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EXISTENCE AND QUALITATIVE FEATURES
OF ENTIRE SOLUTIONS FOR DELAYED
REACTION DIFFUSION SYSTEM: THE
MONOSTABLE CASE*

Yanling Meng!, Weiguo Zhang®' and Shenggiang Zhang®

Abstract The paper is concerned with the existence and qualitative features
of entire solutions for delayed reaction diffusion monostable systems. Here the
entire solutions mean solutions defined on the (z,t) € RV, We first establish
the comparison principles, construct appropriate upper and lower solutions
and some upper estimates for the systems with quasimonotone nonlinearities.
Then, some new types of entire solutions are constructed by mixing any finite
number of traveling wave fronts with different speeds ¢ > ¢, and propagation
directions and a spatially independent solution, where c. > 0 is the critical
wave speed. Furthermore, various qualitative properties of entire solutions
are investigated. In particularly, the relationship between the entire solution,
the traveling wave fronts and a spatially independent solution are considered,
respectively. At last, for the nonquasimonotone nonlinearity case, some new
types of entire solutions are also investigated by introducing two auxiliary
quasimonotone controlled systems and establishing some comparison theorems
for Cauchy problems of the three systems.

Keywords Entire solutions, upper and lower solutions, traveling wave fronts,
comparison principle, upper estimates.
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1. Introduction

The purpose of this paper is to consider the existence and qualitative features of
entire solutions for a general delayed monostable reaction—diffusion system:

ug(z,t) = diAu(x, t) + h(u(z,t),v(z,t — 1)),

ve(x,t) = daAv(x, t) + glu(z, t — 12),v(x, 1)), (L.1)

where (z,t) € (R x RT), respectively, d; > 0 (i = 1,2) are diffusion coefficient,
7, > 0 (i = 1,2) are time delays, the nonlinearities h(u,v), g(u,v) € C*(R* R)
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satisfy the following conditions,

(P1) h, g € C*([0,K],R), h(0) = g(0) = 0, h(K) = g(K) =0, h(u,v) >0, g(u,v)
> 0 for u € (0,k1) and v € (0, k2), h(u,v) < O1h(0)u + d2h(0)v and g(u,v) <
A19(0)u + 929(0)v for (u,v) € [0,K], where 0 := (0,0), K := (k1,k2) and
k1, ko are positive constants.

(P2) d9h(u,v) >0 and d1g(u,v) > 0 for (u,v) € [0,K].

According to (P1), (1.1) only has two equilibria in the interval [0, K]. It is clear
that (P1) is a basic assumption to ensure that system (1.1) is monostable on [0, K].
(P2) implies (1.1) is a quasimonotone system, otherwise, (1.1) is a nonquasimono-
tone system.

Such reaction—diffusion system (1.1) with kinds of special nonlinearities arise
from many biological, chemical models (see [9,18,24]). And the spatial dynamics
of special cases of (1.1) have been extensively studied. Some related works are
illustrated in the sequel.

For example, when h(u,v) = —au + h(v) and g(u,v) = —fv + g(u), the system
(1.1) reduces to

(1.2)

ug(z,t) = diAu(z, t) — au(z, t) + h(v(z,t — 1)),
ve(x,t) = daAv(x,t) — fo(x,t) + glu(z, t — 72)).

Wu and Hsu [39] studied the existence and qualitative features of entire solutions
for the delayed monostable epidemic model arising from the spread of an epidemic
by oral-faecal transmission of (1.2). Hsu and Yang [14] investigated the existence,
monotonicity, uniqueness and asymptotic behavior of traveling waves for (1.2) with-
out delays. The monostable and bistable traveling fronts for general monotone
reaction—diffusion systems including (1.2) as a special case, were also considered
in [32].
When 7 =dp =0, 72, d; > 0 and h(v) = av, then system (1.2) reduces to

{ Ou(z,t) =d10zzu(x, t) — aru(z, t) + av(z, t), (1.3)

Ov(z,t) = — agu(x,t) + g(u(z, t — 12)).

Thieme and Zhao [31] obtained the existence of spreading speed and minimal wave
speed for the quasimonotone epidemic system (1.3). Xu and Zhao [44] proved
the existence, uniqueness (up to translation) and globally exponential stability of
bistable traveling wave fronts of (1.3) without delays. Moreover, Zhao and Wang
[45] also considered the existence and nonexistence of monostable traveling wave
fronts of (1.3) without delays. Furthermore, the qualitative behaviours of solutions
for (1.3) with concave g and suitable boundary conditions was also treated in [1, 3,
6,9] without delay. Assuming g is sigma-shaped, the authors in [7] also considered
solutions of (1.3) with homogeneous Neumann boundary conditions without delay.
If 79 = dy = 0, then the system (1.3) reduces to the ODE system

Oyu(z,t) = — ayu(x,t) + av(x, t),
{ Opv(z,t) = — agu(a, t) + g(u(z, t)). (1.4)

The system was proposed in [8] to model the 1973 cholera epidemic spread in the
European Mediterranean regions. The system (1.4) is also used to model the spread
of man-environment epidemics (see [4,5]).
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More recently, Hsu etc [15] extended (1.1) to a more general delayed system

(1.5)

Opu(z,t) =d10zpu(x, t) + h(u(z, t), u(z, t — 71),v(x, t — 72)),
opv(z, t) =do0zzv(x,t) + g(v(x, t),u(z, t — 1), v(z, t — 72)),

wheret > 0,z € R, 71,72 > 0 and 71, 72 > 0 are time delayed terms, d; > 0 (i = 1, 2)
are diffusion coefficients and the nonlinearities h(w,u,v), g(w,u,v) € C%(R3 R).
They obtained the existence and stability of traveling wave fronts (i.e. monotone
traveling waves) by using the monotone iteration scheme via an explicit construction
of a pair of upper and lower solutions, the techniques of weighted energy method
and comparison principle.

Mathematically, the important issue in population and epidemic dynamics is
the interaction between traveling waves which can be described by a class of entire
solutions that are defined in all space and time, and behave like a combination of
traveling waves as t — —oo. From the dynamical points of view, the study of entire
solutions can help us fully understand the transient dynamics and the structures of
the global attractor. In particular, traveling waves are also entire solutions. From
the viewpoint of biology, such entire solutions provide some new spread of epidemic
and invasion ways of the species. For the study of the entire solution, we also refer
to [2,11-13,16,17,19,21-23, 25, 28, 30, 3438, 40, 42, 43].

To the best of our knowledge, the entire solution of the general system (1.1) is

not still considered. And it is easy to know that the system (1.2) in [39] is a special
case of system (1.1). So the study of this article is meaningful.

Motivated by the above works, the aim of this paper is to construct some new
types of entire solutions for (1.1) with quasimonotone or nonquasimonotone non-
linearities. We extend the arguments developed in [12,13,39,42]. Based on the
comparison theorem, upper and lower solutions, upper estimates and asymptot-
ic behavior of the traveling wave fronts and a spatially independent solution at
r — —o00, we prove the existence and qualitative features of entire solutions of
(1.1).

On the other hand, if the condition (P2) does not hold, then (1.1) is a nonquasi-
monotone system. Thus, the comparison principle fails. To overcome the deficiency,
encouraged by the works of [39,42], we introduce two auxiliary quasimonotone de-
layed systems. Then, we establish a comparison theorem for the Cauchy problems of
the three systems. The existence and qualitative features of entire solutions of (1.1)
without the quasimonotone condition are still established by using the comparison
theorem and considering a sequence of Cauchy problem of the three systems, where
the combinations of any finite traveling wave fronts with different speeds ¢ > ¢, and
propagation directions and a spatially independent solution of the lower system are
taken as the initial values.

This paper is organized as follows. In Section 2, we introduce some necessary
notations and present the main results on the existence and qualitative features of
entire solutions. Section 3 is devoted to proving that the existence and qualitative
features of entire solutions in the quasimonotone nonlinearities case (i.e., Theorems
2.1-2.3). In Section 4, we prove the existence and qualitative features of entire solu-
tions in the nonquasimonotone nonlinearities case (i.e., Theorem 2.4) by introduce
two auxiliary quasimonotone delayed systems.
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2. Preliminary and main results

A traveling wave solution of (1.1) is a special solution of the form

(u(a;,t)m(:z:,t)) = (¢C(E>7¢c(§)>v E=x-v+ect,ve SN_17

where the velocity ¢ > 0 is a constant corresponding to the wave speed and £ :=
x - v+ ct represents the moving coordinate. (¢.(€),%.(€)) € C?(R,R?) is called the
wave profile and satisfies

c¢e(§) = dr1g/(§) + h(e(§), Ye(§ — c11)),
che(§) = day(€) + g(de(§ — €72), 1he(€))-
Note that S¥~1 stands for the unit sphere. A traveling wave solution is always

considered as a development process from one equilibrium state to another, then
we look for a solution of (2.1) which satisfies the asymptotic conditions:

Jim (90(€), () = (0,0), lim (9c(€), vel€)) = (kika).  (22)

(2.1)

+oo

We say (¢c(€), 1¥c(€)) is a traveling wave front if (¢c(€), 9.(§)) is monotone and
satisfies (2.2).

Then here are some marks. Two vectors (ug,--- ,u,) < (vi,---,v,) in RY
means u; < v; for i = 1,--- ,n. An interval of R" is defined according to this order.
For convenience, denote by 0; the first differential operator with respect to the i-th
variables, and by 0;; the second differential operator with respect to the i-th and
j-th variables.

Throughout this article, in addition, (P1)—(P2) hold, we always assume that the
nonlinearities h(-,-) and g(-,-) satisfy the following assumptions.

