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DYNAMIC BEHAVIOR OF A DELAY
CHOLERA MODEL WITH CONSTANT
INFECTIOUS PERIOD*

Xue-yong Zhou'', Xiang-yun Shi' and Jing-an Cui?

Abstract In this paper, a delay cholera model with constant infectious pe-
riod is investigated. By analyzing the characteristic equations, the local sta-
bility of a disease-free equilibrium and an endemic equilibrium of the model
is established. It is proved that if the basic reproductive number Ry > 1,
the system is permanent. If Ro < 1, by means of an iteration technique,
sufficient conditions are obtained for the global asymptotic stability of the
disease-free equilibrium. If Ro > 1, also by means of an iteration technique,
sufficient conditions are obtained for the global asymptotic stability of the
endemic equilibrium. Numerical simulations are carried out to illustrate the
main theoretical results.
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1. Introduction

Cholera is an acute bacterial illness caused by infection of the intestinal tract
with the bacterium Vibrio cholerae. Cholera may produce severe gastrointestinal
symptoms, including profuse, watery diarrhea, as well as vomiting and dehydra-
tion [13,17,22,29]. It has long been, and continues to be, a world health issue.
Cholera usually occurs in areas where there’s poor sanitation, over-crowding, war
or famine [30].

Mathematical models can describe the dynamic character of infectious diseases
to show the likely outcome of an epidemic. And they have played an important role
in the disease control in epidemiological aspect and help inform public health inter-
ventions. Waterborne diseases such as cholera, diarrheal disease, dysentery, giardia,
are caused by pathogenic microorganisms that most commonly are transmitted in
contaminated fresh water. Few researchers have contributed towards the mathe-
matical study of the eradication of waterborne diseases, for example, distributed
delay model [27], spatially explicit model [9,10], time-varying model [2,25], case

fThe corresponding author. Email address:xueyongzhou@xynu.edu.cn(X.
Zhou)

ISchool of Mathematics and Statistics, Xinyang Normal University, No. 237
Nanhu Road, 464000 Xinyang, China

2School of Science, Beijing University of Civil Engineering and Architecture,
Beijing 100044, China

*This work is supported by the National Natural Science Foundation of China
(No. 11701495), Scientific and Technological Key Projects of Henan Province
(No. 192102310193) and Nanhu Scholars Program for Young Scholars of
XYNU.


http://dx.doi.org/10.11948/20190006

Delay cholera model 599

studies model [24]. Recently, there have been several efforts in the mathematical
modelling of cholera dynamics. The first mathematical model of cholera was de-
veloped by Capasso and Paveri-Fontana [5]. In [5], they proposed a mathematical
model to describe the 1973 cholera epidemic in Bari (a city in Italy). In their ver-
sion, two equations describe the dynamics of infected people in the community and
the dynamics of the aquatic population of pathogenic bacteria. In 2001, Codego [6]
extended the model in reference [5]. She added an equation for the dynamics of the
susceptible population. She studied the role of the aquatic reservoir in the endemic-
epidemic dynamics of cholera. In [23], Pascual et al. generalized Codego’s model
by including a fourth equation for the volume of water in which the formative live
following Codeco’s [6]. In [32], Zhou X.Y. et al. considered a cholera model with
vaccination on the base of the model of Codego [6]. They added an equation for
the dynamics of the vaccinated populations. They analyzed the locally and globally
asymptotical stability of the disease-free and endemic equilibria of their system.
In [28], Jianjun Paul Tian et al. presented several nonlinear ordinary differential
systems of cholera, which incorporated both human population and pathogen Vib-
rio cholerae concentration. They employed three different techniques, including the
monotone dynamical systems, the geometric approach, and Lyapunov functions,
to investigate the endemic global stability for several biologically important cases.
We may find other mathematical studies on modeling cholera dynamics in refer-
ences [18-20,33]. To the best of our knowledge, these studies do not explicitly
confider a delay cholera model with constant infectious period.

In the natural world, there are many diseases which the infected population
recover and become susceptible or removed population by itself after they are in-
fected by some certain time. The phenomenon was studied by Hethcote et. al. [14].
For cholera, the incubation period ranges from a few hours to 5 days, usually 2-3
days [15]. Hence, in this paper, we will present a delay cholera model with constant
infectious period. We consider the total human population sizes denoted by N (¢),
which including susceptible individuals S(t), infected individuals I(¢) and recov-
ered individuals R(t). The pathogen population at time ¢, is given by B(t). The
susceptible human population is increased by births and/or immigration at a con-
stant rate A (> 0). Natural death occurs in the human classes at a rate p; (> 0).
Infected individuals may die due to cholera at a rate 6 (> 0). Infected people con-
tribute to the concentration of vibrios at a rate n (> 0). The pathogen population
is generated at a rate i (> 0) and the cholera pathogen has a natural death rate [
(> 0) in the aquatic environment, which in this case, is the set of untreated water
consumed by the population. According to Islam [16], we know that Vibrio cholerae
population decay does not necessarily imply death but also the transition towards
a non-culturable state. Hence, we assume i > i, and vibrios have a net death rate
H2 = ft — [i.

We assume that susceptible people becomes infected at a rate SA(B), where [ is
the rate of contact with untreated water and A\(B) is the probability of such person
to catch cholera. And A(B) depends on the concentration of Vibrio cholerae, B,
which is given by the dose-response function KLiB, where K is the concentration of
V. cholera in water that yields 50% chance of catching cholera [6]. We also assume
that when a susceptible individual is infected, there is a time 7 (> 0) during which
the infectious individual develops, and only after that time the infected individual
becomes the removed one [8,31]. The time 7 is called infection time. The probability
that an individual remains in the infectious period at least ¢ time units before
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developing Cholera is given by a step function with value 1 for 0 < ¢ < 7 and value
zero for t > 7. The probability that an individual in the infectious period time t
units has survived to develop cholera is e~ (#1197

The model is given in the following:

aSW) _ 4 _ BSWBW _ gy,

at K+B(t)
dI(t) _ BS(t)B(t Be~ H1tITS(t_B(t—1
< SRS BN G an
dR(t) _ Be MFITSG_m\B(t—7 ’
d:E ) = K+B§t77—) L pR(t),

B — nI(t) — 2 B(1).

