer numbers, respectively. In addition, h, 7, a, p are positive

constants and i is the unit of the imaginary numbers such that i> = —1. In equations
(1.1)-(1.2), |¥]? = (|¥m|*)mez, A and D are linear operators defined as

(Au)m = Um41 — 2Um + Um—1, YU = (um)m€Z7

(D) = Ut — dtpmg1 + 6ty — Q1 + Um—2, YU = (U )mez.
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Equations (1.1)-(1.2) can be regarded as a discrete analogue of the following
non-autonomous Zakharov equations on R:

Z.’(/}t + wzx - h2wzxmx - ql)u + WI/J = f(xﬂ t)7
Ugp — Ugy + hzuwwxm - (‘le)ILE + aus + pu = g(xat)v

where the complex function ¥(x,t) denotes the envelope of the high-frequency elec-
tric field and the real function u(z, t) represents the plasmas density measured from
its equilibrium value (see [15,28]). The dissipative mechanism of the system is in-
troduced by the terms iy, cu; and pu. The external forces f(x,t) and g(z,t) are
complex-valued and real-valued functions which are dependent of the time ¢, re-
spectively. The quantum parameter h expresses the ratio between the ion plasmon
energy and electron thermal energy.

There are some works studying the Cauchy problem and the initial boundary
value problem of the continuous model of Zakharov equations or its related version,
see [11,12,14,15] and the references therein. Also, there are some articles investigat-
ing the discrete Zakharov equations (see [24,25,34]). In [34], the authors proved the
existence of the global attractor; in [24,25] the authors established the existence,
finite dimensionality and upper semi-continuity of the kernel sections for the lattice
system (1.1)-(1.2).

Lattice dynamical systems (LDSs for short) are spatiotemporal systems with
discretization in some variables including coupled ordinary differential equation-
s (ODEs for short) and coupled map lattices and cellular automata [9]. In some
cases, LDSs occur as spatial discretizations of partial differential equations on un-
bounded (or bounded) domains. LDSs arise in a wide variety of applications, rang-
ing from electrical engineering [7] to image processing and pattern recognition [8],
laser systems [10], biology [20], chemical reaction theory [21], etc. There are many
articles investigating the asymptotic behavior of LDSs, including the existence of
various attractors (such as global attractor, uniform attractor, kernel sections, ex-
ponential attractor, uniform exponential attractor and random attractor), estima-
tions of fractal dimension, Hausdorrf dimension and Kolmogorov e-entropy, see e.
g. [1-5,16,17,29,31,38-43].

In this article, we are interested in the probability distributions of solutions in
the phase space for equations (1.1)-(1.2). Precisely, we will investigate the invariant
measure for the process generated by the solutions operators of equations (1.1)-(1.2).
The invariant measures have been proven to be very useful in the understanding
of turbulence (see Foias et al. [13]). The main reason is that the measurements
of several aspects of turbulent flows are actually measurements of time-average
quantities.

The invariant measures and statistical properties of dissipative systems were
studied in a series of references. For instance, Wang investigated the upper semi-
continuity of stationary statistical properties of dissipative systems in [30]. Lukasze-
wicz, Real and Robinson [26] used the notion of Generalized Banach limit to con-
struct the invariant measures for general continuous dynamical systems on metric
spaces. Later, Chekroun and Glatt-Holtz [6] improved the results of [30] and [26]
to construct invariant measures for a broad class of dissipative autonomous dynam-
ical systems. Recently, Lukaszewicz and Robinson [27] extended the result of [6] to
construct invariant measures for dissipative non-autonomous dynamical systems.



Pullback attractors and invariant measures. .. 2335

Now, the ideas and approaches of [6,27] have been successfully extended and
applied to some concrete equations. For example, Zhao and Yang used the theory
of [27] to construct the invariant Borel probability measures for the non-autonomous
globally modified Navier-Stokes equations in [35] and for the regularized MHD e-
quations in [44]; Zhao and Caraballo [36] extended the idea of [6] and constructed
the trajectory statistical solutions for the globally modified Navier-Stokes equation-
s; In [32,37], Zhao and Lukaszewicz et al. used the approaches of [27] to investigate
the invariant measures for the discrete long-wave-short-wave resonance equations
and discrete Klein-Gordon-Schrodinger equations.

In this article, we will borrow the ideas of [27,37] to prove the existence and
uniqueness of the invariant Borel probability measures for the discrete Zakharov
equations (1.1)-(1.2). To this end, we first prove the existence of the pullback-D
attractor for the process {U(t,7)}>, associated to the solutions operators in the
phase space E,, (see notation in Section 2). Then we verify the 7-continuity of
{U(t,7)}+>- in the sense that for every fixed z, € E,, and every fixed t € R, the E,,-
valued function 7 — U (¢, 7)z, is continuous and bounded on (—o0,t]. Combining
these results, we can obtain the existence and uniqueness of a family of invariant
Borel probability measures supported by the pullback-D attractor.

