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Abstract In this paper, the predictor-corrector approach is used to propose
two algorithms for the numerical solution of linear and non-linear fractional
differential equations (FDE). The fractional order derivative is taken to be
in the sense of Caputo and its properties are used to transform FDE into a
Volterra-type integral equation. Simpson’s 3/8 rule is used to develop new
numerical schemes to obtain the approximate solution of the integral equation
associated with the given FDE. The error and stability analysis for the two
methods are presented. The proposed methods are compared with the ones
available in the literature. Numerical simulation is performed to demonstrate
the validity and applicability of both the proposed techniques. As an applica-
tion, the problem of dynamics of the new fractional order non-linear chaotic
system introduced by Bhalekar and Daftardar-Gejji is investigated by means
of the obtained numerical algorithms.
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1. Introduction

Fractional calculus is a branch of mathematical analysis which deals with integrals
and derivatives of arbitrary (non-integer) order and their applications. However,
the topic of fractional calculus did not attract much attention until recently, espe-
cially, concerning its applications. It might have been due to the reasons such as its
intrinsic complexity [25], self-sufficiency of the classical calculus [3], lack of accept-
able geometric or physical interpretation of fractional derivative [30,32], multiple
definitions for fractional derivatives [13], etc. However, the theoretical development
and potential applications of fractional calculus in science and engineering helped
to make it one of the hot topics for the researchers during the last few decades.
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Examples include Medical and biological sciences [38], psychology and social sci-
ences [34], dynamical phenomena in physics [37], economy [11], electronics and
control theory [1,33], etc. For more examples and details, we refer the reader to [6].

In mathematical modeling of the real world problems, the underlying dynamics
of a system depends on its history (the stored information) [35]. This means that
the future state of the system relies not only on its present state, but also upon the
the preceding history of states as well. Since the integer order differential operator is
a local operator, it cannot describe the hereditory behavior of such systems. On the
other hand, the fractional order derivative, being nonlocal in its nature, is found to
be a suitable tool to model nonlocal phenomena either in space or in time [18,24].
Fractional order operators involved in the model cover the entire progress of the
process under investigation. Thus such operators serve as an excellent instrument
for the description of memory and hereditary properties of the systems [2,5]. In
fact, the nonlocal characteristic of fractional order operators played a key role in
the popularity of fractional calculus [24, 26].

Mathematical modelling of real world systems in terms of fractional-order deriva-
tives gives rise to a set of FDE, which cannot be solved analytically in many of
the cases [8,10]. However, analytic solutions for some FDE have been obtained
by means of Adomians decomposition method, Mellin transform, Fourier transform
and Laplace transform under certain circumstances, especially for homogeneous lin-
ear FDE with constant coefficients [23,29]. These solutions generally involve special
functions such as Mittag-Leffler function, which are difficult to interpret [45]. In
order to make such solutions plausible, high computational cost is required [23].
The non-availability or availability in terms of complicated mathematical functions
of analytic solutions instigated researchers to develop numerical and approximate
analytic methods for solving FDE. However, owing to difficulties in analysis of nu-
merical methods for FDE, the scope of numerical methods for FDE is limited [§]
and many researchers are working on this topic to develop new numerical algorithms
for FDE.

Diethelm et al [20] suggested the predictor-corrector method for solving FDE.
This method is a generalization of the classical one-step Adams-Bashforth-Moulton
scheme, which is a well known technique for obtaining the numerical solution of first
order equations. It was pointed out that the accuracy of predictor-corrector method
can be improved with teh aid of the Richardson extrapolation, short memory princi-
ple and corresponding mixed numerical schemes. The detailed error analysis for this
algorithm was given in [21]. Later, some researchers [12,16,17] focused on improv-
ing this method and solved some applied fractional order problems [15,19,27,40].
Deng [17] introduced the new numerical approximation by combining the short
memory principle and the predictor-corrector approach. Daftardar-Gejji et al [12]
used the idea of iteration to modify Adams method and investigated dynamics of a
fractional chaotic system by this new approach. Li et al [28] applied the Simpson’s
rule instead of trapezoidal quadrature formula to achieve higher order numerical
algorithm for fractional differential equations. In a recent work, Yang et al [43] ap-
plied a new computational approach for solving local fractional wave equation based
on the Gao-Yang-Kang version of the local fractional calculus. Motivated by the
recent development on the topic, a new improved version of the predictor-corrector
method possessing a better convergence has been proposed in this paper.

