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POSITIVE SOLUTIONS FOR A NONLINEAR
DISCRETE FRACTIONAL BOUNDARY VALUE
PROBLEM WITH A P-LAPLACIAN
OPERATOR*
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Abstract In this paper using the monotone iterative technique we establish
the existence and uniqueness of positive solutions for a nonlinear discrete frac-
tional boundary value problem with a p-Laplacian operator. Also we discuss
an iterative sequence which yields the approximate solution for this problem.
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1. Introduction
For a,b € R, let [a,blp = [a,b] N E for some set E with a < b. In this paper

we investigate the existence and uniqueness of positive solutions for the following
nonlinear discrete fractional boundary value problem with a p-Laplacian operator:

AY_1(dp(AY_1y(1)) = fly(t +v —1)),t € [0,T]z,
yv -1 =yv+T),A) qylv—1)=A) y(v+T),

(1.1)

where v € (0,1) is a real number, AY_; is a discrete fractional operator, and
bp(s) = |s|P~2s is the p-Laplacian with s € R, p > 1. For the nonlinearity f, we
assume that

(H1) f € C(R*T,RT), and f(y) > 0ify > 0,
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(H2) f(y) is nondecreasing about y, and for [ € (0,1), there exists a(l) € (I,1)
such that

fly) = (a@)P~ f(y), for y e RT.

(H3) f(y) is nonincreasing in y, and there exist two positive-valued functions

o(1T),w(rt) on [v —1,v+T —1]z, , such that ¢ : [v =1, v +T — 1]z, , — (0,1)
is a surjection and w(7r) > (1), V7 € [v — L,v + T — 1]z,_, with f (% >

(WP f(y),vrelv—1,v+T-1z,_,,y >0.

Fractional-order models are used in in physics, chemistry, polymer rheology,
economics, control theory, biophysics and blood flow phenomena. For example,
in [32] the authors studied the abstract evolution of the system for HIV-1 population
dynamics, which takes the fractional form:

? (t) + Af(ta u(t)v D?U(t),’l)(t)) =0,
Div(t) + Ag(t,u(t)) = 0, O<t<1
DB

u(0) = D5+1u(0) =0, D u( fo DPu(s)dA(s), (1.2)
v(0) = v/(0) = 0, w(1) = fy v
here f: (0,1) x [0,4+00)? — (=00, +00), and g : (0,1) x [0, +00) — (—00, +0) are

two semipositone functions (for other related models see [8,9, 15,18, 30,41,43-48,
53,56] and the references therein).

However there are only a small number of papers in the literature on discrete
fractional equations (see for example [1,6,7,10-12,16,21,26,29,37,42,54]). In [10]
the author used the Guo-Krasnosel’skii fixed point theorem to establish a positive
solution for the discrete fractional boundary value problem

Ay(t) = f(t+v— 1yt +v—1)),t€[0,T]z,

Y —1) = y(v+T) + _éF(ti,y(ti)), (1.3)

where f is a semipositone nonlinearity and satisfies the sublinear growth condition:

i 1Y)
Yy—r—+o00 Yy

=0, uniformly for t € [v — 1,v + Tz,

-1

In [1,37], the authors extended (1.3) to systems of discrete equations and used the
fixed point index to establish the existence of positive solutions for their systems.
In [54] for p-Laplacian systems the authors used the contraction mapping theorem

and the Brouwer fixed point theorem to study the existence and uniqueness of
solutions for the discrete fractional boundary value problem:

AP(dp(Ay(1)) + fla+ B+t =1 yla+ B+t —1)) =0t €[0,b]n,,
A%y(B —2) = A%(B+b) =0, (1.4)
yla+8—-4)=yla+5+0) =0,

where f: a4+ —4,a+ B+ b]n,, ,_, x R — R is a Lipschitz function.

