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1. Introduction

The invariant manifold theory is a powerful tool in analyzing the asymptotic behav-
ior of a dynamical system or solution of differential equation in the vicinity of an
equilibrium, and this theory is being driven to develop by some application prob-
lems arising in science and engineering(cf. Bates etc [3,4], Chow etc [6-9], Gal and
Guo [14], Hirsch etc [17], Magal and Ruan [22], Sandstede etc [25], Schnaubelt [26],
Wiggins [30], Zhang and Zhang [31], and references therein).

In this paper, we consider a class of abstract semilinear equations

dz(t)
dt

= Sz(t) + H(2(t)), teR,z(t)€ 2, (1.1)

where Z is a Banach space, S : D(S) C £ — Z is a sectorially dichotomous
operator, and H : O — Z is a smooth map with H(0) =0 and D,H(0) = 0. Here,
O C Z, is an open set, Zy = Z, Z, 2 D(S*) endows with the graph norm which
satisfies the relation of continuous embedding D(S) — Z, — Z for o € (0,1), and
S% is the a-fractional power of S.

If the operator S of (1.1) is the infinitesimal generator of a strongly continuous
semigroup or analytic semigroup on Z, the invariant manifold theory of (1.1) has
been established (cf. Henry [16], Chow and Lu [6, 7], Bates and Jones [2], Vander-
bauwhede and Iooss [29], and references therein). If S in (1.1) is the infinitesimal
generator of a certain bisemigroup, then S has infinite spectrum in both sides of the
imaginary axis on the complex plane, the Hille-Yosida theorem implies that (1.1)
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does not generate a semiflow or flow on Z for any given initial values. Hence, this
Cauchy problem corresponding to (1.1) is often called ill-posed on Z (cf. [11,12]).
Even though the ill-posed Cauchy problem may not be solvable on Z for arbitrary
initial values, some solutions can be defined on a subspaces of Z with suitable ini-
tial values. For example, ElBialy in [12] showed the existence of local Lipschitzian
stable and unstable manifolds for the following system

40 — La(t) + f(=(t)),
W — Ry(t) + g(=(t)). (1.2)
zt1))=x €X, ylta) =y2 €Y, 2= (z,y) e X XY =7, t € [t1,t2],

based on the existence of dichotomous mild solutions under the dichotomous initial
conditions introduced by Latushkin and Layton [21]. Here X,Y and Z are all
Banach spaces, (L, R) is the infinitesimal generator of a hyperbolic and strongly
continuous bisemigroup ({el*};>0, {e " };>0), and the nonlinearity (f, g) are locally
Lipschitz continuous in z.

Combined with the dichotomous initial conditions in [12,21]:

{Git1, o)t <t2,2 = (21,92) € Z,2(t1) =21 € X, y(t2) = y2 € V}, (1.3)

the equation (1.1) can be transformed into the coupled system:

W) — o w(t) + F(2(t),
WO — 5 y(t) + G(2(1)), (1.4)
z(t) =1, ylte) =y2, z2=x+yeXBY=Z, t € [t1,ta],

where S; = S|y and —S_ := —S|y are densely defined and sectorial operators
on the Banach spaces X and ) respectively, F(z(t)) := PrH(z(t)), G(z(t)) :=
P_H(z(t)) and Py (P-) is the projection of Z onto X () along ) (X). We are
interested in the asymptotic behavior of the dichotomous solution in a neighborhood
of the equilibrium z = 0, and obtain the existence and smoothness of global stable
and unstable manifolds for the system (1.4). The existence of global stable manifold
is carried out by the Liapunov-Perron method, and the smoothness proof is built
by the Lemma 2.1 in Chow and Lu [7] and the Henry’s lemma [16, Lemma 6.1.6].
In addition, the existence of global unstable manifold can follow from the existence
of global stable manifold by reversing time.

As an application of our results, we study the following elliptic equation in
infinite cylindrical domain R x

uxz+Ayu+f(yauvuzavyu) =0, (z,y,u) €RxQxR",

1.5
u(z,y) =0, xR, ye o, (15)

where () is an open and bounded subset of R" with smooth boundary, V, is the
gradient in the y-variable and A, is the Laplace operator in the y-variable. We
shows that the existence and asymptotic behavior of solutions for system (1.5)
under some boundary value conditions.

It is worth pointing out that, the elliptic problem in infinite cylindrical domain
formulated by the abstract form (1.1) could be transformed to a first order system
consisting of a pair of semilinear coupled parabolic equations, and it is well known
that the investigation of parabolic problem base on the theory of analytic semigroup
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is very importance, refer to the monographs [16,19]. So the assumption of sectorial
dichotomy for the linear operator S in the equation (1.1) make it more realistic.
In addition, one often encounter nonlinearities of PDEs depend not only on the
unknown state variable but also on its derivatives, so it is reasonable to define the
nonlinearities of the equation (1.1) in Z, which between Z and D(S5).

This paper is organized as follows. In Section 2, some notations, definitions, hy-
pothesises and lemmas are given. In Section 3, we devote to existence and smooth-
ness of global stable and unstable manifolds. Last, we give an elliptic equation in
infinite cylindrical domain as an example to illustrate our results.

2. Preliminaries

Let S be a linear operator with the domain D(S) and range R(S). We denote
the resolvent set and the spectrum of S in the complex plane by p(S) and o(5),
respectively, denote R(\,S) = (A — S)~! by its resolvent operator for A € p(S),
and denote R\ by the real part of A € ¢(S5). For any constant o € (0,7), we define
the sector regions Yz = {\ € C\{0} : |arg)| < G} and -3 = {\ € C\{0} :
larg(~)| < 7).

Let X and Y be Banach spaces and U be an open subset of X, we denote
L(X,Y) by the bounded linear operator from X to Y. Firstly we use the following
notations to represent some function spaces:

(i) For any integer k > 0, let
C*(U,Y) = {f|f : U = Y is k-times continuously differentiable,
sup || D] f (@)l g,y < oo for all 0 < j < k},
zeU

where DJ denotes the jth differentiation operator with respect to the variable
z. C*(U,Y) is a Banach space equipped with the norm

I fllx = Jnax, ilelupj IDLf (@)l 2ex3,v)>

where the space X7 denotes X x X x - -+ x X.
N S —
J
(ii) Let k > 0 be an integer, v € (0, 1], let
CHY(U,Y) = {f|f € C¥(U,Y),and H,(D%f) < oo},
C*7(U,Y) is a Banach space equipped with the norm | f||x = max {|| f[|x,
kf(z)—DEf(z
Hy(Dﬁf)}, Where ny(Df::f) _ sup HD_Lf( ) D.Lf( )HL(XIC’Y) .

=7
r—x
2,2€U,0#£% llz=2ll%

(iii) Let J = (—o0,tg] or [tg,00) for tg € R. For a constant 8 € R, let

Cs(LY) ={y € C°(JLY) : llyllc, = jlelg)e_ﬁt\ly(t)\\v < oo},

which is a Banach space equipped with the norm || - [|c,.

Note that we also define the space C*7 (U, Y) for =0, and specify C*°(U,Y) :=
C*(U,Y) and || f|lx.0 := ||f|lx- Next, let me recall the definitions of sectorial and
sectorially dichotomous operator, see [23,28].



376 L. Deng & D. Xiao

Definition 2.1. Let S : D(S) C Z — Z be a closed and linear operator.
(1) If there exists o € (0,7/2) and M > 0 such that o(S) C C\ ¥:/245, and

IR, S)llez) < 7 for A € Bryoiz, (2.1)

M
Al
then S is called sectorial.

(2) For two banach spaces X and Y satisfying Z = X @ Y, set Sy := S|x and
S_ := Sy, if the following four conditions hold:

(i) iR C p(S);

(ii) X and Y are S-invariant, i.e.,.S(D(S)NX) C X and S(D(S)NY) C Y;

(iii) o(Sy) C{AN e C: RA< 0}, o(S-) c{A e C: RA>0};

(iv) S; and —S_ are densely defined and sectorial operators on X and Y
respectively,

then S is called sectorially dichotomous with respect to the decomposition
Z=Xq).

