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RECOVERING A SPACE-DEPENDENT
SOURCE TERM IN A TIME-FRACTIONAL
DIFFUSION WAVE EQUATION*

Ting Wei " and Xiongbin Yan'

Abstract This work is concerned with identifying a space-dependent source
function from noisy final time measured data in a time-fractional diffusion
wave equation by a variational regularization approach. We provide a reg-
ularity of direct problem as well as the existence and uniqueness of adjoint
problem. The uniqueness of the inverse source problem is discussed. Using
the Tikhonov regularization method, the inverse source problem is formulated
into a variational problem and a conjugate gradient algorithm is proposed to
solve it. The efficiency and robust of the proposed method are supported by
some numerical experiments.
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1. Introduction

Time fractional diffusion equations and diffusion wave equations arise when using
time fractional derivatives instead of the standard time derivatives and can be used
to describe sub-diffusion and super-diffusion phenomena in [2,23]. Direct problems
for time fractional diffusion equations, i.e initial value problems and initial bound-
ary value problems have received a lot of attentions in recent years, such as some
uniqueness and existence results [22,28], the maximum principle [19,21], numerical
solution by finite element and difference methods in [12,13,24,36].

However, there are a number of parameters may not be measured directly in
some practical situations, and have to be inferred indirectly from some given mea-
sured data. The inverse source problems of anomalous diffusion process aim at
determining the source function of physical field from some known measuremen-
t. For the time-fractional diffusion equations, the inverse source problems have
attracted immense interest in recent years, see, e.g, [4,10,27,29,32-34,37].

Recently, the research for time-fractional diffusion-wave equations becomes a
popular topic. Direct problems for time-fractional diffusion-wave equations have
been investigated, see, e.g, [1,3,5,6,11,28]. However, the inverse problems for
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fractional diffusion-wave equations have only a few papers such as inverse time-
dependant source problems on an unbounded domain [20] and on a bounded domain
[31], the uniqueness of inverse coefficients [14]. In this paper, we investigate an
inverse space-dependent source problem for a time fractional diffusion wave equation
in a bounded domain.

Let © be a bounded domain in R? with sufficient smooth boundary 9. We
consider the following the time-fractional diffusion wave problem.

oG u(x,t) + Lu(x,t) = f(x)g(t), z€Q, 0<t<T,
u(z,0) = a(x), =z €,

Opu(z,0) = b(x), x €,

u(z,t) =0, z€d, 0<t<T,

where 1 < o < 2 and 0§, u(x,t) is the Caputo left-sided derivative defined by

o 1 k _,0%u
oG u(w,t) = m/o (t—s)! @(x,s)ds, t>0,

and L is a symmetric uniformly elliptic operator defined on D(L) = H?(Q) N HZ ()
given by

0 0
Lu(z) = — Z 67Cj(Al-j(gc)87%16(35)) +c(z)u(z), zeQ, (1.2)

in which the coefficients satisfy

Ajj=Aj, 1<i,j<d, Aje cH(Q), (1.3)

d d
o> &< Ay(a)&g, Yo eQ, V(&,...&) €RY o>0, (1.4)
i=1

i,7=1

c(z) >0, 2€Q, clx)eC(Q). (1.5)

If all functions f(x), g(t), a(zx), b(x) are given, then the problem (1.1) is a direct
problem. The inverse problem considered here is to determine the spatial source
f(z) in problem (1.1) from the additional final data

u(z,T) =h(z), =€ (1.6)

Unless otherwise specified, we always assume f(x) € L2(2), a(z) € H?>(Q)NHE (),
b(z) € D(L=), h(z) € H2(Q) N HLQ), g € CH0,T], ¢"(t) € L*(0,T), where
L'(0,T) denote the Lebesgue integrable function space.

The inverse source problem for the time-fractional diffusion wave equation men-
tioned above is an ill-posed problem (refer to Section 4). As we know, the inves-
tigations for inverse source problems of the time-fractional diffusion-wave equation
are very few. Sigkova in [31] considered an inverse time-dependant source problem
for a time fractional wave equation from an additional integration condition. The
purpose of this work is to determine the space-dependent source problem in a time
fractional diffusion wave equation by the final time measured data.

The main difficulty here is to obtain the gradient of the Tikhonov regularization
functional. To get it, we need an integration formula by parts for fractional deriva-
tives which is unknown. As one of the main contributions of our work, we provide a
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new integration by parts for fractional derivatives from which we can obtain a new-
type adjoint problem related to the Riemann-Liouville fractional derivative. The
existence and uniqueness of a weak solution for the adjoint problem are investigat-
ed. Moreover, the uniqueness of inverse source problem is discussed. This paper
offers a generalized approach to solve the inverse space-dependent source problem
in an irregular domain for a multi-dimensional case. Although the Tikhonov regu-
larization method is well known, we have to face new difficulty on its application in
solving inverse problems of fractional partial differential equations.