The key steps are proving the pullback-D asymptotic nullness and the 7-continuity
of {U(t,7)}+>-. The main difficulty comes from the nonlinear terms (A|¢|?),, and
the higher-order derivative terms (D), and (Du),,. This difficulty requires us to
use some technical estimates and do some delicate computations. At the same time,
recall that [24, 25] proved the existence and upper-semicontinuity of the compact
kernel for the problem (1.1)-(1.3), with the conditions that the external forces such
as (fm(t))mez satisfies

For each 7 € R and Ve >0, 3M(e,7) € N such that

S fm(s)2<e for any s<7
|m|>M(e,T)

(1.4)

and

2 _ 2
sup [ F(O)I° = Suﬂg% [fm ()7 < +oo. (1.5)

Compared to the kernel sections discussed in [24], on the one hand, the pullback-D
attractor we will discuss here possesses more general basins of attraction, which are
referred to a given universe D rather than only fixed bounded sets. Different uni-
verses provide different basins of attraction and will give rise to different pullback
attractor, reflecting different aspects of the dynamics. Indeed, any fixed bounded
sets lie in the universe D. On the other hand, we remove conditions (1.4) and (1.5)
imposed on the external forces. Condition (1.5) implies that f(¢) is continuous and
uniformly bounded on R. In this article we will just require that f(¢) is continuous
on R and is unnecessary bounded. Indeed, we allow that f(t) is unbounded and
even can be exponentially growing with respect to time ¢t. Without using the con-
ditions (1.4) and (1.5), we shall also perform some technical estimates and delicate
computations.

The rest of this article is arranged as follows. In the next section, we first
introduce some notations, then we prove some estimates and show the global well-
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posedness of problem (1.1)-(1.3). In section 3, we establish the pullback-D asymp-
totic nullness of the process {U(t,7)}i>- and get the existence of the pullback-D
attractor. In the last section, we prove the 7-continuity of {U(¢,7)};>, and obtain
the existence of a unique family of invariant Borel probability measures supported
by the pullback-D attractor.

2. Estimates and global well-posedness of solutions

In this section, we first introduce some notations and prove some estimates. Then
we show the global well-posedness of solutions to problem (1.1)-(1.3), which implies
its solutions operators generate a continuous process.

Set

62 = {'U = (Um)mEZ7 Um € (Ca Z |Um|2 < +OO}7
mEZ

12 — {v = (Um)mez, Um € R, Z V2 < +oo}.
meZ

For brevity we denote X = £2 or [2 in the sequel and equip it with the inner product
and norm as

(u,0) = Z Um U, Hu”2 = (w,u), u= (Um)mez, V= (Vm)mez € X,
mEZ

where ¥, denotes the conjugate of v,,,. We define two linear operators B and B*
from X to X as

(BU)m = Umt1 — Umy, VMEZ, YVu= (tm)mez € X,
(B*W)m = Um—1 — Um, YMEZ, Yu= (tm)nez € X.

Also we define a linear form (-,-) on [? by
(u,v), = (Bu, Bv) + p(u,v). (2.1)

By some directly computations, we see both B and B* are bounded from X to X,
and B* is the adjoint operator of B, moreover,

(Au,v) = —(Bu, Bv), (Du,v) = (Au, Av), VYu,v € X,
JAul? < 16ljul?, | Dull® < 256w, Vu e X.

At the same time, we see from (2.1) that the bilinear form (-, -), induces an inner
product in (2. In fact,

pllul® < Bull® + pllull® = llulll, < 4+ wlul®, Vu= (un)mez € 12,

which implies that the norm || - ||, induced by (-,-), is equivalent to the norm || - ||.
In this article, we denote by

62 - (£2a ('a ')a || ' H)? li = (127 ('7')#7 H ! ||H)? l2 = (125 ('7')7 || : ||)
Then 2, li and [? are all Hilbert spaces. Write

E, =0 %I, xI?
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and for z(®) = (1) 4 (F) LENT ¢ E,, k = 1,2, we define the inner product and
norm of E, by

(0,205, = @D, 4®) + @D, 6®), + (6O, 6)

=00 + 3 ((BuD)(Bu®) + puldu ) + 62,

mezL
l2lls, = /(= 25, Vze€ B,
For the reason of technical computations, we shall choose E,, = (Eu (-, .)E“’ |- HEH)

as the phase space of problem (1.1)-(1.3).
To write equations (1.1)-(1.2) as an abstract first-order ODE with respect to
time ¢ in space I, we denote

VY= (Ym)mez, u= (Um)mez, f(t)=(fm®t))mez, 9(t) = (gm(t))mez,
Y= Wtim)mezs AW = (AP)n), oy
and take

. po a
@ =10+ Au, where A= o2 - an € (0, Z) (2.2)

Then equations (1.1)-(1.2) are equivalent to
O+ (Y] —iA+ih2D) = —ihu — i f(t),
U+ Au—¢@ =0,
¢+ ()\()\ —a) [ +pl — A+ h2D)u F(a— N = AR+ gt).

Further, we set z = (1, u, )T, F(z,t) = (—ivpu —if(t),0, g(t) + A]1)|?)T and

~I —iA+ih?D 0 0
o= 0 A I ; (2.3)
0 AMA—a) [ +pul —A+h?D  (a—N)I

then problem (1.1)-(1.3) is equivalent to

24+ 0z=F(z,t), t>rT,
(1) (2.4)

2(1) =2 = (¢77u77@T)T = (Yr,ur,urr + /\UT)T7

where ¢, = (wm,r)melz Ur = (um,‘r)m627 Uir = (ulm,r)mEZ7 I is the identity
operator and (-, -,-)T the transposition of a vector.

We next investigate the well-posedness of problem (2.4). In this article we denote
C(R,1%) and C(R,¢?) the spaces of continuous functions from R into [? and ¢2,
respectively. Then for a function f(-) € C(R,?) (or C(R,¢?)) and t € R, we have

IF@P =D [fm ()] < +o0. (2.5)
meZ

Obviously, the condition (2.5) is weaker than (1.5).
For the local existence and uniqueness of solutions to problem (2.4), we have
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Lemma 2.1. Let f(t) = (fm(t))mez € C(R,£?) and g(t) = (gm(t))mez € C(R,1?).
Then for any initial value z, = (Vr,ur, )7 € E,., there is a unique local solution
z(t) = (Y(t),u(t), p(t))’ € E, of problem (2.4) such that z(-) € C([r,Tp), E,) N
CH((,Tp), E,,) for some Ty > 7. Moreover, if Ty < 400, then lim |z(t)||g, = +oc.

t—=T,

The proof of above lemma is similar to that of [24, Lemma 2.2], and we omit
the details here. Next, we estimate the solutions. For brevity, we will employ in the
sequel the notation a < b (similarly ) to mean that a < ¢b (similarly a > ¢b) for
a universal constant ¢ > 0 that only depends on the parameters coming from the
problem.

