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ON EXACT SOLUTIONS TO EPIDEMIC
DYNAMIC MODELS
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Abstract In this study, we address an SIR (susceptible-infected-recovered)
model that is given as a system of first order differential equations and propose
the SIR model on time scales which unifies and extends continuous and discrete
models. More precisely, we derive the exact solution to the SIR model and
discuss the asymptotic behavior of the number of susceptibles and infectives.
Next, we introduce an SIS (susceptible-infected-susceptible) model on time
scales and find the exact solution. We solve the models by using the Bernoulli
equation on time scales which provides an alternative method to the existing
methods. Having the models on time scales also leads to new discrete models.
We illustrate our results with examples where the number of infectives in the
population is obtained on different time scales.
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1. Introduction

Epidemic models are used for understanding infectious disease dynamics where the
population dynamics is divided into compartments. In the susceptible-infected-
recovered (SIR) epidemic model, susceptible individuals may become infected, and
infected individuals may recover and become immune. No other transitions are
considered in this model. The structure of the STR model dates back to Kermack and
McKendrick in 1927 [11] which has provided the basic framework for almost all later
epidemic models ever since. In the susceptible-infected-susceptible (SIS) epidemic
model, susceptible individuals may become infected, and infected individuals may
recover and revert to being susceptible.

The continuous and discrete SIR and SIS models have been investigated in a
number of recent works, see [5,10,12]. One of the continuous SIR models is presented
in [13] as

S = —BSI —~vS+~
(L.1)
I =BSI—AI,

where S(t) and I(t) are the number of susceptibles and the number of infectives at
time ¢, respectively with constant population N and the average number of adequate
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contacts of a person per unit time, i.e, the transmission rate § and the recovery
rate 7. The authors eliminate the variable S and obtain the second equation of
(1.1) in the form of the Bernoulli equation, and by using a suitable substitution the
authors find a solution to (1.1). In the recent articles [3] and [2], the authors call
attention to the importance of discrete modeling of HIV-1, Pseudomonas putida
bacteria and mammary tumor dynamics, respectively. Especially, comparison of
discrete and continuous models of HIV-1 dynamics shows that the data collected in
a clinical trial is described by the discrete models better than the continuous model,
see [3]. According to our knowledge, the discrete case of system (1.1) has not been
studied earlier. Therefore, our purpose is to unify and extend the continuous and
the discrete systems on time scales T, nonempty closed subset of real numbers.
Motivated by system (1.1) and the Bernoulli equation on time scales, see [4], we
propose the SIR model on time scales in the following form

N )
5= Sy O PO =S+ N

=-——— = (8 (BMID)S —v(1)I,

where S, I € C},([0,00), RT) with the initial conditions S(0) = Sy > 0, I(0) =
Ip > 0, and 8,7 € Cpq([0,00)7, RT). If T = R, then ©p = —p, and system (1.2) with
positive 8 and v constants turns out to be system (1.1). If T = Z, then ©p = %

for p # —1, and system (1.2) is equivalent to the system of first order difference
equations as follows

1 — Tn
Sny1 = msn + T
Bu(1 = ) 3
n — Tn
Iyo1 = ———%85,1, 1—v)1,.
+1 1+ 5.1, + (1 —n)

In Section 3, we find the exact number of susceptibles and infectives of system (1.2)
and discuss their asymptotic behaviors. Furthermore, we illustrate the behavior of
infectives of the continuous and the discrete SIR models by examples.

