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NEW CANONICAL FORMS OF
SELF-ADJOINT BOUNDARY CONDITIONS
FOR REGULAR DIFFERENTIAL OPERATORS
OF ORDER FOUR*

Qinglan Bao!, Jiong Sun', Xiaoling Hao! and Anton Zettl™'

Abstract In this paper, we find new canonical forms of self-adjoint boundary
conditions for regular differential operators of order two and four. In the second
order case the new canonical form unifies the coupled and separated canonical
forms which were known before. Our fourth order forms are similar to the new
second order ones and also unify the coupled and separated forms. Canonical
forms of self-adjoint boundary conditions are instrumental in the study of the
dependence of eigenvalues on the boundary conditions and for their numerical
computation. In the second order case this dependence is now well understood
due to some surprisingly recent results given the long history and voluminous
literature of Sturm-Liouville problems. And there is a robust code for their
computation: SLEIGN2.
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1. Introduction
Consider the regular Sturm-Liouville equation
—(py') + qu = \wy, J = (a,b), —c0 < a <b< +oo, (1.1)
with coefficients functions p, ¢, w satisfying
%, q, we L'(J,R), p>0, w>0, ae. on J, (1.2)

and boundary conditions

AY(a) + BY(b) =0, A, Be Mx(©), Y = | 7 |. (1.3)
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Eq. (1.1) generates a minimal operator S;,;, and a maximal operator S, with
domains D,;, and Dy,qz, respectively. The self-adjoint operators S in the Hilbert
space L?(J,w) generated by (1.1), (1.2), and (1.3) satisfy

Smin C S =8% C Smaz- (1.4)

It is clear that these operators S differ from each other only by their domains. These
domains D(S) are characterized by matrices A, B which satisfy

0-1
rank(A : B) =2, AE;A™ = BE;B*, E; = . (1.5)
10
That is, the linear manifold D(S) defined by
D(S) ={y € Dy : (1.3) and (1.5) hold} (1.6)

is a self-adjoint domain and every operator S satisfying (1.4) is determined this
way.

Here and below, M, (X) denotes the n by n matrices with entries from X =C
the complex numbers, or X = R, the real numbers, and (A : B) denotes the n by
2n matrix whose first n columns are those of A in the same order and the last n
are those of B in the same order.

It is well known that the self-adjoint condition (1.5) can be classified into
two mutually exclusive classes: coupled and separated, and these classes have the
following canonical form representations:

(A:B)= (e"K :I,), K€ MR), det(K) =1, -7 <~y <m; (1.7)
cos(a) y(a) — sin(a) (py')(a) = 0, a € [0, ),
cos(B) y(b) — sin(B) (py')(b) =0, B € (0,7]; (1.8)

respectively. Here Iy denotes the 2 by 2 identity matrix.

These representations (1.7), (1.8) make it possible to define the
eigenvalues A, (v, K) and A,(o,8) and study their properties as functions
of these parameters and to compute them numerically; see [14, 16], [26].

How are the eigenvalues determined by the separated boundary
conditions  (1.8) related to the eigenvalues determined by the coupled
boundary conditions (1.7)? This is clearly not apparent from the representations
(1.7) and (1.8). In 2000 Kong, Wu, Zettl [15] constructed a space of boundary
conditions with a geometric structure and used this structure to study the
relationship between eigenvalues determined by different boundary conditions.
This was extended by Haertzen, Kong, et. al. [12] and by Cao, Kong, et. al. [6].

In this paper, we obtain a different canonical form representation of (1.5). This
new self-adjoint boundary representation ‘unifies’ (1.7), (1.8). And we find a similar
‘unified’ canonical form for n = 4 where there are three types of self-adjoint
conditions: separated, coupled, and mixed. (In the second order case there are
no mixed self-adjoint conditions.)

Consider the equation

My = [(p2y") — (p19)] + poy = Awy, on J = (a,b) (1.9)
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with coefficients satisfying

1
—, p1, po, wE€ L*(J,R), poa >0, w>0ae. J (1.10)
P2

It is well known that (1.9) is a symmetric (formally self-adjoint) differential
equation. For smooth coefficients the differential expression

2
My=> (=1 (py")?

Jj=0

is a closed form for the symmetric (formally self-adjoint) expressions of order four [7].
With hypothesis (1.10) the extra bracket [ ] is needed in (1.9), see [24].