The paper is organized as follows. In Section 2, we present some preliminar-
ies. The regularity of the direct problem as well as the existence and uniqueness
for the adjoint problem are provided in Section 3. We discuss the uniqueness of
inverse source problem in Section 4. In Section 5, we formulate the inverse problem
into a variational problem and obtain the gradient of the Tikhonov regularization
functional by an adjoint problem. In Section 6, we will show a conjugate gradient
algorithm. In Section 7, the numerical results for two examples in one dimensional
case and one example in two dimensional case are presented. In Section 8, we give
a conclusion on the paper.

2. Preliminaries

Throughout this paper, we use the following definitions given in [16] and some
lemmas.

Definition 2.1. The Mittag-LefHler function is

where oo > 0 and 8 € C are arbitrary constants.

Definition 2.2. Let Q = [0,T] be finite interval on the real axis R. The Riemann-
Liouville left-sided and right-sided fractional integrals I§, f and I$_ f of order a €
C(R() > 0) are defined by

I§ f(t) = F(loz)/o (tf(;))lads, t>0, (2.2)
T
I2_f(t) = r(la)/t G f(:))l_ads, t<T. (2.3)

Definition 2.3. Let = [0, 7] be finite interval on the real axis R. The Riemann-
Liouville left-sided and right-sided fractional derivative Df, f and D%_ f of order
o € C(R(a) > 0) are defined by

I
N SV L 0

and

a 1 4 [t f(s)
D0+f(t)—r(1_a)a/o s, 0 < R(a) <1, t>0
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Do f(t) = mla)i/t (Sf( t))ads, 0<R(a) <1, t<T

Lemma 2.1 (see Lemma 3.2 in [28]). For A > 0, a > 0 and positive integer m € N,
we have

an

dtm
Lemma 2.2 (see (1.10.7), (2.1.56), (2.2.52) in [16]). For A€ R, a >0, v > 0, we
have

Bai1(=M®) = =M™ By a mi1 (=A%), t> 0. (2.4)

d
ﬁ(ﬂ_lEaﬁ(—At")) =t 2Eq -1 (=A%), t>0,
DY (t* ' Ega(—AtY) = =M Eq o(=At), t>0,

DY (t* 'Eqo(—M)) =t* "7 By 0y (—A), t>0.
Lemma 2.3 (see Theorem 1.6 in [26]). Let 0 < o < 2 and 5 € R be arbitrary. We

suppose that p is such that ¥ < p < min{m,ma}. Then there exists a constant
C1 = Ci(a, B, 1) > 0 such that

&
1+ 2]’

[Ea,p(2)] < p<larg(z)] <. (2.5)

Lemma 2.4. Let A > 0, a > 0, we have

d
&Ea,a,l(—)\t“) = M Ep2a_2(-MY) + (2 = @)Egoa_1(—=M\Y)], t>0.
Proof. By Definition 2.1, it is easy to prove
d = ak(=At*)E (=t
—Fo.a-1(—AtY)
dat— i 221 I(ak+a—1)
—At)E = (—=At*)k
A\ 1 9 _ )
Zr (aht2a—2) " a)kzof(ak‘+2a— !

= -\t~ 1[ a’2a72<—)\ta) (2 — Q)angafl(—)\ta)].

O

Definition 2.4. Define AC"[0,T] = {f(t)|f € C"[0,T], f~~1(t) € AC[0,T]},
where AC|0,T] is the space of functions which are absolutely continuous on [0, T'.

Definition 2.5. Define the function space
AC-o[0,T] = {f(&)[t*~ f(t) € AC[0,T1},
ACL_,[0,T) = {f(O)I(T — 1)** f(t) € AC[0, T1}.
In order to deduce the adjoint problem, we have to use an integration by parts

for fractional derivatives. The following new formula is important in the study of
fractional diffusion-wave equations.

Lemma 2.5. Let u(t) € AC?[0,T], v(t) € C[0,T], v(T) =0, v'(t) € ACT__[0,T],
then we have

T
/0 08 u(tyo(t)dt
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T
= —/(0)I3-“v(0) + w(T) DS~ v(T) — w(0) D5~ v(0) + /0 u(t) DT _v(t)dt.

Proof. Since v(t) € C[0,T], v'(t) € ACI__[0,T], 1 < a < 2, we know v’ €
LY(0,T) N CE_[0,T], noting that v(T) = 0, by Lemmas 2.2 and 2.8 in [16], we
have 4 [7-%v(t) = D3~ 'v = 05" "'v = I3-*v'(t) € C[0,T]. By Lemma 2.10 in [35]

and the above equality, we have D$_v(t) = j—;[%:’lv(t) =413 (t) =Dy €

LY(0,T). From v(t) € C[0,T), it is easy to know I7_“v(T) = 0. By Lemma 2.7
in [16] and using integration by parts for two times, we have

T T T
/0 83+u(t)v(t)dt:/0 I3 %u (s)v(s)ds:/o u’(s)I7_“v(s)ds

T
=—/(0)I7"“v(0) — /0 u’(s)%]%iav(s)ds

T
= —/(0)I2-*v(0) + /0 u'(s) DS~ o(s)ds

= —/(0)I2-*v(0) + w(T) D3~ v(T) — w(0) D3~ v(0)

T
+ /0 u(s)DF_v(s)ds.
O

Lemma 2.6 (see [8]). Let f € LP(0,T) and g € L4(0,T), with 1 < p,q < 00, and
% + % = 1. Then the function f x g define by

Fratt) = [ = 9a(s)as

belong to C[0,T] and satisfies
[f 9@ < I fllzeopllgliaoy, 0<t<T.