Lemma 2.2. Let f(t) = (fn(t)mes € CR,2), g(t) = (gm(D)mer € C(R,2). Let
2(t) = (Y(t),u(t), p(t))T € E, be the solution of problem (2.4) corresponding to the
initial value z; = (Y7, ur,07)" € E,. Then

t
WO < JorlPe 7 b et [ lPds t2n (20

T

Proof. We write equation (1.1) as
i+ Ap — B2Dip +ivp — pu = f(t), Vit > 1. (2.7)

Taking the imaginary part of the inner product (€2, (-,-)) of (2.7) with v yields

%IW(&IIQ +llv @I S INFOI, ve> 7. (2.8)

Applying Gronwall’s inequality to (2.8), we obtain (2.6). The proof is completed.

O

To estimate the solution z(t) = (¥(t),u(t), ¢(t))T, we shall use the coercivity of
the operator © defined by (2.3).

Lemma 2.3 ( [24]). For any z = (¢,u, )T € E,,, there holds

(%
Re(0z,2)5, > o([[ull}, + llell*) + S ll* + 1I¥11%, (2.9)

where

ua(\/oﬂ—l—élu \/a2+4u—|—a)) !

Lemma 2.4. Let f(t) = (fm(f))mez € C(R, 62) and g(t) = (gm(t))mez € C(R,1?).
Then the solution z(t) = (Y(t),u(t),v(t))T € E, of problem (2.4) corresponding to
the initial value z; = (Yr,ur,v.) € E, satisﬁes

t

I, Sl 4 e [ e (1) + lg)*)ds

T

¢
Jre*”t/ e |(s)||*ds, Vit =T, (2.10)
where

o = min{d,y}. (2.11)
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Proof. Taking the real part of the inner product (-,-)g, of the equation in (2.4)
with z(t) gives

|

||z(t)||?E“ +Re(Oz(t), 2(t)) , =Re(F(z,1),2(t), , t>T (2.12)

1
92 dt " "

Q.

We need estimate the term Re(F(z,1), z(t)) , . In fact,

Re(F(z1).2(1)) 5, = Re( = if(t),v(t) + (9(t). o(t) + (Al(0).t)- (2.13)
By Cauchy inequality and some simple computations, we have

Re(—if(t),v) STIVI° + £, (2.14)

(90).9(8) STl + llg(t)

(A[P, ) =(BIoP, Be) < IBIvPI 1Bl < dlllv el

« 4 «
<4 |—= 24 = H < Zlel? 4, 2.1
e le@IF + Il @17 < 7 llel” + i (2.16)

2, (2.15)

Inserting (2.9) and (2.13)-(2.16) into (2.12) gives

d

F OB, + 20l + ) + Al l* S lg@1” + 1@+ 11

Let o be chosen as in (2.11), then we get for any ¢ > 7 that

d
T OIE, +ollz@)lE, SIFOI +1s@)* + O] (2.17)
Applying Gronwall’s inequality to (2.17) gives (2.10). This ends the proof. O
From estimates (2.6) and (2.10) we conclude that for any z, = (¢¥r,ur,0,)" €

T
E,, the corresponding solution z(t) = (1(t),u(t),¢(t))T € E, of problem (2.4)
exists globally on [r, +00). Moreover, from Lemma 2.1 we see that

2(-) € C([r,4+00), E,) N C((r,4+00), E,). (2.18)
Therefore, in view of Lemma 2.1, the maps of solutions operators
Ut,7): zr = (¥, ur, 00)7 € E, — 2(t) = (W), u(t), p(t)’ € E,, Vt>rT,

generate a continuous process {U (¢, 7)}i>- on E,.

3. Existence of the pullback-D attractor

The purpose of this section is to prove the existence of the pullback-D attractor for
the process {U(t, 7) }+>- on E,,. For this purpose, we need some natural assumptions
on the initial values and on the external forces f(t) and g(t).

Firstly, we consider the basins of attraction which the initial values lie in. In
this article we denote by P(E,) the family of all nonempty subsets of E,, and by

D, the class of families of nonempty subsets D = {D(s)| s € R} C P(E,) satisfying

lim (e? sup |z[|% ) =0.
s =00 ( z€D(s) E“)
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Hereinafter, the constant o comes from (2.11), the class D, will be called a universe
in P(E,). Obviously, all fixed bounded subsets of E,, lie in D,.

Secondly, we give the assumptions on the external forces f(t) and g(t) necessary
to the existence of a bounded pullback absorbing set for the process {U (¢, 7)}i>--

(H) Assume f(t) = (fm(#))mez € C(R,£2) and g(t) = (gm(t))mez € C(R,1?).
Moreover, let

/‘“’ M f(m)Pdn < eFFIK(s), (3.1)

— 00

for some continuous function K (-) on the real line, bounded on intervals of the form

(—00,t), with 0 < w < &, and let
S
/ e g(n)||?dn < 400, for each s € R. (3.2)
— 00

The following example shows that the functions satisfying above assumption
(H) do exist.