The monotone iterative technique combined with the method of lower and upper
solutions can be used in studying the existence of solutions for nonlinear problems
(see [2-5,14,17,19, 20,2225, 27, 28, 31, 33-36, 38—40, 49-52, 55] and the references
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therein). In [2] the authors studied the boundary value problems for the nonlinear
fractional differential equation:

u(0) =u(l) =0, (1.5)

{Dg+u(t) T f(t,u(t)) =0,t € (0,1),
where o € (1,2] is a real number, and D§, is the Riemann-Liouville fractional
derivative. When f satisfies an appropriate Lipschitz condition the authors used
the Banach’s contraction mapping principle and the theory of linear operators to
establish the uniqueness of solutions for (1.5) and they presented an iterative se-
quence (for other similar papers see [3,4,33,39]). In [36], the authors studied the
fractional differential equation with a p-Laplacian operator:

~D§ (6D 2(2) = £z (@), € (0. 1), o
z(0) = 0,Dg, 2(0) = Dy, 2(1) = 0,2(1) = fo z(z)dx(z),
where D§, , D, are the Riemann-Liouville fractional derivative, fol z(x)dx(z) is a
Riemann-Stieltjes integral and y is a function of bounded variation. The authors
used the condition
(H)zhang f(, 2) is decreasing in z and for any 7 € (0, 1), there exists u € (0, -27)
with p > 1 such that

flz,rz) <r #f(z,z2),Y(z,z) € (0,1) x (0, +00),

to establish a unique solution for (1.6) and using an iterative technique the au-
thors presented appropriate sequences converging uniformly to the unique positive
solution (in addition they derived estimates of the approximation error and the
convergence rate).

Motivated by the above in this paper we investigate the existence and uniqueness
of positive solutions for the discrete fractional p-Laplacian problem (1.1) and we
present iterative sequences which uniformly converge to the unique solution.

2. Preliminaries

In this section we give some necessary definitions from discrete fractional calculus.

Definition 2.1 (see [11]). We define t¥ := % for any ¢, € R for which the
right-hand side is well-defined. We use the convention that if ¢t + 1 — v is a pole of

the Gamma function and ¢ 4 1 is not a pole, then t¥ = 0.

Definition 2.2 (see [11]). For v > 0, the v—th fractional sum of a function f is

AV f(t) = % V(t —s5—1)2=Lf(s), for t € Nyin_,.

We also define the v—th fractional difference for v > 0 by

S

Il
Q

AYF(t) = ANAYN (1), for t € Nusn—o,

where N e Nwith0 < N—-1<v <N.
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Let ¢g = ¢, ! with 1/¢ + 1/p=1. Then we have the following lemma.

Lemma 2.1. The discrete fractional boundary value problem (1.1) can be trans-
formed into its equivalent sum equation, which takes the form

T T
mwzj“@?%<§jG“+”L”f@w+un07m1u1w+T1ubu
s=0

r = T
(2.1)
where
(v4+T—s—1)r=1gr=1 v—1
B ) (TPt +(t—-s—1)XL0<s<t—v<T,
Glts) =4 SO (2.2)
) — (o T)T d—v<s<T.
Proof. Let ¢,(AY_1y(t)) = x(¢). Then from (1.1) we have
Ay qx(t) = fly(t +v —1)),t €[0,T]z, 23
z(v—1)=z(w+1T). .
Using [10] and [37], we obtain
4 G(t, s)
2t) = = flys+v—1), tev—Lv+T -1, (2.4)

I'(v)

s=0
Note that ¢,(AY_y(t)) = x(t), and thus AY_,y(t) = ¢4(z(¢)). Hence, from (1.1)
we have
Azfly(t) = ¢q(x(t tv— 1))7t € [OvT]Za

(2.5)

Y —1) =y + 7).

