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Abstract In this paper using fountain theorems we study the existence of
infinitely many solutions for fractional Schrodinger-Maxwell equations

(—2)*u + AV (z)u + ¢pu = f(x,u) — pg(x)|u|??u, in R3,
(—A)*¢ = Kqu?, in R?,

_ 7 T'(a) and
= (3=-22)/21((3-2a)/2)
(=A)® is the fractional Laplacian. Under appropriate assumptions on f and

g we obtain an existence theorem for this system.

where A, > 0 are two parameters, « € (0,1], Ko
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1. Introduction
In this paper we study the fractional Schrodinger-Maxwell equations

(—A)*u + AV (2)u + du = f(z,u) — pg(z)|ul9=2u, in R3,

(—A)*¢ = K,u?, in R?, (L.1)

m “T(a)

where A,y > 0 are two parameters, o € (0,1], K, = @I /2T (3-20) /3) and

(=A)® is the fractional Laplacian. Here the fractional Laplacian (—A)® with « €
(0,1] of a function ¢ : R3 — R is defined by F((—=A)*p)(&) = [£]**F(p)(€), Ya €
(0, 1], where F is the Fourier transform, i.e., F(¢)(&) = W Jgs exp{—2mi{-a}da.
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If ¢ is smooth enough then (—A)® can also be computed by the singular integral
(—A)¥¢(x) = 3,aP.V. [ ﬂf)yim(;{)dy, where P.V. is the principal value and c3 4
is a normalization constant.

Fractional models are widely used in various fields, such as physics, signal pro-
cessing, fluid mechanics, viscoelasticity, mathematical biology, and electrochemistry.
For example, Bagley and Torvik [1] used fractional calculus to construct stress-strain
relationships for viscoelastic materials, and they proposed a five-parameter model
in the form

o(t) + bDPo(t) = Eoe(t) + E1D%(t),

where D®, D are fractional derivatives, and «, 3,b, Ey, E1 arc parameters. For
more applications in this direction, we refer the reader to [2,3,5,8,11-14, 33, 34,
39-46] and the references therein. Fractional Schrodinger-Maxwell equations or
Schrodinger-Poisson equations arise from standing waves for fractional nonlinear
Schrodinger equations; for the physical background we refer the reader to [4,9] and
the references therein. For results on existence and multiplicity of solutions for
Schrodinger-Poisson systems we refer the reader to [6,7,10,15,17,19-26,28-32, 36—
38,47-52] and the references therein. Li [19] adopted the (AR) condition to obtain
an existence theorem for (1.1) when A =V = K, = 1,p = 0. Teng [32] used
the method of Pohozaev-Nehari manifolds, the arguments of Brezis-Nirenberg, a
monotonic trick and a global compactness lemma to establish the existence of a
nontrivial ground state solution when f = plul9™ u + |u[?72u, 2% = 25— (A =
K, = 1,u = 0). However, there are only a few papers in the literature which
consider the effect of the parameter A\, 4 and the perturbation term g on the existence
of solutions of (1.1); see [17,25,28,36,37]. In [28], S. Secchi studied nonlinear
fractional equations involving the Bessel operator

(I — A)*u+ \V(z)u = f(2,u) + pé(x)|ulP2u,z € RY,

where f satisfies the (AR) condition, and &(z)|u|P~2u is a sublinear perturbation
term.

In our paper, in system (1.1), the functions u,g,V : R® - R, f: R3 x R — R
satisfy the following assumptions B
(V) V € C(R3,R), and there is a positive constant Vo > 0 such that inf,cgs V(x) >
0, limg| 00 V(z) = +o00, where V(z) = V(z) + Vi, for z € R3.
(H1) f € C(R3 x R,R), and f(z,u) = o(u) uniformly in # € R3 as u — 0, where

J?(x,u)~: flz,u) + )\You, for (z,u) € R3 ><NR. B ~

(H2) F(z,u) = [ f(z,s)ds > 0 and F(z,u) = §f(z,u)u — F(z,u) > 0, for
(z,u) € R® x R..