3. Regularity of a weak solution for the direct prob-
lem and the existence and uniqueness for the ad-
joint problem

Denote the eigenvalues of L with homogeneous Dirichlet boundary condition as

An and the corresponding eigenfunctions as ¢, € H2(2) N H}(Q), which means

Lo, = M@n, pnloa = 0, counting according to the multiplicities, we can set

0< A <A< A3< <N\, <+ and {9, }52, is an orthonormal basis of L?(Q).

Henceforth (-, -) denotes the scalar product in L?(Q2). Now we define a fractional
power LY of L with v > 0 as (see Section 2.6 in [25])

D(L7) = {v € L) D_ A7 | ¢n)l* < 00},
n=1
then D(L") is a Hilbert space with the norm

19l ez = {D_ A%, n) 2}

n=1
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Note that D(L) C L2(Q), for v > 0 and by Theorem 1 in [9], we know D(Lz) =
H(), D(L) = H*(Q) N HL(Q).

On the existence and uniqueness of weak solution for problem (1.1), one can refer
to [15,28]. In the following, based on the methods in [28], we improve the regularity
of the weak solution such that u(z,t) € AC?(]0,T]; L?(2)) while enhancing the
smoothness of g(t).

Theorem 3.1. Let 1 < a < 2, f(z) € L*(Q), a(z) € H*(Q) N H(Q), b(z) €
D(L=), g(t) € AC2[0,T), then the solution of problem (1.1) holds u(x,t) € C([0,T;
H?(Q) N Hy () N AC?([0, T]; L2(€)).

Proof. By the result in [28], we know that the weak solution of the direct problem
(1.1) is given by

(oo}

:ZEa,l(_/\nta a, n)en(r +ZtEa2 —Ant®) (b, on)on(x)

oo

+ ) (frm) / (t = 7)7 By a(—Aa7®)drepn (2)

n=1

=uy (z,t) + uz(z, t) + us(x, t). (3.1)
It follows that

t) = Z /\nEml(_/\nta)(av ©On)pn(x) + Z tEa,Q(_/\nta)/\n(ba ©n)Pn(T)

n=1

+ 3 Mlfipn) [ 9t =17 B (a7 )dron o)
n=1 0

=Lus (z,t) + Lus(x,t) + Lus(z,t). (3.2)

Based on the method in [28], we can see Lu € C([0,T]; L*(9)), and it deduce that
u(z,t) € C([0,T]; H2(2) N HY(2)) by the regularity of the second-order elliptic
operator.

By (3.1) and Lemmas 2.1-2.2, we have

2 oo
wul(xvt) = Z(_/\n)ta72Ea,a—1(_)‘nta)(aa ©n)pn(x), >0,
n=1
and
9? > 1
@UQ(x,t) = Z(b7 On) (= At ) Eq (= Ant)en(z), t > 0.
n=1

By (3.1) and Lemma 2.2, it is not hard to prove

9? > e
Sz tia(ot) = > (£ 0n) 90t 2 Eg a1 (=Ant®) + ¢/ (0)t* ™ Eq o (—Ant®)
n=1

t
+/ g"(t— T)TO‘*lE%a(—/\nTO‘)dT]gon(3:), t> 0.
0

By Lemma 2.3, we have

82
Iz @ D70 =2 2’ZIA @, ¢n)*| Ea,a—1(=Ant™)|?
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<CPOa(@) 3y, t >0,

and

0? o0 o §
||@uz(m,t)\\%2m) = Z A (b, 02) 21t By o (= At®) 2

n=1
= 2 (/\nta)agl 2 2
= o < 1 .
SN 0 P P P < I o,

By Lemma 2.6, we have

82 - o— «
H@U?’(%t)ﬂzw(m <O N(f0n) P12 Baya1 (= Ant®)?

n=1

+C Z |(fa @n)|2|ta71Ea,a(_)‘nta)‘2

n=1

o0 t
O |(fren)P] / G — )T B (A7) dr?
0

n=1

<t f(@)|[72(q), t > 0.

From the above estimates, we can see that g—;u(x,t) € L'(0,T; L*(Q)). It is not

hard to prove u(z,t) € C*([0,T]; L?(£2)), then we know u(z,t) € AC?([0, T]; L?(2)).