The exact solution of the following SIS model

S = —BSI+~I a4
I =BSI—~I ’

with the initial conditions S(0) = Sp > 0, I(0) = Iy > 0 satisfying So + Ip = N,
where § and v are positive constants is studied in [13] while the discrete model of
(1.4)

{sn+1 =S, (1= BL,) + I, (1.5)

In+1 = In (1 - + Bsn)

is studied in [1]. Motivated by system (1.4) and the Bernoulli equation on time
scales, see [4], we propose the SIS model on time scales as

5% = o (8())S - (3D 10 (16)
IA:—@(B(t)I)S+@(B(t)I)’VEi;7 .
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where 3,7 € Cpq([0,00)7, RT), S, I € C},([0,00)r,RT). If T = R, then system (1.6)
with positive constants 8 and «y is equivalent to system (1.4). However, the discrete
model of (1.6) when T =Z is

Snﬂzsn(l B In)+ g

C 1+ Bul, 1+ 8,1, "
; (1.7)
Tn n
I =71,1—
i ”( 11 6ul, 1+ﬁnfn5")’

which is not same as (1.5). Observe that continuous systems (1.1) and (1.4) are
equivalent if S + I = 1. However, this is not true for discrete systems (1.5) and
(1.7). Note that a different form of system (1.6) with constant coefficients is studied
in [9].

In Section 4, we find the exact number of susceptibles and infectives of (1.6) and
demostrate the behavior of the infectives on a quantum calculus with an example.

Now let us present some preliminary concepts regarding the calculus on time
scales without proofs to help understanding the key points in our main results. We
refer readers to books by Bohner and Peterson [7,8] and manuscripts [4, 6].

2. Essentials of Time Scales

There are two important operators in T. The forward jump operator o : T — T is
defined as o(t) := inf{s € T : s > t} for ¢t € T while the backward jump operator
p: T — T is defined as p(t) := sup{s € T : s < t}. The graininess function
w:T — [0,00) is defined as pu(t) := o(t) —t. If t < supT and o(t) = ¢, then ¢ is
called right-dense, and if ¢ > inf T and p(t) = ¢, then ¢ is called left-dense. Besides,
if p(t) < t, we say that t is left-scattered. If T has a left-scattered maximum m,
then T® =T — {m}. Otherwise, T* = T.

Assume f : T — R is a function and let ¢ € T®. Then, the delta (or Hilger)
derivative of f, denoted by f2, on T* is defined to be the number (provided it
exists) such that for given any e > 0, there is a neighborhood U = (¢t — §,t + 0) for
some 0 > 0 such that for all s € U

f7(t) = F(&)] = FA@)[o(t) - s]| < €lo(t) — s,

where fo(t) = f(o(t)) for all t € T, i.e., f© = foo. Here, [tg,00)T := [to,00) NT.

A function f: T — R is called rd-continuous provided it is continuous at right-
dense points in T and its left-sided limit exists (finite) at left dense points in T. The
set of rd-continuous f : T — R is denoted by Cyrq = Cpq(T) = Crq(T,R). The set
of functions f : T — R that are differentiable and whose derivative rd-continuous
is denoted by C}, = C!,(T) = C},(T,R). Every rd-continuous function has an
antiderivative. In particular, if ¢y € T, then for ¢t € T

P /t t F(r)Ar

is an antiderivative of f. The set of functions f € C},(T,R), the so-called simple
useful formula

Fo() = f(t) + u()F2 () (2.1)
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holds for all ¢ € T". For any left-dense to € T and any € > 0, let Lc(to) = {t € T :
0<to—t<e},and T=TU {supT} U {inf T}. The following theorem is one of
several L’Hopital Rules on time scales.

Theorem 2.1 (Theorem 1.120, [7]). Assume f and g are differentiable on T with

lim g(z) = oo
t—ty

for some left-dense ty € T. Suppose there exists € > 0 with g(t) > 0 and g™ (t) > 0
for allt € Le(tg). Then,

Q) 5
im =relR
t—ty 9A<t)
mmplies
lim @ =r.
-ty 9(t)

A function f : T — R is called regressive if 1 + pu(t)f(t) # 0 for all ¢ € T".
The set of all regressive and rd-continuous functions f : T — R is denoted by
R = R(T) = R(T,R). Besides, f € R is called positively regressive for all t € T
if 14 p(t)f(t) > 0, and is denoted by R™. Note that R(o) = R if a € N and
R(a) =RV if « € R\N. If p,q € R, then the circle minus subtraction is defined
by