Example 3.1. Let | f(n)]|? < Me?" for all real n, with constant M > 0 and
o= w— % Then

/ I fm)Pdn < eFFIK(s),

— 00

M o
with K(s) = Te(fﬂ’_“’)s. Thus, choosing ¢ < 0,0 = 0 or ¢ > 0, we allow
Y
different behavior of f near infinities.

Lemma 3.1. Let assumption (H) hold. Then the process {U(t,T)}i>- possesses a
bounded pullback-Dy absorbing set By = {By(s)|s € R} C P(E,) in the sense that
for any t € R and any D = {D(s)|s € R} € D,, there exists a 7o = 1o(t, D) < t
such that U(t,7)D(7) C Bo(t) for all T < 19, where By(s) = B(0,R,(s)) C E, is
the closed ball of radius R, (s) and centered at zero.

Proof. For any z, € D(7) with D = {D(s)| s € R} € D,, we have

: zT 2
i ef =, =0 (33

Also, (3.1) and (3.2) give

[ (WO lgI)as < +oo, for cach 1B (3

— 00

We shall estimate the third term on the right-hand side of (2.10). In fact, it follows
from (2.6) that

/ eaus(S)H‘ldS < Ql(t>7—) + Q2(t’7—) + QS(ta T>7 (35)
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where
o1(t,7) = /t e"usTH‘le_Z”(s_T)ds,
02(t,7) S / e e / ) £ )P,
it 5 [ e [T esaian)as

T

By (3.3), we have lim |[[1,[*°" = 0 and then by the Lebesgue’s Dominated
T —00

Convergence Theorem,

lim o:(t,7) = 0. (3.6)

T—

We write the bound of g3(t, 7) in the form

t s
Jorle™ [ (emsetBmee [ om) ) g s, (37)

T

S

and then by assumption (H), e(%_”s/ | f(n)|IPdn < K(s), where K(s) is a

continuous function on the real line which is bounded on every interval of the form
(—o0,t). Hence,

Tl&r_moO 02(t, 7) =0, (3.8)

since the integral in (3.7) stays bounded as 7 — —oo. Similarly, we obtain from
(3.1)

/ | f(n)|dn < 00 / N F)|Pds < T EFK (), (3.9)

S

for some w € (0,0/2). Thus e(%_y_“’)s/ e f(n)||?dn < K (s) for some function

K(-) possessing the same properties as the function K(-) above. Since K(s) is
bounded on every interval of the form (—oo,t), we can assume that K2(s) < B(t)

for some quantity B(t) depending only on ¢t. Hence

t

t s 2
05(t,7) S / elr=as( / 7L f(n)2an) " ds < B() / ¢*ds < B(t)e".

T

Also by the Lebesgue’s Dominated Convergence Theorem, we have

t s 2
im_oa(tr) S [ ([ e Pan) as 0)
T——00 o oo

and the right-hand side of (3.10) is bounded by a quantity depending only on ¢. By
(3.5), (3.6), (3.8) and (3.10) we see that if f(t) = (fim(t))mez satisfies the conditions
in assumption (H), then the third term on the right-hand side of (2.10) is bounded
as

t t S 2
tim_e [ e u)as s [ [ ampa)an) ds. )

T——00
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Now set

t

R2(t) <1+ e*”’f/

— 00

e (I )12 + llg(s)]1?) s
et / t e<0*2’y>5( / o) f(n)\|2dn>2ds, teR.  (3.12)

Then from (2.10), (3.3), (3.4) and (3.11), we see that the family By = {B(0, Ry (s)) |s €
R} is the desired bounded pullback-D, absorbing set for {U(t,7)}i>, in E,. The
proof is completed. O
Next, we are going to investigate the pullback-D, asymptotic nullness of the
process {U(t,T)}i>r in E,,.
Define a smooth function y(z) € C*(R4, R, ) such that

x(z) =0 for 0<z <1,
0<x(x) <1 for 1<z <2,

X () (3.13)
x(z) =1 for x > 2,

IX'(z)] < xo (positive constant), for x > 0.

Let D = {D(s)|s € R} € D, and t,7 € R with t > 7. Let

2(t) = 2(t; 7, 20) = U(t,7)zr = ($(8), u(t), o) = (Y (2), um (2), om () mez € By

be a solution of problem (2.4) with initial value z; € D(7). Let M be some positive
integer and define

m| Im| m|

Em(t) = X(F7 )¥m(t),  vm(t) = x(F )um(t),  wm(t) = (ﬁ)wm()
T

y(t) = (ym( ))meZ with ym(t) = (fm(t)avm(t%wm(t)) .

Taking the real part of the inner product (-,-)g, of the equation in (2.3) with y(t)
yields

Re(z'(t),y(t))EM +Re(0z(t),y(t)), = Re(F(z,t),y(t))EM, Vi>T. (3.14)

m

We next estimate the three terms of (3.14) in three auxiliary lemmas.

Lemma 3.2. The term Re(%(t),y(t)), in (3.14) satisfies
I3
) 1d \m\ R, (%)
- = BLASA <70 <
Re(:(1),y(1)p, — 5 §e Nem@®E, 2 =37 Yr<m <t (3.15)

hereinafter R, (t) is the radius of the bounded pullback-D, absorbing set obtained in
Lemma 3.1, 19 = 10(t, D) is the pullback absorbing time and

|2ml, = [¥m[* + [(Bu)m|® + pug, + 93, 2 = (2m)mez = (Ym, Um, Pm)mez- (3-16)
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Proof. By direct computations, we have

Re(2(t),y(t) ;= Y _ (Bi)m(Bv)m + pu(it, v) + (4,€) + (,w)