(P3) Assume a; <0, as < 0 and ajag < 5152, where
aq = 0, h(0,0), as:= 0,9(0,0),
B1 := 9,h(0,0), B2 := 0,9(0,0).
(P4) 9;h(u,v) < 9;h(0,0), d;ig(u,v) < d;¢(0,0) for any (u,v) € [0,K], i =1,2.

Clearly, (P3) can help us to investigate the characteristic roots of the linearized
equations of (1.1) at the equilibria 0. And (P2) guarantees that 5; > 0, ¢ = 1,2.
According to the local analysis of (1.1) at the equilibria 0 and quasimonotonicity
of h and g, we can construct a pair of upper and lower solutions for (1.1), then
the existence result of the traveling wave fronts can be obtained by the framework
established in [29]. In the rest of this paper, we may assume that (P1)—(P4) hold.

Motivated by the works of [39,42], we will adopt the comparison principle,
construct appropriate upper and lower solutions and some upper estimates to obtain
some new types of entire solutions, which are mixing any finite number of traveling
wave fronts with different speeds ¢ > ¢, and directions and a spatially independent
solution. Then obtain the various qualitative properties of entire solutions. Before
to state our main results, we give the following definition and notation.

Definition 2.1. Let k € N and 7, 79 € R, if the functions Z,(z,t), 9,2, (z,1)
and AZ,(z,t) converges uniformly in any compact set G C RN¥* to Z, (z,t),
012, (z,t) and AZ, (x,t) as n — 1o, respectively, then we say that the functions
Zy(x,t) = (Uy(z,t), Vy(2,t)) converge to Z,, (z,t) = (Uy, (x,t), Vi (x, 1)) as n — 1o
in the sense of topology T.
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Notation 2.1. For any v € Z*, v; € SN*!, i =1,--- ,y and A,T € R, denote the
regions as follow:

AT —{:L'ERN‘(E VZ>A} [T,-I-OO), i:]-v"'v'% 974+T1 - X[Tv"_oo)»
@Q’T ={z e RNz -1 < A} x (=00, T)), i=1,---,7, @:ﬁ% = RY x (—00,T).
Now, we state our main results as follows.

Theorem 2.1. Assume that (P1)-(P4) hold. For any v € NU{0}, vq,--- ,vy €

SN my, - mar1 € R, cycer ey > e and x € {0,1} with v + x > 2, there
exists an entire solution Z,(x,t) = (Uy(z,t), V,(z,t)) of (1.1) such that

Z(x,t) < Zy(z,t) <K for (z,t) € RN (2.3)
where 1 = 1y, = (C1,M1,V1 " ,Cyy My, Vy, XMy41). Furthermore, we have the

following results:
(i) If (P5) holds, then Z,(z,t) < Z*(z,t) for (z,t) € RVFL.
(ii) Ifer, -,y > ci, then Zy(x,t) < Z(x,t) for (z,t) € RNFTL

Theorem 2.2. Assume that (P1)-(P4) hold and the entire solution Z,(x,t) of
system (1.1) is derived in Theorem 2.1. Then the following statements hold.

(i) If (P5) holds or c1,--- ,¢y > ¢y, then 0 < Z,(x,t) < K and %Zn(x,t) >0
for any (z,t) € RN+,

(ii) hgloo Sup 12, (z,t) = K| =0, lm Sup 123, (2, t) = K| = 0 for any
Ae R+.
If (P5) holds or c1,--- ,cy > ¢4, then

lim sup || Z,(z,t)]|=0
7T e)<A

for any A e R,.
(iii) For any (z,t)eRN*L, Z, (x,t) is increasing with respect tom;, i=1,--- ,y+1.

(iv) Z,(z,1) — K in the sense of topology T as m; — +oo and uniformly on
(z,t) €Oy p for ATER, i=1,--- ,y+1.

Theorem 2.3. Assume that (P1)-(P4) hold and Z,(x,t) is the entire solution of
system (1.1) stated in Theorem 2.1, for any v € SN+ and ¢ > c,, then the following
statements hold.

(i) If (P5) holds and there exists ig € {1,---,~v} such that cv - v; < ¢; for any
ie {1, - ,v}\{io}, then it holds
(a) for cv-viy = ciy, Zy(x — ctv,t) = @, (T viy +mi,) as t — —oo in the
sense of topology T ;
(b) for cv - v;y <¢iy, Zyp(x — ctv,t) =0 as t — —oo in the sense of topology T;
() for cv - vy, >ciy, Zy(x —ctv,t) =K as t — —oo in the sense of topology T.
(ii) If (P5) holds and there exists ig € {1,---,~v} such that cv - v; > ¢; for any
(S {17 e 77}\{20}7 we have
(a) for cv-viy = ciy, Zy(x — ctv,t) = @, (T - vig +miy) as t — +00 in the
sense of topology T ;
(b) for cv - viy>ciy, Zy(x — ctv,t)—0 as t — 400 in the sense of topology T;
() for cv- vy, <ciy, Zn(x —ctv,t) =K as t — +oo in the sense of topology T.
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(iii) For any c1, - ,cy > ¢y and z € RV,
Zy, (@, t) ~ Tt 4+ moygn) ~ (L) M) and 2, (,1) = O(e™),

ast — —oo, where A :=min;—; ... ,{c;A1(c;)}.

(iv) For any A,T € R,
Z%J(x’t) - Zm,o(x)t)

as my41 — —oo in the sense of topology T, and uniformly on (x,t) € éil,T'
(v) If ciy > ci, for someig € {1,--- ,~}, then for any A,T € R,
Zy(@,8) = Zemyie {1 AP\ fio}imy 1 (T51)
as m;, — —oo in the sense of topology T, and uniformly on (x,t) € (:)fL"T.

Theorem 2.4. Assume that (P1) and (P6) hold. For anyl € NU{0}, (1, , (41 €
R, vi,--, 1 €SN ¢, ep > ¢p and x € {0,1} with | + x > 1, there exists an
entire solution Z¢(x,t) = (U¢(x,t), Ve(x,t)) of system (1.1) such that Z¢(x,t) >0
for (z,t) € RN+ and

Z(z,t) < Z¢(2,t) <K for (x,t) € RN (2.4)

wh‘ere C = Cl,X = (Cl,nl,Vl, e 7Clvnlayl;an+1)'

Furthermore, the following results hold,

(i) If (P7) holds, then

Zo(w,t) < ZT(2,t) for (z,t) € RNTL. (2.5)
(i) If c1, -+ ,c1 > cu, then
Z¢(w,t) < Z(z,t) for (z,t) € RVFL (2.6)

(iii) If (P7) holds or c1,--- ,c1 > ¢y, then

lim sup |Z¢(z,t)| =0 for any N € R;.
20 e <N

(iv) lim inf inf Z¢ (2,t) > K7 and lim inf inf Z¢ (z,t) > K™ for any

t—4oo  zeRN t=too  |z| <N
N eR,.
(v) Ifc1,- - ,c1 > cs, then for every x € RV, ast — —oo0,

Z¢,  (x,t) ~ (1,b*)e)‘*(t+"’“) and Z¢, ,(x,t) = O(eAt),
where A == min;—; ... [{c; 1(¢;)}.

Remark 2.1. The convexity assumptions, special symbols, definitions and assump-
tions in the process of proving these main results, such as (P5), (P6), (P7) etc, will
be given in the latter.
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3. Entire solutions for quasi-monotone system

In this section, we consider the entire solutions of (1.1) with monstable quasi-
monotone nonlinearity. At first, we give some preliminaries for the existence and
asymptotic behavior of traveling wave fronts and spatially independent solutions
of (1.1). Then, we consider the initial value problem of (1.1) and establish some
comparison theorems and the upper estimate. Lastly, we prove the existence and
investigate some qualitative features of the entire solutions of (1.1).

3.1. Traveling wave fronts and spatially independent solutions

In this subsection, we will first investigate the characteristic roots of the linearized
equations for the profile equations (2.1) at the equilibria 0. From (2.1) and the
notations in (P1), the linearized equations with respect to the trivial equilibrium 0
can be represented by
cuy (§) = diuf (§) + anui(§) + Pruz(€ — cm), (3.1)
cup(§) = dauy (§) + arua(§) + Baur(§ — cm2).

From (3.1), one can see that characteristic equation at 0 has the form
Al(C, )\) £ (dl)\2 —cA + 041) (d2)\2 —cA + 0[2) — ﬂlﬁge_C)\T for 7= T1 + T2.

For convenience, we denote

file, A) := did? —c\+a; for i=1,2

and
\E .= ct+/c? —4diog \E o c++/c? — 4dyas
1= y A= )
2d1 2d2
A6 s =min{\], AT}, Sr = max{\,\J}.

Similar to Lemmas 2.2 in [15], we easily obtain the following conclusions.

Lemma 3.1. Assume that (P1) and (P3) hold. There exists a positive constant c.
such that

(i) if ¢ > ci, then Ai(c,A) = 0 has two positive real roots A\ = Ai(c) and
A2 := Aa(e) with 0 < A; < Ay < AS,. Moreover, if ¢ > c., then A1 < Az and
Aq(c,N) >0 in A € (A1, A2) and if ¢ = ¢, then Ag := A1(ex) = Aa(cy).

(ii) if e > 0 and small enough, we have Ai(c, \1 +¢) > 0 and fi(c,\1 +¢) <0 for
i=1,2.