The second equation of system (1.1) can be rewritten by formally integrating
the delay differential equations for I(t) as follows:
[T BS(t—0)B(t - 0)6_(
~Jo K+ B(t-0)

I(t) mi+9)0 g (1.2)

Furthermore, from the last two equations of system (1.1), we can obtain

tﬂS(t—a)B(t—e))e,(

1) = —(p1+0)t —(u1+0)T
R(t) = R(0)e +e ; K+Bi-0)

n1+8)(t=0) 79 (1.3)

B(t) = B(O)e*#ﬁ + ne*ﬂ'zt /OtI(q)e““dq. (1.4)

The initial conditions for system (1.1) take the form

5(0) = 1(0), 1(0) = ©2(0), R(0) = p3(0), B(6) = ¢4(0),

(1.5)
901(9) > 076 € [_7—7 0]7@1'(0) > O,i = 17273747

where (¢1(6), p2(0), p36), ¢4(0)) € C([—7,0], R%,), the Banach space of continuous
functions mapping the interval [—7,0] into R%,, where RY, = {(z1, 22,23, 24) :
x; > 0,i=1,2,3,4}.

In this paper, we will discuss the dynamical behavior of system (1.1). The
remainder of this paper is originated as follows. In the next section, we present
some basic results, for example, the positive invariance of system (1.1), the existence
of equilibria, the boundedness of solutions. In Section 3, we derive the local and
global stability of the disease-free equilibrium. A set of conditions which assure the
permanence of the system (1.1) are obtained in Section 4. In Section 5, we derive
the local and global stability of the endemic equilibrium. Numerical simulations are
carried out to illustrate the main theoretical results in Section 6. A brief discussion
is given in Section 7 to conclude this work.

2. Some basic results

In this section, we present some basic results, such as the positive invariance of
system (1.1), the existence of equilibria, the boundedness of solutions. It is im-
portant to show positivity and boundedness for the system (1.1) as they represent
populations. Positivity implies that populations survives and boundedness may be
interpreted as a natural restriction to growth as a consequence of limited resources.
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2.1. Positivity

Since all the state variables (i.e. S, I, R, B) in system (1.1); susceptibles, infectious,
recovered and the v. cholerae population are number densities, then they are re-
quired to be non-negative. Hence, we need to show the positivity of solutions of the
system (1.1).

Theorem 2.1. The solutions S(t), I(t), R(t), B(t) of system (1.1) are positive for
all t > 0 with initial conditions (1.5).

Proof. Let T =sup{t >0:5>0,1>0, R>0, B>0in|0,¢t}. Clearly, T > 0,
and if T' < oo then one of S(t), I(t), R(t), B(t) must be zero. We have from system
(1.1) that

d Y BB(u) " BB(u)
a[S(t) exp{/O mdu—kult}] = Aexp{/0 mdu+u1t}.
Thus,
" BB(u) " *. BB(@)
S(T)exp{/o g T} =S(0)= /O Aexp /O (o gy ot mabde,
so that
S«r>:sxmjxp{4<—Kffﬁgl)du—un}+expg[;—Bffﬁgi)du—uﬁr}
*  BB(v)
x/o Aexp/O {mdv+u1x}dx>0.

From the second equation of system (1.1), we have

t
BS(W)B(u) _(uys)—
I(t) = p1+6)(t—u)
(t) K+ B e du >0,

which is strictly positive in [0, €] for small € > 0.
From (1.3) and (1.4), we can conclude that R(¢f) > 0 and B(¢t) > 0. Thus we
can conclude that solutions of system (1.1) remain positive for all ¢ > 0.

2.2. Boundedness

Theorem 2.2. All solutions of system (1.1) satisfying conditions (1.5) are bounded
for allt > 0 at which the solution exists.

Proof. From the first equations of system (1.1), we can obtain

d(S(t) + I(t) + R(t))

0
< dt

< A= (S(t) + I(t) + R(t))

for ¢ > 0 with initial condition S(0) 4+ I(0) + R(0) > 0. Thus, we can get
A *( +5)7‘ A

0<S(t)+[(t)—|—R(t)S(S(O)—!—I(O)%—R(O)—’u—)e H +/7

1 1

fort > 0.
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From the last equation of system (1.1), we can get

dB(t) A
— L <pn= — s B(t
q S e (t)
fort > 0.
Hence,
A A
0< B(t) < (B(0) — L2 yemmat 1 T2
M1 2 H1p2
for ¢ > 0.

We can obtain that

nA
12

A
Q:{(S,I,R,B)eRi|0<S+I+R§M—,O<Bg b
1

We complete the proof of the theorem.

2.3. Equilibria

It is easy to see that the system (1.1) always exists a disease-free equilibrium
Ey(50,0,0,0) (where Sp = ﬁ), which exists for all values of the parameters.

In order to consider the existence of the endemic equilibrium E*, we need de-
fine the basic reproduction number Ry according to the definition in [7], extended

o~ (u+5)T
Abn(A—e "177) R is called the basic

to a delay epidemic model. Let Ry = TR TES)

reproduction number.

System (1.1) has an endemic equilibrium E*(S*, I*, R*, B*) when R > 1, where
g* — K(pato)ua+An(l—e” 1H07) oy Afn(l—e” “UHOT) - Kpnpa (i t6) e _ e

- n(B+p1)(1—e= (H1+0)T) ) - n(BS+u3+u16-+u18) ) T ot
R* - LBe—(u1+§)1—sr«B*

- 1 K+B* :

As Ro = 1, E* becomes coincident with Fy. Hence, E* exists iff Ry >
1. In this case, the infectious period 7 must be larger than the threshold 7* =

1 ABn
p1+d In( ABn—Kpipz(p1+90) )-

2.4. Characteristic equation

Let E(S,I, R, B) be arbitrarily equilibrium of system (1.1). To study the locally
asymptotic stability of the steady states £, let us define z;(t) = S(t) — S, z2(t) =