From Definition 2.1(2), we know that, there exists a bounded projection P :
Z — X such that the sectorially dichotomous operator S can be reduced with
respect to Z = X @ ), where X = R(P) and ) = Ker(P) . Namely, S admits the

block matrix representation S = SO+ 0 , S+ and S_ have the form of

Siz=82VzeD(S;) ={2€D(S)NX: S5z € X},

and
S_z=82VzeD(S_)={zeDS)NY: Sz eV}

Besides, D(S) = D(S+) @ D(S-), S is also densely defined on Z.

For the sectorially dichotomous operator S and a constant « € (0, 1), a-fractional
power of —S,S_ and S can be defined and the relationship among them can also
be obtained, see [10]. We denote (—54)® and (S_)® by the a-fractional powers of
—S4 and S_, respectively, and denote

Xy = D((=81)%), Yo =D((S)%), Za:=D(5)
by Banach spaces with norm [z = [[(=S4)*]lx, [yl = [I(S-)ylly and ||[| =
||S“z||z respectively. Moreover, Z, = X, ® Y, and D(S) — Z, — Z. Note that
Zy =2, & =X and Yo =Y. Let || - ||z as [|lz]|z = [z + y[ 2 = max{||z[lx, [lylly}
forre X, yecYand z € Z.
Furthermore, from the sections 2.5 and 2.6 in [23], the following results hold.

Lemma 2.1. Sy and —S_ generate uniformly exponentially stable, strongly con-
tinuous, analytic semigroups {T4(t)}i>0 and {T-(—t)}t>0 on X and Y respectively,

where Ty (t) == et>+ and T_(—t) := e~ t5-. Furthermore, there are real numbers
< 0 < B and some positive constants My, MI, My such tha
By <0< B and jti tants M, My , M}, M7 such that
ITH (Dl ey < Mi e, IT-(=t)l| ey < Mg e P! (2.2)
fort >0, and
T (Ol e,y < MFt0 T (=) ey < Mgt~ e (2:3)

fort>0.
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In particular, by the spectral mapping theorem [13, Corollary 4.3.12], T (¢) and
T_(—t) are contraction semigroups, i.e., || T4 (t)||z(xy < 1 and ||T_(—t)||zy) < 1 for
t > 0. Throughout this paper, we set

M, = sup [t*SET, (8)|| a0y, My = sup [[tFSET_ ()] 2y,
t>0 t>0

and
M = sup [[t*(=S4)* T (8) | oy, My =sup|[t*S T (—t)|| £
t>0 t>0

From [19, Proposition 2.1.1(#i4)], [27, Theorem 1.12], we have that M\];t < 00, ]\//.73[ <
oo for every k € NU{0} and « € [0,1).

In the following, we give the definitions of some dichotomous solutions and
invariant manifolds for the system (1.4).

Definition 2.2. A function z(t) : [t1,t2] — Z, is called dichotomous solution
of system (1.4) for —oco < t; <ty < o0, if it satisfies the following three conditions:

(1) 2(t) € CO([t1, t2], Za) N C((t1,t2), Za);
(if) z(t) € D(S+),y(t) € D(S-) and z(t) € O for t € (t1,12);
(iii) x(t) and y(t) satisty the first and second equation in (1.4), respectively, for all

te (tl,tg),
moreover, z(t1) = x1,y(ta) = ya,

where z(t) = z(t) + y(t), 2(t) € Xa,y(t) € Vo, and O C Z, is an open set.

From Definition 2.2, the dichotomous solution z(t) of system (1.4) satisfies the
following dichotomous system of integral equations:

{m(t) =Tyt —t)ay + [} Ty (t — 5)F(2(s)) ds,
y(t) = T-(t — ta)yo — [} T-(t — 5)G(2(s)) ds.

If the limits of the integrals in (2.4) exist, we obtain a dichotomous solution on I =
R. In order to distinguishing some asymptotic behaviors of dichotomous solution
clearly, two infinitely long dichotomous solutions deserve to be introduced similar
to ElBily [12].

Definition 2.3. (1) We say that z € C’O([tl,oo),Zaz\is an infinitely long for-
ward dichotomous solution if for all ¢t; < t; < t3 < o0, the restric-
tion z[g . € CO([t1, 2], Z4) is a dichotomous solution. If z(t;) = ¢ =
(z1,y(t1; 1)), we write the infinitely long forward dichotomous solution z as
z(+5t1,C).

(2) We say that z € CY((—o0,t2], Z4) is an infinitely long backward dichoto-
mous solution if for all —co < t; < t5 < tg, the restriction z|[t17;2} €
CO([t1,12], Z4) is a dichotomous solution. If z(ty) = ¢ = (z(t2;42),y2), we
write the infinitely long backward dichotomous solution z as z(+;t2, ().

(2.4)

The stable set W*(0) and the unstable set W*(0) of the equilibrium z = 0 are
defined as

We(0) ={¢ € Z, : z(;t1,() is defined for ¢ € [t1,00) and tlim z(t;t1,¢) = 0},
W*(0) ={C € Z4 : 2(-; t2,() is defined for ¢ € (—o0, t3] and . lim z(¢;t2,¢) = 0}.
——o0
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It is trivial to check that W#(0) and W*(0) are both invariant to Z,. The purpose
of this paper is to show that W#(0) and W*(0) are indeed manifolds, before that,
we give the definitions of global stable and unstable manifolds.

Definition 2.4. (1) Let h* : X, — Y, be C¥*7 with h*(0) = 0, in addition,
D h?(0) =0 for k > 1, such that W*(0) = {(z,y) : y = h°(x),x € Xy}. Then
W#(0) is called a C*7 global stable manifold if 17*(0) is invariant under the
infinitely long forward dichotomous solution of (1.4), i.e., (z1, h*(z1)) € W*(0),
then z(¢;t1,¢) € W*(0) and ¢ = z1 + h®(x1), where k € NU {0} and ~ € [0, 1].

(2) Let h* : Y, — X, be C*7 with h*(0) = 0, in addition, D,h"(0) = 0 for
k > 1, such that W*(0) = {(z,y) : * = h*(y),y € Va}. Then W*(0) is called
a C*7 global unstable manifold if W*(0) is invariant under the infinitely
long backward dichotomous solution of (1.4), i.e., (h"(y2),y2) € W*(0), then
2(t;t2,¢) € W¥(0) and ¢ = h*(y2) + y2, where k € NU {0} and v € [0, 1].

In addition, we introduce two lemmas by Chow and Lu [7, Lemma 2.1] and
Henry [16, Lemma 6.1.6] respectively, which can be used to study C*7 smoothness
of invariant manifolds.

Lemma 2.2 (Lemma 2.1, [7]). Let X, Y be Banach spaces and U be an open
subset of X. Assume that f : U — X s locally Lipschitz continuous. Then f is
continuously differentiable if and only if for every xqg € U

1f(@+A) = f(z) = flzo+ A) + f(zo)ly = o(|Allx)
as (x,A) = (z9,0).

Lemma 2.3 (Lemma 6.1.6, [16]). Let X, Y be Banach spaces and U be an open
subset of X. Then a closed bounded ball in C*7(U,Y)(0 < v < 1,k € NU{0}) s
also a closed bounded subset in C°(U,Y).

Lemma 2.3 tells us that, a sequence {u,} C C*7(U,Y) and a map u : U — Y
such that [[u, — ullcoqu,y) = 0 as n — oo, then u € C*7(U,Y).

To study the existence and C*7 smoothness of invariant manifolds, we give
further hypothesis for the nonlinear map H of the system (1.4).
(H) Let F(2(t)) =: PyH(2(t)), G(2(t)) =: P_H(2(t)), and O C Z, be an open
subset. F'(0) = G(0) = 0.

(1) F(-) € C%1(0,Xx) and G(-) € C%1(0,Y) if k=0 and v = 1.
(2) F(-) € C*(0,X) and G(-) € C¥7(0,Y) if k > 1 and v € [0,1]. Moreover,
D.F(0) = D,G(0) =

3. Global stable and unstable manifolds

In this section, we give the global stable and unstable manifolds theorem as follows.

Theorem 3.1. Assume that hypothesis (H) is satisfied for system (1.4), and
|Fllk~s |Gk, are sufficiently small. Then,

(i) W#(0) is a unique C* global stable manifold of system (1.4). And the infinitely
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long forward dichotomous solution on W*(0) take the form

(1) :T+(t—t1)a:1+/ Ty (t — 8)F(a(s), h* (2(s))) ds,
h (3.1)

y(t) = h*(z(t) = - /too T_(t = 5)G(x(s), h*(x(s))) ds.

for —oco < t; <t < 0.

