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UPPER SEMICONTINUITY OF PULLBACK
ATTRACTORS FOR MULTI-VALUED
RANDOM COCYCLE

Ting Li

Abstract In this paper we study the upper semicontinuity of random at-
tractors for multi-valued random cocycle when small random perturbations
approach zero or small perturbation for random cocycle is considered. Fur-
thermore, we consider the upper semicontinuity of random attractors for multi-
valued random cocycle under the condition which the metric dynamical sys-
tems is ergodic.
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1. Introduction

The asymptotic behaviour of dynamical systems is one of the most important prob-
lems of modern mathematical physics and the theory has been greatly developed
over the last decade or so. In recent years, there is an increasing interest in the
study of multi-valued systems, see [2,3,5,10-12,17-20]. The attempts to extend
the notion of global attractor to the non-autonomous case led to the concept of the
so-called the theory of pullback (or cocycle) attractors, which has been developed
for both the non-autonomous and random dynamical systems (see [1] [6] [8] [9] [13]).
The concept of pullback attractors for random dynamical systems was introduced
by Crauel and Flandoli in [6,7], as a generalization of the classical concept of the
global attractor for many models in Physics, Chemistry and Biology.

For single-valued case, the upper semicontinuity of attractors for small random
perturbation of dynamical systems was considered by [4, 15, 16]. For multi-valued
case, the upper semicontinuity of pullback attractors for multi-valued process has
been studied in [18] and the upper semicontinuity of pullback attractors for multi-
valued noncompact random dynamical systems was considered in [19].

In the present paper, we consider the upper semicontinuity of pullback attrac-
tors for multi-valued random cocycle. First, we consider the upper semicontinuity
of random attractors for multi-valued random cocycle when small random perturba-
tions approach zero, which can be considered as generalization of single-valued case
n [15]. Next, we consider the upper semicontinuity of random attractors for multi-
valued random cocycle when small perturbation for random cocycle is considered.
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This can be considered as generalization of single-valued case in [15]. Finally, if
invariant measure P of the metric dynamical systems 6; is ergodic, then we can ob-
tain the upper semicontinuity of random attractors under weaker conditions. These
results are new even for single-valued case.

The paper is organized as follows. In Section 2, we recall some basic notations
and definitions, and give some results about the existence of random attractors for
multi-valued random cocycle. In Section 3, we establish the upper semicontinuity
of random attractors when small random perturbations approach zero. In section 4,
we establish the upper semicontinuity of random attractors when small perturbation
for random cocycle is considered.

2. Preliminaries.

In this section, we recall the theory of attractors for autonomous multi-valued semi-
dynamical systems and multi-valued random cocycle.

Let (2, F, P) be a probability space, and (X, || - ||x) a Banach space with Borel
o-algebra B(X). The Hausdorfl semi-distance between two nonempty subsets A
and B of X is defined by

dist(A, B) = sup inf |la — b
ist(A, B) EEEJQBH“ [

Let 2% be the collection of all subsets of X. First we recall some notations of
attractors for multi-valued semiflow.

Definition 2.1. A family of mapping ¢(t) : X — 2%, ¢ € RY, is called an au-
tonomous multi-valued semiflow if it satisfies the following conditions:

1. ¢(0)z = {z}, Vz € X
2. ¢(s+t)r =¢(s)od(t)z, Vs,t eRY, ze€X.

Definition 2.2. A nonempty compact subset Ay of X is called a global attractor
for the autonomous multi-valued semiflow ¢(t) if it satisfies:

1. Ap is an invariant set, that is
d(t)Ag = Ao, Vt € RJ'_;
2. Ap attracts each bounded subset B of X, that is

lim dist(¢(t)B,Ag) = 0.

t—o0
Next, we recall some notations of attractors for multi-valued random cocycle.

Definition 2.3. (Q, F, P, (0):cr) is called a metric dynamical system if 6 : RxQ —
Qs (B(R) x F, F) measurable,  is the identity on , 6s,; = 6;06; for all s,t € R
and 0; P = P for all t € R.