Moreover, by using the theory in [26], the existence of traveling wave fronts of
(2.1) can be reduced to look for a pair of suitable upper and lower solutions of
(2.1). Inspiration from the upper and lower solutions of papers [15] and [39], the
lower solution we choose coming from in [15], in order to get the upper estimate
of traveling wave solutions, we choose the upper solution by means of the method
in [39]. For completeness, we recall the definition for upper and lower solutions of
system (2.1).
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Definition 3.1. A continuous function ®(¢) = (¢1(€), 2(€)) is called an upper
solution of (2.1) if it is differentiable except at countable points and satisfies the
following inequality

¢ (€) > d1d](€) + h(¢1(€), p2(€ — cm1)),
cy(€) > dady(€) + g(d1(€ — cm2), $2(8)).

The lower solution @(£) = (¢,(£), ¢,(§)) of (2.1) can be similarly defined by only
reversing the inequalities, i.e.,

e¢! (€) < da}(€) + h(@,(€). 6, (€ — emy)),
¢, (€) < dag))(€) + g(8, (€ — c72), 9, (€)).

(3.2)

(3.3)

Let

Clox (R, R?) = {\1: L W(E) € C(R,R?), 0<U(E) <K forall £ € R.}

Assume that (2.1) has an upper solution ®(¢) € Cjo k|(R,R?) and a lower solution
D(€) € Cpo (R, R?) satisfying the following conditions.
(H1) 0 < 2(¢)

(H2) sup @(y)
y<{

o(¢) < K.

<
< ®(¢) for any £ € R.

Similar to the frameworks of [26], we can verify the existence of traveling wave
fronts as follows.

Proposition 3.1. Assume that (P1)-(P4) hold. If (2.1) has an upper solution é(f)
and a lower solution ®(€) satisfying (H1)-(H2), in addition, h(®) # 0, g(®) #
0 for ® € (0,infeer ®(€)] U [supger 2(€), K), then (2.1) has a monotone solution
D(&) = (¢1(8), P2()) satisfying (2.2), which is a traveling wave front of (1.1).

According to Proposition 3.1, to obtain the existence result for (2.1), we only
need to find a pair of upper and lower solutions of (2.1) satisfying the conditions of
proposition 3.1. The construction and the proof process of upper and lower solutions
are from [39, Lemma 2.2] and [15, Lemma 3.3]. In order to prove the upper and
lower solutions, we first recall two lemmas [14, Lemmas 3.1 & 3.2], both proofs are
straightforward and skipped.

Lemma 3.2 (Lemma 3.1, [14]). If ®(&) and V(&) satisfy the inequality (3.2) ((3.3),
resp.) for & in an open interval I C R. Then the function ¥(&) defined by

P(§) = min{®(£), U()} (4(§) := max{®(¢), ¥(£)}, resp.)

also satisfies the inequality (3.2) ((3.3), resp.) for § € L.

Lemma 3.3 (Lemma 3.2, [14]). Let A = (a;;) be a two by two matriz such that
ai; <0,i=1,2 and a;; > 0 fori # j. Then the system of the following inequalities

a1121 + ajpxe < 0 (> 0,7esp.)  and asi1x1 + asgwe < 0 (> 0,7esp.)

have a solution (x1,xs) with x; > 0,5 = 1,2 if and only if det A > 0 (< 0,resp.).
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In the following, we use the similar methods in [14,15,39] to construct a pair of
upper and lower solutions of (2.1), respectively.
Now, we construct the upper solution of (2.1). Let us define the functions

$1(€) = e and (&) = b(c)eMs,
where & := Ink; /A and & := (Inky —Inb(c))/A1. Let b(c) := Boe™ M2 /(cAy —

dyA? — ag) = (A1 — diA? — ) /Bre” M and & := min{&;, &} > 0.
Lemma 3.4. Assume that (P1), (P3) hold. If ¢ > c., then ¢(£) = ($1(£), $2(€))
satisfies (3.2) for € < €.

Proof. The result can be proved by elementary computations. For the details,
see part A of the Appendix.
Obviously, the equilibrium (k1, k2) is also an upper solution of (2.1). Let us

define W(&) = (¥1(€), ¥2(£)) by

Q_Sl(é.)a for 6 < gia

i (&) = min{ks, ¢; (&)} = {

By Lemmas 3.2 and 3.4, ¥(¢) satisfies (3.2) for ¢ € R except at finitely many points,

i.e. U(¢) is an upper solution of (2.1). This completes the proof. O
Next, let us start building the lower solution of (2.1). Defining the function as

follows:

b.(€) == rieME(1 — §;¢°%), i=1,2,

—1

where € > 0, k; > 0 and §; > 1 are constants and will be determined later.

Lemma 3.5. Assume that (P1) and (P3) hold. If ¢ > c., then there exist positive
constants k;, € and 6; > 1, i =1,2, £ <0, such that ¢(§) = (¢,(£), 8,(§)) satisfies
(3.3) for & <&,

Proof. The result can be proved by Lemmas 3.1 and 3.3. For the tedious details,
see part B of the Appendix.
Obviously, the equilibrium 0 is also a lower solution of (2.1). Let us define

V() = (¥,(8),¥,(8)) by

?i(§)7 fOr 5 § éi’

0, for £ > §i. (3.5)

¥,(§) = max{0,¢,(5)} = {

Note that 0 < ¢, <k; for i = 1,2. By Lemmas 3.2 and 3.5, ¥(¢) also satisfies (3.3)
for all £ € R except at finitely many points, i.e. ¥ () (i.e., (3.5)) is a lower solution
of (2.1). This completes the proof. O

Inspired by the framework of [39, Theorem 2.3], we can obtain the following
existence and asymptotic behavior of traveling wave fronts of (1.1).

Theorem 3.1. Let (P1)—~(P3). For each ¢ > c, system (1.1) has a traveling wave
front ®(&) := (¢(£),v(£)), £ = x - v + ct, which satisfies P(—o0) =0, P(+0) = K
and ®(&) > 0 for all £ € R. Moreover, if ¢ > ¢4, then

lim ®(&)e ¢ = (1,b(c)) and ®(€) < (1,b(c))eM@¢ for all £ € R, (3.6)

{——o0
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Then, we consider the solution I' = (I'1, I's) of the following delayed differential

system
[y (t) = h(T'1(t), T2 (t — 71)), (3.7)
I5(t) = g(T1(t — 72), T2 (1)),
subject to the boundary conditions
I'(—o0) =0 and I'(+o0) =K, (3.8)

which is called spatially independent heteroclinic solution of (1.1). Obviously, the
characteristic function for (3.7) with respect to (0,0) is given by

(e, N) = (A= an)(A — ag) — B foe 472,

Employing the framework of [39, Lemma 2.4] on careful local analysis near the
equilibria 0 of (3.7), we can obtain that As(c, \) = 0 has a unique real root A, > 0.
And similar to [39, Theorem 2.5], we have the following result.

Theorem 3.2. Assume that (P1)—(P3) hold. There exists a solution I' = (I'1,T'g)
of (3.7) and (3.8) such that

[(t) >0, lim T(t)e ™" = (1,b.) and T(t) < (1,b.)e™" for all t € R,

t——o0

where b, = Bae™ 72 /( Ny — az).

3.2. Initial value problem

In the subsection, we shall give the well posedness of the initial value problem of
(1.1) and establish some comparison theorems of (1.1). A priori estimate of solutions
of (1.1) is also established. For convenience, some notations and definitions are
introduced.

Notation3.1. (1) Let X := BUC(RY,R?) be the Banach space of all bounded
and uniformly continuous functions from R¥ into R? with the supremum norm
| - || x. Moreover, we denote

Xt i={p=(p1,02) € X: @i(z) >0,z eRY, i=1,2}.

(2) Let 7 := max{r, 2} and C := C([—7,0], X) be the Banach space of contin-
uous functions from [—7, 0] into X with the supremum norm. Moreover, we denote
Ct:i={peC: ¢(s)e X", se[-70]}.

(3) Denote the spaces

Xk ={p€X: ¢(x)€[0,K], zeR"}, (3.9)
Cox ={p€C: ¢(z,5) € [0,K], z e RV, s € [-7,0]}. (3.10)
(4) As usual, we identity an element ¢ € C as a function from R x [—7,0] into
R? defined by ¢(z, s) = ¢(s)(x).

According to the above notations, it is verified to see that X+ and C* are closed
cones of X and C, respectively.
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For any continuous function Z : [-7,b) — X, b > 0, we define Z; € C, t € [0,b)
by Zi(s) = Z(t+ s), s € [-7,0]. Then t — Z, is a continuous function from [0, b)
to C. Let us define ' = (F,F2) : Clo.x) — X by

Fi(¢1, ¢2)(x,0) = L1¢1(,0) + h(¢1(2,0), p2(z, —71)),
F2(¢1,¢2)($, 0) = L2¢2(x’ 0) + g((bl (337 —7'2),¢1(.%', 0))7

where Ly := max(y)efo,K] |01h(u,v)| and Ly := max(y ,)efo,k] [O29(u,v)|. It is
clear to see that F': Cjg k) — X is globally Lipschitz continuous.
We consider the initial value problem of (1.1) with the following initial data

u(z,s) = ¢1(z,s), v(z,s)=¢o(x,s), z€RY, se[-0], (3.11)

where (¢1,¢2) € C. Let T(t) = (T1(¢t), T2(t)) (t > 0) be a family of linear operators
on X defined by

T®)lg] == (M(B)[e], Ta®)e)), ¢ = (p1,92) € X,

where

2
exp{ =" Lit}, i=1,2. (3.12)

Ti(a,t) =
(@:?) Adt

(4md;t)N/?
It is clear that 7'(¢) is a linear semigroup on X and T'(t)X+ C X ™.

Definition 3.2. A continuous function Z = (u,v) : [-7,b) = Xjo k], b > 0 is
called an upper solution (or a lower solution) of (1.1) on [0,b) if

200 (o0 Tt -1)20)+ [ Tt~ OF (Z,)do

for any 0 < p <t < b. If Z is both an upper and a lower solution on [0,b), then it
is said to be a mild solution of (1.1).

