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EXTINCTION IN A NONAUTONOMOUS
COMPETITIVE SYSTEM WITH TOXIC
SUBSTANCE AND FEEDBACK CONTROL*

Ligiong Pu', Badradeen Adam'? and Zhigui Lin®T

Abstract This paper deals with a nonautonomous competitive system with
infinite delays and feedback control. Sufficient conditions for the permanence
of the system are first obtained. By constructing a suitable Lyapunov function,
we obtain the sufficient conditions which guarantee that one of the components
is driven to extinction. Our result shows that feedback control have an influ-
ence on the extinction of the system. Examples together with their numerical
simulations illustrate the feasibility of our main results.
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1. Introduction

In the real ecosystem, competition is everywhere. Mathematically, the dynamic
behaviors of competitive systems have been attracting much attention, see for ex-
ample [1,4,8,10,14,15,19] and references therein.

In [14], Montes de Oca and Zeeman considered the following nonautonomous
Lotka-Volterra competitive system

ii(t) = xi(t){bi(t) — Zaij(t):cj(t)}, i=1,2,....n, (1.1)

where z;(¢) is the population density of the i—th species at time ¢, respectly. They
show that all but one of the species is driven to extinction if exhibiting simple
algebraic criteria on the parameters.

Ecologically, the impact of toxic substances on ecological communities is an im-
portant problem [10,12,15-17]. In addition to competition between two species,
each species produces a toxic substance to the other, but only when the other is
present. Chattopadhyay [3] studied the following two species autonomous compet-
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itive system with toxic substances

.Tl(t){’f'l — anzl(t) — algl‘Q(t) — bll‘l(t)llig(t)},
$2(t){7"2 - a21$1(t) — a22x2(t) — bgl'l(t)fﬂg(t)},

Z1(t)
Zo(t)

(1.2)

where 1 (t) and z2(t) denote the population densities of two competitive species at
time t for a common pool of resources, 71,72, a11, 12, a21, a2, b1 and by are positive
constants. The first three terms in the right side of (1.2) represent competitive
growth, and the last term denotes the effect of toxic substances. Chattopadhyay [3]
showed that toxic substances play an important role in stabilizing the system.

Many biological or environmental parameters do subject to fluctuate with time,
so considering the nonautonomous parameters, Li and Chen [11] studied the follow-
ing two species nonautonomous competitive system with toxic substances

z1 () {ri(t) — ann ()1 (t) — ara(t)za(t) — by(t)z1(H)22(t) },
l‘g(t){Tg(t) - agl(t)l'l(t) — agz(t)xg(t) — bg(t)ml(t).%'g(t)}.

They showed that if the coefficients of the system satisfy a series of conditions,
x2(t) will be driven to extinction while 24 () will stabilize at a certain solution of a
logistic equation.

On the one hand, in the real world, the movement of most species is not affected
by the current state, but related to the past state. Therefore, in order to describe the
state of species more precisely or the operation of the system better, it is necessary
to introduce the part describing the influence of the past state on the system in
the differential system, namely delay, see some works [7,18]. However, when the
time lag is quite large, we usually consider the infinite delay, see also some works
[2,5,9,13,20]. On the other hand, it is well known that the population in an
ecosystem is often affected by various factors from outside, which leads to changes
in various parameters of the ecosystem. The experiment shows that the feedback
controls have the ideal effect of eliminating the external interference. Therefore,
feedback control is of great significance for the protection of the species diversity
and the maintenance of the sustainable development of the ecological environment.