(H3) lim|y|— o0 fewu _ 4 uniformly in € R3.
(H4)

’U.4
H4) There exist dy,L; >0 and 7 € (%, 2),a > % such that

|f(z,u)|” < d1.F (z,u)|u|”, for all 2 € R3, and |u| > L.

H5) f(x,—u) = —f(z,u), for (z,u) € R® x R.
(g) g € L9 (R3), and g(z) > 0 (£ 0), for 2 € R3, where ¢’ € ( 20 2 } ,q € (1,2).

23—q7 QTq
Now, we state the main result of our paper.
Theorem 1.1. Suppose that (V), (H1)-(H5) and (g) hold. Then for any > 0,

there exists A > 0 such that system (1.1) possesses infinitely many solutions when
A>A.



Infinitely many solutions for fractional Schrédinger-Maxwell equations 1167

Remark 1.1. Condition (H4) (see [6,20,38]) is weaker than the (AR) condition
(HA4)' there exists ¥ > 4 such that 0 < 9F(z,u) < f(z,u)u for all (z,u) € R3 x R
with u # 0.

Note if f(z,t) = el*l3[2In(1 + 2) + ﬁ%] for all (x,t) € R® x R then (H4) is
satisfied but (H4)’ is not. Moreover, from the proof of [28, Lemma 2.3] note (H1)
and (H4)" imply (H4).

Finally we note that in [17,25,28,36,37] the authors used the (AR) condition (not
(H4)) to discuss the effect of parameters and perturbation terms on the existence
of solutions for their problem.

Remark 1.2. If the potential function V satisfies condition (V), then the following
automatically holds:

(V1) V € C(R3 R), and V is bounded from below, i.e., there exists a positive
constant Vo > 0 such that V(z) + Vo > 0 for all = € R3.

(V2) There exists b > 0 such that meas{z € R® : V(z) < b} is finite; here meas
denotes the Lebesgue measure.

2. Variational settings and preliminary results

For any 1 <7 < oo, L"(R?) is the usual Lebesgue space with the norm

ol = ([ |u<ac>%lac)i

The fractional order Sobolev space
H*(R?) = {u € L*(R?): / (J€)P* a2 + a%)d¢ < oo} :
R3

where @ = F(u), and the norm is defined by

fulleesy = ( [ (Poa + ayae)

The space D*(R3) is defined as the completion of C§°(R?) under the norms

IIuIIDa(Rs=</ (1€]**a*) dg) (/ A2y )|2d1;)%.

Note that, from Plancherel’s theorem we have ||ul|2 = ||@]|2, and

— 0‘/2U$ 2 v = _ /a-/Q\,UJ 2 — ag 2
[ oy uwlar = [ (7P = [ (e
_ /R |€|2a2de < oo,Vu € H(R3).

It follows that

2

fullae = ([ (-8 ) + u?)a
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In our problem we work with the space

[N

B {ueH%RS):(/RS((Aﬁu(z)ﬁﬂm)u?)dx) <oo}. (21)

Now F is a Hilbert space with the inner product

(wo) = [ (-4)
and its norm is ||ul| = v/ (u, ).

Lemma 2.1 (see [7,10]). H*(R3) is continuously embedded into LP(R3) for p €
[2,2%]; and compactly embedded into LY (R3) for p € [2,2%) where 2% = =5

loc 3—2«a°
Therefore, there exists a positive constant Cp such that

NI

w(@) - (=A)Tv(x) + AV (2)uv)da.

lullp < Cpllull e gs)- (2.2)

Lemma 2.2 (see [29]). Under the assumptions (V), the space E is compactly em-
bedded into LP(R?) for p € [2,27).