Definition 2.4. Let (Q,F, P, (0)tcr) be a metric dynamical system. A multi-
valued mapping

d:RT xQx X — 2%,
is called a multi-valued random cocycle over a metric dynamical system (,F,P,(0¢):cr)
if for all w € Q and ¢, s € RT, the following conditions are satisfied:
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1. ¢ :RTxQx X, (t,w,z)— ¢(t,w, ), which is B(R) x F x B(X) measurable;
2. ¢(0,w, ) is the identity on X;
3. ¢(t + 5, w, ) = ¢(t7 950.1, ) © d)(sa w, )

For the composition of multi-valued mappings, for every nonempty V C X,
o(t,w, V) is defined by

o(t,w, V) = U o(t,w, x).

zeV

Definition 2.5 (see [3]). A multi-valued random cocycle ¢ is said to be upper
semi-continuous if for all t € R* and w € Q it follows that for given z € X and a
neighbourhood of ¢(t,w, z), O(4(t,w, x)), there exists § > 0 such that if d(z,y) < ¢
then

ot w,y) C O(o(t, w, ).

Similarly, ¢ is called lower semi-continuous if for all t € Rt and w € 2, for given
Zn — x(n — 00) and y € ¢(t,w,x), there exist y, € ¢(¢,w,z,) such that y, — y.
It is said to be continuous if it is upper and lower semi-continuous.

Definition 2.6. Let D be a collection of ran(iom supsets of X. Thep D is called
inclusion-closed if D = {D(w)}uen € D and D = {D(w)}wen with D(w) C D(w)
for all w € Q imply that D € D.

Definition 2.7. Let D be a collection of random subsets of X, and { K (w)}weq € D.
Then {K(w)}weq is called a D-pullback absorbing set for ¢ if for every B € D and
P — a.e.w € Q, there exists T(B,w) > 0 such that

o(t,0_w, B(0_w)) C K(w) forall t>T(B,w).

Definition 2.8. Let D be a collection of random subsets of X. A multi-valued
random cocycle ¢ is called D-pullback asymptotically upper semi-compact in X, if
for P—a.e.w € Q and every family {B(w)} € D, any sequence {¢(tn, 0, w, xn) 52,
has a convergent subsequence in X whenever ¢, — 400, and z,, € B(6_;, w).

Definition 2.9. Let D be a collection of random subsets of X. Then a random set
{A(w)}weq is called a D—random attractor ( or D—pullback attractor) for the multi-
valued random cocycle ¢ if the following conditions are satisfied, for P —a.e.w € ,

(1) A(w) is compact and w — d(z, A(w)) is measurable for every z € X;
(2) {A(w)} is invariant, that is,

o(t,w, Aw)) = A(Byw), Vt > 0;

(3) {A(w)} (pullback) attracts every set in D, that is, for every B = {B(w)}weq €
D

tlim dist(o(t, 0_ww, B(0_w)), A(w)) = 0.
— 00
Then we have the following existence result for a random attractor of a multi-

valued random cocycle, which can be proved following the proof of related results
in [12,18].
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Proposition 2.1. Let D be a collection of random subsets of X and ¢ a continuous
multi-valued random cocycle on X over (0, F, P, (0¢)ter). Suppose that {K (w)},en
is a closed random absorbing set for ¢ in D and ¢ is D-pullback asymptotically
upper-semi compact in X. Then ¢ has a unique D-random attractor {A(w)}uea
which is given by

.A(w) = ﬂ U ¢(t,9_tw,K(9_tw)).

T>0t>T

3. Upper semicontinuity of attractors for multi-
valued random cocycle.

In this section, we establish the upper semicontinuity of random attractors when
small random perturbations approach zero. Let (X, || - ||) be a Banach space and ¢
be an autonomous multi-valued semiflow defined on X. Given € > 0, suppose ¢, is
a multi-valued random cocycle over a metric system (2, F, P, (6;)tcr). We further
suppose that for P —a.e. w € Q,t > 0,¢, - 0, and z,,x € X with z, — z, the
following holds:

lim dist(¢e, (t,w, ), p(t)x) = 0. (3.1)

n—oo
Let D be a collection of random subsets of X. Given ¢ > 0, suppose that ¢,
has a random attractor A, = {Ac(w)}weq € D and a random absorbing set E. =
{Ec(w)}wea € D such that for deterministic positive constant ¢ and for P —a.e. w €
Q,

limsup || E¢(w)||x < ¢, (3.2)
e—0
where ||Ec(w)||x = sup ||z|x. We assume that there exists g > 0 such that for
el (w
P—ae we, )
U Ac(w) is precompact in X. (3.3)
0<e<Leo

Let Ag be the global attractor of ¢ in X, which means that A is compact and
invariant with respect to ¢ and attracts every bounded subset of X uniformly.
Then we have the following theorem.