_ @
A O
and
wo o) = 28—t (2.2)

T 1+ alal)
for all ¢ € T*, while the circle dot multiplication is defined by

1
(@)t = ap() [ (14 pOpOan
to find a simple form of the derivative of p® on time scales.
Theorem 2.2. Suppose p € R and fix to € T. Then the initial value problem
y> =p(t)y, ylto) =1
has a unique solution ey(-,to), so called the exponential function on time scales.
Let o € R be constant and tg € T. If T = R, then
ealt,tg) = et (2.3)
For the discrete time scales, if T = Z,
ealt,to) = (1 +a)t (2.4)
and if T = ¢No = {¢™ : n € N}, where ¢ > 1 and ¢ € R, i.e., the quantum calculus

ealt,to)= J[ [+ (g—Das], >t (2.5)

se[to,t)qNO
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We use the following properties of exponential functions on time scales in our
proofs, see Theorems 2.36, 2.39 and 2.44 in [7].

Theorem 2.3. If p,q € R and tg,t,s € T, then
(i) eo(t,s) =1 and ey(t,t) =1;
(i1) ep(t,s) = m = ecp(s,1);
(iti) ep(t,s)ep(s,r) = ep(t,r);
t
(i) [ p(ren(s, o ()AT = eyl ta) = eyl 0);
to

(v) If p € RY on T%, then ey(t,to) >0 for allt € T.

One of the Variation of Constants Formulas in [7, Theorem 2.77] is stated as
follows.

Theorem 2.4. Suppose p € R and f € C,q. Then the unique solution of the initial
value problem

y> =pt)y+ f(t), ylte) = yo

s given by

y(t) = ep(t to)yo + / ey(t, 0(7) () AT,

to
where tg € T and yo € R.

As we mention in the introduction, our main results are based on solutions of
the Bernoulli equation on time scales of the form

z® = [p(t) o (; ® (f(t)xa))] x, (2.6)

where o € R\ 0, and the proof of the existence of solutions of (2.6) can be found
in [4, Theorem 6.1].

Theorem 2.5. Suppose « € R\ 0, p € R(«a) and [ € Crq. If

t
ia +/ ey (T,t0) f(T)AT >0

for allt €T, then
ep(t, to)
[+ ¢ ea(rto)f(r) AT

solves the Bernoulli equation (2.6) with x(tg) = xo.

a(t) = ]1/a

Note that in the case of & =1 in (2.6), we have

1
(1 fa)t) == f)e [ (14 uOf Ok dh = (D (27)
Hence, the Bernoulli equation (2.6) is equivalent to

s [0
g ‘Lw(t)f(tn] ’ 28)
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where we use (2.2) and (2.7), and the solution of (2.8) with z(tg) = x¢ is

€p(t, t())

x(t) =7 T
20+ [y en(Tt0) f(T)AT

by Theorem 2.5.

The following inequalities, see [6, Lemma 2] and [6, Remark 2], are necessary
to show the asymptotic behavior of solutions of system (1.2). For nonnegative f if
—f €RT, then

1-— /St fu)Au <e_¢(t,s) < exp {—/: f(u)Au} (2.9)

and if f is rd-continuous, then

14 /: Flu)Au < es(t,5) < exp {/t f(u)Au} (2.10)

for all ¢t > s.

3. An SIR Model on Time Scales

In this section, we find the exact solution to SIR model (1.2) with the initial con-
ditions (Sp,Ip). Then, we discuss the asymptotic behavior of the solutions and
illustrate the behavior of infectives on continuous and discrete time scales.