(i) W*(0) is a unique C*7 global unstable manifold of system (1.4). And the
infinitely long backward dichotomous solution on W*(0) take the form

o) =B (y(e) = [ Tult = P (u(5):u(5) ds
o0 (3.2)

y(t) = T (t — to)ys — / T (t— )G (y(s)), y(s) ds.

for —oo <t <ty < 0.

To prove the Theorem 3.1, we first give some lemmas in the following.

Lemma 3.1. Assume that the nonlinear terms F(z(t)) and G(z(t)) of system (1.4)
on arbitrary finite time interval [t1,t2] satisfy the hypothesis (H-1). Then there is

a unique dichotomous solution z(t) for any z € D(S)a, where D(S)a is the closure
of D(S) in Z,.

Proof. Let

E LS {’U, (S CO([tl,tQ}; Z) : ul(tl) = (—S+)al‘1,UQ(t2) = (S_)ayg.},

where u(t) = ui(t) + ua(t), ui(t) € X and us(t) € Y. Obviously, £ is a non-empty
closed subset of CO([tl,tQ}; Z) in the uniform C° norm, so it is a complete metric

space with the induced metric dg(u,v) = r?ax | lu(t) —v(t)] z.
t1,t2

We define a mapping ¥ : £ — £ as follows:

(Tu)(t) =T (t — t1)S%e1 + / STy (t — s)F(S™%u(s))ds
h . (3.3)
FT (= 1) 8%ys — / ST (t — $)G(S~u(s))ds,

that is,

(Wuy)(t) = T4 (t = t1)(=54) 21 +/ (=54) T4 (t = ) F(S™"u(s))ds, ~ (3.4)

t1

(Bua) () = T-(t = 2)(S)"0 = [ (S)°T-(t=9)G(S " ulds. (35

Now we check the well-definedness of mapping ¥ firstly, so we consider the
formulas (3.4) and (3.5).
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From [1, Corollary 3.7.21], we know that
T+(t — tl)(—S+)a$1 S CO([tl,tg]; X) N Coo((t1, tg]; X),
T_(t —12)(S-)ya € CO([tr, t2]; ¥) N C([t1,12); V).

On the other hand, we claim that there exists constants 1, 82 € (0,1 — «) such
that

Fult) = / (=5.2)° Ty (t — $)F(S~"u(s))ds € COP1 ([t1,12]; X),  (3.6)
and
Gult) = — [ (ST (= 9GS (s € O ([ kD), (7

which implies that
(Tu)(t) € CO([t1, t2]; 2) N OV (11, 1); 2), (3-8)
where S35 = min{f, 52}.

Indeed, the continuity of u(¢) and the hypothesis (H-1) follow that F(S™“u(t))
and G(S~™“u(t)) are bounded on [t1,t2], there exist two positive constants Ny and
N such that

[IE(S™u(®))x < N, |G(S™u(@))]ly < No. (3.9)
for t € [t1,ts]. Besides, assume that there exists 51,82 and hg such that 81,82 €
(0,1—a), ho € (0,1) and t,t+ hg € [t1,t2]. We discuss that whether (3.6) and (3.7)
hold in two cases of a.

If o € (0,1), by [23, Theorem 2.6.13(d)], there exists positive constants Cj,

Cy M+B andMJrﬁ such that

B2
(T (ho) = D)(=S) Ty (t = )|l cx) < C, ho [(=S1) AT (= 8) | 2 (3.10)
< CLhg ME, 5 (t—s)7 P,
and

1T = T (=ho))(S=)*T-(t + ho = 8) |l ey <Ca,he* 1(S-)* =T (t + ho — 5)l )

<Co My g (s —t —ho) o772,
(3.11)
Then,
| Fult + ho) = Fa®llx
<I [ (T (o) = D520 T = ) P(S~uls)ds
' t+ho
[ ST+ b = 9 P(S T u(s)dslx
tho (3.12)

t
<C M, 5, Nihg' / (t—s)~*Prds + M N, / (t+ho — s)~“ds
t

t1

_7@ _ tl)lfﬂt*ﬂl hgl hl a

1—(1—61

Cy M Mt o\ —
< <0H‘/31(t2 _tl)l—a—ﬁh + a) Nlhgl

C+ Moz+51N M Nl
1 —

1—a—p 11—«



Global stable and unstable manifolds 381

and

1Ga(t + ho) — Ga(t)lly
to

<|l - (T—(=ho) = I)(S-)*T_(t + ho — s)G(S™"u(s))ds||y

t+ho
+ / (S_)OT_(t — $)G(S™u(s))ds|y

e S A (3.13)
<Cj MaszNzth/ (s—t—ho)*a*ﬁstJrM;NQ/ (s —t)"“ds \*
t+hg t

Cs. M N, M-N
a+p2 1—a—pB23 B2 atV231—qa
=2 otP Tt h el By )
1—04—/32 (t2 0) o T3 0
O M~ M;
B2 a4Ba ﬁz
< | etba iy, g Nyhf
(1—@—62(2 ) 1-— a) 2

If @« =0, we have

[ Fo(t + ho) — Fo(t)llx

t+ho—s f+ho
<l [as [ semmra e+ | [ T - )l

t1

t+ho—s
<M+N1/ dS/ *dT—f—M Nlho

t+ho—s —
<M N —_— —d My N1h
W[ L e

DS T ol AR L SR S
B o (t—s)P Jo 7oA 7+ Mg Niho

]/\Z+(t2—t1)’81 — —
<| =2l My N
( Bi(1 - 5r) o)

(3.14)
and

Hgo(t‘f'ho o)y

t+ho
af el hO—ST NGirly + 1 [ T - )Gul)dsly

SM;NQ/ ds/ —dr+J/\4\O‘N2h0
+ho s—t—ho T

<M-N /t2 ds /St 1y + My Nah
-, 1 \Aa. T
- 2 t+ho (S —t— ho)ﬂz s—t—ho 7—1 Bz 2o

v ds ho  q _
<My N dr + Mo Noh
- 2/t+hn(8_t_h0)ﬂ2/0 718, 47 T Mo Nafto
My (tr—t1)?  —_\— 5
<=2 U 4 M| Nohle.
_< ﬁz(l—ﬂz) 0 2140
(3.15)
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Therefore, (3.6) holds by the estimations (3.12) and (3.14), and (3.7) follows
from the estimations (3.13) and (3.15).

Hence, ¥ maps £ into itself. In the following, we show that ¥ is a contraction
map on &, which prove that ¥ has a unique fixed point on £.

Indeed, for u,v € &,

[(Wu)(t) = (Po)(1)]|2

— max {n / (—S4)° T (t = )[F(S~u(s)) — F(S~v(s))Jds] ..
|| / (S2)°T- (t - 8)[G(Su(s)) - G(Sﬂv(smdsny}

MF|F M |G
Smax{oill”&l(t—tl)l_a,M(tz—t)l_a}d‘g(u7’u).

-« l-«a
By induction, we have

de(¥"u, ¥™) < R(n)de(u,v),

n

where R(n) — 1<max{ﬁ:|F|o,1ﬁ;|c‘|o,1}<t2n)l-a) CR() < 1if 1 is large

n! 11—«

enough, one can apply the extension of the contraction mapping theorem to ¥ on
£ to obtain that there exists a unique fixed point u € £ of the mapping V¥, that is,
Yy = u.