Theorem 3.1. Suppose the conditions (3.1),(3.2),(3.3) hold. Then for P—a.e. w €
Q,

dist(Ac(w), Ag) = 0, as €—0. (3.4)
Proof. If the conclusion is not true, then there exists a measurable set 1 C Q
with P(€;) > 0 such that for every w € ),

dist(Ac(w), Ag) 40, as e —0.
Thus for every w € €1, there exist a positive number ¢ > 0 and a sequence {x, }52;
with z,, € A, (w) and €, — 0 such that
dist(xn, Ag) > 0. (3.5)

Since |J \Ac is precompact in X, it follows that there are yo € X and a subse-
0<e<eg
quence of {x,}>° ; ( we still denote by {x,,}22 ;) such that

lim z, = yo.
n—oo



1952 T. Li

Next let us prove yo € Ag. In order to do that, we take a sequence {t,,}20_; with
t,, — 0o. By the invariance of A, we have

¢en (tla G,tlw, ~’4<-:n (Q,tlw)) = Aen (W)a

and we find that there exists a subsequence {z1,}22, with z1, € A, (0_;,w) such
that
Tn S ¢6n (t17 eftlww/'rl,n)u vn 2 ]-

By (3.3) again, there exist y; € X and a subsequence of {z1,,}52; (we still denote
by {x1,}22,) such that

lim z1, =uy.

n— oo

Since 15, € Ae, (0—t,w) and A (60—, w) C E., (0_¢,w), by (3.2), we have

limsup ||z1 »||x < limsup || E., (0_,w)||x < c.
n—oo n—oo

Thus we have
lyallx < e
On the other hand, it follows from (3.1)

lim dist(de,, (t1,0—1,w,T1.0), ¢(t1)y1) = 0.

n— oo

It follows that

lim d(xnv ¢(t1)y1) < nh_{[;(j dlSt((z)En (tlv 9—t1wa xl,n)a ¢(t1)y1) =0.

n—roo

Hence we have

Yo € ¢(t1)y1-
Similarly, for each m > 2, repeating the above procedure, we can find that there is
Ym € X such that
Yo € ¢(tm)yma VYm > 2,

and
lymllx < ¢, ¥Ym > 2.

Letting t,, — oo, we have

dist(yo, Ao) < limsup(dist(yo, ¢(tm)ym) + dist(¢(tn)B(c), Ag)] = 0,

L — 00

where B(c) = {z € X : ||z||x < c¢}. This implies yo € Ag, since Ag is compact.
Therefore we have

dist(xn, Ag) < ||xn — yol| — 0, asn — oo,

a contradiction with (3.5). The proof is complete. O

Remark 3.1. The idea of proof of theorem 3.1 is similar to that of the proof of
theorem in [15] for single value random cocycle. In [19], they also considered the
upper semicontinuity of multi-valued random noncompact dynamical systems, and
they supposed that the attractors are contained in a finite dimension subspace.
Furthermore, if let X be a complete metric space with metric d, and instead the
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condition (3.2) in theorem by the following condition : There exist a bounded set
B and ¢; > 0 such that for P — a.e. w € Q,

U Eew)cB. (3.6)

0<e<Ler

Therefore we have the following result. Suppose the conditions (3.1), (3.3),(3.6)
hold, then for P — a.e. w € (Q,

dist(Ac(w), Ag) = 0, as e€— 0.

Next we suppose that P is an ergodic measure with respect to 6;. Then condition
(3.2) can be replaced by the following condition: There is a random map c(w) : Q@ —
R such that for P —a.e. w € Q,

limsup || Ee(w)[[x < c(w). (3.7)
e—0

Theorem 3.2. Suppose that P is an ergodic with respect to 6; and the conditions
(3.1), (3.3), (3.7) hold. Then for P —a.e. w € ,

dist(Ac(w), Ag) = 0, as e€—0. (3.8)

Proof. If it is not the case, then there exists a measurable set 2y C € with
P(94) > 0 such that for every w € Qy,
dist(Ac(w), Ag) ~ 0, as ¢—0.