Using [10] and [37] again, we get

d G(t,s) 4 G(s+v—1,r)
= ’ _— -1 -1 T-1 .
) ;%F@)%<;; e T >0,tew AT,
(2.6)
This completes the proof. O
Lemma 2.2 (see [10, Lemma 2.5]). Let C* =1+ WOSCLyS= for (t,s) € [v —

(v+T-1)2=L
Lv+T—1]z, , x[0,T]z. Then the Green’s function G satisfies:

(v+T)~= vo1 C*I'(v)
T =t VAT —s- VU= =Gl s) s s

0< —— (v+T—s—1)*—L.
(2.7)

Let & be the collection of all maps from [v — 1,v + T — 1]z, _, to R with the
norm

= t .
Il = e lole)

Then (€, ] - ||) is a Banach space, Then we define two sets on £ as follows:

P={yeé:yt)20Vtev—1,v+T -1z, _,}

Poz{yegzy(t)>(y+T)V_l

T lyll,vt e [v—1,v+T — 1]ZV1} .
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Now P, Py are cones on £. From Lemma 2.1 we can define an operator S on £ as
follows:

T T
sO=3 Tl (Z Wﬂy(wm) Ctel-Lu+T-1, .
0 0

s= r=

From the Arzela-Ascoli theorem a standard argument guarantees that S : £ — &
is a completely continuous operator and the existence of solutions for (1.1) follows
from the existence of fixed points for S. Moreover, by Lemma 2.2 we easily obtain
that S(P) C Py(see [10]).

For x,y € £, © ~ y is defined by: there exist J,y > 0 such that dx < y < ~vx.
Let P, = {z € £:x ~ h}, where h € P\{0}.

Lemma 2.3 (see [38, Theorem 2.1]). Let h > 0 and P be a normal cone. Assume
that:

(D1) S : P — P is nondecreasing, and there exist §,v > 0 such that 6h < Sh <
vh, i.e., Sh € Py,

(D2) for any y € P and 1l € (0,1), there exists a(l) € (I,1) such that S(ly) >
a(l)Sy.

Then the following two conclusions hold:

(i) there are ug,vg € Py and 1 € (0,1) such that lvg < ug < vg, ug < Sug <
Svo < vo,

(ii) the operator equation y = Sy has a unique positive solution in P,

Lemma 2.4 (see [13]). Let £ be a partially ordered Banach space, and o,yo €
E with xy < yo, D = [x0,y0]. Suppose that S : D — & satisfies the following
conditions:

(i) S is an increasing operator,

(i1) xo < Sx0, Yo > Syo, i.e., Tg and yo is a subsolution and a supersolution of S,

(1i) S is a continuous compact operator.

Then S has the smallest fixed point y* and the largest fixed point y. in [xo,Yol,
respectively. Moreover, y* = lim,_, o, S™xqg, and y. = lim,_, ., S™yo-

3. Main Results

We give our main results in this paper.

Theorem 3.1. Suppose that (H1)-(H2) hold and f(0) # 0. Then (1.1) has a unique
positive solution in Py. Moreover, for any yo € P\ {0}, constructing successively
the sequence (n=0,1,2,...)

T

v ()= Gr(f;j%sq (

s=0

T

I'(v)

G<5+V1ﬂ">f(yn<r+u—1>>>  t€lp=1,v4T 1z,
0

we have that y,(t) converges uniformly to y*(t) int€[v—1,v+T —1|z

v—1"

Proof. From (H2) and f(0) # 0 we obtain that S : P — P is nondecreasing and
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0 is not a fixed point of S. For [ € (0,1) and y € P, by (H2) we have

4 G(t,s) Gs+v—1,r)
(Sly)(t) = bq — 5 fly(r+v-1))
0= G (35 2 et )
a G(t,s) L G(s+v—1,r) 1
> o0 (S EEELLD (a4 — 1
; I'(v) (TZ:O I'(v) ) >)>
T T
—a)) Gp(f,j)% (Z Wf(y(r . 1>>>
=0 r=0
te [V—I,V+T—1]Z,171.