Lemma 2.3 (see [16]). For 1 <p < oo and 0 < a < N/p, we have

lull o < BI[(=2)*2ul| Lo (), (2.3)

with best constant

_g-a,—a2 (N =a)/2) [ T(N) a/N
o T((N +a)/2) (F(N/2)>

Lemma 2.4. For any u € H*(RY) and for any h € D~*(RY), there exists a
unique solution ¢ = ((—A)* +u?)~th € D*(RY) of the equation

(_A)ad) + u2¢ = h7

(here D~=%(RY) is the dual space of D*(RY)). Moreover, for every u € H*(RY)
and for every h,g € D~*(R™N), we have

(h, (=8)* +u*)"lg) = (g, (D) +u*)'h), (2.4)

where (-,-) denotes the duality pairing between D~*(RN) and D*(RN).
Proof. If u € H*(RY), then by the Hélder inequality and (2.3), we have

/RN u?¢?dr < full3, 1013, < B [[ull3, 1l (2.5)

where 1+ 1 =1,¢ = 385,2¢ = 2;,. Thus (fon [(—A)*2¢2dx + [y u?¢>dx)'/?
is a norm in D*(RY) equivalent to ||¢||p«. Hence, by applying the Lax-Milgram

Lemma, we establish the existence part. For every u € H*(RY) and for every
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h,g € D=*(RY), we have ¢, = ((—A)* +u?)"1g, ¢p = ((—A)™ + u?)~'h. Hence,

(h (~A) +u?)lg) = /

RN

h((—A)* +u?) " gdx :/ hogdx
RN
- / (“A)* + u)dndyda = / (=A)6p + 120) 6y
RN RN
- / (=08, + 126, )énde = / gonde
RN RN

= [ oA+ ) hde = (g (-A)" + ),

so we have (2.4). O

Lemma 2.5 (see [18]). Let f be a function in C*(RY). Then for a € (0,n), we
have

Co =7 I (—/2), (2.6)

Cal6 " F€) (@) = Coma [l =" " (0} (27)

Lemma 2.6. For every u € H® there exists a unique ¢ = ¢(u) € D which solves
the second equation in (1.1). Furthermore, ¢(u) is given by

- / |z — y[P*Pu?(y)dy. (2.8)
R3

As a consequence, the map ® : u € H* — ¢(u) € D is of class C* and

[@(w)]'(v)(z) =2 /RS |z =y Puly)o(y)dy, Yu,v € H". (2.9)

Proof. The existence and uniqueness part follows from Lemma 2.4. From Lemma
2.5 and the Fourier transform of the second equation in (1.1), the representation
formula (2.8) holds for u € C§°(R?); by density it can be extended for any u € H*.
The representation formula (2.9) is clear. O

System (1.1) is the Euler-Lagrange equations corresponding to the functional
J: H*(R3) x D*(R3) — R:

H0) =5 [ (1A Fu@P + AT @ = J1-2) 0@ + Koon? ) do

- / Fla,u)do + 2 / o) |uldz,
R3 q Jr3

where F(z,1) fo flz,s)ds,t € R.
Ev1dently, the action functional J belongs to C1(H*(R3) x D*(R?),R) and the
partial derivatives in (u, ¢) are given, for £ € HY(R?) and n € D*(R3), by

(Gt} = [ (-2)ute)(-8)Fe(e) + AV (@)t + Kutug)ia
Floswgyds +p [ gl ug(w)ds,
R3

R3

aJ 1 a a 2
(Gowonny =5 [ (-2 o)(-a) () + Korlr)ds

Thus, we have the following result:
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Proposition 2.1. The pair (u, ®) is a weak solution of system (1.1) if and only if
it is a critical point of J in H*(R3) x D*(R?).
We can consider the functional J : H*(R?) — R defined by J(u) = J(u, ¢(u)).

After multiplying the second equation in (1.1) by ¢(u) and integrating by parts, we
obtain

—A)2p(u)Pdx = K, x)u’dz.
() o(Pdr = Ko [ olayita

|
R3
Therefore, the reduced functional takes the form

J(u) = 1‘/D§3(|(—A)%u(x)|2 + )\‘7(x)u2)dx + EKQ u2¢(u)dx

2
N R (2.10)
- F(x,u)dx—l—ﬁ/ g(z)|u|?dz.
RR3 q Jgrs

Lemma 2.7. Assume that there exist ¢1,co > 0 and p € (4,2}) such that
1f(z,8)] < ci]s] + cols|P~!, Vo € R?, s € R. (2.11)

Then the following statements are equivalent:
(i) (u, ) € (H* N LP) x D% is a solution of the system (1.1)-(1.2);
(i) u € H* N LP is a critical point of J and ¢ = ¢(u).