"

meZ
= S B (]
meZL
+ %% ZZX(E) {/w?n + @2 + |¢m|2}
=2 X(%)(mew“)m%% x(%) |12, 2+ o
meZL mezZ
T Z [ <‘m]\_4'|—1|) - (%) (U1 — U ) Ung1
meZ

m—|—1 m
+Z |: ‘ | X(%)} ((pm+1_)\um+1_gpm+)\um)um+17

where |z,|%, is defined by (3.16). Thus, combining Lemma 3.1, the Mean Value
Theorem and (3.13), we obtain

Re(:(0).5(0) 5, — 5 3 (e 02,

m + 1 m
= [ | | X(LMW (Pmt1 = AMmy1 — @ + At )Um 41
meZ

m, 1
= Z X’(M)M(Wmﬂ = AMUp1 = @+ A ) U 41

meZ
Ro (1)
2 - — Vr<m <t
~ M XX Y
hereinafter m is a positive constant locating between |m + 1| and |m)|. O

Lemma 3.3. The term Re(©z(t),y(t)), in (3.14) satisfies

EH
Re (@z(t), y(t)) B,

=30 [5 (B3, + 2, ) + SR ]

mEZ
h? d |m| Ah? ||
- ——= ) (Au)?, - — A
Sl gz, - 255 2 aa,
meEZ meZ
R, (t
2z - M()’ VT < <t (3.17)

Proof. We first perform some computations. In fact,

Re(0z,9) g, =v(¢, &) + A(Bu, Bv) + pA(u,v) + AA = a)(u, w)
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+ (Bu, Bw) — (Byp, Bv) + h*(Du,w) + (a — X) (¢, w)

+ Im(A%, &) — Im(h* Dy, €), (3.18)
.6 =3 x(hiwp, e = 3 (P, (3.19)
mMEZ meZ
ww) = e, oy = 3 a2, (3.20)
mEZ meZ
_ B m + 1| Im
(Bu, Bv) = 3~ (Bu)u(Bo)m = 3 (B [x( o tmg1 = X(5 )t
MEZL meZ
= 32 (B [(Bu) ) + (x<'m]\j N T
MEZL
=m§E:ZX |ﬁ +mz€:Z i M (U1 — Um)Umt1
z%x(m)(mﬁn D yr <o D), (3.21)

and also by the Mean Value Theorem and (3.13), we have
(Bu, Bw) — (Bp, Bv) = > (Bu)y(Bw)m — Y _ (B@)m(Bv)m

meZ mEZ

=3 i — ) (P g ()

meZ
m+1 m
= S tomen o) (7 s = )
|m + 1\ [m|

= Z ( X(ﬁ)(um—&-l@m - um‘Pm+1)

meZ

,m 1

= Z X (M)M(uerl‘Pm - um(Perl)

meZ

R, (t ~

> — ]\4()’ V7 < 7(t,D), (3.22)

Im(A¢,§) = — Im(By, BS)

= — Im(mze:Z(T/)mH - %n)(X( |mj\}— ! )@m-&-l - X(%)@m))
:Im( X:Z( (| |)¢m+1¢m (‘m+ 1|)7/)m+1¢m))
me
=3 e s s
mez
> — Rﬁw, V7 <19 <t (3.23)

For the term h%(Du,w) in (3.18), we have
(Du,w) = (Du, 0) + A(Du,v), (3.24)
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and
(Du,v) =(Au, Ad)
= Z(Au
meZ
_ \ . Iml,, ..
EE:Z (Au) [ (At + (A8)m = () (Al)
_Ld |m| (Au) [y
2ar 2 X i+ 3 (A | (48)m = (7 (A
meZ meZ
Since
5 (w46, — ()i ]
meZ
|m+1| [m| [m — 1] LINY
= 3 (W) A G i + (W) =)
2 - % (i + i)
2 M Z |um+1 - 2um + Um—1|(|§0m+1 - )\uerll + |<Pm—1 - )\umle
meZ
2 R]\é )a V7 < To < ta
we have
. 1d m R, (t
D)y S 2 5 st G2
Similarly,
(Du,v) =(Au, Av)
_ m| m|
= 3 (4 (b + a0y, - xiha.,
z% 3 X(%)(Au); _ R&m, Vr <o <t (3.26)
meZ
From (3.24)-(3.26), we obtain
(Duw) 255 3 x(Eh a2, + 3 3 a2 v < <
meZ mEeZ
(3.27)

For the term Im(Dv,¢) in (3.18), we have by Lemma 3.1, the Mean Value
Theorem and (3.13) that

—Im(Dy,¢) = —Im(Ay, A€)
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“Im (gz(m”ﬂ”)x('ﬁ)) st (D (D) v,

v <x( ety ) v )

|m+1| |m| |m 1\ |m|
—2 Z ’wm—&-lwm’_Q Z M |¢m lwm|
mEZ meZ
m + 1 _
- Z | ‘ )‘ |1/)m+1wm—1’
meZ
—Rs(t
2 M(), VT <7<t (3.28)
Taking (3.18)-(3.23) and (3.26)-(3.28) into account, we get
h? d || 5 AR? ||
Re(02 )5, — o & 3 () (w2, — 2057 (17 (au,
MEZL meZ
Im| 2 2 2 @ 2 2
- 2y (6 (B2, + w2, + %) + 562 +10ml?]
Im| - 2
> — Z )= _
22 x(yp) (= 0) (B2, + i) + (5 = A= 8) @2 + AN = Jutmiom
R, (¢
M()’ Vo <<t (3.29)

At the same time, by some computations we find

3 |]\”4L|) [(A 8) (Bu)?, + pu2,) + (% —A- 5) P+ A = )t

mEeZ

>3 [ (A=), + (5 = A= 0) ¢ = Aalum| o]

meEZ

-3 (Iml («/ O —0) || — 1/%—A—(5|<pm|)2>o. (3.30)
meZ

Inserting (3.30) into (3.29) gives (3.17).