Remark 3.1. Assume that Z = (u,v) : R x [-7,b) = X[o,k] With b >0 and Z is
Cinz € RN and C' int € [0,b) and satisfies the following inequality

Ou(z,t)

> (Q)dhAu(x, t) + h(u(x, t),v(z,t — 1)),
reRY 0<t<b.

vz, t) > (S)d2Av(z, t) + g(u(z, t — 72),v(z, 1)),

ot

Then by the positivity of T'(t) : XT — X T it follows that Definition 3.2 holds, and
hence Z is an upper solution (or a lower solution) of (1.1) on [0, b).

By using the theory of abstract functional differential equations ( [27], Corollary
5), it is easy to prove the following result (the similar result can be found in [21,35,
39,42] and some references cited therein).

Lemma 3.6. Assume that (P1) and (P2) hold. Consider the problem of system
(1.1) with the initial data (3.11).

(1) For any ¢ € Ciok), (1.1) has a unique solution Z(z,t;¢) on (z,t) € RN x
[0,4+00) with 0 < Z(z,t;¢) < K. Moreover, Z(x,t;$) is a classical solution
of (1.1) for (z,t) € RY x (0,+00).
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(2) Letting Zt(z,t) and Z~(z,t) be a pair of upper and lower solutions of (1.1)
on [0,+00) with Zt(x,8) > Z~(x,5) for x € RN and s € [—7,0], it holds
0<Z (x,t) < Z*(x,t) <K for (z,t) € RY x [0, +00).

According to the standard parabolic estimates (see Friedman [10]), similar to
the proof of Proposition 4.3 in [35] and Lemma 2.10 in [39]. We have the following
important results.

Lemma 3.7. Suppose Z(x,t) = (u(x,t),v(x,t)) is a solution of (1.1) with initial
value ¢ = (¢1, $2) € Cio, ], then there exists a positive constant M > 0 independent
of ¢, such that for anyn >0, x € RN and t > 3(7 + 1),

10:Z (@, ) I, || Oro, Z(x, t) |, | 0uZ(,t) ||, || Ox, Z(,0) ||, || Oz Z () || < M,
” amiij($7t) ||7 ” awftz(x7t) ||7 H aa:fa:jZ(x7t) HS M, Vi,j=1,---,N. (313)

Lemma 3.8. Assume that (P1)~(P3) hold. Let Z+ := (u™,v") € O(RN x[—7, +00),
[0,4+00)2) and Z~ = (u=,v") € C(RY x [~7, +00), (=00, k1] x (—00, ka]) be such
that Z*(x,s) > Z~(x,s) forz € RN, s € [-1,0], if

uf (w,t) > dyAut (2, t) + aqut (z,t) + frot(x,t — 1), (3.14)

v (@, ) > doAvT (z,t) + vt (2, t) + Bout (z,t — 72), '
and

up (z,t) < diAu (2, t) + cqu™ (x,t) + 1o (x,t — 1), (3.15)

v (x,t) < doAv™ (2, ) + v (z,t) + fou™ (z,t — 7o), '

forz € RN and t > 0, then Z*(x,t) > Z~(x,t) for allz € RN and t > 0.

To obtain another comparison theorem which will be used to construct upper
estimates, we need the concavity assumption of the functions g and h, technically.

P5) Assume that (u;,v;) € [0,K], for i =1,---m € Z*, then
(

m

Ly min {k1, in: u;} + h(min{ky, 3 u;}, min{k,, i v;})
i=1 i=1

=1
<> {Lyu; + h(u;,v:)}
and =t ”

L min {kz, i vi} + g(min{kl, 3w}, min{ko, in: UZ})
i=1 i=1 i=1
<3 {Lovi + glug, vi) }.
i=1

It is easy to see that (P5) is a general condition, but also holds for various
models, see [20,39,42] for some special cases.

Lemma 3.9. Assume that (P1)-(P5) hold. Let Z? (i =1,--- ,m), Z° € Cjo.x] be
m + 1 given functions with

7%z, s) < min{K, ZZ?(I,S)}, z € RN s€[-7,0], where m € Z .
i=1
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Let Z; (i=1,--- ,m) and Z be the solutions of the Cauchy problems of (1.1) with
the initial values

Zi(x,8) = ZZQ(.’L‘,S), zeRY, se [—7,0]

and
Z(x,s) = Z°%x,s), x €RY, s € [-7,0],

respectively. Then

m

0 < Z(z,t) < min {K, ZZi(:U,t)} for all x € RY and t > 0.
i=1

Proof. Set W(z,t) = (Wi(x,t), Wa(z,t)) := min {K, Yt Zi(x, t)}, then Z(x, s)

< W(z,s) for x € RN and s € [-7,0]. By Lemma 3.6, it need to show that
W(t)(-) = W(-,t) € C([-T,+00), X[0,K]) is an upper solution of (1.1), i.e.,

Tt~ DWWl + [ T DFWol)de < WOE)  (310)

I
for 0 <r <t < 4o00. Since f; >0, P > 0, it holds
t
Tt —r)[W(r)(z) + / T(t — o)[F(W,)](z)de < K (3.17)
for 0 <r <t < +oo. We only need to show that

T(t —r)[W(r))(z) + / T(t = o)[F(W)](z)de < Z Zi(t) () (3.18)

for 0 <7 <t < +o0, where Z;(t)(:) = Z;(-,t) € C([~7,+00), X0, x])- By (P5), we
have

Fl(WQ)<x) = L1W1<LE, Q) + h(Wl(xv Q), W2($7 0— Tl))

=1 min{kl,iui(m, g)} + h(min{kl,iui(sc, g)},min {kQ,Zvi($7 0— 7'1)})

<Y {0+ h(ui(a. o) vi(e. 0~ 7)) |
=Y F(Z)o)(@)

Similarly, we obtain

Fy(W,)(x) = LaWa(w, 0) + g(Wi(z, 0 — 72), Wal(z, 0)) < > Fa((Zi),) ().

=1

And we easily see that

T(t - 1) Z:(r))(x) + / T(t - O)IF(Z)o)(@)de = Zi(t)(x), i=1,2,--- ,m
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for 0 <r <t < +oo, then
T(t - )W (r))(z) + / T(t - o) [F(W,)|(x)de

<> {16 - Dz + [ 16 - OlF(Z)0)w)de}

N
Il
-

Zi(t) (@),

o

Il
—

7

for 0 < r <t < 400, which implies that (3.18) holds. Therefore, (3.16) is estab-
lished, i.e., W(z,t) is an upper solution of (1.1). O

3.3. Existence of entire solutions in the quasi-monotone case

In this subsection, we are ready to prove the existence result of entire solutions
by using the properties of previous subsections to obtain some appropriate upper
estimates for solutions of (1.1) which are inspired by the works [39,42].

For any n € N, v € NU{0}, v1,-+ ,v, € SN my, - myp1 ER 1,0 ey >
¢ and x € {0,1} with v+ x > 2, we denote

2" (x,8) == maX{ ‘max P, (z-v; +eis+my), xT'(s+ m7+1)},

=1,y

Z(x,t) := max{ nax D, (x-v; + et +my), xT(t+ m7+1)},
=1,y

where x € RN, s € [-n —7,—n] and t > —n. Let Z"(z,t) := (u"(x,t),v"(z,t)) be
the unique solution of the initial value problem

w = diAu(z,t) + h(u(z, t),v(z,t — 1)),
vy = doAv(z,t) + g(u(z, t — 72),v(z, 1)), (3.19)

(u(z, s),v(z,s)) = 2"(, s)
for v € RN, s € [-n —7,—n] and t > —n. From Lemma 3.6, we have
Z(x,t) < 2"(x,t) <K for s e RN, t > —n—1.

The following results provide the appropriate upper estimates of Z™(z,t).

Lemma 3.10. Assume that (P1)—(P5) hold. The unique solution Z"(x,t) of (3.19)
satisfies

Z"(x,t) < Z7(2,t) := min{K, Q(z,t)} for x e RN t> —n — 7,
where Q(z,t) := Y1 | ®¢, (x - v + it +my) + xT(E 4+ myy1).
Proof. According to Lemma 3.9, it is easy to see that the conclusion holds. [

Lemma 3.11. Assume that (P1)—(P4) hold. If ¢i,---,cy > c«, then the unique
solution Z™(x,t) of (3.19) satisfies

Z"(x,t) < Z(z,t) := min{K, Q(x,t), Qa(z,t)} for  eRN t>—n—1,
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where
Q1 (z,t) ;== min {@ci (- vig + cigt +ma, ) + x(1, by )M tFmare)
1<io<y °
bY (e eteecm),
1<i<~,izio

QQ(Jj’ t) = Z (17 b(ci))e>q(Ci)(z.m+cqzt+mi) + Xr(t + m'y+1)~

1<i<~y

Proof. For z € RN and t > —n — 7, we know Z"(x,t) < K. Then, we only need

to prove that 2" (z,t) < Q;(z,t) (i = 1,2) for x € RN and t > —n — 7. We only

prove Z"(x,t) < Qp(z,t), since Z™(x,t) < Qa(x,t) can be proved, similarly.
Given ig € {1,2,--- , v}, set

w"(x,t) = (Wi (z,1), w3 (2,1)) == Z"(2,1) — P, (- Vig + Cigt + My ).
Then 0 < w"(x,t) <K for x € RY and t > —n — 7. By (P1), it holds

Swt < dyAwt (z,t) + cqwi(z, t) + frwh(z, t — 1),
Owl < doAwf(x,t) + asw (z,t) + fowl(z,t — m2), (3.20)
w(x,8) := Z™(x,8) — B, (- vy + cigs+ iy ),

ci(]
where x € RN, t > —n, s € [-n — 7, —n]. Let
V(z,t) =(Vi(z,t), Va(x,t))

Z (1, b(ci))e)\l(Ci)(w-ui+6it+Mi) + x(1, b*)e/\*(ter“fﬂ),
1<i<y,i#io

where b, = Boe™*2 /(\, — ) and
b(c) = —Bae™ ™2 /(A2 (¢) — ehi(c) + o).