Proof. From assumption (2.11), the Nemitsky operator v € H*NLP +— F(z,u) €
L' is of class C'. Hence, from Lemma 2.6, for every u,v € H®, we have

< J'(u),v>= /RS(—A)%u(as)(—A)%v(m)dx + /}R3 AV (z)uwvdz

1

+ fKa/ uv/ |z — |2 3u?(y)dyde
2 R3 R3

1
+ Lk, / w [ |z -y tu(y)o(y)dyde
2 R3 R3

- f(m,u)vdac—i—u/ g(x)|u|* *uvdzs
RS RS

:/ (—A)fu(x)(—A)%v(x)dx—F/ AV (z)uvda
R3 R3

+ Ko | wop(u)de —/ Flz, w)vds + ,u/ g(2)|ul? *uvda.
R3

R3 R3
From the Fubini-Tonelli Theorem we obtain the conclusion. O
Remark 2.1. Conditions (H1), (H2), (H4) imply (2.11). From (H2) and (H4), we
have

- - - di ~
ol < d (7= Floa) uf” < i,

Le, |f(z,u)|7"" < D™t for large u with 25 € (4,2%). Combining this with
(H1), there exist ¢1, ¢z > 0 such that (2.11) holds. This also implies that

|F(z, )] < %|s|2+c—2|s\p,V:ceR3,seR. (2.12)
p
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If1<p<ooanda,b>0, then
(a4 b)P < 2P71(aP +bP). (2.13)

From (1.1), for any u € E using the Holder inequality we have

l¢(w)l|a = Ko /RS S(uyude < Kol|o(u)qllull3, < Cllg(w)] pe llull3,,

where 1% + % =19 =2 = ﬁ,a > %. Here and subsequently, C' denotes an
universal positive constant. This and Lemma 2.2 imply that
le(w)| D= < Clull3, < Clluli, (2.14)
[ dtuids < Clull, < Clul (2.15)
R3
Lemma 2.8. Suppose that u, — u in E, u,(x) — u(z) for a.e. x € R3. Then we
have
H(un)u? — ¢p(u)u?dr = o(1), as n — oo, (2.16)
R3
and
/ (¢(un)un — p(w)u)vde = o(1), asn — co,Vv € E. (2.17)
R3

Proof. Now u, — u in L"(R3) with r € [2,2}) after passing to a subsequence.
From [32, Lemma 2.3] and [47, Lemma 2.4], we have
(1) T(un) = T(u) + T(up — u) + o(1) as n — oo, where T'(u) = [ d(u)u’dz.
(ii) if up, — w in E, then ¢(u,) — ¢(u) in D¥(R?).

From (i), by (2.15) for p = H% we obtain
lim B (un)u? — p(u)udr = lim B, —u) (uy, —u)dr < Clluy, —u||‘21p — 0.
n—0o0 Jp3 n—0oo JRr3

(2.18)
From (ii) we have ¢(u,) — ¢(u) in LHI%(R‘{S). Therefore, from (2.2) we have

/ (S (1tn) — B(u))dx
RS

12 Stga 6 12 12
< ([ wisttman) T ([ eimac) T ([ 16te) - o)
R3 R3 R3
3+2a

< Cpg Cn el ([ 1ot — otwlEeae)

34+2a 32«

— 0, as n — oo, for u,,u,v € E.
(2.19)
Note (2.5) and we obtain

/Rs (tn — wv(w)dz < </R i — u2dx>é (/R v2¢>2(u)dm) i

1
2
< Bllvll 14l o ( / Jun u|2dx>

— 0, as n — oo, for u,,u,v € E.
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Therefore, when n — co we have

[ @i = owpnyods = [ (@tun, = oy, + 6, — s(wyu)ods = of1),

R3

O
Next we introduce the Fountain theorem under the condition (C), which is weak-
er than the (PS) condition.