O]
Lemma 3.4. The term Re(F(z,t),y(t))Eu in (3.14) satisfies
Re(F(z,t) y(t))Eu
< D+ S x(%)wfﬁ > oo
\m|>M Im|>M |m|>M
+ Y 1 @P+R0)e D" () (1€mr 1 (1P + [ (1) P+ o1 (7))
|m|>M |m|>M
£ R / S (Uit + 1 + [frnr ()2)ds
|m|>M
R, (t)

+

t
i / Ro(s)e " =9)ds, Vr <1<t (3.31)
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Proof. Direct computations give
Re(F(z,t),y(t))Eu =Im(f(t),&) + (9(),w(t)) + (A[Y[* (1), w(t)). (3.32)

At the same time, for each 7 < 79 < ¢, we have

(0.0 52 S xhwa+ Y 1m0F 639
ml>M ml>M
0w 2 3 xhet S lgnP, (3.34)
|m|>M |m|>M
and
(A|¢|2,w) = (|1/)m+1\2 - 2|¢m|2 + |¢m71|2) X(%)@m
meZ
<0 e R0+ bt 1) (3.35)
|m|>M
where

L= x(&h,?,

|m|>M

L= Y x(mhg,,?
[m|>M

L= Y x(&hg, 2
|m|>M

Next we need estimate the terms I, I5 and I3 in (3.35). To this end, we let

¢= (C’rn-{-l)mEZ = (X( |]T\r;| )wm-‘rl)mez

Taking the imaginary part of the inner product (-,-) of equation (2.7) with ¢ gives

1d
q > (|m| [Wmirl +7 D x ||¢m+1\
|m|>M |m|>M
=Im Z ¢m+1fm+1( ) _Im(Awag)—i—hQIm(DwaC)
|m|>M
Iy x<%>|wm+1|2+ S s (O — Tm(4,Q)
|m|>M [m|>M
+Im(DY, (), V7 <7<t (3.36)

At the same time, by Lemma 3.1 and some computations, we have

~Im(Ay, ¢) =Im(Bi, BC) < R&(t), Vr <<t (3.37)

Im(Dv, ¢) =Im(Ay, AC)
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m| [m + 1|

<2 Y |57 — X i)
meZ
-1 1
+ 30 22y o
meZ
-1
r2 Y [t x<%>\wmuwm|
meZ
SRXy), V1 <7<t (3.38)

It then follows from (3.36)-(3.38) that

d
X Z (|m|)\¢m+1|2+7 Z M |¢m+1|2

|m|>M |m|>M
R, (t
S0 M @®OP + M(), V7 <<t (3.39)
[m|>M

Applying Gronwall inequality to (3.39) yields

t
Ilg/ ( > |fm+1(8)\2+R"7(8))e—w(t—s)ds

|m|>M

m
Fe (S v (@P), vr<m <t (40)
|m|>M

Similarly, set

Im|

p= (pm)mEZ = X(ﬁ)wma q= (Qm—l)mEZ = <|m|> Ym—1.

Taking the imaginary part of the inner product (-,-) of equation (2.7), respectively
with p and q yields

sz/ ST 1w + Ro(s) ) —(t=5) 4

T m|>M
+€—7(t—T)( Z (|m|)‘wm( )l )7 V1< To < T, (341)
Im|=M
and
Iy < t( St ()|2+—R"(s)) —(t=s)q
3~ . m—1\S Vi e S
Im|>M
+e_7(t_7)( 3 (|m|)|¢m, (r )|2), V7 <<t (3.42)
|m|>M
Combining (3.32)-(3.35) and (3.40)-(3.42), we obtain (3.31). O

Now we begin to prove the pullback-D, asymptotic nullness of {U(¢,7)}:>- in

E,.
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Lemma 3.5. Let assumption (H) hold. Then for any givent € R, Ve > 0 and D=
{D(s)|s € R} € D,, there exist some M, = M,(t,e,D) € N and 7. = 7.(t,e,D) <t
such that

sup > (U T)()mlp <& V< (3.43)
z(T)eD(T) |m|>M. H

Proof. We conclude from (3.14) and Lemma 3.2-Lemma 3.4 that

d m| 2 | 2 2 2
&EE:ZX( )[|Zm|E + h%(Au)?, +U§E:Z ﬁ |zm\EM+h (Au)?,]

S S 0P+ Y om0

|m|>M |m|>M

4 B0 S 3 (i a (O + o (72 [ia (7))

|m|>M

/ S Ufmsr S + ()P + | (5)?)
|m|>M
+—R”(

t
Mt) / R, (s)e™79)ds, V71 <1<t (3.44)

Now, for each given € > 0 and given ¢ € R, there exists obviously a positive number
My = Mi(t, €) € N such that

R,(t) _ o€
S ETE
M 12

VM > M. (3.45)

Also we can pick some 7 = 7y (t, €) € N such that

B0 3 () (s O + o) + a9

|m|>M

2
SR |2 < Ro (e 7z B, < G0 TSTS TSt (3.46)

At the same time,
t
t

0 / (S 1) )e)ds =R, (t)e " / (S () ?)ds

r mlzM T |m|>M

By (3.4), (3.12) and the assumption (H), we see R, (t)e™"! is a constant depending
only on ¢. We also see from (3.9) that

t
| emisian < os, - for cach te R

Consequently there is some My = Ms(t,€) € N such that

Ra(t)/T( S fn(9)P)e ) ds <Ry (et Y / | fon(5)Pdls

|m|>M |m|>M
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<< M > M. 3.47
12 > M2 (3.47)