Chen et al. [2] and Hu et al. [9] studied the following two-species nonautonomous
Lotka-Volterra competitive system with infinite delays and feedback controls

Z1(t)
Za(t)

(1.3)

—+oo
.i‘l(t) = 3,’1(t){T1(t) — au(t).%‘l(t) — au(t)/o k1(8)$2(t — S)dS
—+oo
—en(t) /0 Foa () (¢ — s)ds},
—+oo
i‘z (t) = Z’Q(t){’r’z(t) — a21(t)A k3(8)$1(t — S)dS — a922 (t)l‘Q (t)
—+o0
tes(t) / oo (3)us(t — 5)ds b,
0 too
i (t) = —dy (ur (£) + e (1) /O ks (3)1 (1 — 5)ds,

+oo
U2 (t) = f(t) —do (t)UQ (t) — €2 (t)/o ke (8)%2 (t — s)ds,

(1.4)

Chen et al. [2] obtained sufficient conditions for the permanence of system (1.4)
and showed that controls can avoid the extinction of the species. Then Hu et al. [9]
improved and extended sufficient conditions given in [2].
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Stimulated by the works of [2, 11], we propose the following system

= z1( { — a1 (t)z1(t) — ai2(t) /0+00 k1(s)x2(t — s)ds
—bi(t)z1 (¢ )/ ka(s)xz2(t — s)ds — c1(t) /0+<>0 ks(s)ui(t — s)ds}7

(t)
+oo
= wa(t { —az(t ka(s)z1(t — s)ds — azz(t)x2(t)
(t)

0 too (L5)
—ba(t)za(t )/ ks(s)x1(t — s)ds — cz(t)/o ke (s)ua(t — s)ds}7
“+oo
i1(0) =~ (®) +er(®) [ hrls)oa(e = s)ds
+oo
’[LQ(t) = —dg (t)UQ (t) + e2 (t)/o ks (S)CCQ(t — s)ds,
together with initial conditions

uz(t) = 4101(t) € BC+7 te (—O0,0};
where ¢;,1; € BCT and
T ={¢ € C((~0,0],]0,+00)) : ¢(0) > 0 and ¢ is bounded}, i =1,2.

It is well known that by the fundamental theory of functional differential equa-
tions [6], problem (1.5) (1.6) admits a unique solution (x1(t),z2(t),u1(t), ua(t)).
Moreover, x;(t) > 0 and wu;(t) > 0 for all ¢ = 1,2 in maximal interval of existence
of the solution.

The organization of the this paper is as follows. Section 2 deals with several
basic assumptions for problem (1.5) and four useful lemmas are given. Section 3 is
devoted to the sufficient conditions for the permanence of the system and section 4
is for the extinction of species 5. Examples are presented in section 5 to show the
feasibility of our main results.

2. Preliminaries

For convenience, we define f* = max f(t) and f! = inlg f(t). Before we state the
te te
main result of this paper, we first introduce some lemmas.

Lemma 2.1. (see [13]) Let x : R — R be a bounded nonnegative continuous func-

tion, and let k : [0, +00) — (0,400) be a continuous kernel such that f0+oo k(s)ds =
1. Then

“+oo
liminf 2(t) < lim inf/ k(s)x(t — s)ds
0

t——+oo t——+oo

“+o0
< lim sup/ k(s)x(t — s)ds < limsup x(t).
0

t—+oo t——+oo

We consider the following nonautonomous logistic equation

#(t) = w(t)(a(t) — b(t)z(1)), (2.1)
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where function a(t) and b(t) are bounded continuous defined on R4 and b(t) > 0
for all ¢ > 0. The following result is known.

Lemma 2.2. (see [21]) Suppose there are constants w > 0 and A > 0 such that

4w t+A
lim inf a(s)ds > 0 and liminf b(s)ds > 0.

t—00 t t—o00 t
Then, there exist constants M > m > 0 such that

m < liminf 2(¢) <limsupz(t) < M
t—+oo t—+oo

for any positive solution x(t) of Eq. (2.1).

Further, considering the following nonautonomous linear equation

i(t) = a(t) - b(t)a(t), (2.2)

where functions a(t) and b(t) are bounded continuous defined on R,. We have the
following results.