O

In the following, we consider an initial boundary value problem for the Riemann-
Liouville fractional derivative equation as follow,

Dg,o(z,7)+ Lo(z,7) =0, €, 0<7<T,
Dg;l"l_)(l',’r)‘.,-:o =¢(x), z€Q,

(2, 7)|7=0 =0, z€Q,

oz, 7) =0, 2€0Q, 0<7<T.

(3.3)

For the new issued problem (3.3) given above, we can obtain the existence and
uniqueness of a weak solution by using the method of separation of variables and
the properties of the Mittag-Leffler functions.

Theorem 3.2. Let ) € L?()), then there exists a unique solution for problem (3.3)
and the solution holds v(z,7) € C([0,T); L*(Q))NC((0,T); H*(Q) N HL(Q)) and the
estimate

[0lleqo,rr2(0) < CllYllL2(o)- (3.4)
Moreover, if » € D(L%), one has v, (x,7) € ACs_o([0, T]; L2(R)).
Proof. By the separation of variables, we suppose that the solution is of form
(2, 7) =D ,0 Un(T)pn(x), it is easy to see that v,,(7) satisfy
DG, 0, (7) + A\0n(7) =0, 0<7<T,

D(?;l@ (T)‘TZO = (7/1, @n)v (35)
77n(7-)|r=0 =0.
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By the second and third equalities in Lemma 2.2, it is easy to verify that one solution
of problem (3.5) is

an(T) - (wagpn)Ta_lEa,a(_AnTa)

Then, we know the formal solution for (3.3) is
Z (1, on)T*" 1Ea,a(_)‘n7a)@n(x)~ (3.6)
n=1
Since
19z, )72 (0) = ZlT“ Eoo(=Aa7)P|(W, 00)* < CllYllZ2 (), 7€[0,T],

then we have ||0(z, 7)||c(o,77;22(0)) < Cl¥llL2()-
By (3.6), we have

o0

Lo(z, 1) = Z(w, On)T B 0 (= AT Anon (). (3.7)

n=1

For any 0 < tg < T, T € [to,T], by Lemma 2.3, we have

[Lo(, 7—)”%2(9) = Z (¢, ‘Pn)|2|>‘n7a71Ea,a(*>‘n7a)|2

n=1
= A7t C
<C s On 2 n 2 < = 2 .
<Ol eI 5zl < ol

It follows from the continuous of E, o(—A,7%) on 7 > 0, we know Lo(z,7) €
C((0,T); L*(Q2)), that deduce v(z,7) € C((0,T]; H2(2) N H(Q)).

Next, if ¢y € D(L=) we prove o, (x,7) € ACy_4([0,T]; L*(Q)). By the first
equality in Lemma 2.2, we have

O (,7) = Y (1, 00)7 2 Baac1 (AT pn(@), 7 >0,
n=1
then it follows that
2 Z 1/1 Son aa—l(f)\nTa)SOn(x)-

By continuous of Ey 4—1(—\,7%), it prove that 72~“v,(z,7) € C([0,T]; L*(Q)).
By Lemma 2.4, we have

0
art”

(w7 Son) [_)\nTa_l (Ea,Qa—2(_AnTa)

WE

0 (x, 7)) =

n

[}

2 - a)Ea,Qafl(_)‘nTa))](pn(x)'
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Therefore

H*( (@, 7)) [720) = le\n b, 0n) P17 (Ea 2a—2(=An®)

n=1

—+ (2 — Oé)Ea 20— 1(_)\7”_04))‘2

Z g w Pn | |/\ ¢ _1(Ea,2a—2(_An7-a)
n=1

( ) 20— 1(— )‘nTa))‘Q

-1

<03 Wi PO e

n=1

<Cllwll, 2

Then we know 2 (7270, (2,7)) € LY0,T; L3(2)), i.e - (2,7) € AC>_4([0, T]; L2(2)).

Next we prove the uniqueness of the weak solution to (3.3). Under the condition
1 = 0, we have to prove problem (3.3) has only a trivial solution. Since {¢n(z)}nen
is the orthonormal basis in L?(Q2), denote 9,(7) = (9(-,7), ¥n), suppose v(-,T) €
H2() N HY(Q), then from (3.3), we know ©,(7) satisfy (3.5) for v = 0. If v, €
C[0,TY, then we know I3, “0,(0) = 0. Due to the uniqueness of the problem (3.5)
instead of the initial condition by I “®,(0) = 0 in [16], we obtain that o, () = 0,

n=1,2,3,--. Since {¢y, }nen is a complete orthonormal system in L?(€2), we have
(z,7) =01in Q x (0, 7). O
Take a transformation on 7 as t = T — 7 and define v(x,t) = v(x, ), then we
have
1 2 [T ¥(x,s)
DS (e )= L[ VS
0+0(2,7) (2 — «) dr? / (1 —s)a-1 iy

1 dQ/Tt v(z, T —s) d
TCe-—a)dr )y, (T—t—spe-17

__ 1 & / by
r2—-a)d® J, (y—t)ot!
—D§_o(z.1),

by a similar proof, we have Dy 'o(z,7) = D3~ 'v(x,t), thus the function v(z,t)
satisfies the following problem

DF_v(x,t) + Lv(z,t) =0, xz€Q, 0<t<T,
DY~ (2, t)|i=r = P(x), z€Q,
v(z,T) =0, z€f,
v(z,t) =0, z€0Q, 0<t<T.
By Theorem 3.2, we can obtain the following theorem.