Definition 2.1 (see [27]). Assume that X is a Banach space. We say that J €
C1(X,R) satisfies the Cerami condition (C), if for all ¢ € R:

(i) any bounded sequence {u,} C X satisfying J(u,) — ¢, J'(u,) — 0 possesses
a convergent subsequence;

(ii) there exist o, R, 3 > 0 such that for any u € J=1([c — 0, ¢ + 0]) with ||Ju]| >
Rl > 5.
Lemma 2.9 (see [27]). Assume that X = @2, X;, where X; are finite dimension-
al subspaces of X. For each k € N, let Y}, = @?:1 X, Zx = @;’ik X;. Suppose
that J € C1(X,R) satisfies condition (C), and J(—u) = J(u). Assume for each
k € N, there exist pi, > ri > 0 such that

(i) b, = infyuez,ns,, J(u) = 400, k — oo,

(1) ax = maxyevyns,, J(u) <0, where S, = {u € X : [lul| = p}.

Then J has a sequence of critical points u,, such that J(u,) — 400 as n — co.

3. Proof of Theorem 1.1

We first prove that the energy functional J satisfies condition (C) in Definition 2.1.

Lemma 3.1. Suppose the assumptions in Theorem 1.1 hold (with A > 0 chosen
appropriately). Then J satisfies condition (C).

Proof. For every ¢ € R, we assume that {u,}n,eny C F is bounded and
J(up) = ¢, J'(up) — 0, as n — oo.
Therefore, passing to a subsequence if necessary, there exists u € E such that

Uy — u weakly in F,
u, — u strongly in LP(R3) for p € [2,2F), (3.1)
u, — u for a.e. x € R3.
We now show that
J(up —u) =c—Jw)+o(l), <J(u,—u),v>=0(l), asn — oco,Vv € E. (3.2)
Let w, = u, —u. Then w, — 0 in E, w, — 0 in L"(R?®) with r € [2,2}) and
w, — 0 for a.e. z € R? after passing to a subsequence. Since u,, — u in E, we have

(upn — u,u) = 0 as n — oo, which implies

[unll® = (wn +u, wp + u) = [Jwn]* + [ull* + 0(1), as n — oo.
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Note (2.18) and (2.19), and we easily see that
/ B (wn — u)(up —u)de — 0, as n — oo,
R3

and
/ d(up, — u)(un —u)vde — 0, as n — oo, Vv € E.
R3

To prove (3.2), it will be enough to show that as n — oo,

/Rs(ﬁ(x, ) — F(2,up — 1) — F(z,u))dz = o(1), (3.3)
/ 9(@)(Jun|" = Jun — ul” = |u|?)dz = o(1), (3.4)
R3
[ Fwn) = Foun =) = Tl wyda = of0), (35
and
[, @)l = =ty =) = [l Pu)ode = o(1), (36
for all v € E.

We only prove (3.3) and (3.4) (the proofs of (3.5) and (3.6) are similar). Note
that u,, — u in E, and from Lemma A.1 of [35], there exists o(z) € L"(R3) with
r € [2,2%) such that

lun ()] < o(z), |u(z)| < o(x), for z € R® neN. (3.7)
From this and (2.12), for o1 € L?(R?), 09 € LP(R3) with p € (4,2},), we have
B un) = Pl )l < 5 (unf? o ) + 2 (anl? )

2
< cio?(x) + %Ug(x) € L'(R?).