Now, by (3.12), we have

t
/R}'\fls)e*“tfs)ds
P
— [ s b et [ e [T gonanapas

M/ o _03/ “UFOI + llg(0)]*)dods

t
<3t / 1= g / o rag( [ s any?
e

_ / (- a)sds/_m “IF @) + llg(6)]1*)do

1 elo—=27)t
M “ULF @2 + llg(@)]1*)de

_|_

St e |l

Hence, by (3.1) and (3.2), for above t and €, we see that there exists some M3 =
M;(t,€) € N such that

Ry(t) [ , 2
]\4( ) /T Ry (s)e " =)ds < %,

At this stage, we take (3.44), (3.45), (3.47), (3.48) into account and obtain

i x(%l) [|zm<t>\%# 02 (A (D)2

VM > Ms. (3.48)

o 3 ) o, + 52 (A )]

mEZ

S D lga®P + D P + % (3.49)

|m|=M |m|>M

Applying Gronwall inequality to (3.49) and using the fact

W2y ><(%)((Au(f))m)2 < llurll? < ller 1, -

meZ
we have
[m| 2 2 2
mzejzx(M>(|zm(t>Eu + 2 (A (u(t)},)
62
el e et [ S () P G (350

|m|>M

From (3.4) we see that there exists some My = M,(t, ¢) € N such that

/ S (g (8) + fon(s))ds

|m|>M
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S o+ o))

|m|>M

< VM > My. (3.51)

e
3 )
By (3.3), there is some 7o = 72 (t, €, ﬁ) such that,

—ot oT €

e e sup ||zT||2E# < 3 V71 < 1o (3.52)
zr€D(T)

Now we choose
* * .
M* = max{ M, My, M3, My}, 7° = min{rg, 11,72},

and then follows from (3.50)-(3.52) that

> Lo, <) [, + a2 (a@n)?] <

|m|>2M* mez
Hence
sup Z |(U(t,T)zT)m|%u = sup Z |zm(t)|2Eu <€, Vr <t
22 €D(T) | 1 >2Mm 22 €D(T) | 1 >20m+
The proof of Lemma 3.5 is completed. [

Combining Lemma 3.1 and Lemma 3.5, we can obtain, using [37, Theorem 2.1],
the main result of this section as follows.

Theorem 3.1. Let assumption (H) hold. Then the process {U(t,T)}i>r possesses
a pullback-D, attractor Ap, = {Ap, (t)|t € R} satisfying
(a) Compactness: for each t € R, Ap_(t) is a nonempty compact subset of E,,;
(b) Invariance: U(t,7)Ap, (1) = Ap,(t), V7T < t;
(¢) Pullback attracting: le\pg (t) is pullback-D, attracting in the following sense

lim distg, (U(t,7)D(r), Ap, (1)) =0, YD = {D(t)|t € R} € D,, teR.

T——00

4. Invariant measures supported by the pullback at-
tractor

In this section, we will apply the theory of Lukaszewicz and Robinson [27] to prove
the existence of a unique family of invariant Borel probability measures supported
by the pullback-D, attractor Ap_ obtained in Theorem 3.1.

We first introduce two definitions.

Definition 4.1 ( [13]). A generalized Banach limit is any linear functional, which
we denote by LIMy_, ., defined on the space of all bounded real-valued functions
on [0,400) that satisfies

(i) LIM7_00@(T) > 0 for nonnegative functions ¢(-);
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(ii) LMy oo@(T) = lim ¢(T) if the usual limit lim ¢(7T) exists.
T—o0 T—o00

Definition 4.2 ( [27]). A process {U(t,T)}>~ is said to be 7-continuous on a metric
space X if for every fixed zp € X and every fixed ¢ € R, the X-valued function
7 — U(t, T)x is continuous and bounded on (—oo, t].

Remark 4.1. Notice that we consider the “pullback” asymptotic behavior and we
require generalized limits as 7 — —oo. For a given real-valued function ¢ defined
on (—o00,0] and a given Banach limit LIMy_, ,, we define

LIM; s oo d(t) = LIM; 00 d(—1).
The following result was proved by Lukaszewicz and Robinson in [27].

Proposition 4.1 ( [27]). Let {U(t,7)}i>- be a T-continuous process in a complete
metric space X that has a pullback-D attractor A(-). Fix a generalized Banach limit
LIMr_ 00 and let k: R — X be a continuous map such that k() € D. Then there
exists a unique family of Borel probability measures {u}ter in X such the support
of the measure p; is contained in A(t) and

1 t
LIV ot / ot (s = [ owip(o)

for any real-valued continuous functional ¢ on X. In addition, py is invariant in
the sense that

/ H(0)due(v / SU(t, 7o) (v), 37

In order to apply the above result to the pullback-D, attractor Vzl\pa obtained in
Theorem 3.1, we shall prove the 7-continuous property of the process {U (¢, 7)}i>-
in the space E,,. We begin with the following estimate.

Lemma 4.1. Let 29 (t) = 20 (t;7,2,) = (@B (1), u®)(t), o) ()T (k = 1,2) be
two solutions of problem (2.4) with initial values z&k) € I, respectively. Then
120 () = 2@ (@)1,
t
<[z — 252)”12% exp { / (||¢(1)(8)”2 + [P (s)|1? + ||u(2)(s)||2)ds}. (4.1)

Proof. Let 2 (t) = 20 (t; 7, 2F) = (®) (1), u® (¢), 0®) (£))T, k = 1,2, be two

solutions of problem (2.4) corresponding to initial data zp), z£ ) e E,,, respectively.

Set

t) = w“)( ) = v(t),
t) = uM(t) —u® (1),

p(t) = 90(1 (1) — (1),

(1) =20(t) — 2O ().