Theorem 3.1. Let 3,7 € Cr4([0,00)r, RT) and —y € R*. Then the unique solu-
tion (S,I) of SIR model (1.2) with the initial conditions (So, Io) is given by

S=e(t0)(Dy—1)+1- ¢(t,0)

ep(t,0) (3.1)

=
1 t ’
T+ / B(r)ep(r, 0)Ar

where S, 1 € C!,([0,00)r,RT), D =S + I with D(0) = Dy, and
p(t) = BE)D(E)(1 — p(t)y(t)) —~(t) for te]0,00)r. (3.2)
Proof. Suppose 8,7 € Crq([0,00)r,RT) and —y € RT. First of all, from the
assumption —y € R, 1+ pu(t)p(t) = 1+ u(t)[B)D()(1 — u(t)y(t)) — ~(t)] >
1 — u(t)y(t) > 0, that is p € R*. Note that S + I = —y(t)(S + I) 4+ (1), that is
D? = —y(t)D +~(t), te€[0,00)r. (3.3)

Since —y € R, from Theorem 2.4, the solution to (3.3) with D(0) = Dy is

D(t) =+ (t,0) Dy + /0 e_(t,o(F))y(r) AT
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e (1.0)Dg — e (t o)/0 (= (r)e_r (0,0(r)Ar
=e_(t,0)Dy — e_(t,0)[e—4(0,0) — e (0,1)]

=e_(t,0)Dg —e_(t,0) + 1

=e_(t,0)(Dy—1) +1 (3.4)

for ¢t € [0, 00)T, where we use Theorem 2.3 (iv). SIR model (1.2) on time scales can
be rewritten as

o B0 u)2(0)
ETOTO)
B0 - k()
== wser

Note that the positivity of 8 and I implies that 1+ p(t)5(t)I # 0 for ¢ € [0, 00).
By plugging S = D — I into the second equation of (3.5), we have

a _BOA —ptN(@),
== 1+ B [D(t)fl]*’Y(t)I
_ B — p(t)y())[D() — I]T — [1 + u(t)B(t)T]y(t)]
- ESOEG
[B(t)D(t) — BH)D(E)p(t)y(t) — () — BI]L
L+ p@®)B(H)1
_ [ p(t) — )1 } I
ESTOEOTIR
where p is defined as in (3.2). Note that (3.6) is a Bernoulli equation in the form of
(2.8). Therefore, by Theorem 2.5 when o = 1, we obtain I as in (3.1). This implies
that S = D — I is obtained as in (3.1). Therefore, the proof is completed. O

We now consider system (1.2) with positive § and « constants for the following
examples.

ST —~(t)S + (1)
(3.5)

~y(t)I.

(3.6)

Example 3.1. Let T = [0,00) and D = 1 in system (1.2). Then, since p = 0,
we have p = 8 — v from (3.2). From Theorem 3.1, the number of infectives to the
continuous SIR model with initial conditions Sy and Iy is given by

I(t)= ———, te[0,00) (3.7)

if p =0, that is 8 = 7. Moreover, if p # 0 then

eJo (B=7)du
14 B -t _ _B_
7+ a5 - 55
e(B—Mt

= t € [0,00) (3.8)
5 _ b b b
75 5oy [P = 1]
1

I(t) =

where we use (2.3), andso S =1—1.
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Example 3.2. Let T = ZJ and D = 1 in system (1.2). Then, since u = 1 and
—vERT, wehave p= 3 — By — from (3.2) andso 1 +uyp=1—vy+8(1—~) =
(1—7v)(1+8) >0,ie,p€R'. Theorem 3.1 states that the number of infectives
to discrete SIR model (1.3) with initial conditions Sy and Iy is given by

1
Iy=4—— net /s (3.9)
704‘571

if p = 0. Moreover, if p # 0, then

I - (1+p)"
n n—1
1 k
T +6}§(1 +p)
_ (1+p)"
Iy P
(1+p)"plo

n ez (3.10)

Cp+BL[A+p)n 1]
following from (2.4) and so S =1—1.
Remark 3.1. Since v > 0 and —y € RT, from Theorem 2.3 (v) and (2.9) we have

0<e_~(t,0 Se‘fot"m“:e_“, t € [0,00)T.
¥

This implies that e_~(¢,0) — 0 as t — oco. Therefore, D(t) — 1 as t — oo by (3.4).
Note that D (t) = —ye_~(t,0)(Dg — 1) for all t € [0,00)7. Hence, D2(t) > 0 if
0< Do < 1and DA(t) < 0if Dy > 1 for t € [0, 00)r.