It is easy to show that

atVl = dlAvl(.T,t) -+ alvl(x,t) -+ ﬂl‘/g(iﬂ,t — 7'1),
0 Vo = de AVa(z,t) + a2Va(z,t) + B2Vi(z,t — T2),

where z € RN, t > —n. According to Theorems 3.1 and 3.2, we have

w™(x,8) =2"(x,8) — D¢, (T Vi + CigS + hiy)

Cig
< Y Ou(@evit s+ mg) (s +mas)
1<i<y,i#i0

Z (1, b(ci))e)\l(Ci)(:b-l/i"l’Cz‘Seri) + (1, b*)e)‘*(erm"H'l)
1<i<y,i#40

=V (z,s)

IN

for z € RN, s € [-n — 7, —n]. According to Lemma 3.8, it holds w™(x,t) < V(z,1)
forallz € RN, t > —n — 1, ie.,

Z"(@,t) <P, (7 vig + cigt +miy) + x(1, b, et (tFmari)
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+ Z (1, b(ci))e)\l(Ci)(m-ui+cit+mi).
1<i<y,iio

By the arbitrariness of iy, we can get Z"(z,t) < Qi(w,t) for all z € RV and
t > —n — 7. This completes the proof. O

3.3.1. Proof of Theorem 2.1

Proof. Let F1(¢1, ¢2r,)(§) = L1¢1(£) +h(d1(§), p2(§—cm1)) and Fo(¢ir,, $2)(§) =
Laga(&) + g(@1(& — cm2), 92(§)), then we have

d197 (&) — e (§) — L1¢61(&) + Fi(o1, ¢2r,)(€) = 0, (3.21)
darpy (§) — cd5(§) — Laga(§) + Faldir,, $2)(§) = 0. '

In view of (¢1(£), ¢2(€)) € [0, K] and O2h(u,v) > 0, O1g(u,v) > 0 for (u,v) € [0,K],
we have

F1(¢17¢2T1)(€) Z L1¢1(€)+h(¢ (6)70) 0
By @17y, #2)(§) > Lad2(€) + g(0, 92(§)) >

for £ € R. By the theory of the ordinary differential equation, we can obtain

(bl(f) = )\Ti)\; [ffoo 6)‘17(575)F1(¢1,¢27—1) S d8+f+oo )‘+ (&— S)Fl(gf)l,d)QTl)(S)dS]
92(6) = 575z 2 CV Fa(1r, 02)(5)ds + [T X 7 Fy(r,, 62) (5)ds].
(3.22)

)

It is easy to see that
0§¢’1<£)
= AT e E=) By (h1, o
e T R

+oo :
+ / X € F (61,650, )()ds
3

d S s
:ﬁ{ /,Oo AT CTIE (1, par, ) (5)ds

+oo n
+/€ )\-1‘_6)\1 (Eis)Fl(Qsla ¢27‘1)(S)d5}
<L{L kit max[h(uv)|} < Mo, VEER
_m 1~1 (u,0)€[0,K] ) = 05 )

where M, is a positive constant. Similarly, 0 < ¢4(§) < Mj can be obtained. And
it is easy to verify that there exists a constant M > 0 such that

sup |z]'(x +¢,0) — z]*(z,0)| < M¢, i =1,2, for any £ > 0.
z€RN

We know that Z™(z,t) = (u™(z,t),v"(x,t)) is the unique solution of the initial
problem of (3.19). By Lemma 3.6, we have

Z(x,t) < 2Z™(x,t) < 2" (2,t) <K (3.23)
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for all z € RY and ¢t > —n. From a priori estimate of Lemma 3.7, there exists
a positive constant C' (independent of n) such that for any n > 0, z € RY and
t>-n+3(r+1),

| 02" (@, 1) (|, || Oras 2" (2, ) I, || 00 2" (0, 8) ||, (| Oy 2" (2, 8) s || Ot 2" (2, 8) ||,
| O 2" (@, 8) I, || Oy2e 2" (2, 8) |, || 20 2" (2, 8) < C, Vi j =1,---, N.

Then there exist a function Z,(z,t) satisfying 0 < Z,(z,t) < K and a subse-
quence {Z™(x,t)}ren of {Z2™(z,t)}nen (by a diagonal extraction process) such
that {Z"(z,t) }ken, {277 (2, t) }hen, {AZ™(2,t)}ren converge uniformly in any
compact set G C RV to

9 2 (w.t), AZ, (1)

Zﬂ(‘rat), 815

respectively. Since Z”(glc7 t) < Ztl(z,t) for (x,t) € RY x [-n,+o0), we have
lim, o0 Z2"(x,t) = Z,(x,t). Obviously, Z,(z,t) is an entire solution of (1.1). In
particular, by (3.23), ( 3) holds. Moveover, by Lemmas 3.10 and 3.11, the asser-
tions of (i) and (ii) hold. O

Remark 3.2. The entire solutions obtained in Theorem 2.1 contain the traveling
wave fronts ®(£) and the spatial independent solution I'(¢) when v + x > 1.

3.4. Qualitative properties of the entire solutions

In the previous subsection, some new types of entire solutions of (1.1) were con-
structed by considering a combination of any finite number of traveling waves with
speeds ¢ > ¢, and propagation directions and a spatial independent solution. In this
subsection, we further investigate some qualitative properties of the entire solutions,
i.e. we will prove Theorems 2.2 and 2.3.

3.4.1. Proof of Theorem 2.2.
Proof. (i) We prove Z,(z,t) > 0 for all (z,t) € RN*1. Since

Z"(x,t) > Z(x,t) > Z(x,8) = 2"(x, 8) = 2" (x, 8)

for v € RN, s € [-n —7,—n] and t > —n. Then, it follows from Lemma 3.6

that %Z”(z,t) > 0 for (x,t) € RY x [-n,+00). Therefore, ng (z,t) > 0 for all

(z,t) € RNFL. First, we prove 2 U, (z,t) > 0 for all (z,t) € R¥*1. Note that
32
wUn —dlA( )t+81 (Un,Vn(x,t—Tl))(Un)t(l‘,t)

+ 0h(Uy, Vy(@,t — 1)) (Vy)e (2, t — 1)
>d1A(Uy)e + Kn(Up)i(, t),
where z € RY and K}, := min(y,y)ejo,x] O1h(Uy, Vy(z,t — 1)) < 0. For any given
r € R, it holds

(Up)e(x, t) > / Ki(z —y,t —r)(Uy)e(y,r)dy >0, z € RN t>r, (3.24)
RN
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where Ki(x,t) = WGXP{_Eﬁ + Kpt}. Suppose to the contrary that
there exists (zo,t9) € RVT! such that (Uy)e(zo,t0) = 0, then f]RN Ki(zo — y,t0 —
r)(Uy)¢(y,r)dy = 0, which implies that (U,)¢(zo,r) = 0 for all » < ¢y. Hence,
limy— oo (Up) (20, t) = (Uy)(x0,t0). But following from (2.3) and the facts (i) and
(ii) of the Theorem 2.1, it holds
tl}l}loo(Un)(wo,t) =0, (Un)(xo,to) > 0.

This contradiction yields that 2U,(z,t) > 0 for (z,t) € R¥N*1. Similarly, we can
show that 2V, (z,t) > 0 for (z,t) € RN*1. Therefore, we have 2 2, (z,t) > 0 for
(z,t) € RNTL

Since %Zn(x,t) > 0 for all (z,t) € RVNT! we have Z,(z,t) < K for all (z,t) €
RN+ directly.

(ii) When x = 1, then

Z(xz,t) := max{ Imax O, (x-vi+cit+my),D(t+ m,H_l)} - K
=1,y

as t — 400, Vo € RV the expression (2.3) and the squeezing argument implies

lim sup [|Z, ,(z,t) - K| =0.

t—4o0 2ERN
When x = 0, then

Z(z,t) ;= max P (z-v;+ct+m;) =K

i=1,
is established as ¢ — +oo, [|z| < A. Similarly, it holds

lim sup ||Z z,t) — K| = 0.
i s 12, () K|

If (P5) holds, then

.
Z*(x,t) := min {K, Z O, (- v+t +my) + XDt + m,yH)} -0
i=1

ast — —oo, ||z|]| < A for x =0 or x = 1. According to the (i) of the Theorem 2.1
and the squeezing argument, we have

lim sup ||Z,(z,t)] =0.

b= =00 |z <A

(iii) The assertion is clearly established, we omit the details of the proof.
(iv) Since

Z(x,t) = max{ Imax O, (x-v; + et +my), xT(t+ m7+1)} - K
=1,y

asm; — +00, when z-v;+c¢;t > Ag (Ap is an arbitrary constant). Since (z,t) € @f&T

for A,T € R, then z-v; +¢;t > A+¢;T := Ag. Therefore, whenever y =0or y = 1,

the expression (2.3) and the squeezing argument imply Z,(z,t) — K. O
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3.4.2. Proof of Theorem 2.3.