I(t) — I, x3(t) = R(t) — R and x4(t) = B(t) — B. Then the linearized system of
(1.1) at F is given by

dacét(t) = (1 + KﬁTBB)xl(t) - %M(t%
220 — BBwi(t) — (i1 + 0)wa(t) + ZiEwa(t) - LB (b — 1)
S (), (2.1)
dz;,t(t) _ ﬁée;(tga)f Ty (t —7) — pas(t) + %m(t —7),
dza(t)

a - = 1r2(t) = para(t).
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We then express system (2.1) in matrix form as follows:
I‘l(t) ZZZl(t) zl(th)
d | x2(t To(t To(t — 7
R R R I Ed
x3(t) x3(t) x3(t —7)
x4(t) x4(t) x4(t —7)
where A; and Az are 4 x 4 matrices given by
BB BKS
—(m+ 355) 0 0 (K+B)?
8B BKS
4 = 5 i+ 0 gage ’
0 0 —p1 0
0 n 0 —p2
0 00 0
,BB@’(‘”J“&)T 00 BKSE*(LMJJ)T
A, — |  E+B_ T (K+B)?®
2 — [B’Bef(“l*é” 00 ﬁKSef(u1+5)T
K+B (K+B)?
0 00 0
The characteristic equation of system (1.1) is given by
AN =M — A — e MAy| =0, (2.2)

where 7 is the 4 x 4 identity matrix.

3. Stability of disease-free equilibrium FEj

In this section, we will discuss the local and global stability of the disease-free

equilibrium Ejy of system (1.1), respectively.
For the disease-free equilibrium Ey, (2.2) becomes

1 — A 0 0 — 8%
0 —(um+d)—x 0 B BSue—(utd)re=ir
0 0 —pq — A %e—(/Ll"t‘é)Te—)\T
0 n 0 —p2 — A
ie.,
(/\ + /1‘1)2]01()" T) =0,
where

FrGT) =22+ (1 4 6 + pa) A+ (1 + O)pa — 7

n8So n n8So e_(’“"'é)re_/\T.
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Clearly, (3.1) always has two negative roots \y = Ao = —puy. Other roots of (3.1)
are determined by the equation f1(A,7) = 0.
From

1A, 0) = N+ (1 + 8 + p2) A + (1 + )p2 =0, (3.3)

it is apparent that (3.3) has two negative roots —us and —pq — 6 if Ry < 1.
Now, when Ry < 1, we need to show that all the eigenvalues in f;1(\,0) =0
have negative real parts. First, note that any eigenvalue in f1()\,0) = 0 satisfies

S S
O+ 1+ 6) O+ paa) = ”i’(o _ %e—<m+s>76_h7
which is equivalent to
A A 1 — e~ (B1+8)To—AT
DN(—=+1)=7R
(”1+5+ )(Mz b 07 Ze—(mto)r

Assume that there exists a zero in f1(A, 7) = 0 with Re()\) > 0, then |ﬁ +1|>1,

N 1—e—(H1H+8)T o= AT
|E + 1| > 1. We can get, T _e—miTor

Hence, all the eigenvalues in (3.1) have negative real parts, implying Ej is locally
asymptotically stable.
Then we have the following theorem.

| > 1, which leads to a contradiction.

Theorem 3.1. If Ry < 1, the disease-free equilibrium Eq is locally asymptotically
stable for all 7 > 0.

In the following, we will consider the attraction of the disease-free equilibrium
for system (1.1). In order to consider the attraction of the equilibria and the per-
manence of the solutions of system (1.1), we need the following important lemmas.

Lemma 3.1. (Fatou Lemma) [11] Let {fn}nen, be a measurable sequence of non-
negative function defied on a measurable set ). Then

n—-+oo n—-+o0o

/ liminf f,dz < liminf / fod.
Q Q

Lemma 3.2. (Inverse Fatou Lemma) [11] Let {f,}nen, be a measurable sequence
of mon-negative function defied on a measurable set ). If there exists a non-negative
integrable function g defined on 1 and such that f, < g on Q for all n, then

/ limsup f,dxr > lim Sup/ fndz.
Q Q

n—-+oo n—-+o0o

Lemma 3.3. (1) limsup B(¢) < A limsup I(t);
t—+oo M2 t—4o0

S n . .
(%) il B 2 5 it 1O,

Proof. From the last equation of system (1.1), we can obtain

B(t) = " (B(0) + /0 DI (s)et=*ds).
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From Lemma 3.1, we can get

t
limsup B(t) = limsup e #2* B(0) + lim sup e‘“Qt/ nl(s)er?*ds.
0

t—+oo t—+oo t—+oo
t

§nlimsupe_"2t/ lim sup I(s)e***ds.
0

t—+o0 s——+00

Hence, limsup B(t) < I Yim sup I(t).
t—+o0 M2 t—+oo

Similarly, we can get lim inf B(t) > 1 Yim inf I(t).
t—+o0 o t—+o0

Theorem 3.2. If Ry < 1, the disease-free equilibrium Ey is globally attractive.

Proof. Let (S(t),I(t), R(t), B(t)) be any positive solution of system (1.1) with
initial conditions (1.5). It follows from the first equations of system (1.1) that

— < A— S
at =M
A standard comparison argument shows that

A
limsup S(t) < —.
t—+oo M1

Hence, for ¢ > 0 sufficiently small, there is a T7 > 0 such that if t > T3, S(t) < ﬁ—l—e.
It follows from the second equation of system (1.1) that

t T
BS(W)BW) (1 +6)(t- BS(t—<)B(t—<) _
I(t) = PO o= (i t0) (E—u) g (B1+0)s g
=) K Bw ¢ "l KB ¢
(3.4)
From (3.4), we can obtain

T t—<)B(t —
limsup I(t) = lim sup BS(t —9)B(t ) e~ (1405 g

t—+o00 t—+oo Jo K+ B(t —«)

By Lemmas 3.2 and 3.3, we can obtain

2 Yimg sup B(t) < limsup I(¢)
N t—+o00 t—+o0o
Blimsup B(t)
t——+oo . _ -
< - limsup S(t)e (F1+9< ¢
“Jo K+ limiup B(t) 140 0
— 400

Blimsup B(t)

< é t—+o0 /T e—(;¢1+6)§dg
~ w1 K +limsup B(t) J,

t——+o0

T

(3.5)

Blimsup B(t)
BA__(] — e~ (m+d)my___12F i
p1(pa+o) K + limsup B(t)

t——+oo

From (3.5), we can get

Blimsup B(t)

t—+o0 .
Ro—1-1 B(t)) > 0. 3.6
K + limsup B(t)( 0 ?Bilolop ®) 2 (3.6)

t——+oo
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Noting that Rg < 1, it follows from (3.6) that
limsup B(t) = 0.