The results in Remark 3.1 are important to analyze the asymptotic behavior of
infectives and susceptibles to system (1.2) with positive constants 5 and ~ in the
following theorem.

Theorem 3.2. Consider system (1.2) with positive constants § and . Let —y €
RY and p be as in (3.2).

(i) If p(t) = 0 on [0,00)r, then all solutions (S,I) of system (1.2) with Dy =
So + Iy converge to (1,0).

(i) If p(t) < 0 on [0,00)r and v > kB for some k > 0, then all solutions (S,I) of
system (1.2) with Do = Sy + Iy converge to (1,0).

(i11) If p(t) > 0 for ¢t € [0,00)r with the constant graininess p, then all solutions
(S,I) of system (1.2) with Dy = So + Iy converge to (yu + %, 1—yu— %)

Proof. Assume that 3 and « are positive constants, —y € R*, and p is as in (3.2)
for ¢ € [0,00)T. In the proof of Theorem 3.1, we show that p € R™.

(i) Let p(t) = 0 on [0,00). Then, ey(t,0) = 1 and by Theorem 3.1, the number
of infectives is (3.7) and so I(t) — 0 as t — oo. Since D(t) — 1 as t — oo by
Remark 3.1 and D = S + I, then S(¢t) — 1 as t — oo.
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(i)

(iii)

Suppose p(t) < 0 on [0,00)r and v > kB for some k > 0. Since p € R™, then
ep(t,0) > 0 for all t € [0, 00)r by Theorem 2.3 (v). Therefore, we have

0 < I(t) <ey(t,0)ly, te0,00), (3.11)

where we use Theorem 3.1. If 0 < Dy < 1, then D(t) < 1 for ¢t € [0,00)7 by
Remark 3.1. Therefore, p(t) < D —v < S —~v <0 for ¢t € [0,00)r. Now let
—f=p<0,then f >0and —f € R*. We can apply (2.9) for nonnegative
f as follows

0 <ep(t,0) < elo Pw)Au < eloB=8u — (B=t Ly 0 a5 ¢ — oco.

Hence, ¢,(t,0) — 0 as t — oo. This concludes that I(t) — 0 because of
(3.11) and so S(t) — 1 as t — oo. If Dy > 1, then there exist n > 1 and
to € [0,00)r such that D(t) < n for ¢ € [tp,00)r by Remark 3.1. Besides,
p(t) < BD — v < fn — v < 0 by assumption. Again, by letting —f =p < 0
such that —f € R™, we can apply (2.9) for nonnegative f and obtain

0 <ey(t,0) < elo PAe < ofo(Bn=mAu — (B1=t 0 ag ¢ — oo.

Therefore, e,(t,0) — 0 as t — oo. This implies that I(t) = 0 as t — oo
because of (3.11) and so S(t) = 1 as t — oo.

Let p(t) > 0fort € [0, 00)r with the constant graininess p. Then, e,(¢,0) = oo
as t — oo and we have

t
ep(t,0) >1 +/ p(u)Au, t€[0,00)r
0

by (2.10). Integrating the above inequality from 0 to oo gives fooo ep(u,0)Au =

oo. For the limit of I, we apply L’Hopital Rule. Let g(t) = %—l—ﬁ fot ep(T,0)AT

> 0 and f(t) = e,(t,0) > 0 on [0,00)r in Theorem 2.1. Hence, tlim g(t) = oo,
g = Be, > 0 by Theorem 2.3 (v), and f* = pe,. Therefore,
F2) _ o pt)ep(t,0)

lim = lim —————— = lim Z&
t—o00 gA(t) t—o00 Bep(tv()) t—oo f3

Since D(t) — 1 as t — oo, tlim p(t) = B(1 — yu) — . This implies that
— 00

lim 1(t) = lim 20 = i 20

p(t) g}
t—s00 t—y00 g(t) t—oo 3

:1*%“*5,

and so S(t) = yu+ 3 as t — oo.
O

The following examples illustrate Theorem 3.2, where the number of infectives
is obtained for the continuous and discrete SIR models.