Hence, the Lebesgue dominated convergence theorem yields

< lim (F(z,un) — F(z,u))| dz
n—00 Jp3

lim
n— o0

/ (ﬁ(m,un) - ﬁ(m,u))dm
RB

= / lim (ﬁ(x,un) - ﬁ(x,u))’ dz — 0.
R

3 N—00

On the other hand, from (2.12) and the Hélder inequality, for p € (4,2%) we have
~ C1 2 Co p
F(z,up —u)de < [ (=|wn|” + =|wp|P)dx — 0, as n — oo.
R3 R3 2 P

This proves (3.3). From (g) and the Holder inequality, for % € [2,2%) we have

-1

/ 9(x)|uy, — ul¥dz < ||g|l4 (/ |, — u|ng—1dac> " 50, asn — oo
R3 R3
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\ [ s@tualt = i)de] < [ gt~ ulra,
R3

the proof of (3.4) is complete.
Recall w, = u, —u. From (2.11), (2.12) and (3.7) we have

Since

F (@, w)dz = / (lf(x,wn)wn _ F(a, wn)> do

s \ 4
3 9 pt+4
< - n npd
< [ Gethw P+ 2ok, )
4
S/ (30103(33)—&—&
R3

<M,

R3

20 2co08 (x))dx

where ZI] > 0.
As V(z) < b on a set of finite measure (see Remark 1.2) and w,, — 0 in E, from
(2.2) we have

1 ~ 1
w12 :/ (o 2 < 7/ /\V(x)|wn|2dx+/ lwn2dz < —[[wa||? + o(1).
R3 Ab V>b V<b Ab

From this and the Hélder inequality, for s = 27 € (4,27), fixed v € (s,2%) we
have
(v=s)
[[wnll3 / |wn? dﬂ”‘/ | 55 =5 da
R3

/ |wn|2(: ;)Z 2 =3 / |wn|(s_2(u 6>)
R3
v—s 5=2
v—2 v—2
(/ |wn|2dx> </ |wn|”dx)
R3
1 =3 v(s—2) v(s—2)
<(3) 7 ol

1 V2 wGo2)
N <>\b> Co" lwall®, for €, > 0.

s—=2

55— 2dw> -

From (H1), for any ¢ > 0, there exists § = d(¢) > 0 such that |f(z,u)| < e|u| for
x € R3 and |u| < §. Moreover, (H4) is also satisfied for |u| > §. Therefore, we have

/ F, wn)wpda < 5—:/ wn|2da < %HwnHz +o(1),
|wy, | <8 |wy, | <8

and

/ fl@, wn)wpdz = / Mw%dm
|wy, |>8

lwn|>8  Wn
T 1/7 (r—=1)/7
< / dx / |wn\%dx
|wn|>6 |wn|>6

f(x,wn)

Wn
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1/7
< / dl,ya(x,u)d:v [[wn |2
wn|>6

2(v—s

1 s(r—2) 2v(s=2)
<@ (55) " G ot

Consequently, from (3.2) we obtain
o(1) =< J'(wy), wy, >

— Jwnl? + Ka / wkgwn)de — [l w)wade+ g / (@) lwnfodz

R3
2(v—>s)

1\ 5=  2v(=2)
> _ = 1/ [ = s(v—2) 2 .
> |1 /\b (d1 M) (Ab> Cy llwnl|* + o(1)

Thus there exists A > 0 such that w, — 0 in £ when X\ > A. This implies that
un — uw in F, and Definition 2.1 (i) holds.

Next, we prove condition in Definition 2.1 (ii) holds. If not, there exist ¢ € R
and {u, }neny C F satisfying

J(un) = ¢, |Junl| = o0, ||J(un)|[||tn]] = 0, as n — . (3.8)

Then we have

1
c+o(1) = J(uyp) — 1 < J'(up),un >

1 —
= Sl + /]R F (2, un)dz + (Z - Z) /R 9(@)|up|9da (3.9)

> f(x, Uy )dx.
R3

In view of the definition of J’, (3.8), (2.2) and (g) we obtain

_ Jual?
[
< (un)un > Ko [ u 2(uy)d ng T, Un)unde oo 9()|un|'dx
[[n |2 [[n |2 [[un 2 [[n |2
~ C1 o |19
: < J'up),up > | Jps f@,un)unde Il q‘%” a
< lim sup 5 5 5
n—o0 [t | [ | [ |
F, ) upde
< lim sup fR3 I, n2) -
n—o0 [l
(3.10)
Define v, = 2, and note |lun|| = 1. Passing to a subsequence, there exists a

v € E such that v,, — v weakly in E, v, — v strongly in L"(R3) with r € [2,2),
vn(x) = v(z) for a.e. x € R3. For 0 < a < b, let Q,(a,b) = {z € R : a < |u,(z)| <
b}. Now we consider the following two cases.