Lemma 2.3. (see [9]) Suppose a(t) > 0 for allt > 0 and there are constants w > 0
and A > 0 such that

t4w t+ A
lim inf/ a(s)ds > 0 and litm inf/ b(s)ds > 0.
t —e Jt

t—o0
Then, there exist constants M > m > 0 such that

m < liminf z(t) < limsupz(t) < M

t—+o0 t— 400
for any positive solution x(t) of Eq. (2.2).

Lemma 2.4. (see [8]) Suppose that there exists a constant w > 0 such that

t+w
lim inf/ b(s)ds > 0.
t

t—o0

Then, for any constants € > 0 and M > 0 there exist constants 6 = 6(g) > 0 and
To = To(M) > 0 such that for any tg € Ry,x0 € R and |zo| < M, when |a(t)] < 6
for allt > ty, one has

|x(t, to, x0)| < e for all t > tg+ To,

where x(t,to, xo) is the solution of Eq. (2.2) with initial condition x(ty) = xo.

3. Permanence

In this section, we adopt the following assumptions.

(Hy) ri(t), ai;(t), bi(t), ci(t), di(t), ei(t)(4,5 = 1,2) are bounded and continuously
defined on [0, +00). Furthermore, a;;(t), b;(t), ¢i(t), d;(t), e;(t) are nonnegative on
[0, 4+00).
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(Hg) ki : [0,400) — [0,4+00)(i = 1,2,...,8) are piecewise continuous and satisfy

+o0 +oo
/ ki(s)ds =1 and o; = / sk;i(s)ds < 0.
0 0

(H3) There exists a positive constant w such that for each i = 1,2,

t+w
lim inf/ ri(s)ds > 0.
t

t—o0

(Hy) There exists a positive constant A; such that for each i = 1, 2,
t+A;
lim inf a;i(s)ds > 0.

t—o0 t

(Hs) There exists a positive constant [3; such that for each i = 1,2,

t—o00

t+8;
lim inf/ e;(s)ds > 0.
t
(Hg) There exists a positive constant -y; such that for each i = 1,2,
t+i

lim inf di(s)ds > 0.

t—o0 t

(H7) There exists a positive constant ¢ such that

t+4
lim inf / (r1(s) — Faara(s))ds > 0.
t

t—o00

(Hg) There exists a positive constant 7 such that
t+mn

lim inf (ro(s) — Traz1(s))ds > 0,
t— oo t

where T; and T are defined in Theorem 3.1 (also, one can see Remark 3.1 for more
details).

Theorem 3.1. Suppose that assumptions (Hy)—(Hg) hold, for any positive solution
(x1(t), 22(t), u1(t),uz(t)) of system (1.5) (1.6), we have
(i) There exist positive constants T; and u; such that

limsup x;(t) <7Z; and limsupu,(t) <w;, i =1,2.
t——+o0 t——+oo

(i) If (H7) holds, there exists a positive constant x, such that

ltlin-s}rolf x1(t) > ;.

(i) If (Hg) holds, there exists a positive constant xo such that

im i > z,.
lt11_1>1_&r01£ x2(t) > xq
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Proof. The proof of Theorem 3.1 is similar to that of Theorems 3.1 and 3.2 of Hu
et al. [9], so we omit the detail here. O

Remark 3.1. If in system (1.5) all parameters r;(t), a;;(¢), b;(t), ci(t), di(¢),
e;(t)(4,7 = 1,2) have the positive lower and upper bound on R, then it is not hard
to prove that in Theorem 3.1(i) we can choose

U U
_ _ ey
Ti=—andu; = ——, i=1,2.

ab. d'at.