From (3.8) and the fact that the composition of C%% functions is a C%#* func-
tion, we know that F(S~™%u(t)) and G(S™*u(t)) are uniformly S3-Holder continuous
in t on (t1,t2). Let we consider the following linear non-homogeneous system for
te (tl, t2):

)~ a(t) + f(t),

W — S _y(t) +g(1), (3.16)
z(t1) = x1, y(t2) = Yo,

where f(t) = F(S™“u(t)) and ¢(t) = G(S™*u(t)) are continuous in ¢. By [23,
Corollary 4.3.3], the linear non-homogeneous system (3.16) has a unique solution
pair (z,y), where z € CO([t1,t2]; X) N CH((t1,t2); X) and y € CO([t1,t2]; V) N
C1((t1,t2); ) is given respectively by

2(t) = T4 (t — 1)1 + /t Ty (t— $)F(S—"uls)) ds, (3.17)
t1
and "
yt) =T_(t —t2)y2 — /t T_(t— 8)G(S™u(s)) ds. (3.18)
It remains to show that
z(t) = x(t) +y(t) = S™u(t), t€ (t1,t2), (3.19)
which proves that the function z(t) is a dichotomous solution of the system (1.4), and

PSS CO((tl,tQ);Za)ﬁcl((tl,tg); Za). Especially, z € CO([tl,tQ];Z)ﬂcl((tl,tg); Z)
is obvious when « = 0.
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Indeed, for ¢t € (t1,%2), each term of (3.17) and (3.18) is in D(S) and is also in
D(S%), then operating on both sides of (3.17) and (3.18) with S and adding them
we obtain

S°(a(t) + (1) =T4(t — t1)(~5) a1 + / (—S)° T (t — $)F((~S)~*u(s)) ds

T (— t)(—8) s / (=8) T (t — $)G((—5) " u(s)) ds
=u(t).

This proves the formula (3.19).
Concerning the continuity of 2 with values in X, for @ € (0,1) up to ¢t = t1, from
[19, Lemma 7.1.1], the function ¢ — x(t) — T\ (t — t1)z1 belongs to CO([t1,ta], Xa),

while t — T, (t — t1)z; belongs to C°([t1,t2], X,) if and only if z; € ’D(SJr)a.
Therefore, z € CO([t1,t5], X,) if and only if 2, € D(S;) , where D(5;)  is the
closure of D(S;) in X,. The similar argument follows the continuity of y with

values in Y, for a € (0,1) up to t = to. Thus, z € C°([t1,t2], Z,) if and only if

(3.20)

7eD(9)".
At last, the uniqueness of z(t) follows from the uniqueness for solution of linear
inhomogeneous system (3.16) and fixed point of the mapping . O

Lemma 3.2. (i) 2(t) € Z,, t > t1 is an infinitely long forward dichotomous
solution of system (1.4) if and only if z(t) satisfies the integral equation

z2(t) =Ty (t—t1)x —|—/ T+(t—s)F(z(s))ds—/oo T_(t—s)G(z(s))ds (3.21)

t1 t

—

and 1 € D(S4) .

(ii) z(t) € Z4, t <ty is an infinitely long backward dichotomous solution of system
(1.4) if and only if z(t) satisfies the integral equation
t t
2(t) =T_(t—t2)ys — T_(tfs)G(z(s))der/ T (t—s)F(z(s))ds (3.22)
to —00
and yo € D(S_)a.
Proof.

(i) Since z(t), t > t; is an infinitely long forward dichotomous solution of (1.4),
by the definition 2.3, for each t5 € (t1,00), we have

y(t) =T_(t —t2)y2 — /t ’ T_(t — s)G(z(s))ds.

Let t5 — oo, from the estimation (2.2), we obtain

y(t) = — /t T (= $)G((s))ds.

Since
x(t) =Ty (t —t1)x1 + / T (t — s)F(z(s))ds,

t1
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—_—

then from z(t) = x(t) + y(t), we obtain (3.21). By Lemma 3.1, 1 € D(S4)
is obvious.
For converse part, Let z(t) = z(t) + y(t), where

x(t) =Ty (t —t1)z1 + /t T, (t — s)F(z(s))ds,
and

y(t) = — /toc T_(t — s)G(=(s))ds.

Since the right side of (3.21) is continuously differentiable, differentiate
(3.21) with respect to t, we will have

do(t) — Sy a(t) + F(z(t)),
W — S y(t) + G(2(t)).

Moreover, for any ty € (1, 00),

y(t) = —T_(t—tQ)/oo T (ts — $)G(2(s))ds — / T (- $)G((s))ds

to t

=T_(t —t2)y(te) — /t ’ T_(t — s)G(%(s))ds.

From above, z(t1) = x1,y(t2) = y2. In particular, for each [t;,ts] C [t1,00),
z(t) satisfies the Definition 2.2. The statement follows.

(ii) Evidenced by the same token for the case that z(t), t < to, is bounded. [

In the following, set

0y = MENF N [ e, 6, = MGGl [ et

for @ € (0,1) and ¢ < 0. Note that Glj,y,ﬁlg,y < oo since fOOO pu~%eStdyu converges.

Moreover, take 8 € (—n,0), where n = min{—/3;, 8_}.
Lemma 3.3. Assume that max{@ér_l,ﬁal} < 1 holds. Then, for each ©1 € X,,

the integral equation (3.21) has a unique solution z(t) in Cg([t1,00), Za) such that
Izllc, < oo.

Proof. Fixz; € X,, and define the operator T;, on the Banach space C([t1,00), Z4)
as

(Tp, 2)(t) = Ty (t—t1)2q —|—/ T+(t—8)F(Z(S))d8—/OO T_(t—s)G(2(s))ds (3.23)

ty t

for t > t1. Obviously, (Ty,2)(t) € Z, is a continuous function in ¢ for all z €
Cs([t1,00), Z4). We shall show that T, is a contraction in Cg([t1,00), Z,), then
the contraction mapping theorem yields the integral equation (3.21) has a unique
solution z(t) in Cg([t1,00), Z4) such that ||z||c, < oo.
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Since F'(0) = G(0) = 0, we have

t
(T, 2) (1)1 <max {MJeﬁ*(t_“)llwlller/ M (| Flo,u(t—s)~ e+ =) 2(s)||Z ds,

ty

/ M |Gllo (s — 1)~ 2(s) | Zds}.
t

Then,
Tz, 2l < sup max { Mg el =Ple 4 |l ||
>t

t
M| Fllo / (t — 5B =) | 2]l ds,

t1
MGl / (s — 1)~ eB=B)6D | 2]l ds)
t

<M e P 1|l + [l2lle, < oo

Hence, T, maps Cg([t1,00), Z4) into itself.

Furthermore, for any z,z € Cg([t1,0), Z4), we have

t
I Te,2 = Te, Zll ¢ < supmax { M| Fllo.s / (t = 5)"elF=D=)gs,
t>0 t1

oo
Mz Gloa [ (5= )@ s} ~ 2,
t

<llz=Zllcs-

Thus, Ty, : Cp([t1, ), Z4) — Cs([t1,00), Z,) is a contraction. The proof is com-
plete. O

Hence, from the lemma 3.2, if z; € D(SJF)Q7 the fixed point z(t) of T,, in the
lemma 3.3 is the unique infinitely long forward dichotomous solution to system
(1.4) in Cp([t1,00), Z4) such that P, z(t;) = x1. Obviously, ||z]c, < co implies
|z(t)||Z — 0 as t — oco. In the following we will show that all these inifinitely long
forward dichotomous solutions lie on the graph of a map h*® : X, — ),. Prior to
this, a generalized Gronwall’s inequality with singular kernel will be given, which
generalizes the case o = 1/2 in [15, Lemma 6,p.33] to o = [0, 1).

Lemma 3.4. Let ¢ € L™ (t1,t2) and ¢ > 0. Assume that there exist a > 0 and
a € 10,1) such that ¢ satisfies

o(t) < p(t1) + a/ (t—s)"“P(s)ds, tE€ [t1,ta].

t1

Then there exists Ko > 1 such that ¢(t) < Kop(t1) on [t1,ta].

Proof. Let ¢*(t) := ess sup ¢(s). For s € [t1,¢], € is small such that 1 — o —
Se[tl,t]
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as'=® > 0, we have

S

o(s) <o(ty) + a/57€(5 — ) %(r)dT + a/ (s — 1)~ %(r)dr

11 s—¢
aEl—a

)

(1617(1

<oltn)+ % [ otryir+

<ol + 25 [ o'+ o)

11—«

l1—a

Thus, (1 -4

€
-«

equality, we get ¢(t) < Ko¢(t), where Ko = —=%— exp (s"‘?l(i;;llae (ta — t1)> .

) P (t) < o(t1) + =2 fttl ¢*(7)dr. By the classical Gronwall’s in-

eo

The following lemma give the existence of global stable manifold of system (1.4).