Proof. (i) We only prove statement (a), since the others can be proved similarly.
According to (i) of Theorem 2.1, it holds

Zy(z —ctv,t) > Z(x — ctv, t)
> max O, ((x — ctv)v; + cit +my)
=1,y

= O, (- Vig + (Cig — e/ Vi )t + M),
Thus,

0 < Zy(z — ct,t) — ¢, ((z — ctv)viy + cigt + i)
= Zy(x — ctv,t) — D¢, (7 - vig + (ciy — v - Vig )t + My )
< Z Q. (x-vi+ (i —cv-v)t +my) + xT(t+ myqq)
1<i<y,iFio
—0 as t— —o0,
from the statement of (i), it’s easy to know Z,(z — ctv,t) — @, (v - vi, + mi,)
locally in « as t -+ —oo, and by Lemma 3.7, we know that the convergence also

takes place in 7, then the statement of (a) is established. Similarly, we can prove
(b)—(c) of (i) and the assertion of (ii).

(iii) When ¢4, - -, ¢y > ¢, the assertion of part (ii) of Theorem 2.1 implies
XLt +myq1) < 2, (2,1)
1

( ,b(Ci))6A1(Ci)<x'w+ait+m"’) + X(L b*)e)\*(t+m,y+1). (325)
1<i<~y

IN

According to lim;_, o, '(t)e=*! = (1,b,), in order to prove the first part of this
statement, it suffices to prove that cA1(c) > A.. Suppose to the contrary that there
exists co > ¢, such that coA1(co) < M. Note that cohi(co) — az — daA2(cg) > 0.
Then we have

0 2 CO>\1(CO) — )\*
6152€—Co>\1(60)(7'1+7'2)
Co)\l(C()) — Qg — dg)\%(C())

B1Bae” A (mtT2)
)\* — (9

=di\(co) + g +

*

> —()\* - Oél) +
= 0.
This contradiction shows that cA;(c) > A, for any ¢ > c,. Since lim;_, o, ['(t)e=*+*
= (1,b,) and cAi(c) > A, for any ¢ > c,, this statement obviously holds.

(iv) Recall that Z™(x,t) is the unique solution of the initial value problem (3.19).
For x = 1, let us give simple marks 2" (z, s) by z | (z,s) and Z"(z,t) by Z3 | (z,1),
respectively. Similarly, for y = 0, we denote 2"(x, s) and Z"(z,t) by Zy ,(x,5) and
zZ, ,(x,1), respectively. Let

Wn(xvt) = (Wln(xat)a W;(xvt)) = Z:]L%l(mvt) - Z:]L,Y’O (ZL’,t)
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for all (x,t) € RN x [-n,+00), we easily see that 0 < W"(z,t) < K for all
(z,t) € RN x [-n,+00). By (P1), we have

8thn :dlAW{L(l‘7 t) + h(Wln(‘T7 t)a WQn(xa t— Tl))
<A AW (x,t) + an Wi (x, t) + B W (x,t — 71)

and

atVV2n :dQAWQn(xv t) + g(Wln(xa t— 7-2)3 WQn('ra t))
<de AW (x,t) + W3t (x,t) + LW (2, t — T2).

Define the function

o~

W(‘Tat) = (Wl(l’,t),WQ(I,t)) = (lab*)eA*(terwl)a (fE,t) e RV
By Theorem 3.2, we have

W™(x,s) = 20 (z,8) — 20 (2,5) <T(s+h) < (1,b)eM ) = Wz, s)

for z € RY and s € [-n — 7, —n]. Moreover, /V[?(:m t) satisfies the linear system

Wy = dy AW, (2, ) + ay W, (2, ) + 1 W (z,t — 1),
8tW2 = dQAWQ(LL',t) + QQWQ(‘T?t) + 52W1((E,t — Tg).

Then, it follows from Lemma 3.8 that

O S Wn(.’]'},t) = Z:]l'y,l(x7t) - Zn (x7t) S W(I’,t) = (1,b*)€)\*(t+m’y+l)

T~,0
for all (z,t) € RN x [—n,+00). Since lim,_, 4 Zy (@) = limy oo W (2,1) =
Z, (z,t), it holds '

(z,t) < (1,b,)er M) for all (z,t) € RVFL

0< 2, (2,t)— Z

.1 .0

which implies that Z,_ . (z,t) — 2, ,(x,t) as m,11 — —oc uniformly on (z,t) €

Mv.,0
(:)'X”% for any A,T € R, for any subsequence mf,, with m!,, — —oco as £ — +o0,
the functions anyl(x,t) (77?1 = (e1,my, vy, ,cwmv,yw,mffﬂ)) converge to a
solution of (1.1) (up to extraction of some subsequence) in the sense of topology
7, which is Z,_ (z,t). The limit does not depend on the sequence 77,‘;’1, thus, all
of the functions Z, . (z,t) converge to Z, ,(z,t) in the sense of topology 7 as
My41 — —00, and this part follows.

The proof of part (v) is similar to that of part (iv). Thus, we omit it here. O

Remark 3.3. The convergence in the first statement of part (i) and (ii) of Theorem
2.3 means that only some fronts, i.e., those with small speeds, can be viewed as
t — —oo, the others are being hidden. However, to see some of the traveling wave
fronts as t — 400, we need more restrictive conditions. A similar phenomenon has
been observed by Hamel and Nadirashvili [13] for the Fisher-KPP equation, Wu
and Hsu [39] and Wu and Ruan [42].
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4. Entire solutions: non-quasimonotone case

In this section, we consider the entire solutions of (1.1) with nonquasimonotone
nonlinearity. It is easy to known that the comparison principle is not applicable for
nonquasimonotone systems, similar statements and results can be seen in [39,42].
First, we introduce two auxiliary reaction-diffusion systems with quasi-monotone
nonlinearities and establish a comparison theorem for the Cauchy problems of the
three systems. Then, we prove the existence and qualitative properties of entire
solutions using the comparison theorem.

Throughout this section, in addition to (P1), we further make the following
assumptions.

(P6) There exist K= = (ki k) > 0 such that h*, ¢g* € C2([0, K™, R]) satisfy
(i) 01h*, 029 € C([0,K*],R) and h* (K*)=g* (K*)=0, h*(u,v) >0, g* (u,v) >
0 for (u,v) € (0,K*), 9;h*(0,0) = 9;1(0,0) and 9;¢*(0,0) = 9;9(0,0), i =
L2
(ii) O2h* (u,v) > 0 and g% (u,v) > 0 for (u,v) € [0, K*];
(iii) A~ (u,v) < h(u,v) < ht(u,v) < aju+Bivand g~ (u,v) < glu,v) < gt (u,v) <
agv + Bau for (u,v) € [0, KT];
(iv) There exist positive constants Ly, Ly > 0 such that
hi(u, vl) - hi(uaUQ) < Ly maX{Oa U1 — U2}7 V(uavl)v (u7v2) € [07 K+]a
g% (u1,v) — g5 (u2,v) < Lymax{0,u; — us}, V(ui,v), (uz,v) € [0, K*].

(P7) Assume (u;,v;) € [0,KT] fori =1,---m € Z*, then
Lmin {kf, > w;} + 2t (min{k, 3 u;}, min{k3, 3 v;})
i=1

i=1 i=1
S i {LU'L + h+(uivv’i)},

i=1
m

m m
Lmin {k$, Y v} + g™ (min{k{, > w;}, min{ks, 3 v;})
i=1 ; ;

i=1 =1
m

< ; {Lvi + g™ (i, v)) }.

It is easy to see that h* = h, g* = g and K* = K if dyh(u,v) > 0 and
Og(u,v) > 0 for (u,v) € [0,K].

Similar to Lemma 3.6, it is easy to verify that for any ¢ € Cjg x+}, (1.1) has a
unique solution w(x,t;¢) on [0, +00) with 0 < w(x,t;¢) < KT for all x € RY and
t > 0. Moreover, w(x,t;¢) is a classical solution on (7,+00). Here and in what
followis, Xo,x+) and Cjp k+] are defined as (3.9) and (3.10) by replacing [0, K] with
0, K*].

According to (P6), we consider the following two auxiliary monotone delayed
systems:

wp(x,t) = diAu(z,t) + b (u(z,t),v(z,t — 1)), (41)
ve(x,t) = doAv(x,t) + g7 (u(z, t — 72),v(x, t)) )
and
{ut(x, t) = dyAu(z, t) + b~ (u(z, b), v(z, t — 11)), (42)
v(z,t) = doAv(z,t) + g~ (u(z, t — 72),v(z, 1)),
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where (z,t) € RN*1. To obtain the entire solutions of (1.1) with the nonquasimono-
tone case, we need establish a comparison theorem for solutions of (1.1), (4.1) and
(4.2).

It is easy to see that Aj(c,A) = 0 is also the characteristic equation of (4.1)
and (4.2) with respect to the equilibrium (0,0), since 9;4*(0,0) = 9;(0,0) and
2:9%(0,0) = 9;9(0,0). By Theorems 3.1 and 3.2, we have the following results.

Proposition 4.1. Assume that (P1)—(P3) and (P6) hold. For any ¢ > c. and
v € RN, (4.1) and (4.2) have traveling wave fronts ®* (&) = (¢+(€),vT(€)) and
O=(&) = (¢ (€),4 (&) with & = x - v + ct, respectively, which satisfy ®*(-) >
0, d*(—00) = 0 and ®*(4+00) = K*. Moreover, if ¢ > c., then

lim @ (&)e M8 = (1,b(c)), ®E(€) < (1,b(c))eM D¢ for all € € R.

£——o0
Here, ci, Ai(c), b(c) are given as in Sec. 3.