kX3 171

u

T

Theorem 3.2. Assume further that (H1) — (Hg) hold, then the system (1.5) (1.6)
is permanent. That is, for every solution (x1(t), x2(t),u1(t),ua(t)) of system (1.5)
with initial condition (1.6), for everyi = 1,2, there exist positive constants T;, x;, u;
and u; such that
z; < liminf z;(t) < limsupz;(t) < Z;,
t—+o0 t—+oo

w; < liminfwu;(t) < limsupu;(t) < @;.
t—+o0 t—+o0

Proof. From Theorems 3.1, we only need prove that there exist constants u, > 0
such that
. S = ' .
liminfu;(t) > w;, i = 1,2 (3.1)
From Lemma 2.1, Theorems 3.1(ii) and (iii), we can choose positive constants e and
To such that for all ¢t > T

“+oo “+o0
/ krz(s)x1(t — s)ds > x; — e and / ks(s)xa(t — s)ds > xy — €. (3.2)
0 0

From the third and fourth equation of system (1.5) and (3.2), for all ¢t > Tj, we
have

Consider the following auxiliary problem

Ui(t) = —d;(t)vi(t) + ei(t)(z; —¢€), i =1,2,t > T, (3.4)

By assumptions (Hs) and (Hg) and Lemma 2.3, we obtain that there is a positive
constant u; such that

lminfv;(t) > u;, i =1,2.
t—+oo

It follows from the comparison theorem that
u;(t) > v;(t) for all t > Ty, i =1,2.

Thus, we finally obtain

ninf (8 S . = 1.9,
lggﬁgu’(t)—%’l 1,2

This completes the proof. O
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4. Extinction

In this section, we discuss the extinction of species x2 of problem (1.5) (1.6). Let
us define the functions

+o0 +oo
Alg(t) = /O kl (8)(112(t + S)dS, Agl(t) = /0 k4(s)a21(t + s)ds,

+o0 +oo
Cy(t) = /0 ks(s)er(t+ s)ds, Ca(t) = /0 ke(s)ca(t + s)ds,

Bi(t) = /O T kr()er(t 1 5)ds,  Ea(t) = /0 T ks(s)ea(t + )ds.

Theorem 4.1.  Suppose that assumptions (H1) — (Hy) hold, assume further that

t+w
ro(s)ds
. ba(t)
higsogp A< hgl;}f bi()’ (Hy)
ri(s)ds
t
t+w
r1(s)ds
. Ci(t) Ax(t) . . /t a1 (t)
hirisogp i) < lim inf A0 lim inf =5 “Ho ) (H1o)
ro(s)ds
. Oo(t) ) / aza(t)
i g > oo (T oo /w “we)
t

Then, we have

“+o0
lim 22(¢) =0, lim wua(t) =0, / xo(t)dt < o0,
t—o0 0

t—o00

for any positive solution (x1(t), x2(t), ui(t), ua(t)) of problem (1.5) (1.6).
Proof. From assumption (Hj), we have that there exist positive constants 1y and
To such that

t+w
/ ri(s)ds >mno forallt>Ty, i=1,2.
t

From conditions (Hg)—(H71), we can find positive constants «, 3,¢,7,6 and Ty > T
such that for all t > T7,

Ci(?) a BAsi(t) — aaii(t)
di(t)  « aFy(t)
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e Calt) _ 3 _ aialt) = Baan()
2 t aA12 t) — a922 t
> = > . 4.3
Lo BT AW )
Therefore, we have
t+w t+w
Bra(s) —ari(s)ds < —55/ r1(s)ds < —efno, (4.4)
t t
ozan(t) — 6A21(t) + ")/El (t) < O, (45)
OéAlg(t) — ,80,22@) — 5E2(t) <0, (46)
aby (t) — ,Bb2(t) <0, (47)
—dy (t) + aCy(t) < 0, (4.8)
and
§ds(t) — BCo(t) < 0 (4.9)

for all ¢ > T3. Consider the following Lyapunov function

V(1) = 2 (1)2L (1) exp {W(t) —Sus(t) + /0 o /t i F1(s)a1a (0 + )a2(0)d6ds

kg(s)bl (9 + 8)1'1(9 + s)xg(G)des

k‘5(5)b2 (9 + 8)1’1 (6)1‘2(9 + S)d@ds

]{35(8)1)2(9)1’1 (9)x2(9)d0d5

+oo pt
k3(s)cl(0+s)u1(9)d9ds—ﬂ/0 . k4(s)az1(0+s)x1(0)dbds

5 /0 +Oo/t :1%(5)02(9 + 8)us(0)dOds -+ /O +Oo/t t ko (s)er (0 + s)z1(0)d0ds

—S

5 /0 o /t ;kg(s)eQ(e + S)ﬂﬁg(@)d@ds}.