t——+o0
Therefore, for € > 0 sufficiently small, there is a T > T3 such that if t > T5,

B(t) <e.
For € > 0 sufficiently small, we obtain from the third equation of system (1.1)

that, for t > T5 + T,
Be~(m+d)T(A 4 o)

dR(t)
i = K — k().
Hence,
56—(u1+5)T A +¢&)e
lim sup R(¢) < (G +e)
t—+400 pa (K +¢)

Letting € — 0, it follows that , ligl R(t) = 0.
—+00
From the first equation of system (1.1), for ¢ > T5, we can obtain

ds(t) Be
——= > A—St) - S(t).
a2 ATmS - TS
By comparison it follows that
A
liminf S(¢t) > —
oo K + K+e

Letting ¢ — 0, we get

A
liminf S(¢) > —.
t—+oo /“Ll

Therefore,
) A
lim S(t) = —.
t——+oo ,ul

A
From (3.5) and limsup S(¢t) < —, for ¢t > Ty + 7, we can obtain

t——+oo H1
. pA ~(u+)7 e
SO T R S s BO)
t—+o00
<l (1 - e (atom) Kﬁ—i ¢

Letting € — 0, we get
limsup I(t) = 0.

t—+o0

This completes the proof.
From Theorems 3.1 and 3.2, we can obtain the following result.

Theorem 3.3. If Ry < 1, the disease-free equilibrium Ey is globally asymptotically

stable for all 7 > 0.
Theorem 3.4. If Ry > 1, the disease-free equilibrium Eqy is unstable.
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Proof. Let

77650 + @e*(#ﬁﬁ)'ref)\r'

FLON) = A2 (1 + 04 po) N+ (1 + 0o — e

If Rp > 1, then it is easy to show that, for A real,

fl(o) = (Ml + 6)/},2 — W% + 77,3%6—(“1_;’_5)7_
= (u1 + d)ue(l — Ro)
<0

and

Hence, (3.2) has a positive root at least. Accordingly, the disease-free equilibrium
Ey is unstable if Rg > 1. O

4. Permanence

In this section, we will investigate the permanence of system (1.1).

Definition 4.1. System (1.1) is said to be permanence if there exists a compact
region Qo C int RY such that every solution (S(t),1(t), R(t), B(t)) of system (1.1)
with initial conditions (1.5) will eventually enter and remain in the region €.

Theorem 4.1. If Ry > 1, system (1.1) is permanent.

Proof. Let (S(t),I(t), R(t), B(t)) be any positive solution of system (1.1) with
initial conditions (1.5). Recalling N(¢) = S(¢) + I(t) + R(t), it follows from the first
three equations of system (1.1) that

AN (1)
dt

=A—uN(@)—0I(t) < A—pN(t).
A standard comparison argument shows that

limsup N(t) < é, (4.1)
H1

t——+oo

which yields

A
limsupI(t) < —.
t—+o00 H1
Hence, for € > 0 sufficiently small, there is a 77 > 0 such that if ¢ > T7,
I(t) < ﬁ + . It follows from the last equation of system (1.1) that, for ¢ > T3,

T <2 +0) - Bl

which yields
A
limsup B(t) < i(— +e).
t——+o0 M2 M1
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Since the above inequality holds for arbitrary € > 0 sufficiently small, it follows that
A
limsup B(t) < 22
t—+o00 M1 p2

Hence, for € > 0 sufficiently small there is a 75 > 0 such that if t > Ty, B(t) <
n A

—— +te.
M1 2

It follows from the first equation of system (1.1) that, for ¢t > T,

n A
s e
dfh(f)ZA_(ul_Fﬁ(“l/”)

) (t)7
K n
+ K1 (2 te
which yields

B(LA +¢)
liminf S(¢) > A + ).
lim inf S(t) > A/(1n K+#1u2+€)

Since this inequality holds for arbitrary e > 0 sufficiently small, it follows that

n A
lim inf S(t) = Af(m + —75) 2 vy (4.2)
M1 p2

Hence, for € >0 sufficiently small there is a T3 >T» such that if ¢ >T53, S(t) >v; —
Choose positive constants By large enough and d small enough such that

Aﬁn(l _ e—(/L1+6)T)[1 _ (#1+

e K+BO )d]
(11 + 6)p2[Kp1 + BO (1 + B)]

1<

A

q. (4.3)

We now claim that if Rg > 1, there does not exist any £; > 0 such that B(t) < B°
for all ¢t > t;. Otherwise, there exists a ty such that

B(t) < Bt > t.

(4.4)
It follows from the first equation of system (1.1) and (4.4) that, for ¢ > to,
dS(t) BB
A s A — = )
W 2 A+ 2080
Thus, for t > ty + d, we have
B0 ¢
S(t) > S(te)e™ VT =t A/ 1+ 3250) (1) g
to
AKABY) it (4.5)
= BB + (K +B% " ©
£ G4,

For t > 0, define a differentiable function

Vi =050 4 10 - pe o [ ST )
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Calculating the derivative of V' (¢) along solutions of system (1.1) we derive that

dv(t) _ pe(p +9) [775(1 — e batIT) S5()

_ —1]B(1).
dt n (1 +90)pe K+ B(t) 1B
It follows from (4.4), (4.5) and (4.7) that
_ o= (p1+0)T A
AV(E) , ol +0) mB(L e )" B
dt n (1 +8)p2 K+ B°
- W(q —1)B(t),t > to +d.

Set

B) = min I(tg+d+71+5)>0.
s€[—7,0]

The second equation of (1.1) can be rewritten as

" S(w)B(u)

(8 E=w) g, > 7.
- K+ Bw)" L=

I(t) = p

It follows from (4.9) that

t* A RO A R0
STB —ats) - g, — P57B 1

= (1 _67(M1+5))'
v_r K+ B K+ B +46

I(t) > B

From the last equation of system (1.1) we can get

dB(t) BSABY 1
it K+ B+

(1- e—(u1+5)) — uaB(1).

Hence,

B(t) > iﬁSABlO !
T e K+ B i+ 6

Since BY < BY, we derive from (4.2) that

(1— e*(“ﬁ‘;)).