Therefore, S(ly) > a(l)Sy, fory € P, 1€ (0,1).
T
Let h(t) = Z Felg, (z G<S;(”V)”>>, for t € [v—1,v 4T —1]z,_,. Then

from Lemma 2. 27we have

v+ D)=Lty +T—-s—1)x=1 d G(s+v—1,r)
D)) — v+ T @ )
C*v+T—s—1)=L L Gs+v—1,7)
T -wrre (2T T )
7V+T_1]Zl,,1-

T

I'(v)

—~

s=0

M=

< h(t) <

Il
=]

S

|
—

for t € [v

For convenience let

T

1/+T” L 1/+T7571)” 1 G(s+v—1,r)
SRS SI= I (Z N0y )

M

a C*Z/+T7871)V ! a G(s+v—1,r)
SZ (52

=0

Then fort € [v — 1,v+T — 1]z,_,, we have

T
(Sh) ) =" Gr%,? éq ( Gletr-Lr)

Ry (b v - 1>>>

G(s+v—1,r) f(ﬁ2)>

I'(v)

and
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Let Py = {y € £ : ¢g(f(r1))h(t) < y(t) < dg(f(K2))N(t), t€[v—1,v+T —1]z,_ }.
Then Sh € Pp,. From Lemma 2.3, there exist ug,vg € P, and [ € (0,1) such that

lvg < up < o, ug < Sug < Svg < v, (3.1)

and S has a unique fixed point in Py, denoted by 5. We have proved that (1.1) has
a unique positive solution in P,. Next, from (3.1) note all the conditions of Lemma
2.4 are satisfied with D = [ug, vg] C Py. Consequently, for any yo € D(yo € P\{0}),
by the monotonicity of S, we have

S"ug < S"yy < S™vg, for n € N.

If we let y,4+1 = Sy, then by induction y, = S™yo, n = 0,1,2,.... Therefore, from
lim,, o0 S"ug = lim,, o S"vg = ¥ we have

T T
B G(t, s) G(s+v—1,r) _
yn(t) = § () bq (72_:0 Wf(yn—l(r +v—=1)) = ¥y),
uniformly in ¢ € [v — 1,v +T — 1]z,_,. This completes the proof. O

Theorem 3.2. Suppose that (H1)-(H3) hold. Then (1.1) has a unique positive
solution y* in P\ {0}. Moreover, for any yo € P\ {0}, constructing successively
the sequence (n=0,1,2,..)

T

T
=3 5o, (Z Wf<yn<r+u—1>>> telL AT, .
s=0 r=0

we have that y,(t) converges uniformly to y*(t) inte€ v —1,v+T — 1|z, _,.

Proof. Step 1. Problem (1.1) has a positive solution.
From (H3) we see that Sy is nonincreasing in y. Note that, for all 7 € [v—1,v+
T-1]z, ,,then 7T=7—v+1€[0,T]z. Hence, from (H3) we have

TG(S—i—u—l,r) 1
D R (sz)(ﬂul)y(””‘”)]

r=0

1 Gt s)
s(5v) ®=2 7
T
>
s=0

¢q

T p-l
) lz G(«s?(uwl,r) (wmyl))plf(y(wn)]

G(t,s) , [~ G(s+v—1,r) e
2. Tw) ;—m) Syl + 1))1

=w(r)(Sy)t), rev—-1Lv+T—-1z,_,,7 €[0,T]z,

¢q

(3.2)
I C*(V+T—‘3—1)V71 L G(s+v—1,r)
fory e Pt € [v—1,v+T—1]z, ,. Let L= Y S0 —¢ (3 Ser==n) ),
0

= D) —(v+T)== = T
Then L > 0. Since f(y) > 0if y > 0, and from Lemma 2.2, for t € [v — 1, v +T —
1]z,_,, we have

(v+T)L Gt s) ) G(s+v—1,r)
quq(f(L))L < S(L)=) b (Z o) f(L)> < ¢q(f(L))L.

