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APPROXIMATION OF FRACTIONAL
RESOLVENTS AND APPLICATIONS TO TIME
OPTIMAL CONTROL PROBLEMS*
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Abstract We investigate the approximation of fractional resolvents, extend-
ing and improving some corresponding results on semigroups and resolvents.
As applications, we utilize the approach of Meyer approximation to analyze
the time optimal control problem of a Riemann-Liouville fractional system
without Lipschitz continuity. A fractional diffusion model is also presented to
confirm our theoretical findings.

Keywords Resolvent, Riemann-Liouville fractional derivatives, time optimal
controls, Meyer approximation.

MSC(2010) 47A10, 49J15, 93C25.

1. Introduction

Since the notion of resolvent was firstly proposed and studied by Da Prato and Ian-
nelli in [13,14], there has been considerable interest in introducing and analyzing the
notions related to resolvent, such as solution operators, (a, k)-regularized families,
a-order fractional resolvents and so on (refer to [6,8,15]). Recently, Li and Peng [6]
investigated a Riemann-Liouville fractional evolution problem by introducing the
notion of a-order fractional resolvent.

As we all know, the approximation of semigroups is of great importance in the
study of optimal control problems (see [17,18]). Many researchers thereby show
tremendous interest in analyzing the approximation of semigroups and resolvents.
For example, the approximation of solution operators was analyzed in [1]. The
approximation of (a, k)-regularized families was studied in [9]. However, limited
work has been done in the approximation of a-order fractional resolvents. Consid-
ering that the resolvent technique is a convenient and efficient approach in studying
fractional evolution systems [6,22-24], we will investigate the approximation of frac-
tional resolvents. The main difficulty in the study is that these resolvents possess
singularity at zero. In this article, by introducing a new concept of exponential
boundedness for s > sy and constructing resolvents with parameters, we explore
the approximation problem.

On the other hand, time optimal control problems for evolution systems have
recent years drawn tremendous attention based upon their broad applications in
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many fields, such as control theory, industrial application and space technology,
etc. Many researchers analyzed them by setting up time optimal sequence pairs
(see [4,5,7,10,19]). Recently, with the aid of the Lipschitz assumption on the non-
linear term f and the approximation of semigroups, the problems were tackled by
Meyer approximation (refer to [16-18]). That is, the authors formulated a sequence
of Meyer problems to approximate the time optimal control problems. Naturally,
one may ask how to analyze the problems for Riemann-Liouville evolution systems
by Meyer approximation if we remove the Lipschitz continuity. Therefore, the
present paper is intended to conduct some investigations on time optimal control
problems for a Riemann-Liouville fractional evolution system by Meyer approxima-
tion, when the Lipschitz condition is not satisfied. In this paper, we first transform
the original fractional evolution system into an approximate system and propose
a Meyer problem. Then, we deal with the Meyer problem by constructing mini-
mizing sequences twice. Finally, we analyze the time optimal problem by Meyer
approximation.

The following enumerates two aspects of novelties of this paper:

1) Considering that the fractional resolvent has singularity at zero, we introduce
a new concept of exponential boundedness for s > sg. Furthermore, we analyze the
approximation of fractional resolvents by setting up resolvents with parameters.

2) We combine the approximation of fractional resolvents and the time control
problem organically. In addition, the new method of constructing minimizing se-
quences twice is employed to compensate the lack of Lipschitz assumption, when
addressing the Meyer problem.

The outline of this article is as follows. We present some preliminaries in Section
2. Section 3 deals with the approximation of fractional resolvents. As applications,
in Section 4, we treat the time optimal control problem of a Riemann-Liouville
fractional system by Meyer approximation and present an example on a Riemann-
Liouville fractional partial differential system to confirm our theoretical findings.

2. Preliminaries

We compile here some preliminaries, including the notions and facts about fractional
resolvents. Let V be a Banach space and Y a reflexive separable Banach space.
From now on, unless otherwise stated, we assume that 0 < 8 < 1. Set J = [0,T],
J'=(0,T] and

C1_p(J;V)={zcC(J;V)|Z(r) = m7P2(1), E(O)leif&Z(T), zeC(J;V)}.

If the space Cy_g(J; V) is normed by |z||c,_, = sup [[z(7)]], it is a Banach space.
TEJS

Let Z(Y;V) represent the collection of all bounded linear operators from Y to V'
and .Z (V) denote Z(V;V). Furthermore, we utilize the symbol Ps.(Y") to stand
for a class of nonempty closed convex subset of Y and the notation * to mean the

convolution, i.e., (f * g)(s) = fos f(s—T1)g(r)dr.

Definition 2.1 ( [6]). By a S-order fractional resolvent, we understand a strongly
continuous family {Rg(s)}s>0 € Z (V) satisfying

(a) liigf(ﬂ)sl_BRg(s)z =z for any z € V;

(b) Rp(T)Rs(s) = Rg(s)Ra(T) for s, 7> 0;
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(c) Rg(T)Jng(s)fJng(T)Rﬁ(s):gg(T)JfRﬁ(s)fgﬁ(s)JfRﬁ(T) for s, 7>0,

where gg(7) = F([i’) ,7 > 0 and the notation J? stands for the B-order fractional

integral operator, i.e., JZf(7) = (g * f)(7) (see [12]).
In addition, the generator A:D(A) CV — V of the resolvent {Rgz(s)}s>0 is

s17PRp(s)z — w5
D(A) = {z €V :lim d PO oxists ,

510 sP

s1PR (s)z — =2
B
Az (2*8)13%1 e

Remark 2.1. Based on (a) of Definition 2.1, we see that the resolvent {Rz(s)}s>0
has singularity at zero.