There exist a measurable set Qs C Q; with P(£23) > 0 and a determined positive
constant C' such that for every w € Qy,

c(w) < C.

Thus for every w € Q, there exists a positive number § > 0 and a sequence {x,, }52;
with z,, € A, (w) and €, — 0 such that

dist(xn, Ag) > 0. (3.9)

Since |J \Ac is precompact in X, it follows that there are yo € X and a subse-
0<e<ep
quence of {z,,}2°; ( we still denote by {x,}22 ;) such that

lim z, = yo.
n— oo

Let us prove yg € Ag. By the ergodicity of P with respect to #;, and Poincare
recurrence theorem (see [14]), for P —a.e. w € 2, we can take a sequence {t,, }20_;
with ¢, — oo such that §_; w € Q. Thus

limsup ||E., (0, w)||x < c(0—t,w) <C, Vm>1.
m—r 00

Next we can follow the line of the proof of theorem 3.1 to obtain a contradiction.
O
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4. Upper semicontinuity of attractors for multi-
valued random cocycle

In this section, we discuss the upper semicontinuity of pullback attractors of a
family of multi-valued random cocycles on a Banach space X. Suppose A is a
metric space. Given A € A, let ¢ be a continuous multi-valued random cocycle
on X over (Q,F, P,{0;}:+cr). Suppose there exists A\g € A such that for very t €
R*Y, we, A\, €Awith A\, = \g, and z,,, € X with z,, — x, the following holds:

lim dist(¢n, (t,w, zn), P, (t,w,x)) = 0. (4.1)

n— oo

For each A € A, let D), be a collection of families of nonempty subsets of X. Suppose
there is a random map Ry, : @ — RY such that the family

B={B(w)={ze€ X :|z|]x < Ry (w), w € Q} belongs to Dy,. (4.2)

Suppose further that for each A € A, ®) has a D, pullback attractor A, € D) and
a Dy—pullback absorbing set F) € D, such that for P —a.e. w € §,

limsup [[Kx(w)[x < Ry, (w), (4.3)

)\*))\0

where [|S||x = sup,cgllz|x for a subset S of X. We finally assume that for
P—ae weq,
U Ay (w) is precompact in X. (4.4)
AEA

Theorem 4.1. Suppose the conditions (4.1) —(4.4) hold. Then for P —a.e. w € §,
dist(Ax(w), Ax, (w)) = 0, as A — Ao. (4.5)

Proof. Suppose the conclusion is not true, then there exists a measurable set
0y € Q with P(€Q;) > 0 such that for every w € ,

dist(Ax(w), Ax, (w)) A0, as A — A.

Thus for every w € €y, there exist a positive number § > 0 and a sequence \,, — Ao
such that for all n € N,
dist(Ax, (w), Ax, (w)) > 0. (4.6)

Therefore we can find a sequence {z,, }°; with x,, € A, (w) such that
dist(zy, Ay, (w)) > forall neN.

Since |J Ax(w) is precompact in X, it follows that there are yo € X and a subse-
A€A
quence of {x,,}°2; ( we still denote by {z,,}22 ;) such that

lim x, = yg.
n—oo

Next let us prove yo € Ay, (w). In order to do that, we take a sequence {t,,}0_;
with ¢, — co. By the invariance of Ay, for every n € N,

(b/\n (tla e—tlwa A)\n (H_tl(U)> = A)\yz (UJ),
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we find that there exists a subsequence {z1,}5%, with z1, € Ay, (0_,w) such
that,
Tn S ¢)\n (t1797t1wax1,n)7 vn Z 1.