DL eI S8 g o) g8
(1 +6)ue  K+BY~  (uu+8ps K+B°

=q>1

(4.7)

(4.8)

(4.10)

(4.11)

We deduce from (4.10) and (4.11) that B(¢t*) > B?, which is a contradiction.

This proves the claim.
Therefore, we obtain from (4.3) and (4.8) that

dv(t) S pa(p + (5)(

—1)BY >0,
0 ; q—1)B;

which implies that V(t) — oo as ¢t — co. On the other hand, it follow from (4.1)

and (4.6) that

A 5 A A2~ (p1+0)T
limsup V(t) < Alm +0) A y=2° T
t—+o0 12 pr o (K paps 4+ nA)

A contradiction occurs. Hence, the claim is proved.
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By the claim, we are left to consider two possibilities. First, B(t) > B° for all ¢
sufficiently large. Second, B(t) oscillates about BY for all ¢ sufficiently large.
For the second case, we assume that

B(t;) = B(t +v) = B and B(t) < B® for t; <t < t; +7,

where ¢; sufficiently large such that S(t) > vy — e for € > 0 being sufficiently small.
Since B(t) is uniformly continuous, there is a 0 < T < 7 (independent of the choice
of ¢1) such that B(t) > BTO for t; <t <y +T. If v < T, there is nothing to prove.
Let us consider the case that T' < v << 7. For t; + T <t <t; +, we have

I(t) > B(vy o K+(u) )6f(u1+6)(t*u)du
S R R
0
> ﬁ( )2£+Tue (h140)T

From the last equation of system (1.1), we have

dB(t) BT _ .
5 2 nB(v1 — E)WG bt 0T — 1y B(1).
Hence,
1 BT
B(t) > — )t . B
()_Mﬁﬁ(vl 6)2K+BO€ 0
Define
BO
By = min{ -, By}. (4.13)

We get I(t) > I for t € [t1,t1 +~]. For t € (t; +7,t1 + 7], from (4.12), we have

I(t) > B(vy — ) f;j; e (Dt gy )

> B(vy )2(551'3 ye —(p1+8)T

From the last equation of system (1.1) and (4.14), we have

dB(t) B]_T —(
> _ p1+6)T B(t).
dt fel 773(“1 6)2(K+Bl)e M2 ( )
Hence,
B(t) > 1 Blvy — €) Bi7 e~ (m+d)T & p (4.15)
N uzn ! 2(K + By) > .

For t € (t1 + 7,t1 + %], from (4.15), we have

I(t) 2 Blor —e) [T et dy (4.16)

> B(ny )%(Wﬁé)f,

From the last equation of system (1.1) and (4.16), we have

dB(t) B2T _(
— > —e)—— )T _ .
e i) 2K + Ba)* 12 B(?)
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Hence,
1 BQT
B(t) > — V] — ) e~ mtT £ B 4.17
()_M??IB( 1 )2(K+B2) 3 ( )
Denote
1 B‘_lT
B, = — v, —€ ]76_(’“”)7, j=2,3,---,2k — 1. 4.18

Continuing the process above, we derive that

1
B(t) 2 Bgm_g,t S (tl + (m — 1)7’, tl + (m — *)T];

2
1
B(t) > Bam—1,t € (t1 + (m — §)T,t1 +m7],m=2,3,--- k.
Denote
vg = min B;,
1<i<2k—1
where k = [¢] ([z] is the minimum integer being greater than or equal to z), and

B; (1 <i<2k—1) are defined in (4.13), (4.15), (4.17) and (4.18).

Obviously, if v < d, B(t) > vq for t € [t1,t1 +]. If v > d, then B(t) > vq for
t € [t1,t1 4+ d]. Furthermore, we can show that B(t) > vy for t € (t1 +d,t1 +7]. In
fact, if not, there exists a T such that B(t) > v for t; <t <t; +d+T* <t1+7~
and B(t; +d + T*) = va. On the other hand, B(t) < B® for t; <t < t; +. Then
(4.5) holds true, i.e., S(t) > S* for t > t; +d. Tt follows that, for t = t; +d + T*,

I(t) > BS2 v,y fttf'r e~ (r1+8)(t—u) 7.,

f K—‘,—;gsz 7(M1+5)T (419)
= B+v2) (1 49) (1—e )-
From the last equation of system (1.1) and (4.19), we have
dB(t) nBS% vy —(
> 1—e Wty 1y B(1). 4.20
dt _(K+’Ug)(‘u1+5)( e ) H2 () ( )
Hence,
A
B> L5702 o
~ p (K +w2)(pa +0)
Noting vo < BY, we derive from (4.3) that
1 — e~ (Ba+d)T A 1 — e (Bat+d)7T A

(1 +0)pe K +wvy — (u1 +0)p2 K+ BY

Hence, we can deduce from (4.20) and (4.21) that B(t1 +d + T*) > vg, which
is a contradiction. Therefore, we have that B(t) > vq for t € [t1 + d,t; + 7). Since
this kind of interval [t; +d,t1 + 7] is chosen in an arbitrary way (we only need ¢; to
be large), we conclude that B(t) > vy for all ¢ sufficiently large in the second case.
Accordingly, ltan _&1;15’ B(t) > vs.

Hence, for ¢ > 0 sufficiently small, there is a T, > T3 such that if ¢ > Ty,
B(t) > vy — e. For € > 0 sufficiently small, it follows from the third equation of
system (1.1) that, for ¢t > Ty,

dR(t) S Be= AT (v — ) (vy — )
dt - K —+ Vg — &

- ,U/]_R(t),
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which yields
—(p1+0)7 _ _
liminf R(t) > per UG 8).
t—s+oco o (K + vg — )

Since the inequality holds true for arbitrary € > 0 sufficiently small, we conclude

that
Be—(ln +5)T,U1v2

liminf R(t) > ——————= = ;3.
minfR() 2 = ey %
From the proof we can see that ltim+inf I(t) > w4, where vqy = &vg. This
——+o0

completes the proof.