Remark 2.2. Let {Rg(s)}s>0 be a resolvent. Then, by using Definition 2.1 and
the uniform boundedness principle, we can easily show that sup [|s'=#Rs(s)|| < oo,
seJ

where s' P Rg(s)|s—0 = lil'{)l sYPRs(s).

Lemma 2.1 ( [6]). Assume that A generates a resolvent {Rg(s)}s>0. Then

(a) Rg(s)D(A) C D(A) and ARg(s)z = Rg(s)Az for any z € D(A);
(b) Rp(s)z = gs(s)z + JPRg(s)Az for any z € D(A);

(¢) Rg(s)z =gp(s)z+ A(gs * Rg)(s)z for any z € V;

(d) D(A)=V.

Based on Lemmas 3.4 and 3.5 of [2], we can propose the following important
properties of {Rz(s)}s>o0-

Lemma 2.2. Let {t'"PRg(t)}1~0 be compact and equicontinuous. Then, fort € J',
(a) liirolH(t—l—T)l’ﬁRg(t—FT)—(F(ﬂ)Tl’ﬁRB( ) (t1 BRs(t) )||—

(b) lim [[#*Rs(t)= (D(8)r'" Ra (7)) ((t=7)'"" Ra(t=7)) | =0.

Lemma 2.3. Let p > % and {t'"PRg(t)}+>0 be compact and equicontinuous. As-
sume that g € LP(J;V) and A : LP(J; V) — Ci_g(J;V) is a map defined by
(Ag)(-) = (R *g)(-). Then Rg+g € C(J;V) and A is compact.

Proof. With the help of Lemma 2.2, we can easily verify the statement of this
lemma by following the verification of Lemmas 3.1 and 4.2 in [23]. O

3. Approximation of fractional resolvents

This section is intended to display some approximation theorems of the fractional
resolvent {Rg(s)}s>o0-

As we all know, any Cy-semigroup is (M,w) type. However, the resolvent
{Rg3(s)}s>0 is not (M,w) type since it has singularity at zero. Now, we introduce
the following new definition:
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Definition 3.1. Let so > 0. The resolvent {Rps(s)}s>0 is called exponentially
bounded for s > s, if there exist two nonnegative constants w and M such that

[Rs(s)|| < Me**, s > sq. (3.1)
For convenience, we employ the symbol A € C fo (M,w) to mean that A generates a
resolvent {Rs(s)}s>0 satisfying (3.1).

Remark 3.1. Let A € C2 (M,w). Then by using (3.1) and Remark 2.2, it is easy
to show that Rg(s) is Laplace transformable for A > w. In fact, for ¢ > s¢, we have

t So K
| e imslas < [ " e imslas+ [ e lRso)as

S0

S0 t
§M/ sﬂ_lds—f—/ e~ A—WIsTds
0

S0

Msg M
< + ;
I} A—w
where M = sup |s'™#Rg(s)|. Thus, due to the strong continuity of {Rs(s)}s>0,
s€10,s0]

Rs(s) is Laplace transformable for A > w.

Lemma 3.1. Let so > 0. Then A € C8 (M,w) if and only if (w”,00) C p(A) and
there is a family {Rs(s)}s>0 C L (V) satisfying

(a) for any z €V, Rg(-)z € C(R4; V) and li&ll"(ﬁ)sl_BRg(s)z = z;
(1) for s > so, | Ra(s)]| < Tew;

(¢) Rp(s)Rp(r) = R(T)Rps(s) for s,7 > 0;

(d) for A\>w and z €V,

(N1 —A)"12 :/ e M Rp(s)zds.
0

In such a case, {Rp(s)}s>0 is a resolvent generated by A.

Proof. (Necessity) Let A € C? (M,w). Then (a), (b) and (c) hold. Based upon
Remark 3.1, Rg(s) is Laplace transformable for A > w. Set

R(N) :/ e M Rp(s)ds, A > w.
0

Due to (a) and (b) of Lemma 2.1, we can employ Laplace transform to get that for
any z € D(A),

RNz =224+ X PR\ Az = APz + XPAR(N)2.

Thus, according to (d) of Lemma 2.1, we can deduce that for A > w and z € V,

MNT—-A)2=R\)z= /C>O e M Rg(s)zds.
0
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(Sufficiency) We suppose that (a), (b), (¢) and (d) hold. In view of the resolvent
identity, we get

(™ = XRNR() = AP R(p) — n PA7PR(N).
Hence, by utilizing inverse Laplace transform, we derive
Rg(1)Jl Rg(s) — JPRg(T)Rp(s) = ga(7)JL Ra(s) — ga(s)JE Ra(7),
which indicates that {Rs(s)}s>0 is a resolvent, hence that A € C? (M,w). O

Lemma 3.2. Let both {R3(s)}s>0 and {Ts(s)}s>0 be fractional resolvents generated
by A, Then Rg(s) = Tg(s) for s > 0.