Lemma 3.5. Assume hypothesis (H-1) holds for system (1.4) and such that
0.1 max{1, KYKM < k, max{ﬁajl, 0o 1+ (1+ H)K198:1]} <1

for some positive constants K, K1, k. Then there exists a unique C®' global stable
manifold.

Proof. Let x > 0 be an arbitrary given number. Define a space I' for the Lipschitz
function h°®:

I = {r%|h* € COY(Xn, Va), h(0) = 0, ||h¥]jo.1 < K}, (3.24)

where [[°]Jo,1 < w implies [|2*(2) [ < &llz[[3 and [|h*(z) =h* (@)} < wllz—Z||7 for
2,7 € X,. I is complete metric space endowed with the induced metric dr(h*, h®) =

sup {[[h*(x) — h*(2)[1X}-
rEXy

Define the Lyapunov-Perron operator £ on the Lipschitz function A® in I' as
follows:

L(h*)(z1) = — /OO T_(t1 — s)G(x(s), h®(x(s)))ds, (3.25)

t1

where x(t) = x(t;t1, 21, h®) is the unique solution of the following system

2(t) = z1 € D(S1)". (3.26)

{dz(tt) = Six(t) + F(z(t),h*(z(1))), t=>t,

Since Sy is the infinitesimal generator of strongly continuous and analytic semi-
group {74 (¢) }+>0, from the hypothesis (H-1), x(¢) is well defined for all ¢ > ¢;, and
2(t) has the of form

x(t) =Ty (t — 1)z + / T (t — s)F(x(s), h*(x(s)))ds. (3.27)

t1
On the one hand, by (3.27) and Lemma 3.4, there exists a K > 1 such that

lz@)II3 < K Mg et |y |1, (3.28)
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Then the integral on the right side of (3.25) converges. Indeed, it follows from

IIS(h‘“’)(wl)II%fS/t M [|Gllo, max{1L, w}(s — 1)~ “e™ =T ||a(s) |13 ds (3.20)

< 90_,1 max{1, /Q}KMS'Hlef

On the other hand, let 1,71 € D(S+)a, and set z(t) = z(t;t1,21,h°%), Z(t) =
x(t;t1, 71, h*). From (2.2) and (2.3), we have

l(t) = 2(@)II3 <M e |l — 2|

t
+ max{L, 6} M || Fllo,1 / (t —s)~||x(s) — Z(s)||2 ds.
ty

By the lemma 3.4, it yields that
l(t) = Z@)IIY < KMy e lay — 2|7 (3.30)

In addition, we use the notation (¢, h®) to signifies the dependence of z(t) on
hs. For h*,h® €T,

(. h®) — x(t, h*)||X
< T (t = 8)lleer e [1F (s, h%), b (2(s, h*))) — F(a(s, h*), b (x(s, h%)))||

+ || F(2(s,h%), h* (x(s, 7)) — F(a(s, h*), h* (x(s, 7)) || x
FIF (x(s, 1), B (x(s, 1)) — F(x(s,h*), h* (2 (s, h*))) | x] ds

then by Lemma 3.4, there exists a constant K; > 1 such that
|z (t, h*) — x(t, h®) | X < K108, dr(h*,h°). (3.31)

If h® is a fixed point of £ in I, then the graph of h® is the global stable manifold.
In the follows, we prove £ is a contraction map in I'. First we show that £(T") C I

Choose ||G|[o,1 such that 65 ; max{1, k}K M <k, by (3.29), we have || £(h*)(z1) ||
< kljz1||X. Furthermore, we have

1€(h*) (1) = L(h*) @1

S/ M [|Gllo max{1, s} (s — t1) %= la(s) — B(s) |3 ds < rllzy — T3
ty

Besides, since h*(0) = 0 and G(0) = 0, from the (3.25), £(h®)(z1) € YV, and
£(h*)(0) = 0 are obvious. Thus, £(T") C T.

Furthermore, for h*,h* € T, by (3.31) and assume 0111 + (14 K)K107,] < 1,
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we obtain

1€(h*) (1) — £(h*)(z1)]|2

+[1G (s, 5), b (2(5,h°))) = Gl (s, h), b ((5, 1))y
+[1Ga(s, h), b (x(s,h*))) = Glar(s, 7). b ((5,h*)) | ] ds

¢
MI||Glloa(s — 1) % P-(s71) [dp(hs,ﬁs) + (14 K)|jz(s,h®) — x(s,ﬁs)Hx]ds
ty
<dr(h*, ).
(3.32)
Hence, £ is a contraction map in I', then Banach fixed point theorem follows that
there exists a unique fixed point h® of £(h*) = h® in I'. From the lemma 3.3, (3.27)
and (3.25), all infinitely long forward dichotomous solutions of the system (1.4) with
|z|lc; < oo are contained in the graph of h® defined by

h®(x1) = —/ T_(t1 — s)G(x(s), h*(x(s)))ds. (3.33)
(31
This means that W*(0) = {(x(t),y(t)) : y(t) = h*(x(t)), z(t) € X}

To prove that W*(0) = {(x(t),y(t)) : y(t) = h*(x(t)),z(t) € X, } is C*! global
stable manifold, it remains to prove the invariance of W*(0). Let z(t),t > t;, be
a solution for (3.26), (x1,h*(x1)) € W*(0) then denote y(t) := h*(z(t )) for t > t1.
This defines a curve (z(t),y(t)) € W*(0), t > t;, through the point (z1,h®(x1)) €
W$(0), it suffices to prove y(t) satisfies

ayn)

It _y(t) + G(z(t), h*(z(t))), t € [t1, 2] (3.34)

for all t5 € (t1,00). And the equation (3.34) indeed has a unique solution y(¢) which
remains bounded as to — 0o, namely

y@=—lmfﬁ—@ﬂu%W@@ww

Thus, z(t) = x(t) + h*(z(t)) is the unique infinitely long forward dichotomous
solution of the system (1.4) with z(¢1) = 1 + h¥(z1).
The proof is complete. O
In the following, we shall focus on the smoothness of A® obtained in Lemma 3.5.

Lemma 3.6. For the ill-posed system (1.4), assume in addition to the hypoth-
esises of Lemma 3.5 that Hypothesis (H-2) holds for k = 1 and v = 0, and
(1+ H)KQQIOQIO < 1 for some positive constants K,. Then there exists a unique
C" global stable manifold.

Proof. By Lemma 3.5, we obtain a unique C%! global stable manifold charac-
terized by the graph of h® € I', where h® and I' refers to (3.33) and (3.24) re-
spectively. we shall proceed to prove that h* is C' provided F and G are C! and
(1+ K,)KQQ;OQ?:O < 1 for some positive constants K.
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Defined

s s s s y
Nz = ey I 8) ) W+ 8) 4 o)
(21,8)=(20,0) Al

(3.35)

(6%

By Lemma 2.2, we need to prove A(h®,z¢) = 0 for every xo € D(S4) .
Here we use the notation xz(t,z1,h*®) to represent the solution of (3.26). By
(3.27) and the Taylor expression, we have

x(t,xy + A R°) —x(t, 21, h%) — x(t,xo + A, R®°) + x(t, 20, h°)

:/ Ty (t — s){ Do F(x(s,z0, k%), h*(x(s, xo, h*)))[x(s, z1 + A, h®) — x(s, z1, h®)

t1

—x(s,x0 + A, h°) + (s, 30, h*)] + Dps F(z(s, g, h®), h*(z(s, zg, h®)))

[h(z(s,21 + A, h%)) — h(z(s, 21, %)) — h(z(s,20 + A, h®)) + h(z(s, 2o, h®))]

+ R (z) }ds (3.36)
where PRa(x) represents the sum of higher order Taylor expressions of F' in (3.36)
at the point (z(s, zo, h®), h*(z(s, zg, h*))).