Calculating the derivative of V(¢) with respect to ¢ yields

. Foo
V(t) :V(t){ —ari(t) + aar1(t)z1(t) + aar2(t) /0 k1(s)xa(t — s)ds

+oo +oo
+ aby (t)x1(t) /0 ko(s)xa(t — s)ds + acy (t) /0 ks(s)uy(t — s)ds

+oo
+ Bra(t) — Baza(t)z2(t) — Bazi (t) /0 ka(s)z1(t — s)ds

+oo too
~ Bby(H)a(t) /0 ks (s)a1 (£ — 8)ds — Bea(t) /O ks (s)us(t — s)ds
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+o0
— ydy (t)ur (t) + ver (t) / kr7(s)x1(t — s)ds
0
+oo
+ 6da (Eua(t) — dea(t) / ks(s)za(t — 5)ds
0

+o0 +oo

+ axa(t) /0 k1(s)ai2(t + s)ds — aa2(t) /0 k1 (s)xo(t — s)ds
+o00

~ aby(t)21 (1) /0 Ra(s)as(t — s)ds + aby () (H)za(t)

+oo “+o0
+ auq(t) /0 k3(s)er(t + s)ds — acy (t) /0 k3(s)uqi(t — s)ds
— Bxy(t) /O+OO ka(s)az1(t + s)ds + Bas(t) /0+OO ka(s)x1(t — s)ds

+o00

T Bby(t)a(t) /0 ks(s)2a(t — )ds — Bba(t)e (t)a(t)

“+o0 “+oo
~ Bua(t) /O Fo(s)ea(t + s)ds + Beal(t) /O Fo(s)ua(t — s)ds

+o0 +oo
+ yx1(t) /0 k7(s)er(t + s)ds — vei(t) /0 kz(s)x1(t — s)ds

+o0 oo
— dxa(t) /0 ks(s)ea(t + s)ds + dea(t) /0 ks(s)za(t — s)ds}

:V(t){( —ary(t) + Bra(t)) + (aaqi (t) — BAai(t) + YE1(t)) 21 (2)
+ (= Baa(t) + aAiz(t) — 0Ea(t))2a(t) + (= vda(t) + aCy(t))ur (t)
+ (0da(t) — BCo(t))ua(t) + (abi(t) — ﬁbg(t))xl(t)xg(t)}.
From inequalities (4.5)-(4.9), we can obtain
V() < V() —ari(t) + Bra(t), t>Ts. (4.10)

For any t > T5, we choose an integer n > 0 such that ¢ € [Tg +nw, To + (n+ l)w).
Integrating (4.10) from T3 to ¢ and using (4.4) give

V(t) < V(Tz) exp { /T:(Oﬂ’l(S) +ﬂ7"2(8))d5}

= V(1) exp </T2+"W + /T:+nw ) (—ari(s) + pra(s))ds

T>

< V(Ty)exp { —efnon + Ml} < V(T3) exp { — efno (t ;

T 1) +M1}

eBnot . eBnoT:
—vimexp { - 00 Ty, ai | - V(T expl-ac+ M),
(4.11)
T
where A = 557707 M = ebmoT +efBno 4+ My and My = sup |Bra(t) — arl(t)’w. On
w >0

w
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the other hand, from assumptions (H;) and (Hs), for all ¢ > 0, we have
—+oo t
V(1) a7 ()l (t) exp { ~ous) =5 [ [ k(oo 6+ i (6)d8ds
0 t—s
“+o0 0
- B/O /t78k5(s)b2(9 + 8)x1(0)x2(0 + s)dbds
—+o0 t
— ks(s)ba(8)x1(0)z2(0)dod
5[ [ ks(elba(opm: 0)aa(0)d0as
+o00 pt +oo rt
- B/O ‘/tiskG(S)CQ(0+$)u2(0)d9d8_5/0 /tskg(s)eg(ﬁ—i—s)xg((‘))dﬁds}