Proof. Due to Lemma 2.1, we have
g9p * Rg = (Tp — Algs + Tg)) * Rp
= Tp« (Rg — Ags * Rg)) = Tz * gs = gp  Tp,

which indicates that Rg(s)z = Ts(s)z for every z € D(A). As such, based on
D(A) =V, we get Rg(s) = Tp(s) for s > 0. 0

Lemma 3.3. Let AcC2 (M,w) and k € [0, +00). Then kA generates a resolvent
{RE()}no, where
k(1) R, (slﬂ) k>0,

5*11 .
slj(iﬂ)’ k=0.

Rj(s) =

Proof. For clarity, we verify this lemma by considering the following two cases.
Case 1 k > 0. Because of A € C’fo (M,w), we can easily derive the strong continuity
of {Rg ($)}s>o0 and the commutativity of Rg(s) and Rg (7). Moreover, we can see

that {Rg(s)}DO cZ(Ww).
Additionally, due to A € C% (M,w) and (a) of Lemma 3.1, we derive

liml"(ﬁ)sl_BRZ(s)z = 181?81"(5) (slc%)l_ﬁ Rg (8]6%) z=2z

for any z € V.
Furthermore, for s > sy > 0, we get from (b) of Lemma 3.1 that

1
IRE(s)|| = Hk(fH%)RB(sk%)H < KB Tk s,

As such, we can choose M; > 0 and w; > 0 such that ||R/’§(s)|| < Mpe*1, s > 5.
In addition, according to (d) of Lemma 3.1, we can conclude that for any z € V,

o o 1 1
[ e mszas= [T e DRy (8 s
0 0

[o'e) 1
— k[ R0t = (VT - hA) 2 A > e,
0

Thus, based on Lemmas 3.1 and 3.2, {Rg(s)}s>0 is a resolvent generated by kA.
Case 2 k = 0. Firstly, we see at once that {Rg(s)}Do is strongly continuous,
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{RE(s)}ss0 © Z(V) and Rj(s)Rj(T) = R}(1)Rj(s). Furthermore, we can pick
M > 0 and wy > 0 to ensure that ||R§(s)|| < Mye¥2*, s > sy. Moreover, it is clear
that for z € V, liﬁlf(ﬁ)sl*BRZ(s)z = z.

Additionally, we have

% sk * st
e " R%(s)zds :/ e M ———zds
/0 5(2) 0 r(8)

AP /°° .
= — e P zdt = (VT —0)712, A > wo,
L'(B) Jo
where the notation 0 stands for zero operator.
Consequently, {Rg(s)}sw is a resolvent generated by 0. O

Theorem 3.1. Let A € Cfo (M,w) and ky,, > 0. If k, — k. as n — oo, then for
any z €V andt >0,

t'ORE (t)z — t' PR (1), (3.2)
where (tl’ﬁRg” (t)z) lt=0 = lif(r)l (tl’ﬂRg” (t)z) . Moreover, we have
t
- kn S, - ke
PR (1) S PR (1),
uniformly in t € [a,b] C [0, +00), as n — oo. Here the notation > means the strong

operator topology.

Proof. We consider the following cases.

Case 1 k, = 0. In view of Lemma 3.3, the proof is immediate.

Case 2 k, >0and k. =0. Let z € V. If t =0, according to Lemmas 3.1 and 3.3,
we derive

1 1-8 1
tlfﬁRgn (t)z]t=0 = ltig)l (tkﬁ) Rg <tk£> z= F(ZB)'

If t > 0, we get

1\ -8 1
i 178 pka — 5 ), _~
nh_}n;ot Ry (t)z = nll)n;o (tkn> Rg (tkn) z = TG
On the other hand, due to k. = 0 and Lemma 3.3, we have tl_ﬂR’;s (t)z = £ 5

T3
Hence, (3.2) holds.
Case 3 k, > 0 and k. > 0. If ¢ = 0, by means of Lemma 3.3, we derive
tl’ﬂRg" (t)z]t=0 = sy and tl’ﬁRgE (t)z]4=0 = (g - Thus, the proof is straight-
forward. If ¢ > 0, we have

t' PR (t)z — t' PR (t)zH

1\ P 1 1\ 1P 1
= <tk£ > Rg <tk/§ > z— <tk£) Rg (tkf) z
1\ 1P 1 1
<tk€> HRB (tk‘ff) z—Rp (tk;’) z

IN
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1
1= HRB (tkf) z

Firstly, the fact that k, — ke, n — oo implies the boundedness of {k,}. In addition,

kﬁl—lﬂ%) B ké—l-&-/%)

X

1
if 59 € (0,tkZ ), by employing the strong continuity of {Rg(t)}+>0, the exponential