(3.3)
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Therefore, we can choose a sufficiently small number e € (0, 1) such that

L
el < S(L) < =. (3.4)
e
As a result, there exists 79 € [v — 1,v + T — 1]z,_, such that p(7p) = e, and then
we have I
©(To L < S(L < . 3.5
()L < S(L) <~ (35)
Note that :é:ﬁ; > 1, and we can take a sufficiently large positive integer k such that
k k
W(To)] 1 [90(70)]
> , and < ¢(10). (3.6)
[@Gh) (7o) w(7o0)

Define ug = [¢(70)]*L, vo = [¢(70)] ¥ L. Then we have
uo = [p(70)]* vo < vo, and ug > g if A € (0, [¢(70)]?*] € (0,1). (3.7

From the monotonicity of S, we have Svy < Sug. Moreover, from (3.2), (3.6)
and (H3) we have

1

Svo = S ([p(r0)] *L) = 5 (wwfon’“”) > w(m0)S ([p(ro)] *H1L) > -

> [w(0)]*S(L) > [w(ro)]*e(m0) L > [p(70)]" L = uo.

(3.8)
On the other hand, from (3.2) and (H3) we obtain
1 1
Sy=8|——¢p(T > w(T)S(p(T)y), and S(p(1)y) < Sy. 3.9
v=5 (5el) 2 DS, ad S < 58y 69
Thus, from (3.6) we have
Sug =S "L) =S <L g FIL) <
ug = S([(70)]"L) = S(e(r0)le(70)]" L) < (7o) ([p(m0)]" L)
. ) . ko (3.10)
<— 850 < —r — < L = vy.
= B S W) ) = PR
Therefore, we can construct successively the sequences
Uy = SUp_1, Up = SUp_1, n=1,2,.... (3.11)

From the monotonicity of S, we have u; = Svg < Sug = v;. By induction, we
obtain u, < v, for n = 1,2,.... Moreover, from (3.8), (3.10), we know that the
sequences {uy 1521, {v, }52 satisfy the inequalities:

U Sup S-S Uy S S o <o Sy S o (3.12)

Note that ug > Avg if A € (0, [p(10)]?*] € (0,1), and thus u, > ug > Avg > Avy,
n=12, ... Let
An =sup{A>0:u, > M, },n=1,2 ... (3.13)

Then we have u, > A\, v, and thus w,+1 >u, > Avp > Apvp41, n = 1,2, .... Note that
Ang1 = sup{A > 0 : upt1 = AUpg1l}, SO Ang1 > An, Lo, {152, is an increasing



Positive solutions for a nonlinear discrete fractional boundary value problem 1967

sequence with A, € (0,1] for n = 1,2, .... Let A* = lim,, 00 A,. Now we show that
A* = 1. Indeed, if A\* € (0,1), from (H4) there exists 7* € [v — L, v+ T — 1]z
such that p(7*) = A\*. Now, we consider the following two possible cases.

Case 1. There is a N € N such that A, = A\* forn > N.

Hence, for n > N, from (3.2) we have

v—1

1 1
= > _ — > * _ * )
Upy1 = Svp, > S (A*un) S (@(T*)un) > w(T*)SUp = W(T")Vn11

Note the definition of A\,, and we have
Ang1 =N > w(T) > o(T%) = N,

and this is a contradiction.

Case 2. For all n € N, A\, < \*.

This implies ’)\\" (0,1), and there exists p, € [v—1,v+T — 1]z,
opn) = i‘\’;. Consequently, from (3.2) we have

1 11 1 1
Upy1 =SV, > S| —u, | =S| ~——u, | =85 Up,
o (An ) <A s ) (w(un) (7%) )

2 W )0 (77) Sun = w(pn )W (T7)Ung1.

such that

—1

Note the definition of \,, and we have

Ant1 2 w(pn)w(T7) > p(pn)w(r7) = STw (7).