It is well known that the self-adjointness characterization (1.5) extends to the
fourth order case:

000-1

0010
rank(A : B) =4, AE4A* = BE,B*, E4 = ) (1.11)
0-10 0

1000

In [21] Wang et. al. proved that for fourth order problems there are three
mutually exclusive classifications of the self-adjoint boundary conditions:

Theorem 1.1 (Wang-Sun-Zettl). Let (1.9), (1.10), and (1.11) hold. Then
1.
2 <rank(A) <4, 2 <rank(B) <4. (1.12)
2. Let 0 <r < 2. Ifrank(A) = 2 4, then rank(B) = 2 + r. Assume that
rank(A) =2 +r. (1.13)

Then the boundary conditions are separated when r = 0, mized when r = 1, and
coupled when r = 2.

Remark 1.1. This theorem gives a rigorous definition of the separated, coupled,
and mixed self-adjoint boundary conditions. In [21] this theorem is proven for all
even order problems n = 2k, k > 1. For each of these problems there are only
three classifications of the self-adjoint boundary conditions: separated, coupled,
and mixed.

For n = 4 canonical forms for all three classifications were found by Hao et. al.
in [11] where it is shown that there are four types of coupled conditions, 16 types
of mixed conditions, and 16 types of separated conditions. And for each of these
three types there is a fundamental type in the sense that each of the conditions
of that type can be transformed to the fundamental one with elementary matrix
manipulations.

In this paper we find a new canonical form for n = 2 and a similar canonical
form for n = 4. Both of these new forms unify the different types of conditions with
each other. More specifically we:
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1. Find a new canonical form for the second order problem. This unifies the
coupled and separated forms (1.7), (1.8). It has the representations:

rr 1 cO
(1.14)

—EO’I"QI

e When ¢ # 0 is a nonreal number, then (1.14) represents a canonical form
for the nonreal coupled conditions.

o When ¢ # 0 is a real number, then (1.14) represents a canonical form for
the real coupled conditions.

e When ¢ = 0, then (1.14) is a canonical form of the separated boundary
conditions with the understanding that two ‘special’ separated conditions
require letting 71 and r; approach infinity. See Remarks 2.2 and 2.3 below
for details.

2. Find a new canonical form for fourth order problems which has the block
matrix representation:

R J, C O 01
(A:B) = , Jo = , C € My(C). (1.15)
—C* 0 Ry Jo 10

e When rank(C) = 2, then (1.15) represents a canonical form for the
coupled conditions.

e When rank(C) = 1, then (1.15) represents a canonical form for the mixed
conditions.

e When rank(C) = 0, then (1.15) represents a canonical form for the
separated conditions.

e Furthermore, R, Ry and Js are symmetric and thus can be considered
as playing the roles of ry, ro, and 1 in (1.14). The complex matrix C
plays the role of the complex number ¢ in (1.14).

In addition we find other equivalent canonical forms for the coupled conditions
in both the second and fourth order cases. In the second order case this condition
has the form:

1
=0
(A . B) = Kl ¢ K2 : 12 5 (116)
0c
10 ry 1
where K1 = y K2 =
—T2 1 -10
For order four we get
c1to
(A:B)= | K, P2V Ky L |, (1.17)
O2x2 C*
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where

I 0 Ry J
K, — 2 2%2 Ky = 1 J2

_J2R2 J2 _I2 02><2

and Ra, Ry, I, Jy are all symmetric matrices, and | det(K1)| = | det(K2)| = 1.

Note that there is a 1 — 1 correspondence between (1.15) and (1.14) with ¢ # 0
when n = 2, and between (1.17) and (1.15) with rank(C) = 2 when n = 4.

Our proof uses a delicate interplay between the theory of linear differential
equations [10,18,27] and the theory of linear algebra.

This paper is organized as follows. In Section 2 we introduce a new method for
studying the n = 2 case. In Section 3 we use some parts of this method of proof to
establish the case n = 4. Examples to illustrate these results are given in Section 4.
We plan to investigate the general case of n = 2k for k£ > 2 in a subsequent paper.

2. A New Canonical Form For Order Two

In this section we develop a new method for studying the self-adjoint n = 2 problem.
Let A=A and B = B and let

(Av : _E) _ zill 612 gll 512 ) (21)

a21 G2z ba bag

Then the linear submanifold:

D(S) =<y € Dipasz : AY (a) + BY () =0, Y = Y , (2.2)

with A, B satisfying (1.5) is a self-adjoint domain, and all self-adjoint domains are
generated in this way.