1
boundedness for ¢t > sg and k,, — k., one can easily see that (3.2) holds. If sg > tkl
1\1-8 1 1
by utilizing the boundedness of tkf) Rg (tkf on |tk so} and the strong

continuity of {Rg(t)}+>0, we can easily conclude that (3.2) holds.
As for t € [a,b] C [0, +00), we derive

alk; —kZ <blk: —kZ

9

1 1
< ‘tkfi — tkf

1 1

which indicates that |tk); — tkZ | — 0, uniformly in ¢. Hence, it is easily seen that

1P RE (t) 5 =P R (t), uniformly in ¢. O

Theorem 3.2. Let lim k,, = ke, ky, ke € (0,+00) and {t'"PRg(t)}4=0 be contin-

n—oo
uwous in the uniform operator topology sense. Then

P RE (t) T PR (1),

uniformly in t € [a,b] C (0,400), where the notation =% stands for the uniform
operator topology.

Proof. It follows from lim k, = k., ky, k. € (0,400) and
n— o0

1

1 1 1 1 1 1
alkl — k8| < |tk —tkE| <blkf — kZ

1 1
that ‘tk’ff — tkf‘ — 0, n — oo, uniformly in t. Thus, due to the assumption on

{t'=PRs(t) }i>0, we derive

Htl—ﬁR[’gn (t) —t" PRy (t)H

1 1-5 1 1 1-p 1
(tk;j) Rg (tk;j) — <tkf> Rg (tkf)

— 0, n = oo,

uniformly in ¢, which establishes the conclusion. O

Theorem 3.3. Let A € C2 (M,w) and {t'"PRa(t)}i>0 be compact and equicon-
tinuous. Then {tl_ﬂRg(t)}t>0 (k > 0) is compact and equicontinuous.

1-p
Proof. Since k > 0 and t'"PRE(t) = (tk%> Rg (tk%), we can see that
{tl_ﬁRg(t)}Do is compact and equicontinuous, by the compactness and equiconti-
nuity of {t!"?Rs(t)}i>0. O
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Remark 3.2. With the aid of the resolvent properties, we have explored the ap-
proximation of resolvents by introducing the notion of exponential boundedness for
s > so and constructing resolvents with parameters. Emphasis here is that our
method differs from the approach in [11,17]. Moreover, our technique can also be
applied to the case of Cy-semigroups. However, the question whether the Trotter-
Kato type approximation theorem holds for fractional resolvents is at present far
from being solved, since these resolvents have singularity at zero.

4. Time optimal control problems

In this section, with the help of the approximation theory in Section 3, we deal with
the time optimal control problem of a Riemann-Liouville fractional evolution sys-
tem. We first propose the time optimal control problem (P) of a Riemann-Liouville
fractional control system and the Meyer problem (FP;) of a transformation system.
Then, we tackle the Meyer problem (P.) by constructing minimizing sequences
twice. Finally, we deal with the problem (P) by Meyer approximation.

Consider the following evolution control system with a S-order Riemann-Liouville
fractional derivative:

DP2(t) = Az(t) + Bt)v(t) + f(t, 2()), t € J,
ltiﬁjlf‘(ﬁ)tl_ﬁz(t) = 2o, (4.1)

v € Vaq.

Here A generates a S-order resolvent {Rg(t)}i>o, f : J x V — V is a continuous
function. Moreover, V.4 is an appropriate admissible set.
From now on, we impose the following conditions:
(HA) AeCP (M,w) and t'~PRg(t) is compact and equicontinuous on J’.
(Hf) f:JxV — V is continuous and there exists a positive constant N to
guarantee that for (¢,2) € J x V, || f(¢,2)| < N.
(HB) B € L*(J,Z(Y,V)).
Furthermore, we introduce an admissible control set

Vaa = {v € LP(J; G)|v(t) € U(t) a.e.},

where p > %, U:J — Ps(Y) is a measurable multi-valued mapping, G C Y is
a bounded set and U(-) € G. Thanks to Proposition 2.1.7 in [3], we know that
Vaa # 0. In addition, condition (H B) indicates that for all v € V4, Bv € LP(J; V).

Due to Lemma 2.3 and our previous work ( see Lemma 3.2 in [22]), we introduce

the notion of mild solutions to system (4.1).

Definition 4.1. For fixed v € Vg4, by a mild solution to system (4.1) associated
with v, we mean the function z € C1_g(J; V) satisfying

z(t) = Rp(t)zo —l—/o Rg(t — T)(B(T)U(T) + f(T,z(T)))dT7 teJ.
For convenience, put

S(w) = {z € C1_p(J;V) : z is a mild solution to (4.1) depending on v € Vyq}.



Approximation of fractional resolvents and applications 657

By the standard technique utilized for Riemann-Liouville fractional evolution
systems (see Theorem 3.1 in [22]), we exhibit the existence result of (4.1).

Theorem 4.1. Let conditions (HA), (Hf) and (HB) hold. Then S(v) # 0.

In what follows, we first introduce some notations and propose the time optimal
control problem of system (4.1).
Let zp,21 € V and zg # 2z1. Set Ag = {(z,v) : v € Vo4, z € S(v)},

2t ={(z,v) € Aq : there exists t > 0 to ensure that T'(3)t' P2(t) = 2}
and
Vo = {v € V,q : there exists z € S(v) to guarantee that (z,v) € A3'}.
Let A3 # 0. For any (z,v) € A7', we denote by
t(z,v) = min{t > 0: T(B)t'~P2(t) = 21}

the transition time related to the state-control pair (z,v).