There are several definitions of fractional derivative in the literature. Among
these definitions, Caputo and Riemann-Liouville type fractional derivatives gained
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much popularity [5,23]. In order to develop the fractional calculus without singular
kernel of exponential function, the Yang-Srivastava-Machado fractional derivative
was proposed in the articles [36,39]. Yang et al [42] introduced the concept of so
called Yang-Gao-Machado-Baleanu fractional derivative to deal with the fractional
calculus without singular kernel of sinc function. Cattani [9] studied Sinc-fractional
operators on Shannon wavelet space. For the details on general fractional calcu-
lus operators involving special functions and variable-order fractional operators,
see [41,44]. Fractional differential equations involving Riemann-Liouville fractional
derivative need initial conditions in terms of the unknown function together with
its Riemann-Liouville fractional derivative, which are unavailable for most of the
practical applications and have no physical meaning. For this reason, the Riemann-
Liouville fractional derivative is not always the automatic choice for real applica-
tions [14]. However, Fractional differential equations involving Caputo fractional
derivative utilize classical initial conditions, which are accurately measurable and
physically interpretable. Hence, we choose the Caputo fractional derivative in the
present setting.

The rest of the paper is organized as follows. In Section 2, the detailed construc-
tion of the predictor-corrector scheme is described, and improved algorithm for this
scheme is presented. In Section 3, the truncation error analysis of the proposed
methods is derived through a series of Lemmas and Theorems. The stability of the
numerical methods is proven in Section 4. To demonstrate the effectiveness of the
proposed methods, we apply these methods to solve some numerical examples in
Section 5. Fractional analogue of the new chaotic system introduced by Bhalekar
and Daftardar-Gejji is also investigated in this section and relevant phase portraits
are obtained by means of new improved numerical algorithm for different values
of the order of fractional system. Finally, Some concluding remarks are given in
Section 6.

2. The numerical method

We consider and investigate the the numerical solution for the following initial value
problem:

{ED?y(t)zf(ty(t)), 0<t<T, a>0, o)

y(k)(mo):yék), k=0,1,...,[a] -1,

where [a] is the first integer not less than o, §Dy(t) denotes Caputo fractional
derivative defined by

1 oy (1)
C na — . <
o Diy(t) T —a) /0 T 7jo—ntl dr, n—1<a<n,

where 3" (7) is the classical nth-order derivative of y(7). Throughout the forth-
coming analysis, it is assumed that f(¢,y(¢)) is a continuous function which satisfies
a Lipschitz condition with respect to second argument, that is, |f(¢,y) — f(¢, 2)| <
L|y — x|, which L > 0. Notice that continuity and Lipschitz conditions are suffi-
cient to ensure existence of a unique solution to the problem (2.1) on the interval
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[0,T] [28]. Applying Laplace transform to both sides of (2.1), we get

[a]—1
sYY (s) — Z sy (0) = F(s,Y(s)),

i=0
which, on taking inverse Laplace transform, yields

[a]—1 /i

v = 3 GO0+ g [0 e 22)

1=

Observe that the integral equation (2.2) is equivalent to the problem (2.1).
For computational convenience, let F; = f(t;,y;) and F(t;) = f(¢;,y(t;)), where
y; is the numerical approximation to y(¢;).