Let n — oo, so
*

N2 Swlr) > elr) = X

and this is also a contradiction.
Combining the above two cases we have lim,, o, A, = 1.
Finally, we prove that the two sequences {u,}52 ,, {v,}52; are convergent, and
we first show that {u,}32; is a Cauchy sequence in €. Indeed, from (3.12) we

obtain

0 < Upgm(t) — un(t) <vn(t) — Apvn(t) = (1 — An)vn(t)
< (1 —/\n)vo(t), vm € Nt € [V— Lv+T— 1]2

v—1"°
This implies that
[ttn4m — un|[ < (1= An)llvoll,

ie., {u,} is a Cauchy sequence in £ since A, — 1(n — o0). Consequently, there
exists y* € P\{0} such that lim,, oo u,(t) =y*(t) fort € v —1,v+T—1]z, ,. On
the other hand, for all n € N, we have

U () — un(t) < v,(t) = Apon(t) < (1= Ap)vg(t), fortefv—1,v+T —1]z,_,.

This implies that {v,, }52; converges to the same limit as {u,}52,, i.e., lim, oo v, (t) =
y*(t) fort € [v — 1,v+ T — 1]z,_,. From the monotonicity of S, we have

U1 (t) = (S0a)(8) < (Sy7)(1) < (Sun)(t) < vap.
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*

Let n — oo. Then Sy* = y*, ie., y* is a solution of (1.1). Moreover, y*(t) =
(Sy*)(t) > (Svn)(t) = uny1(t) > uo(t) = [p(10)]FL > 0, so y* is also a positive
solution.

Step 2. Problem (1.1) has a unique solution.

Suppose that (1.1) has two positive solutions, y*, z* € P\{0} with y*(t) # z*(t)
for ¢t € [0,1]. From step 1, we have that y*, z* have positive upper and lower bounds,
so there exists n € (0,1] such that

1
ny*(t) <z*(t) < —y*(t), forte v —Lv+T - 1]z
n

Let
1

7o = sup {77 € (0,1] :py*(t) <z*(t) < ;y"‘(t)7 fortev—1,v4+T - 1]2,,1}-

We claim ny = 1. If false, we have g € (0,1) and thereisam € [v—1,v+T—1]z
such that ¢(m1) = n9. Consequently, from (3.2) and (3.9) we have

v—1

z* = Sz* > S <ly*> =5 ( 1 y*) > w(m)Sy* = w(m)y*,
o(m1)

Mo
and 1 )
at = Sz" < S (noy*) =S (p(n)y”) < w(ﬁ)Sy* = w(ﬁ)y*-
As a result, we have
my" = p(r)y" <w(m)y” <z < ! y' < ! Y= iy*
w(T1) o(11) Mo

This contradictsthe definition of ng. Thus 79 = 1. Therefore, (1.1) has a unique
solution.

Step 3. We establish an iterative sequence, which converges uniformly to the
unique positive solution of (1.1).

For any yo € P\{0}, we can choose a sufficiently small number é € (0, 1) such
that

L
eL<yo< . (3.14)

From (H3) there exists 75 € [v—1,v+T —1]z,_, such that ¢(73) = é. Consequently,
we have

p(ro)L < yo < (3.15)

p(2)
This implies that there exists a k € N large enough such that

[ﬁgrzw%‘

. . L
o = [p()I'L, o = v

Define

Consequently, we find 4y < yg < 09, and let

Up = SUn_l, Un = Sun—h
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and

T
yn(t) = GF%V‘)S) bq (Z Wf(ynl(r +v— 1))) :

r=0
fortev—1,v+T—-1]z,_,, n=0,1,2,.... By induction, we get &, <y, < 0, for
n =0,1,2,.... Similarly with the above two steps, there exists § € P\{0} such that

lim 4, = lim 9, =9, and Sy = 3.
n—oo n—oo

Note the uniqueness of positive solutions, and we have y* = ¢, and thus

T T
B G(t, s) G(s+v—1,r) .
Yn+1(t) 7; () bq (;0 Tf(?/n(’”FV*l)) =y (0),
uniformly in ¢ € [v — 1,v +T — 1]z,_,. This completes the proof. O
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