By Lemma 3.4, there exists a K5 > 1 such that

llz(t, 1 + A, h°) — a(t,x1, h®) — 2(t,x0 + A, B°) + 2(t, o, h%)|| ¥
SKal0FoIANY suplAh® a(t o, k)] +o(lA)) BT
Zt1

as (x1,A) — (z0,0).
Then, similarly as (3.36), by (3.30), (3.33), (3.37) and the Taylor expression,
12 (@1 + A) = h*(21) = h* (w0 + A) + h* (xo) |

< / MGl (s — 1) e P-C=1(1 1 k)
t

1

x {llz(s,x1 + A, h®) — z(s, 21, h®) — 2(s, 39 + A, h®) + (s, 20, h*)|| X (3.38)
+ 26l (s, z0 + A, h%) — a(s,x0, h%)||3 bds + o[ AllY)
<(1+ /) K201 007 oI AY sup[A(h*, z(t, 2o, 7)) + o([IA]1Z)

as (r1,A) — (0, 0), and it yields

A(h®,x0) < (14 k) K207 007 o sup MR®, z(t, 20, h”)) < o0, (3.39)
>t

Because z(t, z(s, o, h®), h*) = z(t + s, x9, h*) for t + s > t1, we have

sup A(h%, z(t, x0, %)) < (1 + /‘Q)KQGIOGI_,O sup A(h%, z(t, xo, h*)).
t>t t>ty

Since (1+I€)K29f:091_70 <1, then sup,;, A(h*, z(t,z0, h*))=0. By (3.39), A(h*,z0) =
0. Thus, h® is C'. Moreover, by (3.33), Dh*(0) = 0.
The proof is complete. O
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Remark 3.1. With the same arguments as Lemma 3.6 and Lemma 2.2, the con-
clusion of Lemma 3.6 can be improved to the C*(k > 2) case provided in addition
to the existence of C*~1! global stable manifold that F' and G are C* along with
sufficiently small || F||; and ||G||x. While we omit the details and shift attention to
the C*7(k > 1,7 € (0,1]) smoothness later.

Lemma 3.7. For the ill-posed system (1.4), assume in addition to the hypothesises
of Lemma 3.5 that By < (1 + )8 and hypothesis (H-2) holds for v € (0,1] with
sufficiently small ||F||x~ and ||G||x. Then there exists a unique C*7 global stable
manifold.

Proof. Set I'y, = {h® € T N C*V(X,,Va) : DR*(0) = 0,||h*||5y < &} for k > 1,
where T refers to (3.24). By Lemma 3.5, we obtain a unique C%! global stable
manifold characterized by the graph of h* € T', where h® refers to (3.33). In the
following, we shall continue to prove h® is C*7 for v € (0,1]. From (3.25) and
Lemma 2.3, it suffices to show £(I'x) C ' in the C° norm.

Step I: Prior to this, we need to prove that z(t) defined by (3.27) is C*” in z;
and satisfies the estimates on the derivatives up to order k and Hoélder derivatives
of D% x(t).

Now we define the space

Ls = {qs R xD(S4) = Xalo(t1,€) = €,¥6 € D(SL)", 6(-,€) € CH(R),

o(t,-) € CFI(D(SL)"), 6t oo, a0,y < KMy P =),

: . (3.40)
IDEG(t, )| oo a0y < KM P =1, [k,

H,(DE(t, ) < KMJeﬁ(”ﬂ},

where K, MJ refer to (3.28). Obviously, Lg is a complete metric space with respect

to the induced metric dr, (¢, (E) 2 || — q/{;HCB.
For any = € Lg, define

¢
[Bx](t,x1) =T (t — t1)x1 + / T (t — s)F(x(s,x1), h°(z(s,21)))ds. (3.41)
t1
To prove that z(¢) which defined by (3.27) is C*7 in 1 provided h* € T, it suffices
to prove ¥ is a contraction map in Lg. We first prove that T(Lg) C Lg.
Obviously, [Tx](t1,z1) = x1. For any = € Lg, [Tz] being C* in t and C*7 in
x1 follow from the fact that, for any I € N and ~ € (0,1], the composition of C*7
functions is a C*7 function. Moreover, by (3.28), we know that ||[Tz]||cox, x,) <
KMS"eﬁ(t_tl).
Differentiating (3.41) in 1, it yields

Dy, [Ta](t, 1) =T (t — t1) + /f Ty (t = 8)[DaF(s,21) Dy o(s, 21) (3.42)

+ Dps F(s,21)Dyh*(x(s,21)) Dy, x(s, xl)] ds,

where F(s,z1) := F(xz(s,21),h*(x(s,21))). Note that the integral in (3.42) con-
verges. Indeed, since 2 € Lg and h® € Iy, choose ||F||; so small that 67, <
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%, we have
1Dz, [Tl co ., x)

t
< MS‘BIB'F(t*tl) _|_/ M;L(t— S)*QBIB-F(t*tl)”F”l(l_|_H)KMO'~‘eﬂ(S*t1)dS
t1

t

< [1 +MQJ¢F||F||1K(]— -l—li)/ (t N S)7ae(ﬁ+*ﬂ)(tfs)ds]MoﬂLeﬁ(tftl)
t1

< KMy ePtt),

Furthermore, for 2 < i < k,

Dl [%al(t, 1) = /t Ty (t — 8)[DoF(s,21) Dl (s, 1)

+ Dps F(s,21) Dy h%(x(s, xl))Dilx(s, x1) + Ri(s, xl)] ds,

(3.43)

where 2;(s, 1) is a sum of monomials whose factors are derivatives of F' and of h*
up to order 7 and of = up to order i — 1. Note that (3.43) is well-defined because
[Tx] is C*7 in 1 and the integral in (3.43) converges. Moreover, by choosing || F||;
sufficiently small, we can obtain

DL, [Z2]l| o2y < KM el

The only thing that remains to prove to ensure that T(Lg) C Lg is the estimate
—x

on H,(Dk [Ta]). For all 1,71 € D(S4) , « € LP and h* € 'y, we have
D3, [Ta)(t,x1) — DE, [Ta](t,71)

¢
§/ T (t—s) [DzF(&:El)D’;lw(s,xl) - DxF(s,El)Dglx(s,a?l)

t1
+ DhsF(s,xl)Dzhs(x(s,xl))Df,lx(&xl) — Dps F (s, fl)DIhs(x(s,fl))Dglm(s,El)
+ i)‘ii(s, 3?1) — R;(s, /.%‘\1)} ds. (3.44)

Each difference terms in the right side of (3.44) contain the factors D, z(s,x1)
and Dz, x(s,71), we use the triangle inequality to estimate (3.44) in the C° norm
and assume [ < (14 )5 and || F|/x,4 being sufficiently small, then we can obtain
H,(DF[Tz]) < KM eft—t),

This finishes the verification of T(Lg) C Lg.

In addition, for any z,= € Lg, we have

[T (t, 21) — [2] (8, 1)l
<IF| Tt = s)[F(a(s,21), h*(2(s,21))) = F(@(s,21), B (@(s, 2015

t1

. (3.45)

< | ME(E =) | By max{ 1L, s} ||z (s, 21) — B(s, 1) Y ds
t1

<max{1, ﬁ}@ioeﬁtl dr(z, ).

Since 07 < %, we have 0] < —— then it follows that dp([Ta],[T2]) <

max{1,<}
dr,(x,Z). Thus, the contraction mapping theorem yields that ¥ has a fixed point x
on Lﬂ.
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Step II: Now we prove that £(I'y) C T'.

Since x € Lg and h® € Ty, £(h*) is C*7 in 2;. This is again a result that the
composition of C*7 functions is a C*7 functions. Differentiable £(h*)(z1) with
respect to x1, we have

Dy £(h*) (1) = — /toc T-(t1 = 8)[DaG(s, 1) Day (s, 1) (3.46)

+ Dp-G(s,x1) D h* (x(s,x1)) Dy, x (s, xl)} ds,

where we use the notation G(s,z1) to signifies G(z(s,x1),h*(z(s,21))). Choose

|G|l1 small such that 67, < e 1t vields

[ Dz, £(R°)]| < My (s —t1) " =Gy 4 (1 + ) K M e~ ds < k.
t1
Besides, D, £(h*)(0) = 0.
Furthermore, for 2 < i <k,

o0

D;lﬂ(h‘g)(l‘l) =— /t T_(t1 — s) [DwG(s,ml)Dilx(s, x1) (3.47)

+ Dp-G(s,x1) D h’ (x(s, xl))Dilx(s, 1)+ S)A%Z(xl)] ds,

R;(z1) is a sum of monomials whose factors are derivatives of G and « up to order

17— 1 and h® up to ¢. Note that all the terms in R; (1) contain at least one factor
which is a derivative of G. Hence, assuming ||G||; is sufficiently small, we can obtain
D%, 200 < . )

In addition, for 21,21 € D(Sy) ,

Dy, [&(h*)](w1) = DE, [£(h))(31)

t
g/ Ty (t — s)[DyG(s,21)D% 2(s,x1) — Dy G(s,%1)DE x(s, T1)

t1

+DpsG(s,21) D h°(x(s, xl))D’;lx(s, 21)—DpsG(s,Z1) D h° (2 (s, El))Dglm(s, 71)

+ Ry(x1) — Ri(T1)]ds.
(3.48)
Each difference terms in the right side of (3.48) contain the factors D, z(s,x1)
and Dz, x(s,71), we use the triangle inequality to estimate (3.48) in the C° norm
and assume [ < (14 )5 and |G|,y being sufficiently small, then we can obtain
H., (D [£(r*)]) < k. Thus, &%) C Ty.