2.1. Main algorithm

In this subsection, a new algorithm based on predictor-corrector scheme is designed
for solving problem (2.1) by discretizing Eq. (2.2) with uniform grids ¢; = jh, (j =
0,1,...,N), h = [%] Like the classic predictor-corrector method [20], the basic
idea is to calculate approximations y;,j = 0,1,..,k and then use these values to
obtain the approximation yx4+1 via Eq. (2.2). In order to construct the high order
scheme, we use the Simpson’s 3/8 rule with nodes t;, taken with respect to the
weight function (tx41 — -)*~! to evaluate the integral in Eq. (2.2). In order to do
so, we need nodes t;, (j = 0,1,...,k + 1), tiys and bz (j =0,1,....,k). New
method for approximating y; +1 Ypy2 and yg41 will be developed in three steps.

Step 1. (An explicit algorithm for calculating y, , 1 )
The discretized form of (2.2) to calculate y (tk+%) is

[a]—1 tL toq
k+1 i 1 k+3 a—
y(thr%) = 2; Z|3y()(0)+m/0 B(tk+% —’7') 1F(T)d7’. (23)

The product rectangle formula is used to approximate the integral in (2.3) as follows.

byl tepd ~
Liyy = / H(typs — 1) (r)dr = / Htyps — 1) E(r)dr
tipl ti+1 o1
=y F(t;) + F(tj1)|(tgypr — 1) tdr
- ti thr%

+ (teps — 1) P (ty)dr. (2.4)

Now Eq. (2.4) simplifies to the following form:

1 k

bed _
| g = P = Yy Pl (2.5)
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where

he k+la_ka7 ,7:0a
€kl = — (k- 5) N o , (2.6)
oo (k=g D)= (k=j), 1<j<k

In this way, ¥, 1 can be determined by the following formula:

[a]—1 t2+ k
Yeri = D Tsy(z) Fiz ket 1 G (2.7)
i=0 ]=O
Step 2. (An explicit algorithm for finding y,, +2 2)
The discretized form of (2.2) to calculate y (thr%) is
[o]—1 ¢ t
Yy (tk+§) = ; tk;!?’ y@(0) + ﬁ/@ k+%(tk+% — 1) F(1)dr. (2.8)

To determine 3, , 2, the integral in (2.8) is approximated as follows:

ot 2 .
Ttz :/0 ’ (tppz —7)* F(r)dr = [/ / } (tyz —7)* F(T)dr

k=1 oty ket 2 .
=3 [ g 0 Ea(ndr + / *(tys — 1) B (r)dr,
=0 tj tr

(2.9)

where, in each interval, F, i+1(7) is the piecewise linear interpolation for F'(7) at the
points ¢; and tiya- For example, in the interval [¢;,¢;4+1], we have

ti+1 . ti+1 2t
[ g = 5@ = [ g - 7 g0

t; t; tj— tj+§
tjta 2 —t
+/ (tpo2 — )t 2 gt 1)dz.
" +3 t]#»% —t] J+3

After performing a series of calculations, we obtain

tk+% k
/O (thpz —2)° ' F(r dT—Zf)k+ () + Y hjpe2Ftiyn),  (2.10)

=0
where

(k—j+2)a(o¢+3j—3k—1)

h()z
f +(k—j—3) (2a—3j+3k+ 0<j<k-—1,
jik+s ala+1) ) a( ) ) ( 1, -
(g) (Ol— )’ ]_ )
(2.11)
o (k—j+2)"(-3j+3k+2)
fL].7,€+%:m +(k—j—-H"(-3a+3j-3k-2), 0<j<k-1,
2(2)°, j=k.

(2.12)
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Thus we get the following formula for determining ¥, b2

[a]—1 4i k k
k+2 i 1
Berg = 3 D)+ ) [ijﬂgFj + > higpaFia|. (213)
i=0 §=0 §=0
Note that the values of y; for j = 0,1,2,...,k in the above equation are known and

the value of y, +1 is calculated in the prior step.