Next we derive a new canonical form for n = 2. B

If rank(B) = 2, then it follows from (1.5) that rank(A) = 2 and therefore the
boundary condition is coupled. So by elementary matrix transformation of rows,

~ 10
the matrix B can be transformed into the identity matrix

01
Noting that the domain is invariant under the elementary matrix
transformations of the rows of (A : B), the matrix (A : B) can be transformed
into the following form if a;; # O:

rewrite

a11 @12 b1 big \ ———— [ a11a1210
a21 G2z bay bao asy a2 01

(A:B)=

1 a12b611 0 1 a2 6110
- D I e YRS 53 (2.3)
&21 622 01 0 a22 b21 1
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where ags # 0, by; # 0. _ JU
Suppose 11 = 0. Then from rank(A) = 2, we have @12 # 0, then (A : B) can be
transformed to

~ < G112 b1 by \ —— [ 0 1210

(A:B) = o rewrite
az1 Gz bay bao az1 a2 01
0 1 510 0 15610
— — = (A: B), (2.4)
az1 aze 0 1 az 0bo1 1

where a1 7é 0, bll # 0.
We have the following lemma:

Lemma 2.1. Suppose rank(A : B) = 2 and rank(B) = 2. Then we obtain new
coupled canonical forms:

~ o~ 611 512 b11 b12 1 r C 0
(A:B)= o (2.5)
a21 22 bay boo 0crl
where r1, T3 are real numbers, i.e. a1a = A12, bay = b21, and by; = as9 = c.

2. Or

(Z: E) _ ail a2 ?11 §12 01cO (2.6)
Q21 Gz bay bao —c0rl
where v is a real number, i.e. bay = boq, and byy = —aGo1 =c¢, c € C.

Proof. By using formula (1.5) and (2.3), we calculate that

1 aip 0-1 10\ [bu0) [0=1) [bibx
0az ) \10 ) \awan) \bm1)\10 01)
s0
ayz —1 1 0} [0-bu b1 bay
az 0 a12 G2 1 —bo1 0 1
Therefore
a1p —a1z =Gz \ [ 0 —bn
aso 0 - b1y b1 — boy

This shows that
a12 = G12, a22 = b11 =€, ba1 = ba1, c € C,

and we obtain the form (2.5). - -
Similarly, by using (1.5) and (2.4), we obtain by = boy, agg = —by; =
—¢, in (2.4), i.e., the canonical form (2.6) is established. O
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Theorem 2.1. The two canonical forms (2.5) and (2.6) in Lemma 2.1 can be
combined to obtain the following self-adjoint canonical form:

rr1cO
(2.7)

—c0ry1
Proof. It is easy to verify that (2.7) is a self adjoint boundary condition. And:

e when ry =0 in (2.7) it can be reduced to (2.6), where ro = r.

e when r1 # 0 in (2.7) it can be transformed to

1 c 1 <
1T1 rlO . lr1 - 0
C cc
—c 0 rol Oﬁrg—i—ﬁ
171 ¢0 ~ 1 - ¢ _ cc
= _ le—,C:—,T2:T2+—)
0¢ml 1 "1 "1
. 1ry ¢ O
rewrite ,
067"21

where 71, 73 € R, ¢ € C. Thus, in this case, (2.7) can be transformed to the
form (2.5). O

Remark 2.1. We can get separated self-adjoint boundary conditions from (2.7).
In (2.7) if ¢ =0, then (2.7) is reduced to

~ o~ T1100
(A:B) = . (2.8)
007’21

This is a real separated boundary condition.

Remark 2.2. Further, we can derive the self-adjoint separated boundary
conditions (1.8) from (2.8). In fact (2.8) can be transformed to

~ o~ T 100
(A:B) =
00 T2 1
_ T _ 1 0 0
. r24+1 r24+1 . (2.9)
0 0 ——F=-—-
\/T§+1 \/r§+1
Let
cos(a) n sin(a) ! a € (0,m)
= - [ = T T S ;)
T NGRS
T2 1
cos =— , —sin =—— p€(0,n),
(8) o (B) J@?Iﬁ (0,m)
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then (2.9) can be transformed to

_ [ os(e) —sin(a) 0 0 , (2.10)

0 0  cos(B) —sin(p)

This is the self-adjoint separated boundary condition (1.8). And
r1 — —o0, cos(a) = +1, sin(a) = 0, a — 0,
r1 — 400, cos(a) = —1, sin(a) = 0, a — T,

r1 =0, cos(o) =0, sin(a) =1, a =

)

b0l 3

r9 — —00, cos(f) — +1, sin(8) — 0, 8 — 0,

ro — 400, cos(f) — —1, sin(8) — 0, f — ,
ro =0, cos(B) =0, sin(8) =1, 8= g
Remark 2.3. Note that (2.7) is a new characterization of the second order
self-adjoint domains, which is different from the well known canonical forms
(1.7), (1.8). Also note that the separated conditions can be parameterized with
r1 = —cot(a), 0 < a <mand ry = —cot(f), 0 < f < 7w and the ‘special’ condition
(py')(a) = 0 = y(b) mentioned above corresponds to a = §, = m.