+oo
le_o‘(t):rg(t) exp { — dsup ug(t) — Ssupasg (t) sup xl(t)/ ska(s)ds
>0 >0 teR 0

“+o0
— Bsup ba(t) sup x1(t) sup o (t)/ sks(s)ds
>0 >0 >0 0

+00 +oo
— Bsup ca(t) sup usg (t)/ ske(s)ds — dsup es(t) sup zo (t)/ Sk‘g(S)dS}.
>0 teR 0 >0 teR 0

Therefore, we obtain that there exists a positive constant W > 0 such that for all
t>0

V() > Way®(t)zh (). (4.12)
By (4.11), (4.12), for all ¢t > T, we have

zo(t) < (W lad () V (T) exp(—At + MT)) e < W exp(—A*t), (4.13)

1/B
A
where W* = <W1 supa:?(t)V(Tg)exle*> and \* = 5 Hence, we finally
>0

—+oo
obtain that z3(f) — 0 and / ks(s)xa(t — s)ds — Oas t — oo.
0

Further, it follows from the forth equation of system (1.5) and Lemma 2.4 that
uz(t) = 0 ast — oo. O

Considering the following system without feedback control
+oo
1(t) = :El(t){rl(t) —ay1(t)z(t) — alg(t)/o k1(8)xa(t — s)ds
+oo
b () (8) / Fa(s)a(t — s)ds},
0 . (4.14)
$2(t) = $2(t){T2(t) — G,Ql(t)‘/o k4(8)1’1(t — S)dS — GQQ(t)I'Q(t)
+oo
ba(t)wa(t) /0 s (5)a (£ — s)ds},

together with initial conditions z;(t) = ¢;(t) € BCT,t € (—00,0], we have the
following corollary.
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Corollary 4.1. Suppose that assumptions (Hy) — (Hy4) hold, assume further that

/t+w

ro(s)ds

A
limsup 24— < min { lim inf 21(t), lim nt #22() } (Hy)
t—00 / t=oo ap(t)’ t—oo Apa(t)
ri(s)ds
t
Then, we have
At =0

for any positive solutions (x1(t),x2(t)) of system (4.14).

5. Examples and discussions

In this section, we present some numerical to illustrate our theoretical analysis.
First, we present the permanence of system (1.5).

Example 5.1. We consider the following system
+oo
z1(t) = xl(t){(2.9 +0.1sint) — 3z1(t) — 4/ e "xa(t — s)ds
+oo 0 +oo
—4xq(t) / e “xa(t — s)ds — (6 4+ 0.2 cost) / e Suy(t — s)ds},
0 0
+oo
Zo(t) = .’,Cg(t){]..5 - / ez (t — s)ds — 3xa(t)
+ooo +o0
—2x4(t) / e *x1(t — s)ds — (1 4+ 0.5cost) / e Sug(t — s)ds},
0 0
+oo
up(t) = —2uq (t) + / e ‘xq(t — s)ds,
0