Example 3.3. Consider SIR model (1.2) with (Sp,Ip) = (0.8,0.2) on [0,00). In
Example 3.1, we obtain the number of infectives from (3.7) and (3.8) for all ¢ €
[0,00). If 8=+ = 0.5, then p =0. Hence, I - 0ast — co. If 5=0.3 and v =04
are chosen, then p = —0.1 < 0 and in this case, I(t) — 0 as t — co. On the other
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hand, choosing = 0.4 and v = 0.3 yields p = 0.1 > 0. Hence, I(t) — % as t — oo.
Figure 1 shows the number of infectives for all ¢ € [0, 50] based on the sign of p.

0.150 4

0.125 4

infectives

0.100 4

0.075 4

0.050 4

0.025 1

time

Figure 1. Number of infectives on [0, 50].

Example 3.4. Now consider SIR model (1.2) with (Sy, Iy) = (0.8,0.2) on [0, 00)z.
In Example 3.2, we compute the number of infectives for all n € [0, 00)z from (3.9)
and (3.10). If 8 =0.25 and v = 0.2, then p = 0 and so I,, — 0 as n — oo. Letting
6 =0.1 and v = 04 yields p = —0.34 < 0. Hence, I,, — 0 as n — oo. Now let
B =15and v = 0.5. Then, p = 0.25 > 0 and I, — % as n — oo. Number of

6
infectives on [0, 25]z for these cases are demostrated in Figure 2.

m p=0
0‘200". ® p<o0
m A p>0
0.175 - u
"
[
0.150- 4 "
o
| |
e "
201251 ®a I
Z .-..
%)
£ 0100 4 & "tag.,
5 A "ny
b A
0.075 - &
‘A
0.050 | o A A,
) e
0.025 - ° Adaarag,,
™
a
- "’..--9--AA+AAA-?
0 5 10 15 20 25

time

Figure 2. Number of infectives on [0, 25]7.
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4. An SIS Model on Time Scales

We now find the exact solution to SIS model (1.6) with the initial conditions (S, o)
where the population size is constant. An example on quantum calculus is presented
at the end of this section.

Theorem 4.1. Let 3,7 € Crq([0,00)T,R") and q(t) = B(t)N — v(t) € RT. Then
the unique solution (S,I) of SIS model (1.6) is given by

eq(t,0)

/ﬁ T)eq(T,0)A

eth)

f+/6 T)eq(T,0)A

with the initial conditions S(0) = So and I(0) = Iy, where S,I € C!,([0,00)r, RT)
and N = SO + Io.

Proof. Suppose 3,7 € Crq([0,00)T,RT) and ¢(t) = B(t)N — ~(t) € RT. First,
adding dynamic equations of system (1.6) yields S + I® = 0. This implies that
the total population size N = S + I is constant in time and hence N = Sy + Ij.
System (1.6) can be rewritten as

S(t) =

A___ BB o
=T T T aws@r

(4.2)
s B (1)

STl T T aBmI

Note that the positivity of 8 and I implies that 1 4 p(t)5(¢)I # 0 for ¢ € [0, 00)T.
By plugging S = N — I into the second equation of (4.2), we have

a_ B 7(t)
"= rnumamr ™ T s
_[BON —~() — 1)1
L+ u(t)5()1
[sa—sor),
L+ p@)B()1]
where ¢(t) = B(t)N — ~(t) € RT for all ¢ € [0,00)r. Therefore, we obtain I as in

(4.1) by Theorem 2.5 when « = 1. The number of susceptibles can be found by
S =N —1T as in (4.1). This completes the proof. O

Remark 4.1. In the proof of Theorem 4.1, it is mentioned that SIS model (1.6)
can be rewritten as (4.2). Furthermore, if 8,7 € Cr4([0,00)r, RT), then from the
first equation of (4.2), one can obtain

SE(1+pu®BE)I) =— BA)STI +~(t)I, te[0,00)r
and from (2.1)
SA + (87— 8)B(t)I = —B(t)ST +~(t)I, t € [0,00)r.