5. Stability of endemic equilibrium E*

In this section, we will discuss the locally and globally asymptotical stability of the
endemic equilibrium E* of system (1.1), respectively.
For the endemic equilibrium E*, (2.2) becomes

B* KS*
i g A 0 0 ~rny
%(1—67(’““)7) —(u1+8) =X 0 %(1_(@&6)7) L
B* - 1 T KS* _ 1 T )
%e (H +5) 0 _,LL]__A (I?‘,riB*)Qe (H +5)
0 n 0 —l2 — A

ie.,

A+ 1) [N+ K1 (TN 4 ko (T)N + k(1) + e_’\T(m(T))\ + k5(7))] = 0, (5.1)

where .
K1(T) = 2p1 + po + 6 + KBfB*’
Ko (T) = 2pap2 + pn + pf + %(ul + Apg +8) 4 dug — ”(Kﬁfgi)’ﬂ
K3(T) = Spiapin + pips — N (Kﬂfg**)z + Kﬂf*B* (1o + dp2),
ra(T) = 6_(”1+6)T77(K6fg1)27
r5(T) = e—<m+6>777ﬂ1([ffgi)2 :

Clearly, (5.1) always has a negative roots A\; = —puj. Other roots of (5.1) are
determined by the following equation

N R (TN + Ko ()X + ka(T) + e (ka(T)N + K5(7)) = 0. (5.2)
When 7 =0, (5.2) becomes

A k1 (0)A2 + (K2(0) 4 £4(0))X + £3(0) + K5(0) = 0. (5.3)
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It is easy to see that £1(0) > 0, k2(0)+x4(0) > 0, k3(0)+£5(0) > 0 and k1 (0)(x2(0)+
k4(0)) — (k3(0) + k5(0)) > 0 when 7 = 0. Hence, the endemic equilibrium E* is
locally asymptotically stable when Ry > 1 and 7 = 0. In the following, we will
consider the local stability of E* when Ry > 1 and 7 > 0.

If iw (w > 0) is a solution of (5.2) if and only if

3

—iw® — k1w? +ikow + K3 + (coswT — sinwT) (k4w + K5) = 0.

Separating real and imaginary parts, we have

—w3 + Kow + Kaw COSWT — Kz sinwT = 0,

(5.4)
—Kk1w? + K3 + Ksw COSWT + kg sinwT = 0.
It follows from (5.4) that
WO + 9wt 4+ 9ow? + 095 =0, (5.5)
where
Y1 = KT — 2ko,
Vo = K3 — Ky — 2K1K3, (5.6)
U3 = K3 — KE.
Let z = w?. Then (5.5) becomes
22+ 0122 + 0924+ 95 = 0. (5.7)

In order to consider the existence of positive zeros of the above third degree
polynomials, we need the following lemma.

Denote A = 92 — 305 and 2z = M.

Lemma 5.1 ( [26]). Let g(z) = 23 + 9122 + 2z + V3.

(1) If 93 < 0, then equation (5.7) has at least one positive root.

(2) If 93 > 0 and A < 0, then equation (5.7) has no positive root.

(8) If 93 > 0, then equation (5.7) has positive roots if and only if z1 > 0 and
g9(z1) <0.

From Lemma 5.1, we can conclude that if 93 > 0 and A < 0, the positive
equilibrium E* of system (1.1) is locally stable. If (i) 93 < 0, or (ii) ¥3 > 0 and
g(z1) < 0 where z; = M > 0, then stability switches may occur. In order to
find the 7 values of stability switches, for each positive root w(7) of equation (5.5),

we define the angle §(7) € (w, 27) as a solution of

K3k4W — Koksw + n5w3

sinf(7) = (a1 Hg

)

K3k + H2K4w2 — m4w4

cosf(r) = — () 2

For each w(7) satisfying (5.5), we define

0(7) + 2nw

Sp(r)=7— o)

,n=0,£1,£2 . (5.8)
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According to the well known work on characteristic equation of delay differential
equations with delay-dependent parameters developed by Beretta and Kuang [?],
we have the following results.

Theorem 5.1. Suppose Rog > 1 and 91,302,953 are defined in (5.6). For system
(1.1), we have

(1) If ¥3 > 0 and A < 0, the endemic equilibrium E* is locally asymptotically
stable for all 7 > 0.

(2) Let ¥3 < 0, or 93 > 0 and g(z1) < 0 where z; = M > 0. Assume that
there is a 11 > 0 satisfying S, (77) = 0 for some n € Ny and that (5.5) has a pair
of simple and conjugate pure imaginary roots A\ = +iw(m) with w(ry) > 0. Then
a pair of simple conjugate pure imaginary roots A\ = +iw exists at T = 77 which
crosses the imaginary azis from left to right if 6(75) > 0 and crosses the imaginary
axis from right to left if 6(77) < 0, where

. . d(Re . dS, (T
5<7-1) = Slgn{ (dT )lk:iw(rf)} = szgn{ d; )|T:Tf}'

Theorem 5.2. If Ry > 1 and p1 > S hold true, then the endemic equilibrium E*
is globally attractive.

Proof. Let (S(¢),I(t), R(t), B(t)) be any positive solution of system (1.1) with
initial conditions (1.5). Let

t——+oo t—+oo t——+oo t——+oo

S =limsup S(t), I = limsup I(t), R = limsup R(t), B = limsup B(t),
S

= liminf S(¢),1 = liminf I(¢), R = liminf R(t), B = lim inf B(t).

t—+o00 t— o0 - t——+o00 - t— o0

In the following we claim that S=S=S5*,I=1=1*, R=R=R*, B=B = B*.
It follows from the first equation of system (1.1) that
ds

— < A -
= p1S,

which yields

A
limsup S(t) < — 2 M7,
M1

t—+oo

Hence, for e > 0 sufficiently small there is a 77 > 0 such that if ¢ > T;, S(t) <
M{ +e.

It follows from the second equation of system (1.1) that

t T
_ BS(W)BW) _(uioyt—u) g, [ BSE=S)BE =) _(u+s)
=] KiBw® = TR TBlE—q ¢ de.