“+o0
Ua(t) = —2ua(t) + 4.5/ e xa(t — s)ds.
0

(5.1)
Here, corresponding to system (1.5), we set
1 (t) =2.9+0.1sin t, all(t) = 3, alg(t) = 4, b1 (t) = 47 C1 (t) =6+ 0.2cos t,
ro(t) = 1.5,a91(t) = 1,a22(t) = 3,ba(t) = 2, ca(t) = 1+ 0.5cost, (5.2)
dl(t) = 2,61 (t) = 1, dg(t) = 2, eg(t) =4.5.
By simple computation, one could see that
_ Y _ Ty 1
T1=— =1, To=—F =,
aj, aby 2
t+27
litrginf/ (ri(s) — Taaq2(s))ds =~ 5.65 > 0. (5.3)
> Jt

t+27
lim inf / (ra(s) — Trasn(s))ds ~ 3.14 > 0, (5.4)
t

t—o00
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Figure 1. Dynamic behaviors of system (5.1). Here, we take the initial functions (z1(0), z2(0), u1(6),
u2(6))= (0.2,0.4,0.15,0.1), (0.25,0.15,0.4,0.45) and (0.3,0.3,0.3,0.3) for all § € (—oo, 0]

which means that the conditions (H;) — (Hg) hold. Therefore, by Theorem 3.2, the
system (5.1) is permanent, see Figure 1.

Next, an example is given to illustrate the feasibility of Theorem 4.1.

Example 5.2. Consider the following nonautonomous Lotka-Volterra competitive
system with infinite delays and feedback controls

where

+oo
a(t) = xl(t){Q +sin(t) — 321 () — 4 /0 2o (t — 5)ds
+o0 +oo
—ml(t)/o e ot — s)ds — %/0 e fuq(t — s)ds},
+o0o
Zo(t) = xg(t){l + cos(t) — 2/0 e *x1(t — s)ds — 3x5(t)
“+o0 “+oo
—2x2(t)/0 e xy(t — s)ds — /0 e Tug(t — s)ds},
+oo
U1 (t) = —(4 4 sin(t))us (t) + (2 + sin(t))/o e *x1(t — s)ds,

“+oo
la(t) = —(1+2sin(t))u2(t)+(2+sin(t))/0 e~ wa(t — 5)ds,

r1(t) = 2 +sin(t), a11(t) = 3, a12(t) = ()—1’01@):%,
ra(t) =14 cos(t), ani(t) = 2, a22(t) = 3,b2(t) = 2,¢2(t) =1,
di(t) =4 +sin(t),e1(t) =2+ Sln(t)>
do(t) = 1 + 2sin(t), e(t) = 2 + sin(t).

Obviously, we have that the period of system (5.5) is w = 27. Simple computations
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show that
t+w
t ra(s)ds 1 ba (1)
h?i:‘)gp”wi:§<hg£fbl(t) =2,
/ ri(s)ds
t
t+w
ds

i Ci(t)y 1 .. . A (t) . . /t ri(s) ann(t) _ 1
hiriigp ) 5 < hglogf 1 f — =3

1m 1n.
Ey(t) t—oo /me(s)ds By (t)
t

t+w
ro(s)ds
Co(t) 1 <A12(t) : / azz(t))
n == > limsu lim sup 2 — =—1.
B2 d() 37 el UBs(f) imeet [T Es(t)
r1(s)ds
t
Therefore, the conditions (Hg) — (Hy1) hold. It follows from Theorem 4.1 that
species xo will be driven to extinction, see Figure 2.

Solution
Solution

o
>

L L L )
20 30 40 50 60

Figure 2. Dynamic behaviors of system (5.5). Here, we take the initial functions (z1(0), x2(8), u1(0),
u2(6))= (0.2,0.05,0.25,0.1), (0.05,0.02,0.1, 1.19) and (0.3,0.09, 0.3, 0.3) for all § € (—co, 0].