2310 E. Akin & G. Yeni

This implies that
SA = —B()ST 4+ (t)I, te[0,00)r. (4.3)
Now from the second equation of (4.2), we get

s o [ aBOI Vo [ 080

I =6() [1 1+u(t)6(t)f} 51 W)Lw(tmw 1]1
—HOST OO | A |~ O80T |
B B() O

=AOST+ uBEH] [ OO 1+u(t)ﬂ(t>f} 0
=B(t)ST + pu(t)B(t)SAT — ~(t)I

ZB)(S + (DS — A1)

—B(H)STT — (B, 1€ [0,00)r, (4.4)

where we use (2.1) in the last step. Note that when [ and «y are positive constants,
(4.3) and (4.4) give SIS model (3.1) in [9)].

Remark 4.2. Let 8 and « be positive constants and %y = 671\’ be the reproduction
number. If ¢ = 0, i.e., Zy = 1, then Theorem 4.1 states that the number of
susceptibles is S = N — I, where I is given as in (3.7). If ¢ # 0, i.e., Zy # 1, then
the number of infectives is

I(t) _ queq(t, 0)

q — Blo + Bloey(t,0)
Remark 4.3. Consider SIS model (1.6) when § and « are positive constants. If
q=0,1ie., %=1, then I(t) — 0 and S(t) - N as t — oo from (3.7). Hence, the

disease dies out. The asymptotic behavior of infectives is discussed in [9, Theorem
3.2] when q # 0, i.e., Zp < 1 and %, > 1.

(4.5)

Example 4.1. Consider SIS model (1.6) on [0,00)sn, with N = 1, and positive
constants 3,7. Let s =2" and t =2, n,k € Nand ¢ = 8-~ € R*. From Remark
4.2, the unique solution to the discrete SIS model with initial conditions Sy and Iy
is given by

1
I(t) = 5 (4.6)
— t
Iy +8
k—1
if ¢ = 0. Moreover, if ¢ # 0, then ¢,(¢,0) = H (14gs) = H(l + ¢2") by
SE€[0,¢) ,ng n=0
(2.5). Hence, (4.5) implies that the number of infectives can be found as
k—1
glo [T (1 +427)
_ n=0
1) = 7 (47)
q—Blo+ Bl [ (1+q2")
n=0

and S(t) =1 —I(¢) for ¢t € [0, 00)T.
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Example 4.2. Consider SIS model (1.6) with (Sp, Ip) = (0.6,0.4) on [0, 00)qn,. If
g =+ =03, then ¢ = 0 and I(t) — 0 as t — oco. Choosing S = 0.0008 and
~ = 0.0016 yields ¢ = —0.0008 < 0 and I(t) - 0 ast — oco. If 3 =0.5 and v =04
are chosen, then ¢ = 0.1 > 0. Hence, I(t) — % = 0.2 as t — oo. Figure 3 illustrates
the behavior of infectives on [0,1024),x5, based on the sign of g. Here, the number
of infectives is computed from (4.6) and (4.7) in Example 4.1.

0.40 -+ m q=0
® q<0
0.35 @ A q>0
0.30 - o
» 0.25-
g 5}
§o20 A A A A
o1s
a
@
0.10
)
00541 m
| ]
. o ’ | . |
0 200 400 600 800 1000
tme
Figure 3. Number of infectives on [0,1024),, -
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