Set t* = inf{t(z,v) : (z,v) € A7'}. We propose the time optimal control problem
(P) of system (4.1):

Seek a state-control pair (2*,v*) € AJ' to ensure that ¢(z*,v*) = t*.
Remark 4.1. Note that the mild solution z € S(v) has singularity at zero, but
that T(8)(-)!=P2(-) € C(J;V). We thereby employ I'(B)t'=P2(t) = 2; instead of
z(t) = z1, when we define the transition time t(z,v). Below, we check that the
definition of the transition time is well-defined. To simplify notation, set 7(z,v) =
{t >0: TRt P2(t) = 21} and T = inf7(z,v). If 7(z,v) contains only finite
elements, the proof is trivial. Otherwise, we can take a sequence {t,,}n>1 C 7(2,v)
satisfying that lim ¢, = 7. As such, T'(3)tL#2(t,) = 2. Moreover, we conclude

n—r o0

from I'(B)(-)*~Pz(-) € C(J; V) that

lim D(B)tL 7 2(t,) = T(B)T " =(

n—roo

hence that F(B)fl_ﬁ 2(t) = 21, and finally that the definition is well-defined.

Next, by introducing the linear transformation
t=ks, 0<s<1landk€|[0,+c0),
we transform the system (4.1) into the following system:
DBz(s) = kP Az(s) + kP (B(ks)u(s) + f(ks,x(s))), s, k>0,

P(8)(ks)'Pa(s) = 20, 5 = 0 or k =0, (42)
(u, k) € W,

where (s) = z(ks), u(s) = v(ks), T(B)(ks)*Pa(s)|p=0 = Q%F(B)(ks)l’ﬁx(s),

L(B)(ks)'Pa(s)]s=0 = {gif.gf(ﬁ)(/fS)l*ﬂx(S),
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W = {(u, k) : u(s) = v(ks), s€[0,1], ve V, kel0,+00)}.

Due to Lemma 3.3, k% A generates a resolvent (written {Rg(s)}s>0, for short).

From Theorem 3.3 and (HA), we see that {slfﬁRZ(s)}Do is compact and equicon-
tinuous for k& > 0. Furthermore, for fixed k& € [0,4+00), it is easily seen that

sup ||31_5R§(s)|| < o0o. For convenience, we assume that sup |[ls' PR} (s)|| < M.

s€lo, s€[0,1]

Write
C5([0,1; V) = {a|z(r) = (kr)'Pa(r), T C([0,1];V)},

where 7(0) = liﬁ)l Z(7) and Z(T)|k=0 = lklﬁ)l z(T).
Based on Definition 4.1, we can introduce the following notion:

Definition 4.2. For fixed w = (u, k) € W, by a mild solution of (4.2) related to
w, we understand the function x € C”g([O, 1]; V) satisfying that for s € (0,1] and
k>0,

x(s) = Rg(s)k_(l_ﬁ)zo + /OS Rg(s —7)k? (B(k;T)u(T) + f(kr, x(T)))dT,

and for s =0 or k =0, T'(3)(ks)' ~Px(s) = 2.

For simplicity, set
S(w) = {z € C§([0,1]; V) : z is a mild solution of (4.2) related to w € W}.

By means of Theorem 4.1, we can establish the following existence result:
Theorem 4.2. Assume that (HA), (Hf) and (HB) hold. Then S(w) # 0.

Then, we analyze the following Meyer problem (P:) of system (4.2):
Seek a state-control pair (z.,w.) to guarantee that

Jg(x&" U)g) - (m,w)Gigl(fw)XW JE(J;7 ’LU),

where w = (u, k) € W and J.(z,w) = 5 Hl“(ﬂ)klfﬂx(l) - 21H2 + k.
To treat the Meyer problem (P.), we need the following lemma:

Lemma 4.1. Let k > 0 and assumptions (HA) and (HB) hold. Then the operator
¢+ LP([0,1]; Vag) — CE([0,1; V), p > 5, given by

(éu)(s) = /0 " RE(s — 1) B(kr)u(r)dr,

18 compact.

Proof. Assume that {u, },>1 is a bounded sequence in L ([0, 1]; V,4). Then we infer
from (HB) that {B(k-)u,(-)}n>1 € LP([0,1];V) is bounded. Thus, by employing
Lemma 2.3, ¢ is compact. O

Since the uniqueness of the solutions cannot be acquired, the method of setting
up a minimizing state-control pair sequence in [16-18] breaks down. We now utilize
a new technique of establishing minimizing sequences twice to deal with the Meyer

problem (P:).
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Theorem 4.3. Let (HA), (Hf) and (HB) hold. Then for fivzed ¢ > 0, Meyer
problem (P:) possesses at least one optimal trajectory-control pair (ze,we).