Step 3. (A predictor-corrector algorithm to calculate yg41)
The discretized form of (2.2) to find y (tx41) is

TENEDS 00 ¢ [ -0 @ (210

In order to find yg41, the integral in (2.14) is approximated by the following proce-
dure.

tet1 L tht1 e
Iy = / (thy1 —7)% F(r)dr = / (tgs1 — 7)) Fp(r)dr
0 0
k

=3 [t - i, (215)

j=0vt

where Fj,1(7) is the cubic interpolation for F(7) at the nodes t;, tiy1, tjy2 and
t;j+1. After certain calculations, we get

k+1 k

k
Loy =Y aju F() + D bjrt Fltipn) + D ¢iri Fltj,2). (2.16)
j=0 j=0 j=0

The weights of the above equation are given by
«@
Gy = ka2 + 5+ 9ak + 6.+ 27k(k + 1)) + 5 [k +1] [20°
+a2(1 = 11k) + (36K + 17k + 3) — 6k (9%2 + 9k +2)|,
a+1
T [k - j} [a2 4 5a + 2752 + 27k? — 9j(a + 6k + 3) + 9k(a + 3)
a+1
+6] + [k " 2} [042 — 13+ 2742 + 27k — 9j(—ar + 6k + 9)
a—+1
k(e —9) + 60} - [k i+ 1} [11042 + 550 + 5452
—108j(k+1)+54k(k+2)+120}, 1<j<k,

/ — 2
Ay 1 = @ —4a+6,

(2.17)

-9 a+1
ki = 5 [k —j} [18;'2 F18K2 4 (a4 2) (e + 3) — 45 (20 + 9k + 6) + 8k

a+1
(a+3)] +9[kz—j+1} [9j2+9k2+a2+j(5a—18k—3)+k(3—5a) ,
(2.18)
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a+1
i = 9[k - j} [9;’2 + k% + (@ +2)(a+ 3) — j(5(a + 3) + 18k) + 5k

(a+3)]—§[k—3+1} [a + a8 — 8k —3) +6(j — k)(37 — 3k — 2)|, (2.19)

Where a; = # b = ¢b/- and Cj =
Jok+1 a(a+1)(a+2)(o¢+3) @5 k41> V5.k+1 = GlatD)(at2)(a+3) Yj,k+1 Jk+1

m ’ k+1- In this way, we obtain the following implicit formula for cal-

culating yxy1:

[a]l-1 ,; k k
b1 (i 1
Yk+1 = Z il y( )(0) + @ [Z aj 4+ + Z bj,lc+1FJ+l
=0 7=0 7=0
+ Z Ciht1F 2 + apq, k1 f (e, yk+1)] (2.20)

In the above equation, the values of y, +1 and y, 42 are found in Steps 1 and 2,
respectlvely Thus the rest of the problem is to de&gn an explicit formula to ﬁnd
yk 1~ For that, we use the rectangle formula instead of the 3/8 Simpson’s formula
in Eq. (2.15) and get

tht1 Lo+t .
/ (b1 — =) F(r)dr — / (bt — 1) LB (r)dr
0 0
k

k ti+1
_ Z/ (b1 — 7 F(t)dr = 3 djp F(t)), (2.21)

j=0vt =0

where
ti+1 he
djp1 = / (tp1 — 1) Hdr = . [(k*jJrl)a - (k*j)a}, 0<j <k (2.22)
tj

In this way, y}, 41 is determined by the following formula:

[a]—1
i1 = Z L;!rly(z Zdj k1L (2.23)

=0

Thus, assuming that the approximated values of y;,7 = 0,1,..,k are already
found, we can summarize the main algorithm based on predictor-corrector scheme
for calculating yx41 as follows.

1. Find the value of g, 1 from Eq. (2.7).
2. Calculate the value of y;, 2 by substituting y, 1 (from Step 1) in Eq. (2.13).
3. Obtain the value of /| from Eq. (2.23).

4. Calculate the value of yj1 by substituting the values of Yerls Ure 2, and y,f+1
( from Steps 1, 2 and 3, respectively) in Eq. (2.20).
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2.2. Improved algorithm

Here we improve the algorithms obtained in the last subsection by developing new
predictor-corrector algorithms to approximate the values of y(¢) at the nodes t; 1
and t),, 2 in two steps.