Tt is easy to see that Z(t) satisfies

¢
i

L2(t) + 02(t) = F(zW(t),t) — F(z(t),1), V>,

Zltmr = 2(1) = A0 2
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From (2.9), we deduce that
~ - ~ ~ (ST >
Re(0%,2)m, > o([[al}, + 121%) + S 161" + ~II¥1I*. (4.3)
At the same time, direct computations show that
1PN, ) = F(=®, 0%,

T 2
- H (—i(w)u(l) —p@Du@) 0, A2 — A|¢<2>|2)

Eu

2 2
<™ (w® — u®) + 0@ (™ — p@))2 16| + @[] D] — ||
SO + @12 + [[u®1?) 12115, - (4.4)

Taking the real part of the inner product (-,-)g, of the equation in (4.2) with Z and
then using (4.3)-(4.4), we find

d, . .
L 1EGIE, +olZ(s)I1E,

d
S+ 192 17 + [ () IP) 12, ¥s > (4.5)

Integrating (4.5) over [, ] yields

12N, S, +/ D)7 + 1P ()12 + [[u® (s)I*) [12(5) |13, ds-
(4.6)

Applying Gronwall inequality to (4.6) gives

2015, S 120, e { [ (IO + 16D + [u(s)])ds}.

The proof of Lemma 4.1 is completed. O

Lemma 4.2. Let the assumption (H) hold. Then for every fized z, € E,, and every
fized t € R, the E,-valued function 7 — U(t,T)z. is continuous and bounded on
(—o0,1].

Proof. Let z, = (Y, us, )T € E,, and t € R be given. First we shall prove that
for each fixed s, € (—o0,t], the E,-valued function 7 — U (¢, 7)z, is continuous at
T = 8. To this end, we will show that for any e > 0, there exists some § = d(e, s,) >
0, such that if r < ¢, s, <t and |r — s.| <, then [|U(t,7)z. — U(t, 5+) 24|, < €.
Without loss of generality, we assume r < s,. Set

UG, 80)U(s0,m) 2 = (00 (), ul) (), 0 ()T,
UG, s)U(r, )z = (02 (), (), 0P ()7,
then we get from (4.1) that

U, )z — U, s*)z*||%u
=||U(t, $x)U(8x,7) 2 — U(t, 8:)U (1, r)z*HQEu
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SN (s, 1)z = Ulr, 1) 213, exp { / @1 + 192 @)1 + [ (0)2) a6 }.
’ (4.7)

Now, from (2.18) find that the solutions of problem (2.4) belong to C([r, +0), E,,).
Thus for above s,, we have

exp{/: (Hwi”(é‘)IP + w2 (O)]? + ||u5?>(9)||2)d9} <B(t,s), (48

where the bound B(¢, s.) is independent of r. Therefore, we conclude from (2.18)
and (4.8) that if |r — s| is sufficiently small, then the right hand side of (4.7) is
as small as needed. Thus, the E,-valued function 7 — U(t, 7)z, is continuous at
T = S

Secondly, for above z, € E, and t € R, we deduce from (2.10), (3.1), (3.3) and
(3.11) that

. 2
i [Tt 1)z 3,

t

e (IO + llg(0)]1*) a0

< 7 2 _—o(t—7) : —ot
N‘rll)rgloo ||ZT||E“6 +Tll>r—nooe /7-

t
U I TOIRY

e [ e (1l + g )ao+ [ er2n( [T emspian) as
- - ’ (4.9)
< + 00,

and the expression of (4.9) is independent of 7. Remember that we have proved that
the E,-valued function 7 — U(t, T)z, is continuous with respect to 7 € (—o0, ]
in the space E,. Therefore the E,-valued function 7 —— U(t, 7)z, is bounded on
(=00, t]. The proof of this lemma is completed. O

At this stage, we conclude from Theorem 3.1, Proposition 4.1 and Lemma 4.2
the main result of this section.

Theorem 4.1. Let the assumption (H) hold. Let {U(t,7)}i>- be the process gen-
erated by the solutions operators of problem (2.4), and Ap, = {Ap,(t) |t € R}
the pullback-D, attractor obtained in Theorem 3.1. Fix a generalized Banach limit
LIM7_,o and let ¢ : R — E, be a given continuous map with ¢(-) € D,. Then
there exists a unique family of Borel probability measures {m}1er in the space E,,
such that the support of the measure my is contained in Ap, (t) and

1 ¢
LIMTA_OO;/T H(U(t,s)d)(s))ds/ADa(t) k(z)dmy(z),

for any real-valued continuous functional k on E,. Moreover, m; is invariant in the
sense that

/ o (2)dmy (2) = / WUt 7)2)dme(2), 37
Ap, (t)

Ap, (1)
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We end this article with two remarks.

Remark 4.2. The obtained invariant measure in Theorem 4.1 depends merely on
the specific generalized limit and the given continuous map k(-) € D,. It is unique
in this sense. We can not prove that the invariant measure is the same for different
generalized Banach limit and differential continuous map k() € D,. The support
of the invariant measure is contained in the pullback attractor Ap(t) but we can
not establish that the support is the whole pullback attractor.

Remark 4.3. If we rewrite the equation in (2.4) as

dz
_— = t
dt Gz 1),
where G(z,t) = —©z + F(z,t), then we can prove the following Liouville-type

equation in Statistical Mechanics

[ = [ e =[] (GG E)am e

for all “test” functions ® (cf. [13, Py7s, Definition 1.2]). We will investigate this
problem in another paper.

Acknowledgements. The authors warmly thanks the anonymous referee for his/her
careful reading of the article and many pertinent remarks that lead to various im-
provements to this article.
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