Next we show that the coupled self-adjoint boundary forms described
by (1.7) are equivalent to (2.7) in Theorem 2.1. Notice that the boundary conditions
described in the domain D(S) do not change when the matrix (A : B) is left
multiplied by a nonsingular matrix B~1.

When rank(A) = 2 = rank(B), we have ¢ # 0 in (2.7) , then from (2.7) we
consider the matrix product Eilg, ie.,

-1

F1i— c 0 r1 1 1 1 0 r; 1
ro 1 —c0 €\ —ryc —c0
T 1
_1 ET S B K N R T
—r1r9 — CC —T9 ¢ —7”’]20?'@ %
Assume that kiu = %‘, k‘12 = ﬁ, kgl = —%—‘m, k‘22 = —%, Lcl = 6”(—71' < Yy S
), and hence
~ o~ [ ki1 k2 -
B7'A=¢" ="K, (2.11)
ka1 koo

where K = (kij)(; j=1,2) is a real matrix, and det(K) = 1.
Eq. (2.11) shows that the second order coupled self-adjoint boundary conditions
can be characterized as:

AY (a) + BY (b) = 0,
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in which
B=1,, A=e"K, vy e (—m, . (2.12)
That is, the corresponding boundary matrix of the coupled canonical form is:
(A:B) = ("K : L), (2.13)
where K = (kij)(; j=1,2) is a real matrix and det(K) = 1.

Remark 2.4. The result (2.10) or (2.13) is well known, see [25]. Thus the
boundary matrix form (2.7) gives a new description of the second order self-adjoint
domains which unifies the different representations of the separated and coupled
conditions. This should simplify the study of the relationship of the eigenvalues of
coupled boundary conditions to the eigenvalues of nearby separated conditions.

Also notice that (2.11) can be rewritten as follows:

Brii—eng=en [0
ka1 koo
-1
c 0 ry 1 1 1 1
ro 1 —c0 C\ —rirg — ¢ —rg
10\ [lo r 1 10
= = Kl K27
—r9 1 0c —-10 0c
10 T1 1
where K| = , Ko =
—7T92 1 -10

Remark 2.5. That is, the boundary matrix forms (2.7) corresponding to the
coupled self-adjoint canonical form for the second order differential operators can
be transformed into:

1
-~ =0
(A : B) = K1 ¢ K2 . I2 5 (214)
0¢c
. 10
where the matrix A = K; | ¢ K> is the product of three matrices, the middle
0c
matrix is a diagonal matrix which is determined by ¢ = b;; and the absolute

value of its determinant is 1; the other two matrices are real, and they are
determined by r; and 7o respectively (note that in the form (2.6) K; is determined
by r and Ko = —F5) and det(K;) = det(K3) = 1 and K;, K, are symplectic
matrices [13]. And there is a one to one correspondence between the coupled
self-adjoint canonical forms (2.7) and (2.14) (or (2.13)).

The canonical form of coupled self-adjoint conditions for n = 4 established
below in Section 3 (Theorem 3.3, Remark 3.2, Theorem 3.4) are similar to the
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forms established here in Section 2 with the exception, of course, that for n = 2
there are only separated and coupled conditions but for n = 4 there are separated,
coupled, and mixed conditions. The coupled self-adjoint canonical forms for n = 4
established below were motivated by our new form (2.7) for n = 2. Both new forms
relate the different classifications with each other more than the previously known
forms did, e.g. for n = 2 the forms (1.7) and (1.8) are not closely related. We expect
that the more closely related forms will be useful tools to get more information
about the relationships between the eigenvalues of separated and coupled boundary
conditions.

3. Canonical Forms Of Self-Adjoint Boundary
Conditions For Order Four

As mentioned above, in this section we obtain new canonical forms of self-adjoint
boundary conditions for fourth order equations:

My = [(p2y")" = (p13)]" + poy = Awy, on J = (a,b), (3.1)
with coefficients satisfying

1

—, p1, po, w € L*(J,R), pa >0, w>0ae. J (3.2)
P2
Let
0100
00=Lo0
Q= b2 ; (3.3)
0 P1 0 -1
po 0 0 O

and define quasi-derivatives by

(1] (3]

v =y, =y & = pa(yly, B = iyt — (P, (3-4)

and let
My =y = poyl® — (yBy". (3.5)

Note that these quasi-derivatives yl!l = yg], i=0,---,4 depend on @ and (3.1)
is given by
My =y = poy® — (yF) = hwy.