Step 1. (Design a predictor-corrector algorithm to calculate y;, 1 )
We derive an implicit formula (corrector) for approximating ., 1 by approximating
Eq. (2.4) as follows.

t 1
Ty = [ by = P

tr ~ tk+%
:/ (thys —T)a_lFl(T)dT-i-/ (trys — 1) Ey(T)dr
0

tr
k—1 tit1 . tk’+% R
:Z/ (thy s —T)a_le+1(T)dT+/ (trya — 1) i (r)dr. (2.24)
j=0"% ti

The first integral in the above equation is approximated by using the Simpson’s 3/8
rule, while the second integral is approximated by using the trapezoidal quadrature
formula. Evidently, J+1( 7) (j =0,1,...,k—1) in Eq. (2. 24) is cubic Lagrange
interpolation of F(7) at the nodes t;, tﬁ_l s tjpz and tjiq, and FEy11(7) is the linear
Lagrange interpolation of F'(7) at the nodes t;, and ¢, 1 In consequence, we obtain

k k
Loy = IL 0 F(t) + Y Tl 1 Pt ZI et Ftipz),  (2.25)
- =
with the weights given by
Iy = k- gr+1[a2—a+27k2+9k(a— D] - Hk+§]a{—6a3
—23a + a2(33k — 25) + 3ak(31 — 36k) + 18k (9(k — 1)k + 2)] :
Iy = [ (G—k+ )rﬂ[a(a—1)+27j2—9j(a+6k—1)+27k2

+9(or — 1)/{} - [lc . gr“ [ua(a +5) + 5452 — 365 (3k + 1)
+18K(3k +2) +72) + [k = j + 3] ! 02+ a(9j — 9k = 7)

+9(j — k= 1)(3j - 3k - 2)], 1<j<k-1,
q—a—1
I oy = S5 |~ 1702 = 97a + 22043 ((a = T)a + 18) — 144],
(2.26)
/ 3 . gt 2 . . 2
Vs =3[k=5=3] a=3(a®+8a(k - ) +18( ~ k)?) + ]
a+1
+3[k—j+ 3] [302+5a(3) - 3k +2) +3(3j — 3k + 1)
(35 — 3k +2)], 0<j<k-1,
l;ngrl =(a+2)(a+3)(3)~«
(2.27)
, gqatir , . .
MLH%:B[/{—]—%} [3a 4 50(—3j £ 3k + 1) +9(j — k)(3] — 3k — 1)
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3 . 2qetlr , ) .
- [k—j+ 5} [30% + a(24) — 24k + 7) + 18( — k)(3j — 3k + 2) |, (2.28)
B R _
where I 11 = smyiemyes L1 bkt = aemie@m baes a0d Mjpr =
WJMM].7 kel In this way, we get the following implicit formula for finding
Yp+i:
[a]—1 ol 1 k k—
5 (1) _
by = X 004 L[S s+ T
=0

w\»a
w\»a

7=0 7=0

k—1
+ Z M1 Fype + 1 g1 fteg s, y;ir%)}- (2.29)
=0

Note that the product rectangle rule is applied to calculate y1 as follows

t1 t1 z—t1
T e A
0 8 0 8

9(0)dz
0— t%
t1 12—0
—|—/O (ti —z) = Og(t%)dz
Hence, if £ = 0, we have

1= ala+2)(a+3)3)7%, I (a+2)(a+3)(3)"“. (2.30)

We will follow the idea of subsection 2.1 to derive an explicit formula for determining
the value of y: 1. In Eq. (2.24), the product rectangle formula is utilized as follows
3

e a—1 1 tk+% @ n
Iya :/0 (thys —7) F(T)dT—I-/ 1

ty
k—1

o 1 berd
S [ g - E e [T
j—o i

teps — 7)) LE(tg)dr
tr 3
Z i3 F (s

(2.31)
where
o ((k—i+ ) = (k—j—-2)" o0<j<k-1,
Nj,H;:IL ( ]+3) ( 3) ’ J (2.32)
T a1 3Ty j=k.
Hence we obtain the following formula for finding y, 41
[a]—1 t;@
+3 6
y,ﬁ% Z il (0 Z ket 1 Fe (2.33)
i=0 :

Thus a new predictor-corrector scheme for calculating g, 1 is achieved in terms of
(2.29) and (2.33).
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Step 2. (Design a predictor-corrector algorithm to calculate y, +3 )
In this step, the ideas of the previous step will be employed to design a new
predictor-corrector formula to calculate y, . 2. In order to derive an implicit formula

(corrector) for finding y, , 2, Eq. (2.9) can be approximated as follows.