Proof. For clarity, we split the proof into the following procedures.
Step 1 For fixed w € W, we will seek T € S(w) to ensure that J.(T,w) = Je(w),

where J, (w) = 12(f )Js(x,w).
zeS(w

Below, we consider the following two cases.
Case 1 k = 0. From I'(3)k*=Pz(1) = 2y for any = € S(w), we deduce that J.(x,w)
is a constant, hence that the proof is obvious.
Case 2 k > 0. Since it is trivial for the two cases when J.(w) = +o00 or the solution
set S(w) possesses only finite elements, we can suppose that J.(w) < +oo. Thus,
we can take {z,}n>1 € S(w) to guarantee that n11_>H010 Je(Tp, w) = Je(w).

By {zn}n>1 € S(w), we get that for s > 0,
2 (s) = RE(s)k™ Pz + /0 ) RE(s — 1)k? (B(kr)u(r) + f(kT,20(7)))d7.  (4.3)

Since {sl_BRE(s)}DO is compact and equicontinuous, we can obtain the compact-
ness of {n}n>1 in C5([0,1]; V). This follows by the same argument as in Step 3 of
Theorem 3.1 in [22]. As such, we can choose T € C§([0,1]; V) and a subsequence ex-

tracted from {x,, },>1, still written {x,, },>1, such that lim x, = . Therefore, by
- - n— oo

letting n — oo on both sides of (4.3), we conclude from the dominated convergence
theorem that
z(s) = RE(s)k~ Pz + / RE(s — 1)k? (B(kr)u(r) + f(k7,Z(7)))dr,
0
hence that T € S(w), finally that

Je(w) = lim J.(zp,w) = lim 1 HF(,B)k(l_B)xn(l) - 21H2 +k

n—o0 n—oo 2¢

%

5 e - 2 = @)
> Jo(w).

This indicates that J.(Z, w) = J.(w).
Step 2 We shall look for w, satisfying J.(w.) = 12&/ Jo(w). For simplicity of

notation, set m. = inf J.(w).
€ weWw E( )

We only need to consider the case m. < 400, since the case m. = 400 is trivial.
Due to m. < 400, we can pick {wy, }n>1 € W to ensure that lim Je(wy,) = me,

n— oo
where w,, = (un, kn) € Vag X [0, +00).

Based on the definitions of m., J. (w), J.(z,w) and W, {k,,} is bounded. Accord-
ingly, one can extract a subsequence from {k,}, relabeled by it again, to guarantee
that k, — ke, m — oo, for some k. € [0, +00).

Thanks to {un}n>1 € Vag, a subsequence of {u,}n>1 C Vo can be extracted,
written {u,},>1 again, such that u, B u., n — oo, for some u. € Viy. Since Vg
is close and convex, we infer from Mazur lemma that u. € V4.

By virtue of Step 1, one can take z, € S(w,) to ensure that J.(x,,w,) =
Je(wp). On account of z,, € S(wy,), it yields that for &, > 0 and s € (0, 1],

T (5) :RZ” (s)k; =P zo+ OSRZ" (s = T)kD (B(knT)un (1) + f(kyT, 20 (7)))d7, (4.4)
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and for k, =0,
L(8 +v(1 = B))(kns) 0Dz, (s) = 2.

Below, we consider the following three cases.
Case 1 k, > 0 and k. > 0. We see from Theorem 3.3 that {tl_'BRZ" (t) >0 18
compact and equicontinuous, hence that {z, },>1 is compact by the same method
in Step 1, finally that we can suppose, without loss of generality, that x,, — x..
Firstly, according to k, — k. and k. > 0, we can derive the boundedness of

{kn}n>1 and {k (= ﬁ)}n>1. Thus, from sw%p1 Hsl_ﬁRE(s)H < M for fixed k €
[0,00) and Theorem 3.1, we can deduce thz;ce[fo,r]ﬁxed s € (0,1],
HRk Y (1=8) 5 — RZE(S),{5—<1—B)ZOH
< HslfﬂRgﬁ(s)zO fSI*BRkE (s ZOH (sky)~1=A)
+ HslfﬁR’“ H ] (skn)~ =8 — (sk.)~(1=B) ‘ Izl
— 0, n — o0.
Secondly, we deduce from Lemma 4.1 and u,, — u. that for s € (0,1],
/OS REE (s — T)kP B(ke) (tn (1) — ue(7))dT = 0, n — 0.
In addition, according to the definition of V4, we get {u,(s) : n > 1,a.e. s €

[0,1]} € G. Since G is bounded, we can suppose that ||u,(s)|| < M, uniformly for
s €[0,1] and n > 1. As such,

H/ R (s = 1)KL (B(kn7) — B(ker))un(7)dr

< MMA? / (s =)~ Blkor) — Blkor)ldr
> </ | B(k,T) (kET)”pdT);.

ke(o - \1LB B
; Ry (s = 1)KL (B(kn7) — B(keT))un(17)dT — 0, n — 00,

< MMk (

Hence, we have

which is due to the p-mean continuity (see problem 23.9 on page 445 in [20]).

Furthermore, on account of sup Hsl_ﬁRg(s)H < M for k € [0,4+00) and
s€[0,1]
lun(s)|| < My, uniformly in s € [0,1] and n > 1, we derive that
BB

| ;

Additionally, we can infer from Theorem 3.2 and the dominated convergence
theorem that

|k — kP — 0.