Proposition 4.2. Assume that (P1) and (P6) hold. There exist solutions T'F(t) :
R — [0, K] of the following delayed differential system,

() = hi(f‘l(t), Ty (t — 1)),
h(t) = g=(T1(t — 72),Ta(t)),

which satisfy T (—00) =0 and T (+o00) = K*, I'H(¢) > 0 and

teR, (4.3)

lim TE(t)e ™™ = (1,b,), TE(t) < (1,b.)eM! for t€R.

t——0o0
We first introduce some notations and definitions. Let us denote

— + +
L:= (u’vgrel?g,(Kﬂ max {|81h (u,v)], 029" (u,v)], |01 h(u,v)]|, |agg(u,v)\},

and F(¢) = (F1(¢), F2()) : Cio.x+] — X by

F1(@)(x) = Lo (z,0) + h(¢1(2,0), p2(z, —71)),
Fa(9)(z) := L2(z,0) + g(d1 (2, —72), p2(2,0)),

(FiE(9), F5£(9)) by
) are nondecreasing

for ¢ = (¢1,¢2) € Cjox+]- Similarly, we define FE(¢) =
replacing (h, g) with (h*, g%), respectively. It is clear that F* (-, -
in Cjp k+) and

F~(¢1,02) < F(or,02) < FH(d1,¢2) for (¢1,¢2) € Cjo x+)-

Furthermore, we denote the linear operate T (¢t) = diag(7Ti(t), T2(t)) by T:(0) = I
and

Ti(®)[W](x) == - Ti(z —y, ) (y)dy for = € RV, t>0,1 ¢ BUC’(}RN,R)7

2
where T;(z,t) := m exp{ — % - Lt}, 1=1,2.

The following comparison principle plays an important role in the proof of our
main result for the nonquasimonotone delay system.
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Lemma 4.1. Assume that (P1) and (P6) hold. Given any r € R, let w = (u,v),
w* = (uF,vF) € O([r — 7, +00), Xjo x+)) be such that

w (t)(x) <T({t—r) / T(t— - )](m)dg, (4.4)
w(t)(z) = Tt - ) [w(r) / Tt — 0)[F(w,))(x)de, (4.5)
w+(t)( ) >T({t—r) / T(t— F+ )}(x)dg, (4.6)

for allz € RNt > r and w™(z,5) < w(x,s) < wh(z,s) forx e RN, s € [r—7,7].
Then,

w(z,t) < w(z,t) <w(z,t) forall z € RN, t > r.
Proof. It is clear that 0 < w(x,t),w*(z,t) < K* for all z € RN and t > 7. We

only prove w(z,t) < wt(x,t) for all x € RY and t > r, since the other case can be
proved similarly. Let

X(z,t) = (X1(z,t), Xo(z, 1) := w(z,t) —w' (z,t) for z €RN, t>r—7.

Note that w(z,s) < wt(x,s) for z € RN, s € [r — 7,7]. Since h*(u,v) is non-
decreasing with respect to v and g7 (u,v) is nondecreasing with respect to u for
(u,v) € [0, K*] and it is easy to know that L+ d1h(u,v) > 0 and L+ dag(u,v) > 0,
(u,v) € [0,K™T], for any x € RY and ¢ € [r,r + 7,,], where 7, = min{ry, 72} > 0, it
holds

Fi(we)(x) — Fy (w") (@)

<F} (wn)(@) — Fif (w})(@)

=LX;(x,t) + ht(u(z,t),v(z,t — 7)) — AT (u (2,1),0vF (z,t — 7))
<LXy(x,t) + h (u(z,t), v (z,t —71)) — b (ut (2, 1), v (2, t — 71))
=LX;(z,t) + O1hT (Ou(z,t) + (1 — O)u™ (z,t), v (z,t — 7)) X1 (2, 1)

=[L + 01" (Qu(x,t
<2Lmax{0, X1 (z,t

+ (1 - G)U (Iat)ver(xat - Tl))]Xl(xvt)
1, (4.7)

where 6 € (0,1). Let [B]4 := max{B, 0} for B € R. It then follows from (4.5)—(4.7)
that

)
)

X (t)(z) =T (t = r)[Xa(r)](z) + / Ti(t = 0)[Fi(we) — Fi (wy)](x)de
§2L/ ox Ti(x —y,t — 0)[X1(y, 0)]sdydo Yo € RN | t € [r,r + 7],
which implies that

Xt <22 [ [ Tl - vt - ol sdyde

Moreover, for any A > 0, we set

)Z'i7)\(t) = sup [X;(z,t)]4e”M and )A(:M = sup )Z'M(t) fori=1,2.
zERN te[r—7,400)
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Note that 0 < ()}.:17)\,)}.:27)\) < 2K™*. Then for t € [r,r + 7,,], we obtain

t
Xia(t) < 2L/ N Ti(y, 0) X1 (t — 0)e *dydp
T R

< 4Lk;r/ " e~ tleqy
0

then, we have
X1 <ALkl —e OHD™] /(N4 L) = 0 as A — 4o0.

Hence, )~(17>\ < 0 for sufficiently large A, which implies that X;(z,t) < 0 for z € RY
and t € [r,7+7,,]. Similarly, we can prove Xy(x,t) < 0forz € RY and t € [r,r+7,,).
Repeating the same produce to each of the intervals t € [r+n7,,, 7+ (n+1)71,], n =
1,2,-- -, there holds (X (z,t), Xo(z,t)) < (0,0). Then we have w(z,t) < wt(z,t)
for all x € RY, ¢t > r — 7. This completes the proof. O
For the sake of convenience, we give some notations.
Z(x,t) = max{ max Q. (z- v+t +ng), X (t+ an)},
l
W (z,t) := Zfl)j(m v+ et +ng) + XU (E+n41),
i=1
l
W) i= D (1 b(e)) MOt (1, )M e,
i=1
Z"(z,t) := min{K", W+ (z,1)},

Z(z,t) = min{K", W(z,t)}.

In the following, we give the detailed proof of the main results of this section.

4.0.3. Proof of Theorem 2.4

Proof. For n € Z, we denote

@™ (z,s) := max { Z:rrllaxlfl); (x-vi+es+mn), xX(s+ nH_l)},

s

where € RN, s € [-n — 7, —n]. Let Z"(x,t) = (U"(x,t), V"(x,t)) be the unique
mild solution of the initial value problem of (1.1) with initial condition

Zn(mVS) = (bn,—(x’ 3), S RN and s € [—n -, —n].

It is clear that Z(z,s) = ¢™ (v,s) = Z"(z,5) < KT for x € RY and s € [-n —
7, —n]. Since F~(:,-) is nondecreasing in Cg k+], then it holds

Z(t)(x) < Tt +n)Z(-n)l(@) + | Tt = [F™(Z,)l(x)de,
Z"(t)(z) =Tt +n)[Z"(=n)l(x) + [ Tt = 0)[F(Zy)](x)do,

—n
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Kt = T(t+mK* + [ T(t—o)[F* (K")](2)de,

—n
for any € RN and ¢ > —n. It follows from Lemma 4.1 that
Z(x,t) < Z"(x,t) <K' for 2 € RN, t > —n.

Now, we prove the following claim.

Claim. If ¢y, - -, ¢ > ¢y, then

Z"(x,t) < Z(x,t) for x € RNt > —n, (4.8)
and if (P7) holds, then

Z"(x,t) < ZF(x,t) for z € RN, t > —n. (4.9)

First, we prove (4.8). According to Theorems 3.1 and 3.2, if ¢1,- -+, ¢ > ¢4, then,
o™ (z,8) = Z"(z,5) < Z(x,s) for x € RN and s € [-n — 7, —n]. By Lemma 4.1, it
suffices to show that

Tt+n)Z(-n)(z)+ [ T(t—F"(Z,)(x)de < Z(t)(x) (4.10)

—n

for x € RN and t > —n. Since F*(-,) is nondecreasing in Clo,x+], it is easy to see
that

Tt +n)Z(=n)l(z) + [ T(t = o)IF"(Z,))(x)de < K" (4.11)
for » € RY and t > —n. For any ¢ = (¢1, ¢2) € Clo,.x+], define P = (P, P») by
Pi(¢1,¢2)(x,0) := (L + a1)¢1(x,0) + froa(z, —71),
Py(¢1,¢2)(2,0) := (L + a2)p2(x,0) + Bag1(x, —72).
Then, it is easy to see that W (¢)(-) = W (t,-) satisfies the integral equation
W(H)(z) = Tt +n)[W(=n)l@) + [ Tt = 0)[Q(W,)](z)de. (4.12)
Denote Z = (U, V) and W = (W1, Wy). By (P6), we have
F(Z,)(x)
:(Lﬁ(x’ Q) + h+(U($7 9)7V(x’ 0 — Tl))7 LV(.T, Q) + g+(U(x, 0 — TQ),V(JJ, Q)))
< ((L +a))U(z,0) + BV (z,0— 1), (L + a2)V(z, 0) + BU(x, 0 — TQ))
<((L+ ) Wi(e,0) + B Walw, 0 = ). (L + a2) Wala, 0) + 52 Wi (@, 0~ 72))
—P(W,)().
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Then, it follows from (4.12) that

Tt +n)Z(-n)(x)+ [ T(t—F"(Z,)l(x)de

-n
t

<T(t+n)[W(=n)(@)+ [ T(t-0[Q(W,)|(x)de

—n

=W (t)(z). (4.13)
Combing (4.12) and (4.13), (4.10) holds and (4.8) follows from Lemma 4.1.
Next, we prove (4.9). We only show that

t

T(t+n)[Z"(—n)|(x) + [ T(t—o)[F(Z;))(x)do < Z¥(t)(x) (4.14)
for x € RN and t > —n. Since F*(-,-) is nondecreasing in Clo,x+], it is easy to
verify that

t
Tt+n)Z (-n)(@)+ [ Tt-oF"(Z,)(x)de <K' (4.15)
—n
Moreover, by (P7) and a similar method as in the proof of Lemma 3.9, we have

Tt+n)[Z (—n)l()+ [ T(t—o)F(Z;)(x)de < W' (t)(). (4.16)

—n

Combing (4.15) and (4.16), (4.14) holds and (4.9) follows from Lemma 4.1.