Theorem 3.3. Let ) € L?(Q), then there exists a unique solution for problem (3.8)
and the solution holds v(z,t) € C([0,T); L*(Q))NC([0,T); H*(Q) N HL(Q)) and we
have an estimate

[olleqo,rizz @) < Cllvllia@)- (3.9)

Moreover, if » € D(Lw), the solution vy(z,t) € ACT_([0,T]; L*(Q)).
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4. The uniqueness for the inverse source problem

Let t = T in (3.1), it is easy to know the source function f(z) satisfies the following
first kind of Fredholm integral equation

/f Kz, €)d = q(x), (4.1)

where

Z Un(T)@n(§)en (),

n=1

T
vn(T) :/0 g(T — )T Ey o (A 7%)dT,
q(l‘) = h(SC) - ul(mvT) - ’LL2(.’L',T)7

in which the functions u;(z,t) and ug(x,t) are defined by the

oo

ur(z,t) = Z(a’ ) Ea1(=Ant®)pn(2),

n=1

Z ) Pn tEoc 2 Anta)(pn(x)
Let A* be the adjoint of A, it is easy to know

Afq= | k(z,§)q(x)dz, €.

Q

Since {p,}2°, are orthonormal in L?(Q), it is easy to verify

A* A, (&) = v2(T)on(8).

Hence, the singular values of A are o,, = |v,,(T")|. Define

_ 90"(1')7 Vn(T) >0,
o) = {—%(ﬂﬁ)’ vn(T) < 0.

It is clear that {1, }52; are orthonormal in L?({), we can verify

Apn (&) = onthn(z) = vn(T)pn(w),
A (z) = onpn(§) = vn

Therefore, the singular system of A is (045 ©n, ¥n).

If for all n, v,(T) # 0, then the inverse source problem is unique. If there exists
n such that v, (T') = 0, then the inverse source problem is not unique. For this case,
for any g € R(A), there exist infinitely many solutions for the integral equation
(4.1) as

o0

F@) =" (a0,00)/va(T)pn(x) + > Coipn(x), for any Cy,.

vn#0 v,=0
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However the best-approximate solution in L?(2) is uniquely given by

oo

fT('r) = Z (Qa @n)/yn(T)QDn(x)

vn 70

For a special case g(t) = 1, by Lemma 2.1, we know v,,(T) 1=EanETY) gy

- A
the asymptotic behavior of Mittag-Leffler function at infinity (See (1.8.28) in [16]),
forl<a<?2, R, n>0, we have

N 1 1
Ea’B(_n):_;F(ﬂ—ak)(—n)k +O(77N+1), 17 — 0. (4.2)

From which, we know that there exists Ly > 0 such that

EQJ(—)\nTa) < m < O, AHT(X > Lo,

for 1 < a < 2, thus we know E,1(—=A,T%) = 1 only if A\, T* < Ly, which means
that v, (T) = 0 only if A, T < Lg. Since lim,, ;o0 A, = +00, there are only finite
A satisfying A\, T < Ly. Therefore, we can know there are only finite terms such
that v, (T) = 0. However, it remains unclear to give a condition for g such that
fOT g(T — 7)Y E, o (= Xy7¥)dT # 0 for all n for guaranteeing the uniqueness of
the inverse source problem which is quite different from the case o € (0,1) [28].
The main reason is the Mittag-Leffler functions E, 1(—t), Eq.o(—t) for a € (1,2)
have zero points over ¢ > 0.

Under the conditions in Theorem 3.1 and by the proof of it, we know that
Af € H?(Q) for f € L?(Q), thus the operator A is a bounded linear operator from
L?(Q) into H%()). By the Sobolev embedding theorem, we can conclude that the
space H2()) is compactly embedded in L?(Q), thus A is a compact operator from
L?(Q) into L?(Q). Further, we know that the inverse problem is ill-posed.

5. Tikhonov regularization method and gradient of
functional

In order to overcome the ill-posedness of the inverse problem, we apply the Tikhonov
regularization method to solve problem (4.1) , that is to define the Tikhonov regu-
larization functional

1
J(F) =FIAF =B+ (@, T) + s, DFaey + 51y (5:1)

:%/Q((uf(;v,T)—h‘;(x))zdx—kg/ﬂfz(z)dx,

where 1 > 0 is a regularization parameter and h? € L?(f) is a noisy data of h
satisfying ||h% — hl|r2(q) < 0 and ug(z,t) is the weak solution of direct problem
(1.1). The first term express the error between the exact data and noisy data, and
the second term denotes the penalty functional for stabilizing the numerical solution.
Then the inverse source problem is transformed into a variational problem.

fEHngr(lQ) J(f). (5.2)
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Since there is no guarantee the uniqueness of inverse source problem, we have to
consider the best-approximate solution. By the standard discussion, it is not hard
to know that the problem (5.2) there exists a unique minimizer called a Tikhonov
regularized solution and the regularized solution converges to the best-approximate
solution under a suitable choice of the regularization parameter u, refer to [7].