/S RZE (s—1) (kﬁ — k?) B(knm)up(7)dr

0

/Os (RZ" (s—7)— R (s — T)) kS B(k,7)u, (1)dr
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< k£||B||ocM1 g.(n, )| (s —7)~=Pdr

) ([ i)

where g, (n,7) = (s = 7)' PR (s — 7) — (s = 7)' PR (s — 7).
Hence, we get

< ‘

< k2| Bloo M, (

— 0,n — o0,

B o = B () = B (s = Bk ()
/05 (Rl (s = 7) = Bl (s = 7)) K B(kom)un ()7

. /s Rl (s —7) (kfj — kf) B(kn7)uy (7)dr
0

el [ e 0617 - Bk

+ /Rk VL B(kem) (tn (1) — ue(7))dT

— 0, n — 0.

Similarly, we have
| [ 6 = 75,0 (7) = R s = 8 )i
) REn(s —7) — REe(s — 7)) kP kn7, x,(7))dT

< | [ (B0 = R (5= ) ki)

+|[ R (s — 1) (K2 — k2) S (kurs (1)

/ R (s — m)k2(f (b7, 200 (7)) — f(ker, 2e(7))dr

Therefore, letting n — oo on both sides of (4.4), we get

z.(s) = Rk (5)kZ (1A 2 +/ Rk (s = T)kE (B(ke)uc (1) + f(ket, 22(7)))dr.

Thus, z. € S(we), where we = (ue, ko). In addition, according to the boundedness
of {k,}, , = x. and k,, — k., we get
IT(8)ky P2 (1) = T(B)k: o (1)]]
L(B)ky, Pl (1) = 2o (D] + T(B) |z (V)] [k 7 = k277
— 0, n — oo.
As such,
lim F(ﬂ)kiiﬁxn(l) = F(ﬂ)kiiﬂxe(l)'

n— oo
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Case 2 k,, > 0 and k. = 0. By means of Lemma 3.3 and (4.4), we get

lim T(8)(kns) Pz, (s) = lim F(B)ng"(s)sl_ﬂzo

n— oo n— o0
1 1
= lim L(B)(skr ) P Rg(sks )20 = 20.

In addition, Definition 4.2 shows that
F(ﬁ)kél—ﬁ)(l—v)xs(l) = 2o,
where z. € S(w.) and we = (ue,0). Hence,

lim D(8)k}P2,(1) = T(B)k! e (L).

n— oo

Case 3 k, = 0. From k,, — k., n — oo, we get k. = 0. Moreover, due to Definition
4.2, we have

L(B)ky wn(1) = 20
and

LBk 2.(1) = 2,

where z. € S(w.) and w. = (u.,0). As such,

lim D(B)kL Pz, (1) = T(B)k: Pz (1).

n
n— oo

Thus, combining above cases, we can assert that

me = nl;n;o Je(wy) = nl;ngo Je(Tn, wy)

n—oo

V

1 _
S ID(B)EPe(1) = 21 + ke

= Je(xsyws) > Je(ws) > Me.

Therefore,
Js(l'svws) =Me = wlgév Je(w)a
which indicates that (z.,w,) is an optimal trajectory-control pair. O

We are now in a position to analyze the time optimal control problem (P) by
Meyer approximation.

Theorem 4.4. Suppose that conditions (HA), (H f) and (HB) hold. Then problem
(P) possesses at least one optimal trajectory-control pair.

Proof. The proof will be divided into the following steps.

Step 1 According to A3' # 0, we can take (Z,7) € A7'. Let ¢(Z,7) =t < oo.
Then one can assert from the definition of #(z,7) that F(B)fliﬂ Z(t) = z1. This
gives £ > 0, which is based on the fact that I'(3)t'=7Z(t)|=0 = 20 and zg # z1.
Set u(s) = v(ts), 0 < s <1 and w = (u,t) € W. Then I‘(ﬁ)flfﬁf(l) = z; and
T € S(w), where Z(-) = z(t-).
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Due to Theorem 4.3, for any € > 0, there exists a pair (z.,w.) to ensure that

1 _ .
Jelweywe) = o IDER w() =2l b ko= inf ()

Thus, we get
T, ) =12 el we) = 5 [DER () = 2> + ke,
which yields that for any € > 0,
0 <k, <tand |D(B)k1Pa.(1) — 2|* < 2.
As such, we can find a sequence {&,, },>1 to ensure that &, — 0 as n — oo and
k., — ko for some ko € [0, 1],
F(,B)k;n_ﬁxen(l) — 21,

w .
Ug, — Up for some ug in Vgq.

Thanks to zg # 21, we have k., > 0 and ky > 0. In fact, if k., = 0, we can
conclude from Definition 4.2 that I'(8)k. Pz, (1) = 29, which is a contradiction. If
ko = 0, we see from step 2 in Theorem 4.3 that lim T'(3)kl Pz, (1) = 2, which

n—00 "
is also a contradiction.
Step 2 On account of z., € S(we, ) and k., > 0, we get that for s € (0,1],

I, (s):RI;f" () P20+ Osﬁf“gn (s—7)k (B(ke, 7 ), (1) +f ke, 7, 2, (7)) dT.