Case 1: Suppose v = 0.



1176 J. Xu, Z. Wei, D. O’'Regan, & Y. Cui

Then v, — 0 in L"(R3) with r € [2,2%), va(x) — 0 for a.e. z € R3. Let L; be
as in (H4), and from (2.11) we have

/ Lx’“"l“”dx:/ F@un)tn 2q,
Q,(0,L1) 2] Q,(0,L1) ||

< (a1 +c2L’;*2)/ o, |2 (3.11)
Q,(0,L1)

< (e1 + 62L€72)/ v, |2dx — 0.
R3

On the other hand, if we set 7/ = 7/(7 — 1), then 27" € (4,2%). Frpm the Holder
inequality, (3.9) and (H4) we obtain

/ f(xyunlun de = / f(xa un2)un |'Un|2d.’L'
Qp (Ly,00) flun ] Qp (L1,00) [wn]
1

S / f(.l‘ un n |’Un|27—/d$
Q,, (L1,00) [un|? Q (L1,00)

e
S / f(l' u’n / "Un|27—,d$
Qn(L1,00) Qn(L1,00)

N
< / dL;:(x,u)dx / |Un\27/dx
Qp (Lq,00) Qn(L1,00)
< [di(c+1)] </ \vn|27 daz) — 0.

Combining (3.11) and (3.12), we have

f(xvun)un dr = / f(z7un)un da +/ f(xvun)un dz — 0,
Q,(0,L1) Qp(L1,00)

relun? [un? [[n |2

U=

(3.12)

(3.13)
which contradicts (3.10).

Case 2: Suppose v # 0.

Then we set A = {z € R3 : v(z) # 0} and meas(A) > 0. For x € A, we have
lim,, 00 |un ()| = oo, and hence A C Q,,(L1,00) for large n. From (2.11), (2.15),
(2.2) and (H3), note the nonnegativity of f(x,u)u, Fatou’s Lemma enables us to
obtain

i [H Un|? LK fR:.U o (uy)dx fRd T, Up, ) U dT fng )| uy, |9dx

n=oo | [Jun* len]® [[unl* ]
\ .
B [ O et L / faw)un g,
n=o0 | [|un|| e lunll® oLy llunll

_/ f(xaunzunwn‘éldx
Q,(L1,00) |t
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< K,C+ limsup/ Mniundx — liminf/ =, [t
n—oo JQ,(0,L;) ”uﬂ” 0 JQy, (L1 ,00) |u”|

ClL% —+ CQLzl)

< K.C + limsup - meas(Q,(0, L))

.. f(x’un)un 4
-1 f e R nl d
mn /Qnul,@ i ez (@)]loal"de
.. f(xaun)un 4
<K C—/ liminf ———=—[xq,, (L,.00) (@)]|vn| dz
@ Q(L1,00) P |Un|4 (L1,00) n
— —0Q.

This is also a contradiction.
Combining the above two cases we have that Definition 2.1 (ii) holds. O

Lemma 3.2. Suppose the assumptions in Theorem 1.1 hold. Then there exist con-
stants p, 8 > 0 such that J(u) > 8 when |ul| = p.