In this paper, we apply a conjugate gradient algorithm for finding the minimizer
of functional (5.1). The key work is to find the gradient of the Tikhonov function-
al. By deducing a sensitivity problem and an adjoint problem, we can obtain the
gradient of functional (5.1). We suppose that the solution u; has the regularity
in Theorem 3.1. Let the source term f(z) be perturbed by a small amount § f(z)
in L%(Q2), then the forward solution u; has a small change w = usysf — uy which
satisfies
Sensitive problem:

Iyw(z,t) + Lw(z,t) =6f(x)g(t), 2€Q, 0<t<T,
w(z,0) =0, z¢€qQ,

ow(z,0) =0, x€Q,

w(z,t) =0, €0, 0<t<T.

From (5.1), we have

0J(f) =J(f +0f) = J(f)
ug(z,T) —hé(m))w(x,T)dx—i—,u/ fofdx
Q

e, D32y + 516172 0)-
By Theorem 3.1, we have [|w(z,T)|z2) < |0f(2)|lz2(q), then
5I07) = [ (ur(wT) = W)ue D)o+ | f@)3f(@)de -+ o3 @)]1200)- (50
Q Q

Let v(x,t) be an arbitrary function such that v € C([0,T]; L?(Q2)), v(z,t) €
; L
2

ACT ([0, T); L*(Q2)) and v(z, T) = 0, w(z, t) is solution of (5.3), note that w(x,t) €
AC?([o, T] L*(Q)) from Theorem 3.1. Multiply v(z,t) on both sides of the first
equation in (5.3) and integrating over © x (0,7'), by Lemma 2.5, we have

/OT/Qg(t)df(x)v(x,t)dxdt:‘/Q/OTa&Lw(%t)v(:mt)dtdx—i—/OT/QLw(%t)v(at)dxdt

T
z/Qw(a:,T)DT_ v(x,T)dm—i—/Q/O w(x,t)(DF_v(x,t) + Lo(z,t))dtdx
_ Z / /8 (A gt D)ot ngdsdr, (5.5)

i,j=1

where 7 = (n1,n2, -+ ,nq) is the outside unit normal vector.
Suppose h), € D(L=#), such that ||hS, — K| z2() — 0. Let vy, (z,t) be the
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solution of the following problem

DS vy (z,t) + Log,(z,8) =0, €, 0<t<T,

Dgzlvm(z7t)‘t:T = Uf(I,T) - hfn,(x)a S Q?
m(l‘,T)ZO, erv

vm(z,t) =0, €90, 0<t<T.

(5.6)

By Theorem 3.3, we know v,,(x,t) holds the condition in Lemma 2.5. Taking
v = Uy, in (5.5), then we can apply the boundary conditions in (5.6) and (5.5) to
obtain

T
/ / 905 F ()0 (2, )t = / (up (2, T) = B (2)w(e, T)dz.  (5.7)
0 Q Q

Let v be the weak solution for the following
Adjoint problem:
DT _v(z,t) + Lu(z,t) =0, z€Q, 0<t<T,
DY~ (2, t)|i=r = us (2, T) — ho(z), =€Q,
v(z,T)=0, x¢cqQ,
v(z,t) =0, z€dQ, 0<t<T.

(5.8)

From (3.9) in Theorem 3.3, we have |[vm — vllc(o,rr2) < CllhS, — h°ll2) —
0,m — oo. Pass to limit as m — oo in (5.7), and noting that g(t) € C''[0,T], then
we have

T
/ / o(0)5 (2)0(, £)dwdt / (s (2, T) = B (2))w(e, T)dz,  (5.9)
0 Q Q

which implies that

T
5I(f) = / /Q o()6f (@)o(e, tydadt + p /Q 51(2) F(@)da + o([6£ () | 2 ).

Thus we conclude that

T
J}:/O g()v(z, t)dt + pf(x). (5.10)

6. Conjugate gradient algorithm for solving the vari-
ational problem

We use a conjugate gradient algorithm to find the approximate minimizer of J(f).
Let fr be the kth approximate solution to f(z), we use the following iterative
scheme

fre+1=fx + Brdk, k=0,1,2--- (6.1)

where [ is a step size and dj is a descent direction in the kth iteration with the
form
dr, = —=J;, 4 mdr-1, (6.2)
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where v is given by the Fletcher and Reeves method as

j‘ﬂ(‘}k)Qd:[
= Jkr =0. 6.3
" fQ(J}kfl)de’ 7 (63)

From (5.1), we have

J(fk + ﬂkdk) = % /Q(Ufk + Brwg — hﬁ(l‘))QdI + g/g(fk + 5kdk)2dx, (6.4)

where wy, is a solution of the sensitive problem with ¢ f = dj, by
ar _
dpy

we can get S as

/Q(Ufk (@, T) — h°(x) + Brw)wrdz + M/Q(fk + Brdk)drdr =0,  (6.5)

Jo (ug, (z,T) = B (z))widz + p [, fkdkdx.