For simplicity of exposition we omit the subscript Q. The domain of M, D(M),
consists of all complex valued functions y such that yl!l = yg], i =0,---,41is
absolutely continuous on each compact subinterval of J = (a,b). Then

My =y = dwy

is defined a.e. on J.
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Consider the boundary conditions.

y%(a) y%(b)
(g 1]
Al YO oA Bemo, (3.6)
¥ (a) 12 (b)
y(a) y(b)

where ylil = yg], 1=0,---,4.
Fundamental to the study of boundary value problems is the Lagrange identity.
The next Lemma and Theorem establish this identity.

Lemma 3.1. Let Q be given by (3.3). Then Q = —F471Q*F4, where

00 0 -1
00-10 0 —J
Py = _ 22 2 7 (3.7)
010 O Ja O2x2
100 O
01
O2x2 s a 2 by 2 zero matriz and Jo =
10
Proof. Note that
Fj=-F, =F " (3.8)

By a direct calculation, we have

000 -1 00 0 po 000 -1

i 00-1 0 10 p O 00-1 0
_F4 QF4:
010 0 0L 0 0 010 0

b2

100 O 00-10 100 O

00 10 000 —1 0100
1 1
o000 00-10 | |00 0 o
10 p O 010 0 0p 0 —1
00 0py/ \100 0 P 0 0 0

O
Theorem 3.1 (Lagrange Identity). Let Q be given by (3.3) and let M = Mg = yl4l.
For any y, z € D(M) we have

2
[y, 2] = Sy — R - 2Ry, (3.9)
k=1
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where
T T
Z = (1020 2021 581 ), Y = (ylo] gl izl yiol ) (3.10)
and yl, 211, i =0,1,--- .3 are defined by (3.4).

Proof. By a direct caculation, we have

[y, 2% = /b ZMydx — /bJWzydac =— /b(y[?’])'zdx + /b (z13))ydz
a e B abi a
N / VB dy + 2By — [ 2Bl da
ab 7@ o b—
= —y[315+/ {py™ = ()} Wde + 2Bly — [ {pizl — (2R }ylde

b N b
= —y[3]z—/ (¥ 20 dz + 2By +/ (z2)yyda

= —y[3]E - ymﬁ + ﬁy + ﬁym
(3F1,28, 20, 20 ) Y = Z*FuY. O

The above Lagrange identity is based on the representation M = Mg. The next
Theorem establishes a different (but, of course, equivalent) characterization of the
self-adjoint boundary conditions (1.11). The following Theorem, with the help of
Lemma 3.1 and Theorem 3.1 above, will establish a new canonical form for the
fourth order self-adjoint boundary conditions which is similar to the new second
order canonical form established in Section 2 above.

Theorem 3.2. Let Q be given by (3.3) and let M = Mg and let the
quasi-derivatives yl) = yg] i = 0,1,2,3 be defined by (3.4). Let Fy be given by
(3.7) and assume the matrices A, B € My(C) satisfy

AFyA* = BF,B*, rank(A : B) = 4. (3.11)

Define a linear submanifold D(S) of Dmax by
T
D(S) = {y € Dipaz © AY(a) + BY (b)) =0, Y = (ym Ylil 412 ym) } . (3.12)

Then D(S) is the domain of a self-adjoint extension S of Smin , i.c.,
Smin C S = 5" C Smax, (3.13)

and every self-adjoint extension of Smin is determined this way.

In particular, if rank(A) = rank(B) = 4, i.e. r = 2 in Theorem 1.1, then
the boundary condition (3.12) is coupled and every coupled self-adjoint boundary
condition is generated in this way.