Moreover, Z™(z,t) satisfies the regular estimates as in Lemma 3.7, that is, there
exists a positive constant M, independent of n, such that for any 2 € RV and
t>-—-n+1,

H atzn(x’t) ”7 ” 6ml.Z”(x,t) Hv H at2zn($>t) Ha H awizn(xvt) ||> H a'vitzn(xat) H’

By using the diagonal extraction process, there exists a subsequence {Z"*(x,t) }ren
of {Z"(x,t)}nen such that {Z™ (z,t)}ren converges to a function Z(x,t) in the
sense of topology 7. Clearly, Z¢(z,t) is an solution of (1.1). By virtue of (4.8) and
(4.9), it is easy to see that the assertions for part (i) and (ii). Note that cAi(c) > ..
The assertion of parts (iii)—(v) follow from (2.4)—(2.6). O

Appendix

A. Proof of Lemma 3.4.
For convenience, let us denote
H (Y1, 2)(E) := diy (&) — e (&) + h(h1(€), ¥ (€ — em1)),
Ha (11, ¥2)(€) := datp (§) — e (§) + g(¥1(€ — cm2),12(E)).

Then ¥(&) := (1(€),42(£)) is an upper solution (or lower solution) of (2.1) if
U/(E+) < W' (E—) (or ¥/ (E4) > T/(£—)) for £ € R, and there exist &1, ,&, € R
such that

Hi(1,92)(§) <0 (orHi(11,¢2)(§) > 0) for £ € R\ {&1,--- , &}, 1 =1,2.
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It is easy to see that W'(£+) < W/(€—) for £ € R. Then, we only to show that
H; () (&) <0 for £ € R\{£1,&2}, 4= 1,2. When & > &, we easily check that

Hi(P1,92)(&) = hky, tha(§ — em1)) < h(ky, ko) = 0. (4.17)

Using h(u,v) < aju+ Byv for (u,v) € [0,K], if £ < &, by directly computation, it
holds

Hi (1, 92)(€) = diATeME — ch1eME + h(61(€), §2(€ — em1))
< dl)\%e/\lf — c)\le/\l5 + Cne/\l€ + ﬁlb(c)e)‘l(g_c"'l)
- e/\lf{dlA% —c\i+a; + Blb(c)e*”‘lﬁ}
=0, (4.18)

since
626_0/\17—2 cA\ — dl)\§ —

b(c) = =
(C) C)\l — dg)\% — Qi ,8167>‘1ch

Similarly, if € > &, it yields
Ha(P1,92)(€) = g1 (€ — em2), k2) < g(k1, k) = 0. (4.19)
If £ < &, using g(u,v) < agv + Bou for (u,v) € [0, K], we have
Ha(1h1, ¥2)(€) = daATb(c)eMs — eAib(c)e™ + g(1(€), P2 (€ — cm))
< daX2b(c)eME — eArb(c)eME + agb(c)eE + ByetrEem2)
= e’\lg{b(c) (dz)\% —cAi+ 042) + ﬂze_/\lcﬁ} =0. (4.20)

From b(c), we know that (4.20) is clearly established. O

B. Proof of Lemma 3.5.
By directly computation, we obtain

Hi(o,,¢,) = di¢'! (£) — cd’ () + h(9, (€), 8, (& — cm1))
:dl(lil)\%e)qf — Ky (/\1 + 5)2516(/\1+€)f) _ Cl’il)\le)\l{ =+ 05151()\1 + E)e()\1+5)§
+ ozmle)‘lg(l - 51655) + [31,{2@1(5%71)(1 _ 5265(5%71))
1

+ =< hyt(ug, vy K2e2ME(1 — (51655 2 + hos(us, v3 /@2€2>\1(£_CT1) 1-— (5266(5_67—1) 2
2 1 2

+ 2h12(uz, v2) K1 koe™ BT (1 — §1e€) (1 — 52e€<f*“1>)}
=€M§(H1f1(c, A1)+ Brroe M — k181eS fi(e, M\ +€) — 5152(526866—(&%)%)
+ %{hn(ul,vl),{%eml&(l — 516%)2 4 hoo(us, v ) K2 ECT (1 gyef(E-em))2
+ 2h19 (g, Vo) K1 oM P47 (1 — §e58) (1 — 5266@—«:71))} (4.21)
and

Ha(9,.6,) = dad)) () — ), (€) + 9(¢, (§ — cm2), 6,(€))



1796 Y. Meng, W. Zhang & S. Zhang

:dgng)\fe)‘lg — dakola (A1 + 5)26(A1+5)5 — ChaA eME + ckada (A1 + s)e()‘ﬁg)5
+ awze/\l&(l _ 52655) + wah(&—cm)(l _ 5165(5_”2))

1
* 2{911(1&4,”4)5%6%1(5 T(1 = 6165 C7T)2 4 gog (ue, v6)R5e* M (1 — 27

+ 2912(U5, U5)I€1I€2€)\1(2€_CT2)(1 - (5165(&_072))(1 — (52686)}
:eAlE (lﬁ)gfg(C, Al) + 62%167)\107—2 — K/2(52€€§f2(c, Al + 6) — 62%15165567(>\1+€)C7—2)

1
+ §{gll(u4, U4)KZ%€2>\1(£_CT2)(1 — 5165(5_672))2 + go2(ue, v@m%e”‘lf(l — 52655)2

+ 2912(’&5, U5)KJ1/€26)\1(2§7CT2)(1 — 5186(67672))(1 — 52665)}, (422)

where u; lies between 0 and r1e*€(1—6,e%¢), v; lies between 0 and /<;26>‘1(5*”1)(1 —
5oes(€=em)) (i = 1,2,3) and u; lies between 0 and r1e*(E—¢) (1 — §ef6—¢m)) and
v; lies between 0 and koe*é(1 — d2e%¢) (i = 4,5,6). By Lemma 3.1, we have
Ai(e, A1) = 0 and fi(e, A1) < 0 (i = 1,2) which imply that there exist x; > 0
(i = 1,2) such that

f1 (C, )\1)/%1 + ﬂllize_)‘lcﬁ =0 and fQ(C, )\1)&2 + B2H16—)\107'2 =0. (423)

By direct computation, we can take k1 = 1 and ko = b(c). Moreover, by Lemma
3.1 again, we know Aq(c,\1 +¢) > 0 and fi(c, A1 +¢) <0 (z =1,2), where e > 0

and small enough. From Lemma 3.3, there exist ¢; > 0 (i ,2) such that
my = fl(/\l + 5)(1 + 616_(>\1+6)C71C2 <0,
my 1= fa(A1 +€)Ca + Bre” M <0, (4.24)

Here ((1,(2) can be determined such that ¢; > k1 = 1 and (o > k2 = b(c). Fix
(¢1,¢2) and set

d; := ¢ /K; and g =cmi— (1/e)Ind;, i =1,2.

Note that §; > 1 and §, <0 Without loss of generality, we may assume §; < Ja,
3 7max{§1,§ } = £, < 0. Then, if § < &, we have

0<(1—62e%) <1,

1= 5™ < (1 — 6,6%€) <

— (82/6y €27 S( sl&mem)y
((52/(51) ec(m1—72) S( 5165(5 CTQ)) <

IN

L,
1.
Obviously, d2/01 = (2/(¢1b(c)) is invariant. Hence, there exists a constant N > 0
(which is independent of |(¢1, (2|) such that

11— 8;e¢], |1 — 81657 )| |1 — 5oefC | < N for £ <€, i=1,2.
Moreover, we have

;e (1 —6;e%8)], [eMEmem2) (1 —§yesE=em))| | |b(e)eM (E7em) (1 — GpesE—eT))| < N
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for £ <&, i = 1,2, where k1 = 1 and k2 = b(c). Since |u;|,|vs| < N, i =1,--- 6,
all the second derivatives are bounded by a constant M > 0. Then for { < &,
(4.21)—(4.24) imply

Hi(9,,0,) = did] — cg! (§) + h(9,(£), 8, (6 — cm))

> — €(A1+€)€m1 - %{Mew‘lé(l — 61655)2 + Mb2(c)€2>\1(€*cn)(1 _ 6266(5*07'1))2
+ 2Mb(c)eM e (1 — 515 (1 — 5265@—(:71))}

1
> - 5{6@1“)5 (2my + MN2eP1=98(1 4 b?(c)e~ 2™ 4 2b(c)e*h”1))}

1
——— 5 {e()\1+€)5(2m1 + MNZB(A17€)£(1 + b(c)ef)\lcfrl )2)}
>0

and
Hal0,,6,) = dag! — 8 (€) + 9(8, (€ — 72), 6, (€))
> Mt %{Mb2(c)62)‘15(1 _ 52655)2 + Me2)\1(£—c7—2)(1 _ §1ee(£—c7—2))2

+ 2Mb(c)e)‘1(2§_”2)(1 - 5165(5_”2))(1 - 52656)}
1
> 5{e(>\1+6)£(2,rn1 + MNZE(A17€)£(€72A16T2 + bQ(C) + 2b(c)67)‘1”1))}
1
——— 5 (e()\1+6)§(2m1 + MNQG()\lfs)g(b(C) + 67)‘167—2)2))
>0

Therefore, (¢, (£), ¢,(§)) satisfies (3.5) for £ < & O
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