Proof. Note that ¢ € (H%,Q]. From (2.12) and (2.2), we have

J(u) = % | u||? +3Ka /123 p(u)udr — /}R3 F(z,u)dz — M/R3 g(z)udz

1 ~
sl = [ Fawde—u [ gwuds
R3 R3

vV

\%

1 C1 Co
3wl =< luls = el =rlgllglell 7o

> 5 lulP =20F L ul? =207 | u | =uCarlalylul.
Note that ¢; can be arbitrarily small, and let ¢; = ﬁ, and then
J(w) > S |l ~ZC8 | u P —uC gl ]
4 p P a—1
> Jull (310 =203 1w 177 =4C sl )

p

Note that p € (4,2%), and we obtain a p > 0 such that h(p) = ip—%q’;pl’*l > 0.

Consequently, we choose a sufficiently small > 0 such that h(p) —uC _a_|lgllq > 0.

O

Proof of Theorem 1.1. Now, we use Lemma 2.9 to prove Theorem 1.1. We first

give the direct decomposition for the space E. Note that F is a Hilbert space, so
let e; be an orthonomormal basis of E and define X; = R.,, and we have

k 0o
Ykz@xj, Zk:@Xj, ke N. (3.14)
j=1 j=k

In what follows, we show that, for each k € N, there exist py > rx > 0 such that

by = inf J(u) = 400, k — o0, (3.15)

u€Z, ||lull=rk
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and

ar = max J(u) <0. (3.16)
u€Yy,||lull=pk

From Lemma 2.2 and Lemma 3.8 in [35], for r € [2,2}) we have

Br(r)= sup Jul,—0,k— oco. (3.17)
u€ Zy, ||ul|=1

This, together with (2.12) and (2.2), implies that

1 1 ~
J(u) = §||u||2 + EKO‘ /]RS u?p(u)dx — F(x,u)dx + %/ g(z)|u|?dx

R3 R3

1 ~
> 2 full? - / Fla,u)de
) CR‘°’ . (3.18)
1 2
> 5llul® = Sl - 2l

1 c1 C2
> 3l — FCFlul® - Zalf,
Note from (H1) we see that ¢; can be chosen arbitrarily small, so if we take ¢; <
1C5? and ry = (@ﬁ,ﬁ)ﬁ, by (3.18), for u € Z, and |lu|| = 7%, we find

1 1 1
J(u) > f||u||2—c—2,6’ZHu||p > (4 — ) (025@% — 400, as k — +oo, with p > 4.
p p

Therefore, (3.15) holds.
On the other hand, from L’Hospital rule and (H3) we have

F
lim @7’4“) = 400 uniformly in z € R3.

Hence, there exists sufficiently large 9 > 0 such that
F(z,u) > O|ul, for z € R?, [u| > Ly, for some Ly > 0.

From (2.12) with p € (4,2%), we have

~ c . Co o,

F(a,u) < |uf? <Cl + 2u|”2> < <1 + 2Lk 2) lul?, for x € R?, |u| < Ls.
2 p 2 P

As a result, there exists M = & + %LQ_Q such that

F(z,u) > Oy|ul* — M|ul?, for z € R®,u € R. (3.19)

Since dim Y}, < co and all norms are equivalent in the finite-dimensional space, from
(3.19), (2.15) and (g) we have

1 1 -
J(w) = 5l + K / Jotwids = [ Flawda+ b / g(@)lulda

IN

1 1 I
S lull? + KaCllull® = dxllullz + Mijul3 + = llglly ],
q q’—1

IN

1 1 W
3 llull® + ZKaC”uWL — O Cllul* + Mlul3 + gllgllg’HUquq/ ,Cr > 0.
q"—1
(3.20)
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Note that 94 can be chosen large enough, so we take u € Y}, and large px (pr > 71)
such that
J(u) <0, for u € Yy, ||lul| = pk.

Thus (3.16) holds.

Finally, (H5) implies that J is an even functional on E. Thus J satisfies all
conditions of Lemma 2.9. Then .J has a sequence of critical points u,,, such that
J(up) — 400 as n — oco. This means that (1.1) has infinitely many high energy
solutions {u, }nen such that

1 1 ~
f\|un||2 + fKa/ uid)(un)dx — F(z,un)dz + E/ 9(x)|un|dz — 400, as n — co.
2 4 R3 q 3

R3 R

O
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