As in the proof of Theorem 4.3, we can extract a subsequence from {z., }, still
written {z.,} again. Moreover, there is no loss of generality in assuming that

lim z., = 2% By the same reasoning as in Step 2 of Theorem 4.3, we obtain
n—oo

2%(s) =R (s)kg " P 20+ /O ’ RE (s — m)ko® (B(koT)uo(r)+ f (kor, 2°(7)))dr,

which indicates that 2% € S(wy), where wy = (ug, ko).
Since z., — 2° and k., — ko as n — 00, we can conclude from the boundedness
of {k.,} that

Hr(ﬁ)k;;ﬂxsn(l) - F(ﬁ)kéfﬁxo(”H

< DAL, e, (1) = 2° (D[ + T(B)]|2°(1)]|
— 0, n — oo.

RS~y
On the other hand, due to Step 1, we derive ||['(8)kl Pz, (1) — zl”2 < 2e,t — 0.
We thereby get

I8k P20(1) = = |

< [Pk e, (1) = 21| + DAL P, (1) = T(B)RE P2 (1)
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— 0, n — oo,

which indicates that F(B)k(l)fﬁxo(l) = 2.
Step 3 Since kg > 0 (see Step 1), we can set vo(-) = uo(-/ko). Thus, we can infer
that 2°(-) = 2°%(- /ko) is a mild solution of (4.1) related to vy € V, and

T(B)ky "2 (ko) = T(B)ky Pa°(1) = 21.

This gives (2%, v9) € A3'. Let (2%, vy) = ty. According to the definition of (z°, vp),
we get tg < kg. In addition, similar argument in step 1 shows that for any €, > 0,
to > ke, . Letting n — oo, we get t9 > ko. As such, 9 = ko. Accordingly, due to
t* = inf{t(z,v) : (z,v) € A3}, we have ko > t*.

For any (z,v) € A7, the same reasoning as in step 1 tells us that for any e,, > 0,
t(z,v) > k.,. Letting n — oo, for any (z,v) € A3', we have t(z,v) > ko. Therefore,
we can conclude that t* > ko. As such, t* = kg. Hence, (2°,v0) is an optimal
trajectory-control pair of problem (P). O

Remark 4.2. In most of the existing results on the time optimal control problems
of evolution systems, many researchers explored them by setting up time optimal
sequences (see [4,5,10,19]). With the aid of the Lipschitz assumption on f, the
authors in [16-18] coped with them by Meyer approximation. In the present paper,
we have investigated the time control problem by Meyer approximation, when the
Lipschitz condition is not satisfied. Thus, our results extend and generalize some
recent results about time optimal controls of all evolution systems.

Finally, we address a fractional diffusion model by employing our theoretical
findings.

Example 4.1. Consider the time optimal control problem of the following Riemann-
Liouville fractional partial differential system:
92
D} 2(t,y) = 2x2(ty) + f(t,2(t,y) +v(ty), t, y € (0,1],
z(t,0) = 2(t,1) = 0, (4.5)
B TD(8)¢'~72(t,y) = 9(y) = 32 cnsinnmy.

n=1

Let V =Y = L%*0,1), e (y) = V2sin(nny), n = 1,2,--- and A = 6%22 with

domain

D(A) ={€eV:¢,£" eV, £0)=¢£(1) =0}

Then A generates a B-order resolvent Rg(t) (see [6]):

(o)
Ra(t)g(y) = Y 177 By g(—n’7°t7) (g, en)en(y), t >0, g€ V.

n=1

Moreover, A also generates an analytic and compact semigroup {7'(¢) }+>0 (see [11]):

> —n2n2
T(t)g(y) =Y e " g en)en(y), t >0, g V.
n=1
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By utilizing probability density functions and Laplace transformations, we get

1P Ry (1) = B / ()T (),

where
£4(r) = %T—l—%wm—ﬂ
wB(T):% Z(_l)nT—(nﬂ)B—lW sin ((n+ 1)7B), 7€ Ry.
n=0 ’

Based on the compactness of {T'(t) }+>0, we can acquire the compactness and equcon-
tinuity of {t!=*R4(t)}4>0 (see [21]). Since || T'(t)|| < 1, we can choose M > 0 and
w > 0 to ensure that |[R,(t)|] < Me“! for t > sq, which indicates that (HA) holds.
In addition, due to Lemma 3.3 and Theorem 3.3, kA generates a compact and
equicontinuous resolvent {R% (s)}s0-

Let z(t)(y) = 2(t,y), B(t) = 1 and v(t)(y) = v(t,y). We assume that f :
[0,1] x V = V, defined by f(t, 2(t))(y) = f(¢, 2(t,y)), is continuous. Furthermore,
we introduce the following admissible control set

Vaa = {v(t)(-) € Y : there exists constant Ny > 0 such that |[v(¢)(-)|ly < Ni}.

Then by means of Theorem 4.4, the time optimal control problem of system (4.5)
possesses optimal trajectory-control pairs.
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