Proof. This follows from the Lagrange identity. By Theorem 3.1, we obtain

b b
/ =Myda — / Waydz = [y, 22 = Z* () ELY (b) — Z*(a) FaY (a) = 0,
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then
T
D(S) = {y € Dipaz = AY (@) + BY () =0, Y = (ym yll yl2] y[3]) }

is self-adjoint domain if and only if
AF,A* = BF,B". O

Based on Theorem 3.2, we construct the canonical forms of the self-adjoint

boundary conditions. For this it is convenient to use the following block form of
(A: B):

AL Ay By B
(A : B) = , A, B; € MQ((C), i=1,2,3,4. (314)
Az Ay B3 By

If rank(A) = 4, then rank(As : A4)T = 2. So the matrix (Ay : A4)T can be
transformed into the following form by elementary matrix transformations of rows:

01
As 10
= . (3.15)
Ay 00
00

Since AF,A* = BF,B*, rankB = rankA = 4. We have:

Lemma 3.2 ( [11]). Noticing that when rank(B) = rank(A) = 4, we have rank(Bs :
B,) = 2. By row transformations, (Bs : By) can be transformed into the following
sixz forms:

b31 b32 01 b31 0 b33 1 0b3210
(1) » (2) » (3) ;

ba1 by 10 bs11 00 1000

0100 0 b3o b3z 1 bs1 010
(4) » o (5) , (6)

1000 10 00 bs1100

Since the boundary conditions (3.12) are invariant under elementary matrix
transformation of rows of (A : B), in case (1) of Lemma 3.1 the matrix (A : B) can
be transformed into the following form:

(A:B) = Ay Ay By By . Ay Jy By B, . A;l Jo %1 BiZ (3.16)
A3z Ay B3 By A3z Ay Bs By Az Ozx2 Bs By
- A, Jy By By - Ay Jy By Ogxy ~ ~
rewrite [ _ _ rewrite [ _ _ =(A: B),
As O2x2 B3 Ja Az Oax2 B3 Jo

where A3 and B; are nonsingular matrices. Then we have the following Theorem:
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Theorem 3.3. Ifrank(A : B) =4, (As : A4)T can be transformed into (3.15), with
rank(By) = 2, then the matriz (A : B) satisfying AF4A* = BF;B* can be
transformed into the following canonical form:

A Ay B B R, Jo CO
(A : B) _ 1 A2 D1 D2 _ 1 2 2x2 : (317)
A3 A4 B3 B4 -C* 02><2 R2 J2

where Jy, Ry, Rs are symmetric matrices, and the canonical form is determined
by Rl, RQ, C.
Proof. From (3.16), the matrix (A : B) can be transformed into
(4:B) = A:l Ja 1?1 O2x2
Az O2x2 B3 Jo

From AF,A* = BF,B* we have

Ay Jy O2x2 —J2 gf Z;, B By 02x2 O2x2 —J2 éf §§
Az 032 J2 O2x2 J3 O2x2 - Bs J J2 O2x2 O2x2 J3
Hence
Jody =Ardy \ (A7 A5\ [ 0sx2 —Bi B Bj
O2x2 —AsJo J3 O2x2 JoJy —BsJo O2x2 J3

Since Jy ' = Jo = J3, we have
Ar— A, A Oax2 —Bi
—A3 Ogxo Bf Bj - B3
From this it follows that
A = A%, A3=-Bf, Bs=B:.
Therefore we have the self-adjoint boundary condition

(A:B) - Ry Jy C 0O2x2 7
—C* 02x2 R2 Jo

where Ry, Ry are symmetric, and C' € My(C), completing the proof. O

Remark 3.1. Note that if the boundary matrices A, B in (3.14) satisfy AFyA* =
BF,B* and rank(B4) = 2, then a canonical form for coupled self-adjoint boundary
conditions of order four is:

r1 @21 0101101200
a r9 10 bz bas 00

A:B)=| " e : (3.18)
—bu —521 00 T3 b41 01

—612 —622 00 b41 T4 10
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where r1, 79, T3, T4 are real numbers, i.e., R;, Ry are symmetric matrices, and As =
* *
—Bj = -C".

Remark 3.2. Here in (3.17) the symmetric matrices Ry, Ry correspond to the real

numbers r1, 79 in (2.7), A3 = — B} corresponds to the complex conjugate as; = —byy
in (2.7).

Remark 3.3. From (3.17), we see that if C = 0, then (3.17) represents the
separated conditions, if the rank(C) = 1, then (3.17) represents the mixed

conditions. In this way the canonical forms (3.17) unify the coupled, separated,
and mixed canonical forms into one single form. We believe this will become an
important tool for studying the dependence of the eigenvalues on the boundary
conditions.

Next we show that for coupled self-adjoint boundary conditions the self-adjoint
domains characterized by (3.17) are quite similar to those of the second order
case. This may lead to similar methods for studying the dependence of the
eigenvalues on the boundary conditions for fourth order problems.