By Lemma 2.3, T, is a non-empty closed subset of I'(C C°(X,,Y,)) in the C°
norm, and since £ has a fixed point 2* in ', £(T';) C T’ implies that the fixed point
h* of £ also lies in I'y and is therefore of class C*7. Thus, W*(0) is the unique
global stable manifold.

The proof is complete. O

We are now in the position to prove Theorem 3.1.

Proof of Theorem 3.1.

(i) From Lemma 3.1, Lemma 3.2, Lemma 3.3 and lemma 3.5, for each x; €
D(S+)a, there is a unique point ¢ = (21, h*(z1)) such that system (1.4) has a
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unique infinitely long forward dichotomous solution z(¢; ¢1,¢) € Cg([t1,00), Z4)
which defined by

z(t) =Ty (t —t1)xy + / T (t — s)F(x(s), h*(x(s)))ds
h (3.49)

‘lmT@—gmM$mwwmw

for t > t1, and tlim z(t;t1,¢) = 0. Then, Lemma 3.5, Lemma 3.6 and Lemma
—00

3.7 follow that W*(0) = {(z(t),y(t)) : y(t) = h*(x(t)),z(t) € X,} contains
2(t;t1,¢), and is the unique C*7 global stable manifold of system (1.4), where
h* is defined by (3.33). Moreover, 2(t) and y(¢) on W#*(0) have the form (3.1).

(ii) In order to obtain a unique global unstable manifold for system (1.4), we begin
by considering (2.4) which written in the following form:

{x(t) = Sttty 4 [1 S+ F(2(s)) ds,

3.50
y(t) = eS-(=t)yy — [25-(-9)G(2(s)) ds (3:50)

for —oo < t1 <t <ty < 00.

Let 7 = —t, 71 = —tg and 7 = —t1. Set Z(7) := 2(—7),y(7) := y(—7) and
Z(1) := z(=7). Then z(t)(= z(t) + y(t)) : [t1,t2] = Z4 is the dichotomous
solution of (3.50) if and only if Z(7)(= Z(7) + y(7)) : [11,72] = Z4 is the
dichotomous solution of the following system

(1) = e ST () — [T el ST (—F)(3(s)) ds,
y(r) = eIy + [T 5079 (-G)(2(s)) ds

for —co < 71 <7 <1y < 00, where (—F)(2) := —F(2) and (—G)(Z) :== —G(2).
By Theorem 3.1(1), system (3.51) exists a C*7 unique global stable manifold
W2(0) = {(y(r), z(7)) : Z(r) = h*(y(7)),y(7) € Va}, where

oo

M@m»:—/)é””“ﬂMJWM@u»m@M&

T1

(3.51)

a C*7 unique global unstable manifold

This implies that system (1.4) has
= (y(t))ay(t) S ya}, Where

W (0) = {(=(t),y(t)) = x(t) = h"

B (o) = j/ " Ty (s — $)F((y(5)), y(s)) ds.

— 00

Moreover, for each yy € (S_)a, there is a unique point ¢ = (h*(y2), y2) such
that system (1.4) has a unique infinitely long backward dichotomous solution
z(t;t2,¢) € C_g((—00,ta], Z4) which defined by

ta

z@zﬂ@mef/‘nvfﬁmw@w»M$Ms

t

+/ Ty (t — ) F(h*(y(s)), y(s)) ds

—o0
for t <o, and . lim z(¢;t2,¢) = 0. In addition, x(¢) and y(¢) on W*(0) has
——00
the form (3.2).
The proof is complete. O
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4. Elliptic equations in infinite cylindrical domain

Consider the elliptic equation with Dirichlet boundary condition on 0f2

Ugz +Ayu+f(yvu7u:cvvyu) =0, (z,y,u) ERxQxR",

4.1
u(z,y) =0, xR, ye N (41)

in infinite cylindrical domain R x 2, where 2 is an open and bounded subset of
R™ with smooth boundary 012, V, is the gradient in the y-variable and A, is the
Laplace operator in the y-variable. The function (y,uw,v,w) — f(y,u,v,w) is
defined in 2 x V, and has value in R™ where ¥V C R™ x R™ x R™" is an open
subset and it is also the higher order term of (u,v,w).

Assume that f is globally Lipschitz continuous with respect to (u,v,w). Pre-
cisely, we assume that there exists a Ky > 0 such that

| f(ys ur,v1,w01) = f(y, uz, va, wa) [rm < Ko(lur — ulrm + [v1 — vo[rm + w1 — wa|rmn)
(4.2)
for (u1,v1,w1), (uz,ve,ws) € V.

Based on the idea from Kirchgdssner [18], we consider (4.1) as an evolution
equation by treating the unbounded spatial variable = as time variable. We first
transfer the problem of elliptic equation (4.1) to a abstract semilinear problem.

Let A:=—A,. Then A is a closed operator on X := L?(2) with dense domain
X1 :=D(A) = H*(Q) N H}(Q), and it is positive, symmetric with compact inverse.
Moreover, o(A) = {\, : n € Z; } is a discrete set that A\, > A,,—1 > 0 and \,, = 00
as n — oo, the corresponding eigenfunctions {e, : n € Z;} of A can be chosen
to form an orthonormal basis for X, and in terms of this basis the operator A can
be represented by Au = Y7 | A(u, e, )e,, where (-,-) be a inner product on X. In
particular, —A is sectorial on X.

Based on the choice of X and the properties of A, by [24, Exercise 3.10, p87],
we know that the fractional power A~*/2(0 < a < 1) can be defined as A=*/?y =
S A?(u,e,)e,. Then A%/? can be defined as A%/? ;= (A=/2)~1,

n=1
A%y = Z A2 (u, e )en, (4.3)
n=1
and
X2 .= D(AY?) = {u : ||A*?u||x < 400}
is a Hilbert space when endowed with the inner product

(u1,u2)q/2 == (140‘/2111,140‘/2u2)7

which gives rise to a corresponding norm |[ullp(ga/2y = |A%/?u|x. Note that
X2/2 ¢ X/2if 0 < o < ag < 1. In particular, D(AY?) = H}(Q), o(AY?) =
{VA, :n €Z,} and —AY? is the infinitesimal generator of a strongly continuous
and analytic semigroup {e‘Al/zt}DO on X.
Set Z := X x X endowed with the norm ||z|| z = max{||z1|| x, || z2||x } for z1 € X,
29 € X and 2z = (21,22)T € Z. By utilizing the factorized method in [5, section
2], we can write the linear part of equation (4.1) on Z into the following abstract
linear equation
dz(x)
dx

=S5z(z), z€R, z(z) € Z, (4.4)
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where z = (p,q)T, p(z),¢(z) € X and
pi=—v+ A%,  q:=v+ AV (4.5)

Besides,

—AY2 0
S = (4.6)
0 A2

with D(S) = X'/2 x X'/2. Obviously, D(S) = Z and ¢(S) = o(—A2) U o (A/?).
Thus, S is a densely defined and hyperbolic bisectorial operator on Z. Furthermore,
we have the following lemma.

Lemma 4.1. The operator S of equation (4.4) is sectorially dichotomous on Z.