= Jow?de +p [o dide

(6.6)

Next, we describe the process of the conjugate gradient algorithm:

) Initialize fo =0 and k = 0;

) Solve the direct problem (1.1) with f = f), and obtain the residual 7 = uy, —h?;
) Solve the adjoint problem (5.8) and determine the gradient J% ;

) Calculate the conjugate coefficient v by (6.3) and the descent direct dj, by (6.2);
) Solve the sensitive problem with §f = dj to obtain wg;

) Calculate the step size S by (6.6);

) Update the source term f4+1 by (6.1);

) Increase k by one and go to step 2, repeat the process until a stopping condition
satisfied.

(1
(2
(3
(4
(5
(6
(7
(8

i

7. Numerical experiments

In this section, we present two examples in one-dimensional case and one example
in two-dimensional case to demonstrate the effectiveness of the conjugate gradient
algorithm. In numerical computations, we always set 7' = 1. The noisy is generated
by adding a random perturbation, i.e

h® = h+¢eh- (2 rand(size(h)) — 1). (7.1)

The corresponding noise level is calculated by § = [|° — k| 12(q).
To test the accuracy of the reconstructed source iterm, we compute the approx-
imate error denoted by

er = Ife(2) = f(2)ll22(0), (7.2)

where fi(z) is the source term reconstructed at the kth iteration, and f(x) is the
exact solution.
The residual Ej, at the kth iteration is given by

By = ||ufk (x’T) - héHLQ(Q)- (73)
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In the iterative method, the key work is to find a well stopping principle. In
this paper, we use the Morozov discrepancy principle, i.e. we choose k satisfying
the following inequality

E, <71d< E}_1, (74)

where 7 > 1 is a constant.

We use a finite difference method developed in [30] to solve the direct problem
and the sensitive problem in Examples 1-2 and using a finite element method in [18§]
to solve them in Example 3. For the adjoint problem, we solve problem (3.3) with
Y(z) = up(x, T) — h?(x), then get the solution of the adjoint problem by a relation
v(z,t) = v(x, 7). The detail is given in the following paragraphs.

Take an integration on both sides of the first equation in (3.3) for variable 7
from 0 to ¢, then we have

¢

Dg;lﬁ(:c,t)qL/ Li(z,7)dr = usp(2,T) — ho(z), z€Q, 0<t<T,
0

(r,0) =0, z€Q,

(x,t) =0, €09, 0<t<T.

For problem (7.5), the time-fractional derivative is approximated by using the
scheme in [17], and the space derivative is approximated using the scheme in [34]
for Examples 1-2 in one-dimensional case. To solve problem (7.5) in two dimension-
al case, we use the finite difference scheme in [17] to approach the time fractional
derivative and employ a finite element method to discretize the resulted elliptic
problem at each time step. The detail is given in the following.

Take the grid size for time is At = % The grid points in the time interval
[0,T] are labeled t, = nAt,n = 0,1,---,N. The time-fractional derivative is
approximated by

(7.5)

1]

€z,
z,

=1

Dy o, tn) =(A)' > gt (@, t k), (7.6)
k=0

where g0~ = (—l)k(agl), gt =1.
Denote 0" (z) = 9(x,t,), G(z) = u(z,T) — h(x). By the scheme (7.6), we can

obtain the following Dirichlet problems for elliptic equations

(At) 9! (z) + %Lz’)l(:c) =G(z), z€Q,

(7.7)
ot(x) =0, z €09,
and

At n—1 n—1
(At =™ (z) + — Lo"™ () =G(x)—AtZL@k(m)—(At)lfaZ gy ok (z),z€Q,

k=1 k=1

"(x) =0, €099,

(7.8)

forn=2,---,N.
Let z;,j = 1,2,--- ,m be the mesh nodes located in Q and 9, be the corre-
sponding finite element basis functions. Denote V" = (0(z1,t,), -+ , 0(2m, tn))?,
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G = (G(z1), -+ ,G(xm))T, then by the standard finite element procedure, we can

deduce the following linear equations for (7.7) and (7.8) as

A At
(A0 + 7’51( + ?tQ]Vl — MG, (7.9)
and

[(At)l_"M—l—gK—i—ﬁQ]V" = MG-At f(K—kQ)V’“—(A e ni:lgaflMV"_k
2 2 k=1 t k=1 ’ 7
(7.10)

where M = ((wia ¢j))m><m7 Q = ((C¢ia ¢j))m><m7 K= (Ei’lzl(aklazkwia 83:le))m><7n
are mass matrix and stiff matrix in which (-,-) is the L? inner product.
Take d =1, Q2= (0,1), L = —0,(A(2)0;) + ¢(z) in the following Examples 1-2.