For coupled self-adjoint boundary conditions (3.17), rank(B) = 4, rank(C) =
2. Since the boundary conditions are invariant under left multiplication, we have:

—1

-1
B4 C O2x2 Ry Jp _ C O2x2 Ry Jy
R2 JQ -C* O2><2 _J2R2071 J2 -C* 02><2
C™! Oaxo
= 1 2,
0252 C*
where
I 0 Ry J
Ky — 2 2%2 Ky = 1 Jo
—JoRy Jo —15 Ozx2

Remark 3.4. That is, the boundary matrix corresponding to the coupled canonical
form for the fourth order differential operators can be transformed into:

C™! O2x2
(A . B) = K1 KQ . I4 5 (319)
O2x2 C*
C™! 02x2
where A = K; K5 is the product of three matrices, the second
O2x2 C*

matrix is a diagonal matrix, which is determined by C, and the determinant of
A has absolute value equal to 1; the other two matrices consist of four symmetric
block matrices, which are determined by Ry and R; respectively, and | det(K;)| =
|det(K32)| = 1, I denotes the 4 by 4 identity matrix. And there is a 1-1
correspondence between the coupled self-adjoint canonical forms (3.17) and
(3.19). The examples in the next section will illustrate this point further.

Remark 3.5. Compare these four formulas (2.7), (2.14), (3.17), (3.19), the coupled
self-adjoint canonical forms for the fourth order differential operators have very
similar forms with the second order case.
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According to the above analysis, we have:
Theorem 3.4. Coupled self-adjoint domains D(S) of fourth order differential
operators (3.1) are determined by two point boundary conditions
T
D(S) = {y € Doz : AY (a) +Y(0)=0,Y = <y[0] yltl 2 y[3]) } , (3.20)

with matrices A, B € My(C) satisfying

A I, 02xo C™! Oaxo Ry J» _ K, C™! Oaxo .

—JoRy Jo O2x2 C* —1I5 O2x2 O2x2 C*
where Iy, Jo, Ry, Ra are symmetric matrices, and rank(C) = 2.

Theorem 3.5. For the boundary matrices satisfying (3.11), according to the
classification of (Bs : By) in Lemma 3.1, we have:

b31 0 b33 1 .
o If (B3: By) = , the canonical forms follows below:
byy1 00
r1 a2 01 b1y 006130
(A : B) _ A1 A2 Bl BQ _ afl 7:2 10 b21 0 b23 0 , (3.21)
A3 A4 Bg B4 —b11 —bgl 00 r3 0 b33 1

b1z baz 00 —b331 0 0
where rq, ro, r3 € R.

003210

e If (By: By) = , the canonical forms are as below:
1000
r1 asy 0100b120big
(A : B) _ A1 Ag B1 B2 _ afl 7;2 100 b22 0 b24 7 (322)
A3 A4 B3 B4 7b12 71)22 000 T3 10

by by 001 000

where r{, 7o, r3 € R.

0100
o If (B3: By) = , the canonical forms for coupled conditions are:
1000
1 a21 0100 b13 b14
(A:B) = A1 Ay By By _ 6712177”210001723524 ’ (3.23)
As Ay B3 By bi3 b3 0001 0 O

ba b2 0010 0 0
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where 71, 75 € R.

e For
0 b3z b33 1
(B3 : B4) = ’
10 0O
and
b31010
(B3 : By) =
bsi1100

there are no canonical forms for coupled self-adjoint boundary conditions of
order four.

Proof. These observations follow from the above results. O

Remark 3.6. Comparing (3.17) and Theorem 3.5, we see the latter should be
transformed by the former (3.17) by elementary column transformations.

We call (3.17) (or (3.18)) as the “fundamental canonical form” of the self-adjoint
boundary conditions. Theorem 3.5 greatly simplifies the canonical forms in [11]. See
the next Remark.

Remark 3.7. The results in [11] are based on the well known characterization
(1.11) based on the matrix E,. The characterization given by Theorem 3.5 is based
on the matrix Fy. The quasi-derivatives used in [11] are somewhat different from
those used here. We find it remarkable that such an apparently minor change from
FE, to F; has a major consequence in the construction of canonical forms.

4. Examples

In this section we give some simple examples to illustrate our main results.

Example 4.1. Let ry, 15 € R, b3 =4, in (2.7), then we have the canonical form
of self-adjoint differential operators of order two as following form:

(A:B) = a1 a1z b1y bio _ rt1 40
ba1 bao ba1 bao i 0rp 1

From (2.14), we know a canonical form for the coupled self-adjoint second order
differential operators also can be written as below:

—1 0 —iry —110
(A : B) = K1 K2 : IQ = 5 (41)
0 —1 Z"I“ﬂ“g —1 Z"I“g 01
1 0 ry 1
where K7 = , Ko = ,det(K7) = det(K2) = 1, and det(A) = —1.