Example 5.3. First, we consider the following system
“+oo
z1(t) = xl(t){Q +0.2sin(t) — 3x1(t) — 4/ e xa(t — s)ds
0

— 4z, (t) /;w e ma(t - S)ds}’ (5.6)

Za(t) = xg(t){l +0.1sin(t) — 2 /O+°O e %z (t — s)ds — 3xa(t)

—3x2(t) /0+°<> e xy(t — s)ds},

where
Tl(t) =240.2 Sin(t)7 au(t) =3, alg(t) =4, bl(t) =4,
3

Tg(t) =1+0.1 sin(t), a21(t) =2, agg(t) =3, bg(t) =
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Obviously, we have that the period of system (5.6) is w = 27. Simple computations

show that
t+w
. /t ra(s)ds 1 Ax(t) 2
imsup ~———— = o < liminf =,
t—00 2 t—o0 an(t) 3
ri(s)ds
t
t+w
ro(s)ds
lim sup i = 1 < lim inf ax(t) = §
t—00 tw 2 t—00 Alg(t) 4
ri(s)ds

t

It is easy to check that species x5 is extinct, see Figure 3.

Solution

Figure 3. Dynamic behaviors of system (5.6). Here, we take the initial functions (z1(0), z2(0), u1(6),
u2(0))= (0.3,0.3), (0.5,0.5) and (0.8, 0.8) for all 8 € (—co, 0].

Now we consider the following system

+oo
in(t) = 21042+ 0.25in(t) — 32, (t) — 4 / e=Sza(t — 5)ds
0
+oo +oo
—4xq(t) /0 e Sxo(t — s)ii— () /0 e fuq(t — s)ds},
Fa(t) = xg(t){l +0.1sin(t) — 2 /O =31 (t — 5)ds — 3s(t)
“+o0 +oo
_3J;2(t)/0 +O: x1(t — s)ds — CQ(t)/O e Tug(t — s)ds},
Uy (t) = —uq(t) —|—/O e x1(t — s)ds,

+oo
Ug(t) = —ua(t) +/O e xo(t — s)ds.

(5.7)

For the initial functions (x1(0),z2(0),u1(6),u2(0)) = (0.3,0.3,0.3,0.3), (0.5,
0.5,0.5,0.5) and (0.8,0.8,0.8,0.8) for all § € (—o0, 0], let the feedback control vari-
able coefficients ¢1(t) = 8 and c2(t) = 1, from the numerical simulation, species z;
and species x5 in system (5.7) become permanent (see Figure 4).
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We now change the feedback control variable coefficients to ¢ (t) = 4 and c2(t) =
3 and in system (5.7), for the same initial conditions (z1(6), z2(0),u1(0), uz(#)) =
(0.3,0.3,0.3, 0.3), (0.5,0.5,0.5,0.5) and (0.8,0.8,0.8,0.8) for all § € (—o0,0], the
population of species x1, however, is larger than that of species x3. Numerical
simulation also confirms our results (see Figure 5).

! 05

0.4

o
w

Solution
Solution

o
)

0.1

Figure 5. Dynamic behaviors of system
(5.7). Here, we take the initial functions
(21(0), 22(0),u1(0),u2(0)) = (0.3,0.3,0.3,0.3),

Figure 4. Dynamic behaviors of system
(5.7). Here, we take the initial functions
(21(0), 22(0),u1(0),u2(0)) = (0.3,0.3,0.3,0.3),

(0.5,0.5,0.5,0.5) and (0.8, 0.8, 0.8,0.8) for all § €
(=00, 0] and the feedback control variable coeffi-
cients ¢1(t) = 8 and ca(t) = 1.

(0.5,0.5,0.5,0.5) and (0.8, 0.8, 0.8,0.8) for all § €
(=00, 0] and the feedback control variable coeffi-
cients ¢1(t) = 4 and c2(t) = 3.

Dynamic of the competitive systems is an interesting topic which has attracted
a lot of attention. Most existing results were focused on the impact of model
parameters and delay on the long time behaviors of the solutions. In this paper,
a nonautonomous competitive systems with infinite delays and feedback control is
considered. We find that feedback control admits an influence on the extinction of
the original system. Example 5.3 shows that, if one of the original system is driven
to extinction, the system with feedback control is permanent and therefore feedback
control leads to changes in results. We believe that our results can be extended to
the reaction diffusion systems modelling two or more species models.
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