By (4.4) again, there exists y; € X and a subsequence of {z1 ,}5°; (we still denote
by {z1,,}52,) such that

lim z1, =wy.

n— oo

Since z1,, € Ay, (0_,w) and Ay, (0_4,w) C Ey, (0—4,w), by (4.3), we have

limsup ||z1 ]| x <limsup||Ex, (0—¢,w)]|x < R, (0—t,w).
n— oo n— o0

Thus we have
lyillx < R, (01 ,w).
On the other hand, it follows from (4.1)

lim diSt((b)\n (t17 9—t1w7 xl,n)? ¢)\0 (tl? 0—t1w7 yl) =0.

n—oo

It follows that
T%l_lélodZSt(fEn7 ¢Ao (t17 0—t1w7 yl)) S T}g&dZSt(qs)\n (t17 0—t1w7 xl,n)v ¢Ao (t17 0—t1w7 yl)) :O

Thus
diSt(yOa ¢)\0 (tla e—tlwa yl)) =0.

Hence we have

Yo € ¢)\0 (th 97t1w7 yl)

Similarly, for each m > 2, repeating the above procedure, we can find that there is
ym € X such that

Yo € Pxo(tms 01,0, Ym), Vm > 2,
and
ymllx < Bag(0—t,,w), ¥m > 2.
Letting t,, — oo, we have

dist(yo, Ax, (w)) < limsup dist(Px, (tm, 0—t,,w; Ym), Ax, (@)

tom —00
< limsup dist(¢px, (tm, 0, w, B(0_¢, w)), Ax,(w)) = 0.
T —00
This implies yo € Ay, (w), since Ay, (w) is compact. Therefore we have
dist(zy, Ay, (W) < ||z — yol| = 0, asn — oo,
a contradiction with (4.6). The proof is complete. O

Remark 4.1. In theorem 4.1, pullback absorbing sets {F)(w)} may depend on
A € A. Tt is not necessary to assume that {Fy(w)} are independence of A.

In the definition of random attractors (definition 2.9), it is required that a ran-
dom attractor attracts every set in D. If we require weaker condition that a random
attractor only attracts every bounded set (non random) B € X as in paper [4],
whether do we have the upper semicontinuity of random attractors for multi-valued
random cocycles? In this case, we also have the following theorem.
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Theorem 4.2. Suppose that P is ergodic with respect to 8; and the conditions (4.1)
(4.3) (4.4) hold. Then for P —a.e. w € €,

dist(Ax(w), Ax, (w)) = 0, as A — Ao. (4.7)

Proof. Suppose it is not the case, then there exists a measurable set €2; C 2 with
P(€1) > 0 such that for every w € Qy,

dist(Ax(w), Ax,(w)) A0, as A — X.

There exist a measurable set Qo C 7 with P(Q3) > 0 and a determined positive
constant R such that for every w € s,

Ry, (w) < R.

Thus for every w € €, there exist a positive number § > 0 and a sequence \,, — Ao
such that for all n € N,
dist( Ay, (w), Ax, (w)) > 4.

Therefore we can find a sequence {z,,}52; with z,, € Ay, (w) such that for all n € N,
dist(xy, Ay, (w)) > 6. (4.8)

Since |J Ax(w) is precompact in X, it follows that there are yo € X and a subse-
AEA
quence of {x,}>° ; ( we still denote by {x,,}22 ;) such that

lim z, = yo.
n— oo
Next let us prove yo € Ay,(w). By the ergodicity of P with respect to 6, and
Poincare recurrence theorem (see [14]), for P —a.e. w € Q, we can take a sequence
{tm}5°_; with t,,, — oo such that 0_; w € Q.
We can follow the line of the proof of theorem 4.1 and find a sequence {y,, }52,
such that

[ymll < Rxo (0, 0) < R, Ym =1

and

Yo € Oxo(tm, 0—t,, W, Ym), Vm > 1.

Letting t,,, — oo, we have

dist(yo, Ax, (w)) < limsup dist(pr, (tm, 0—t,, W, Ym), Ax, (W)

tm —00
< lim sup dist(¢px, (bm, 0—t,,w, B(R)), Ax,(w)) = 0.

tm—+00

Where B(R) = {z € X : ||z|| < R}. This implies yy € Ay, (w), since Ay, (w) is
compact. Therefore we have

diSt(xnvA)\o (w)) < Hxn - yOH — 0, asn — oo,

a contradiction with (4.8). The proof is complete.



Upper semicontinuity of pullback attractors 1957

Acknowledgements

The Author would like to thank the referees for their careful reading and valuable
comments which helped improve the paper. The author would like to Prof. Yongluo
Cao for his suggestions.