—T9 1 —-10
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Remark 4.1. By (2.8), A = ¢ K, here

—1irq —1 . —T -1 ™
A= =1 =e?2'K,

iTlT’Q —1 Z"I’Q Tr1ro — 1 T2

where K is a real matrix and det(K) = 1.
If we change b1 to 0, then the above canonical form will become a separated
self-adjoint boundary condition.

Next we give some examples for canonical forms of self-adjoint differential
operators of order four:

Example 4.2. Let Ay = I, By = FEy, B3 = Js, in terms of (3.17), then we
have the following canonical form of self-adjoint domains:

10010-100

Ay Ay By By 01101000
(A:B) = = . (4.2)
Az Ay B3 By 0-1000 1 01

10001010

From (3.19), we get the coupled self-adjoint canonical form:

—E» 0
(A:B)= | K, 2N Ky, (4.3)

O2x2 —E>

I, 0 I, J
where K; = 2 T , K ? 2

-1, Jy —1I3 0252

and det(K;) = det(K3) = —1, i.e.

(&)
I

01 1 01000
10 0 -10100

(A:B) = : (4.4)
1 -1-100010

1 -10 10001

where det(A) = 1.
If we let By = 0242, the boundary condition (4.2) becomes a separated

self-adjoint boundary condition. If we let By = , the boundary condition
10

(4.2) becomes a mixed self-adjoint boundary condition.

Example 4.3. Assume that A; = B3 = iEs, By =iJs, from (3.17), we obtain the



2208 Q. L. Bao, J. Sun, X. 1. Hao & A. Zettl

canonical form of self-adjoint domains as follows:

0—-2010 ¢ 00

A, Ay By By 1 01072 000
(A:B)= =
Az Ay B3 By 07 000—-01

1 0007 010

where Ay, B3 are complex symmetric matrices.
From (3.19), we obtain the coupled self-adjoint canonical form:

10 — 01000
—1J 02x2 0—-1 0 — 0100

(A : B) = K1 K2 : I4 = ) (45)
O2x2 —iJ2 00 -100010

00 0 10001

L 0 iBy J.
where K| = 2O Kk, = [ 7 7 ] and det(K)) = det(K,) =
—iJoEy Jy —1I5 022

—1. Furthermore, we have det(A) = 1.
144 0
Example 4.4. Assume that Ay = I, B3 = Js, B; = in terms of
0 3+:¢
(3.17), we obtain canonical forms of self-adjoint domains having the following form:

1 0 011+ 0 0O
(A;B): I Jo Bi 02x2 _ 0 1 10 0 34:00
—BT Ooxo Jo  Jo -1+ 0 00 O 1 01

0 —-3+:00 1 0 10

where Ay, Bs are symmetric matrices.
From (3.19), we obtain the coupled self-adjoint canonical form:

=t 0 0 %1000

B O 0 3=t 30 0100
A:B)= K, | " P Kyl | = o _ ,
O2x2 B -5 =3+i 0 —-320010
“1+i =258 =320 0001
(4.6)
I 0 I J. 1—i 0
where K, — 2 Uaxo Ky = 2 2 . B = ’3;1:

I, Jp —1I5 O2x2 0 3—1
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2 ,and | det(A)| =| [A=0G=0F |,
0 3=
10
0041
Example 4.5. Let (Bs : By) = . Suppose A; = A3 = iFE5 in terms
1100

of (3.20) in Theorem 3.5, we obtain the coupled canonical form of self-adjoint
domains having the following form:

0—20100—0
(A:B) = A1 Ay By Bo _ 1 010-2000 ’
As Ay B3 By 0—-20000 1

1 000¢¢100

o

.

where A; = A3 are all complex symmetric matrices.

0710
Example 4.6. Let (B3 : By) = . Suppose A1 = iEy, A3 = iJs in
1000

terms of (3.22) in Theorem 3.5, we obtain the coupled canonical form of self-adjoint
domains having the following form:
0-i01000 —1
(4:B)— Ay Ay By By _ 10100400 7
A3 Ay B3 By 07000710

10001000
where A; is a complex symmetric matrix.

0100
Example 4.7. Let (B3 : By) = . Suppose A1 = I, A3 = iJs in
1000
terms of (3.23) in Theorem 3.5, we obtain the coupled canonical form of self-adjoint
domains having the following form:

100100 0 —2

Ay Ay By By 011000—2 0

(A:B)= = ,
As Ay B3 By 000010 O
1000100 O

where A; is a real symmetric matrix.
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