Proof. For z € Z, there exist two bounded and complementary projections P, :
P, )T = (p,0)T and P_ : (p,q)T ~ (0,¢)T, which refer to [11, Appendix A.7],
such that

Z=2z0 2z,

where Z¥ ={2€2:¢q=0} =X x{0}and 2 ={z € Z:p=0} = {0} x X.
Since D(S) = [D(S)NZL]& [D(S)N22], S map D(S)N Z% and D(S)NZL into
ZP and ZZ respectively, then Z7 and Z? are S-invariant.
By decomposition of Z, S can be reduced to the block matrix representation
S = (SJ 307 ), where

S, =8| (_Al/Q O> S_ =8| (0 0 >
4+ = Z,. = ) - = Z_ = :
i 0 0 0 Al/2

Obviously, D(Sy) =D(S)N 2%, D(S_) = D(S) N ZL. Specifically,
D(S;) = X2 x {0}, D(S_)={0} x X/2,

Moreover, 0(S) = o(Sy) Uo(S_), 0(S;) = o(—A'?) and o(S_) = o(A'/?).
Besides, since S; and —S_ are sectorial operators on Z% and ZZ, respectively,

D(S;) = 2", D(S_)=2".

S generates strongly continuous and analytic semigroup

("
0 0/ J)t>0

on Z¥ and —S_ generates strongly continuous and analytic semigroup

1))
0eA""t) ) i>0

on Z%, both are uniformly exponentially stable. Hence, S is sectorially dichotomous
on Z. O
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Based on the Lemma 4.1, we can constrcut the fractional power S¢ and obtain
its domain. The propery of A follows that sectorial operator —S, is also positive,
symmetric with compact inverse, and the corresponding eigenfunctions {€,, : n €
7.} of =S, can be chosen to form an orthonormal basis for X'/2 x {0}. Thus,
by [24, Exercise 3.10, p87], we can define fractional power (—S5,)% as

(=S)*a =Y A2, 8 )en.
n=1

A/ 0 0
By (4.3), we can rewrite (—S4)“ as L (80)r = can be defined
0 0 0 Ae/2

in the same way above. From above, we can define the fractional power

S® = ((‘So”a (SO)Q> (4.7)

,1), along with D(S%) = D((—S4)*) @ D((S_)*) = X2 x X/,
X”‘/2 x {0} and D((S_)*) = {0} x X*/2. Moreover, D(S;) C

for a € (
C 2% and D(S_) C D((S-)*) C ZL. Therefore, we can define

0
((— +)%)
D((—S+)%)

Z, :=D(S%) with the norm ||z||, = ||S%z| =z

for a € (0,1).
Let O be the open subset in Z, consisting of all the variables such that the
range of (u,ug, V) is contained in V. From (4.2), set v = u, and the function

F:0—= X, flu,0)(y) = fly,uly), v(y), Vyu(y)).
So f is continuous, and (4.2) follows that f satisfies
1f(@.9) = f(@,)lx < Ko max{[[@ —all xasz, |8 = 7] xor2} (4.8)

for (4, 9), (w,7v) € O.
Combining with (4.4), the whole equation (4.1) on Z can be written as the
following abstract semilinear equation

%:SZ+H($,Z)7 Z‘ER, Z(x)€Z7 (4'9)

where H(z) = ( jc(v?uvi)) (Z) _ ;<A:1[/2 A_;/Q) <Z) 2= (p,q)T. Thus, H(2)

is well defined in Z,, with values in Z. Moreover, |H(Z) — H(Z)||z < Kol|Z — Z||
for z,Z € O, and H(0) = 0.
We now state the following results for (4.1) as follows.

Theorem 4.1. Assume that system (4.1) satisfies the condition (4.2) with a suffi-
ciently small Ky. Then,

(7’) Jor each [xlvw?} and (u(xlv ')7“96(1:17 ))’ (u(x% ')7u$(x2a )) € Hé(Q) X LQ(Q)
such that p(x1), q(x9) € X2, then system (4.1) has a unique solution u(x,y) :
[z1, 2] X — R™, such that u, u, € C([x1,x2]xQ,R™) and ug, € C((x1, 22) %
Q,R™), where p and q refer to (4.5).
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(ii) There is a unique infinite dimensional C%1 global stable manifold W* in
H} () x L%(Q) such that any solution of (4.1) with initial condition (u,u,) €
W2 satisfies ||[u(@, )| i) — 0 and [[ug(z,-)|z2(0) — 0 as z — oc.

(iii) There is a unique infinite dimensional C%' global unstable manifold W* in
H}(Q) x L%(Q) such that any solution of (4.1) with initial condition (u,u,) €
W satisfies |[u(z, )|l g1 @) — 0 and [luz(z,)|[L2(q) — 0 as z — —o0.

Proof. Let p = (p,0)T and g = (0,¢)T. Based on the discussion above, equation
(5.3) can be transformed into the following semilinear system:

{;;p = S.p+ P H(2),

4.10
4g=5_q+P_H(2), (4.10)

where z =p+q€ 2} @2 = Z pe Z¥ and g € Z%. Under the hypothesises of f
in (4.2), PLH(z) in (4.10) satisfy the hypothesis (H-1).
(i) For each [37171'2]7 by (45)7 take (u(zlay)auz(xlay))v (u(x%y)aum(x%y)) €
H}(Q) x L*(Q) in (4.1) such that p(zy), ¢(x2) € X*/?, which is equivalent to
that we choose the dichotomous initial condition

(B(21),d(22)) = {(p(21),0)T, (0, 9(x2))"} € 24 (4.11)

on [z1, z2] for (4.10). Note that the closure of D(S) in Z, is Z,.

Hence, Lemma 3.1 yields that, system (4.10) with the above dichotomous
initial condition (4.11) has a unique dichotomous solution z(z) on Z,, = €
[x1,22] such that p,q € C([t1,t2], X*/2) and p,q € C((t1,t2), X/?). Tt
follows that elliptic equation (4.1) has a local solution u(x,y) : [z1, 2] X Q@ —
R™ such that u,u, € C([z1,z2] X Q,R™) and uy, € C((z1,22) x Q,R™).

(ii) From Lemma 3.5, under the condition (4.11), it follows that system (4.10) has
a unique infinite dimensional C%! global stable manifold W*(0) given by the
graph of C%! map

h*: Xy = Vo, q=h*(p), (4.12)
where X, = X*/2 x {0} and Y, = {0} x X/2. Besides, we take Ky so small
such that ||h%]|o.1 < 1. In fact, the map h® can be viewed as a map from X /2
to itself, and g = h*(p).

Corresponding to (u, u,)-coordinates, X, and ), can be written as

X, = {(24Y%u,0),u € XV}, Y, = {(0,24Y%u),u € XV/2}.  (4.13)
Note that the above statement (i) follows that A2y € X®/2 € X in (4.13).
Thus, h® can be represented by a C%! map

R XV XY2 R (u) = (2412) TR (24 ?0). (4.14)

Moreover, by (4.14) and direct calculation, ||2° (u1)—h* (us)|| x1/2 < ||h®
1L2||X1/27 it implies that HhSHOJ < ||hSH0,1 < 1.
Let 2o = (po, h*(po)), po = 2AY?ug, be a point on the stable manifold

. U 1 A1/2 A-1/2 P
of system (4.10) as given by (4.12). By == , and
v 2\ g I q

lo,1 |1

(4.14), zp in the (u,u,)-coordinates is given by

w=mug+ h*(u), ug = AY?(—ug + h*(ug)). (4.15)
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(iii)

Then global Lipschitz inverse function theorem follows that there exists a Co1
map h® £ (I 4+ h*)~1: XV/2 - X1/2 such that ug = h*(u).

Since the composition of C%! functions is a C%! function, there exists a
C%! map 1’ such that

R XY?2 5 X, uy =B (u) = AY2(—=h5(u) + B (R (w))). (4.16)

Hence, system (4.1) has a unique infinite dimensional C%! global stable man-
ifold W* = {(u, k" (u)),u € H}(Q)} in HL(Q) x L2(Q), where h° refers to
(4.16). Moreover, any solution of (4.1) with initial condition (u,u,) € W?*
satisfies ||u(z, )| g1 (@) = 0 and [[uz(z, )| z2(0) — 0 as @ — oo.

The assertions about the C%! global unstable manifold follows from those
about the C%! global stable manifolds by reversing the direction of “time”
variable x. O
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