(5.9)
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We derive from (5.9) that

T ﬁS(t — ()B(t - C) e_(“1+6)§d§

limsup I(¢) = limsup

t——+o00 totoo Jo K +B(t—¢)
, Blimsup B(t —¢)
t—+o0 . } ,( 14+0)s
< 1 S(t— " d
~— Jo K+limsupB(t—¢) ?Llilolop (t=<)e N
t—4oc0
- Blimsup B(t)
t—+o00 P —(p1+9)s
< 1 S(t)e d
~ Jo K+ limsup B(t) ?iligop (t)e *
Slimsup B{7)
im sup -
t——+o00 MS 67(#1+6)§d§ (510)
= K +limsupB(t) ' J,
e lim sup B(#)
imsu
_ oMY (1 — e (a+d)r ey
p1+9 K + limsup B(t)

" t—4o0
— lim sup I(t)
S
< AM; (176*(H1+5)7) H2 t—+oo

T A9 K—i—ﬂlimsupl(t)'
H2 t—+oo

From (5.10), we can obtain

MP(1— e (mtdmy |
limsupl(t)gﬂ rd-e ) _ K 2 Ml
t—+00 p1+9 n

Hence, for € > 0 sufficiently small there is a 75 > T7 > 0 such that if ¢ > T5,
I(t) < M+
From the last equation of (1.1), we can get

limsup B(t) < &limsupI(t) < &M{ 2 MP.
n

t— 400 N t—+o00

Hence, for ¢ > 0 sufficiently small there is a T3 > T5 > 0 such that if ¢ > Tj,
B(t) < MP +e.
It follows from the third equation of system (1.1) that, for ¢ > T5 + T,

AR _ Be”MmHIT(MP + ) (MP +¢)
dt — K+MP+e

— pR(t).

Hence,

1 Be—(m+d)(prS MPE
limsup R(t) < 1 pe (M ]—:E)( r+e)
t—+oo 751 K+ MP +¢€

Since this inequality holds true for arbitrary ¢ > 0 sufficiently small, we conclude
that ( :
1 —(p1+90 TMSMB
limsup R(¢) < 1 Be Bl 1
t——+oo M1 K —+ Ml

Therefore, for ¢ > 0 sufficiently small there is a Ty > T3 +7 > 0 such that if ¢ > Ty,
R(t) < ME +¢.

2 M.
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It follows from the first equation of system (1.1) that, for ¢t > Ty

dS(t) BIMP +¢)(MP +¢)
24 — w1 S(t).
at = K+MP+e mS()
By comparison we derive that
S B
liminf S(t) > 44— P LM )y
t—+oco 1 K+M1 +e

Since this inequality holds true for arbitrary ¢ > 0 sufficiently small, we conclude
that ltimlnf S(t) > N7, where
—r+00

1 BMPMP

NS =14 )
1 ,Ul[ K—|—MlB}

Hence, for ¢ > 0 sufficiently small there is a T5 > Ty such that if ¢ > T, S(t) >
N7 —¢. It follows from the second equation of system (1.1) that for ¢ > T

T _ B _
liminf 7(¢t) = lim inf BS(t—9B(t ) e~ (m+8)s g
t=too to+o Jo K+ B(t—¢)
r Bliminf B(t —¢)
t——+o0

= Bmint St — ¢)e— Ty
= Jo K +liminf B(t — ) t—t S(t—cqe c
t—+o00
T ﬂltim_gnfB(t)
= Ll inf S(t *(H1+6)§d
Z )y B timm B mnf s 3
t—+o0
B liminf B(t)

t—+o0 S T —(M1+5)§
— = N d
~ K +liminf B(t) 1/0 N N
t—+o0

(5.11)

lim inf B(t)
(1— e mtor) 1ot
K +lim inf B(t)
—+o0
n .. .
— liminf I(¢
BNE (| g-tmoyry Mz tobe © .
it K+ L lim inf 1 (t)
,UQ — 100

_ BN?
R

By Theorem 4.1, we see that if Rg > 1, ltim Jrinf I(t) > 0. Therefore, we derive from
—+00

(5.11) that

N (1 —e~m+7y K
liminf 7(t) > 2T =€ ) _ Kbz o 1
t—+oco 1 +90 n

Hence, for £ > 0 sufficiently small there is a Tg > T5 such that if ¢ > Tg, I(t) >
N —e.
From the last equation of (1.1), we can get

liminf B(t) > 2 liminf I(¢) > P2 NI 2 NB,
"

t——+o0 ’[7 t——+o0

Hence, for € > 0 sufficiently small there is a T7 > Tg > 0 such that if ¢ > T,
B(t) < NP —«¢.
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It follows from the third equation of system (1.1) that, for ¢ > T7 + T,

dR _ fe= T (NF — )(NP —e)

— mR(®).
it = K+ NP —«¢ mR(Y)

Hence,
1 —(pa+d)T (NS _ NB _
liminf R(t) > —5¢ (NF (NP — <)
foee f1 K+ NP —¢

Since this inequality holds true for arbitrary ¢ > 0 sufficiently small, we conclude

that
1 e~ +ITNSNP

im i > 2 NE
i R = R Ak
Therefore, for ¢ > 0 sufficiently small there is a Tg > T7 4+ 7 > 0 such that if ¢ > Tg,
R(t) > N —e.
Again, it follows from the first equation of system (1.1) that, for ¢ > Ty
dS(t) BINY —e)(NF —¢)
— 2 <A — 1 S(t
dt  — K+ NP —¢ St
By comparison we derive that
1 N —e)(NP —
liminf $(t) < (4 — 2 5)53 r =9
t—-+00 1 K+ NP —¢

Since this inequality holds true for arbitrary ¢ > 0 sufficiently small, we conclude
that lim inf S(#) < M5, where
—r+00

1. . BNPNP

My =—[A- L
2 | K+ NP

S m

!

Hence, for € > 0 sufficiently small there is a Ty > Tg such that if t > Ty, S(t) <
M5 +e.

Repeating the above arguments, we obtain eight sequences M, MI M MB
NS, NI NE NB (n=1,23,--) such that, for n > 2,

1 BNS_ NB
S _ n—1+"n—1
My =14 K + NB )

h S

1 MSM
NZ=—[A MM,

n lll - K_'_MnB]?
[ BMF(L— e tFIT) Ky

MTL 6 i
ni = BNZ( = enHOT) K
" p1 46 n (5.12)
MB = Lt
n /JLQ n?
NB = Lyt
n /JQ n?
AR 1 Be~m+OT SN B
. K+ MB ’
i L e T NEND

T K+ NP
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Clearly, we have that
S <S<S<MFNI<I<T<M]
W<R<R<MINJP<B<B<M).
It follows from (5.12) that

MS«H i[(l _ E)A-i- (Ml — ﬁ)K(Ml +5)M2 + QZM;?] (513)

2 H1 N1 (1 — e=(m+o)T) B

Noting that M7 > S* and u; > 3, it follows from (5.13) that

1 B (u1 +6)  Kus

My — My = I(l—a)[A+ 1 — e (mtd)7 — (B4 p) M
B (b1 +6) Kpp
<—@1-—)A
< U= A T S (5 m)ST]
=0.