References

[1]

[10]

[11]

[12]

V. P. Bongolan-Walsh, D. Cheban and J. Duan, Recurrent Motions in the
Nonautonomous Navier-Stokes System, Discrete and Continuous Dyn. Sys.
B, 2002, 3, 255-262.

T. Caraballo, P. E. Kloeden and J. Real, Pullback and forward attractors for
a damped wave equation with delays, Stochastics & Dynamics, 2004, 4(3),
405-423.

T. Caraballo, J. Langa, V. Melnik and J. Valero, Pullback Attractors of
Nonautonomous and Stochastic Multivalued Dynamical Systems, Set-Valued
Analysis, 2003, 11, 153-201.

T. Caraballo, J. Langa and J. Robinson, Upper semicontinuity of attractors for
small random perturbations of dynamical systems, Communications in Partial
Differential Equations, 1998, 23(9-10), 1557-1581.

T. Caraballo, P. Marin-Rubio and J. Valero, Autonomous and non-
autonomous attractors for differ- ential equations with delays, J. Differential
Equations, 2005, 208, 9—41.

H. Crauel, A. Debussche and F. Flandoli, Random attractors, J. Dyn. Diff.
Eq., 1995, 9(2), 307-341.

H. Crauel and F. Flandoli, Attractors for random dynaniical systems, Proba-
bility Theory and Related Fields, 1994, 100(3), 365-393.

P. E. Kloeden and B. Schmalfuss, Asymptotic behaviour of non-autonomous
difference inclusions, Systems Control Lett. 1998, 33(4), 275-280.

J. A. Langa and B. Schmalfuss, Finite dimensionality of attractors for non-
autonomous dynamical systems given by partial differential equations, S-
tochastics and Dynamics, 2004, 4(3), 385-404.

D. S. Li and P. E. Kloeden, On the dynamics of nonautonomous periodic gen-
eral dynamical systems and differential inclusions, J. Differential Equations,

2006, 224(1), 10-38.

D. S. Li, Y. J. Wang and S. Y. Wang, On the dynamics of non-autonomous
general dynam- ical systems and differential inclusions, Set-Valued Analysis,
2008, 16(5-6), 651-671.

T. Li, Pullback attractors for asymptotically upper semicompact non-
autonomous multi-valued semiflows, Commun. Pure Appl. Anal., 2007, 6(1),
279-285.

B. Schmalfuss, Attractors for non-autonomous dynamical systems, in Proc.
Equadi 99, Berlin, Eds. B. Fiedler, K. Greger and J. Sprekels (World Scientific,
2000), 684—689.

P. Walters, An Introduction to Ergodic Theory, Springer-Verlag, NewYork,
1982.



1958

T. Li

[15]

[16]

[17]

[18]

[19]

[20]

B. X. Wang, Upper semicontinuity of random attractors for non-compact ran-
dom dynamical systems, Electron. J. Differ. Equ., 2009, 139, 1-18.

B. X. Wang, FExistence and upper semicontinuity of attractors for stochastic
equations with deterministic non-autonomous terms, Stoch. Dyn., 2014, 14(4),
145009.

J. Y. Wang, Y. J. Wang and D. Zhao, Pullback attractors for multi-valued
non-compact random dynamical systems generated by semi-linear degenerate
parabolic equations with unbounded delays, Stoch. Dyn., 2016, 16(5), 1750001.

Y. J. Wang, On the upper semicontinuity of pullback attractors for multi-
valued processes, Quarterly of Applied Mathematics, 2013, 71(2), 369-399.

Y. J. Wang, On the upper semicontinuity of pullback attractors for multi-
valued noncompact random dynamical systems, Discrete and Continuous Dy-
namical Systems Series B, 2016, 21(10), 3669-3708.

Y. J. Wang and J. Y. Wang, Pullback attractors for multi-valued non-compact
random dynamical systems generated by reaction-diffusion equations on an
unbounded domain, J. Differential Equations, 2015, 259(2), 728-776.



	Introduction
	 Preliminaries.
	 Upper semicontinuity of attractors for multi-valued random cocycle.
	 Upper semicontinuity of attractors for multi-valued random cocycle