Example 1. Suppose
f(x)=10 Sin(371'ag)e_””5 +2%(1 —2)*

and the final data u(z,T) are obtained by solving the direct problem (1.1) with
g(t) = e and initial value a(x) = 2?sin(nz), b(z) = 2(1 — z) and the diffusion
coefficient A(z) = e”, the zeroth order coefficient ¢(z) = sin(z).

Example 2. Suppose

1
2
and the final data u(z,T) are obtained by solving the direct problem (1.1) with
g(t) = t? and the initial value a(x) = 25(1 — x) sin(7z), b(z) = 22 sin(7z) and the
diffusion coefficients A(x) = 22 + sin(z), the zeroth order coefficient c¢(z) = sin(z).

The inversion results for Examples 1-2 by using the discrepancy principle as
stop principe for different noise levels in the cases of a« = 1.4, = 1.8 are shown
in Figures 1-2 respectively by taking ¢ = 0, 7 = 1.01. From Figures 1-2, we can
see that the proposed method is robust and stable when the measurement error is
included.

In the following, we study the effectiveness of regularization parameter and
iterative steps. In Figures 3-4, we illustrate the approximation error ej and residuals
B}, for Examples 1-2 with different regularization parameters for a fixed noise level
€ = 0.1 in Example 1 and ¢ = 0.01 in Example 2. It is clearly seen that the small
regularization parameter p yields faster convergence speeds and better numerical
results than big pu. Thus in the following, we take the regularization parameter
as zero, that means we do not use the Tikhonov regularization. From Figures 3-
4, the approximation error e; will increase when the iteration steps become large
which indicate the discrepancy principle plays a key role of regularization in this
case. Therefore, in this paper we use the Morozov discrepancy principle to find a
well-stoping step.

Example 3. Letd =2, Q= {(z,y) : 0 <a2?+y? <1}, L = —V(A(z,y)V)+c(z,y),
we take

fle) = —fe = 51+

22+3 14+z+y
A(z,y) =
l+z+y 2243



Inverse source problem for time fractional diffusion wave equation 1817

and c(z,y) = z2y>.
We take the exact spatial source function

F(,)=[0.3(1—3z)%e 27 ~BvL (0,20 — 2722 (3y)®)e 9% 92 0.03e (3=,

and g(t) = t2 +sin(t), a(z,y) = zyxe, b(z,y) = [sin(x) + sin(y)]x2, where

1, 0<z®+¢y®<0.7,
= 0, 0.7<3102—|—y2 <1,
1, 0<z®+¢2<0.9,
X270 0, 09<a?+i2<l

The final data u(x,y,T') are obtained by solving the direct problem (1.1). Figures 5-
6 presents the exact source function and the regularized solutions by taking p = 0,
7 =1.01 for « = 1.4, a = 1.8, ¢ = 0.01. Figure 7 presents the absolute error
between the exact source function and the numerical solutions for « = 1.4, = 1.8,
we can see that the numerical results match the exact ones quite well.

f(x) and fk(x)
f(x) and fk(x)

0 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1
X X

(a) a=1.4 (b) =18

Figure 1. The numerical results for Example 1 with u = 0.

05 05
exact
—H— =0, k=50
045 —6— ¢=0.001, k=16 045 —©6— =0.001, k=22
0al & €=0.005, k=9 04 & ¢=0.005, k=13
—6— =0.01, k=7 - —6— =0.01, k=8
035 - q 035
X 03r X 03
= z
Boast 2oz
© @
= o2f Z 02
015 1 0.15
01 1 0.1
0.05 0.05
0 0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X X
(a) a=1.4 (b) =18

Figure 2. The numerical results for Example 2 with g = 0.
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14 015
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Figure 3. The errors e, and Ej for Example 1 with different pu.
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Figure 4. The errors e and Ej for Example 2 with different pu.

exact

Figure 5. The exact solution for Example 3.

8. Conclusion

The inverse problem of determining the space-dependent source function in the
time fractional diffusion wave equation is investigated. By the Fourier method, the
regularity of direct problem as well as the existence and uniqueness of the adjoint
problem are discussed. We give the conditions such that the uniqueness of the
inverse source problem is satisfied. We use the Tikhonov regularization method to



Inverse source problem for time fractional diffusion wave equation 1819

numerical numerical

(a) a=1.4 (b) a=1.8

Figure 6. The regularized solutions for Example 3.

08
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04t
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081

(a) a=1.4 (b) =18

Figure 7. Absolute errors for o = 1.4, « = 1.8 for Example 3.

overcome the ill-posedness, and provide a conjugate gradient algorithm to find an
approximation to the minimizer of the Tikhonov regularization functional. From
the computational results, it can be seen that the conjugate gradient method is
effective and stable for solving the inverse source problem. Moreover we obtain an
integration formula by parts for fractional derivatives which is useful for studying
fractional diffusion wave equations.
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