Therefore, the sequence M2 is monotonically non-increasing. Hence, hm M ol
7L—) o0

exists. Taking n — 400, it follows from (5.13) that

lim M7 = S*.

n—-+o0o

We obtain from (5.11) and (5.13) that

lim NS S*, hm MI—I* hm M = R", hm MB B*,

n——+oo n—> [e'e) n—> [e'e) n——+oo

lim NI =T, lim NE =R, lim NP = B*. (5.14)

n—-+4oo n~> oo n—-+oo

It therefore follows from (5.13), (5.14) and (4.15) that

lim S(¢t)=S*, lim I(t)=1TI", lim R(t)=R*, lim B(t)= B".
t—+o00 t—+o00 t—+o0 t—+o0
Hence, the endemic equilibrium E* is globally attractive.
From Theorems 5.1 and 5.2, we can get the following result.

Theorem 5.3. If Rg > 1, uy > 5, 93 > 0 and A < 0 hold true, then the endemic
equilibrium E* is globally asymptotically stable.

6. Numerical simulations

In the previous sections, we introduced the analytical tools proposed and used them
for a qualitative analysis of the system obtaining some results about the dynamics of
the system. In this section, we perform a numerical analysis of the model based on
the previous results. In order to illustrate feasibility of the main results of Theorems
5.2 and 5.3, we perform some numerical simulations by using the software Matlab
7.0.

Our model involves 8 parameters, including the delay 7. We choose a set of
parameters which are listed in Table 1. In order to support our results about
instability switches, we computed the numerical solution of system (1.1) for different
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Table 1. Estimation of parameters.

Parameters Meaning Values Reference
A Recruitment rate of susceptible population 4.2/day Assumed
Ié] Exposure rate to contaminated water 0.2143/day [12]

n Contribution of infected individuals to 100 cells/L-per day [6]
the population of V. cholera
I Natural death rate of human 5.48 x 107° /day [21]
i Rate of loss of V. cholera 1.06 /day [6]
Q Growth rate of V. cholera 0.73/day [6]
0 Disease-induced death rate 0.015/day [12]
K Concentration of V. cholera in water 9.5 x 10%cells/L [12]
T Infectious period Varied Assumed

values of 7. Since the zeros of 79 occur at 791 = 9.1974 and 792 = 11.0892, we
considered the values 7 = 9 in the stability region, 7 = 9.5 in the instability region
and 7 = 12 again in the stability region. In the first and third cases (Fig. 1 and
Fig. 3), the solution shows dumped oscillations revealing the asymptotic stability of
equilibrium E*, whereas in the second case (Fig. 2) the oscillations are sustained,
thus confirming that E* is unstable.

Although the conditions of Theorem 5.3 (especially, p; > () are not satisfied,
the endemic equilibrium E* will be asymptotically stable by numerical simulations
(Fig. 1 and Fig. 3). Therefore, we can affirm that the conditions of Theorem 5.3
have room for improvement.

7. Discussion

In this paper, we formulate a delay cholera epidemic model with a constant in-
fectious period. The model equations are delay differential equations with delay
dependent parameters. We discuss the global attractivity of the disease-free equi-
librium and the endemic equilibrium of system (1.1) by using iterative schemes
and comparison principles, respectively. We also present the permanence of system
(1.1). By using the geometric stability switch criteria in delay differential systems
with delay dependent parameters, we obtain that there could exist stability switch
about the endemic equilibrium. And we have confirmed it via the numerical simu-
lations. We also find that the endemic equilibrium E* will be asymptotically stable
by numerical simulations although the conditions of Theorem 5.2 are not satisfied.
Perhaps, we may prove the globally asymptotical stability of the endemic equilib-
rium E* by using the method of constructing the appropriate Lyapunov function.
We leave it in the future.

In order to consider the effects of infectious period, we differentiate Ry and

. . —(p1+8)T *
I* with respect to 7. We can obtain % = Aﬂnl((*:tllti)(iﬁé) > 0 and % =

ABn(p+d)e” 1t : . :
T Br TSt BT Es 0. Therefore, the number of secondary infections will

increase when the infectious period increases. And the number of the infectives
will increase when the infectious period increases. We can conclude that prolonging
infectious period by medical interventions will have negative effect. The infectious
period, plays a significant role in cholera surveillance, prevention, and control [1].
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Figure 1. Time evolution of all the population for the model (1.1) with 7 = 9 and initial value
(15920,30,52313,9274).
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Figure 2. Time evolution of all the population for the model (1.1) with 7 = 9.5 and initial value

(15920,30,52313,9274).
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Figure 3. Time evolution of all the population for the model (1.1) with 7 = 12 and initial value
(15920,30,52313,9274).

The long infectious period for diseases can give individuals a false sense of security.
Cholera with long infectious periods are more likely to spread extensively. Hence,
we should shorten infectious periods to intervene cholera.

In [4], the authors considered an age-of-infection cholera model. Under some
assumptions, the global dynamics of a PDE cholera model was shown to be deter-
mined completely by the basic reproduction number Ry. The disease died out if Rg
was below or at the threshold value 1 and otherwise the disease persists. The global
stability of the disease-free and endemic equilibria was proved by the construction
of Lyapunov functionals. Our model is different from the one proposed in [4], which
incorporates simultaneously the age-of-infection structure of individuals and the age
structure of pathogen with infectivities given by kernel functions.

Lastly, we can improve the cholera model by several ways. For example, we can
consider a cholera model with both constant latency time and constant infectious
period. In this case, we may add an equation for the dynamics of the latented
populations. We may also consider the vaccination effort of the cholera. And we
can add an equation for the dynamics of the vaccinated populations. All of them
will be left in the future.
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