L, - [ “~1p(r)d
3T ) (thyz —7) ()dr

ty ~ tk+§ ~
:/ (thyz —T)a_lFl(T)dT—F/ (tyz — 1) Ry (T)dr
0 23

k—1 tit1 L tk+% L
= Z/ (tk+% — 7)Y Fj(T)dr +/ (tk+% — 1) Frya(1)dT,
j=0"1t tr

(2.34)

where Fj+1(7') j=0,1,...,k—11is the same as given by Eq. (2.24). The Simpson’s
1/3 formula is applied to approximate the second integral. Notice that Fj 1 (7) is
the piecewise quadratic interpolation of F'(7) at the nodes ¢y, try1r and fy 2. After
a series of calculations, we get

k k k
UNERS ij,kJrgF(tj) + ZQJ‘JH%F@J‘JF%) + er,k+§F<tj+%)’ (2.35)
=0

J=0 Jj=0

with the weights given by

Poipz = 2[k+ 2] [20 (307 + 70+ 2) — 1626° + 108ak? — 3k(110?
+70—6)| [k — 4] o (a0 +2) + 271 + 9k(a + 1),

Ppes = {k i+ g]aﬂ {oﬂ —10a + 2752 — 9j(—a + 6k + T) + 27k?
~9k(a —T)+36 + [~ (G —k+ %)]a+1 [a(a+2) +27/2 - 9;
(0 + 6k + 1) + 27k + 9k (o + 1)} - [k: . gr“ [na(a +5)
+547% — 36j(3k + 2) + 18K(3k + 4) + 90) 1<j<k-1,

Phojs2 = [%} " {(a — 10)a + 36} - é[%} " {a(5a +28) + 45},

(2.36)

a+1
0z =3k =i+ 2] [a(Ba+5)+27/2 + j(150 — 54k +9) + 27k
a+1
—3k(5a + 3)] ~3 [k - g] {a(Sa +7) + 5452
—12j(2a+9k+3)+54k2+12k:(2a+3)}, 1<j<k-1,
q;c,k--i-% = ala+3)2(3)",
(2.37)
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a+1
Vops =3[ ik %} {3(12 + 100 + 2752 — 3j(5a + 18k + 9)

a+1
+27k? + 3k(5a +9) + 6] — 3| ~j+k+ 3] [302-a
5452 + 24aj — 108k + 54k2 —24ak—6}, 1<j<k-1,
Tiwez = 2= a)(@+3)(3)%,
(2.38)

e P ez =
where pj7k+§ = a(a—f—l)(a+2)(a+3)pj,k+%7 q],k-l-% T alotl)(a2)(a3) qj7k‘+% and T],k-&-% =

WN(M% K2 This leads to the following implicit formula for finding y, EE

[a]-1 t;c+2 pe [ & k
Yptr2 = Z Tsy(l)(o) + (o) [ij,mgFj + qu,k+%Fj+%
i=0 =0 j=0

. (2.39)

k-1
P
+ Z rikrzFiz F gz flt 2, yk+%)
j=0

Here we mention that the Simpson’s rule at the nodes tg, t 1 and t 2 is applied to
calculate yz. In particular, for £ = 0, we have

[

pf)% =ao?(a+ 3)(g)a, q('),% = a(a+3)2(g)a, rg’% =(2- a)(a+3)(§) . (2.40)

' 3 3

The integral in Eq. (2.34) is approximated by the product rectangle rule to obtain
a predictor formula for y% given by
3

t

ty - k42 ~
Teyz :/O (thyz — T)a_lF(T)dT—i—/t o (tryz — 1) B (r)dr
k
k—1 [ tk+%
_ Z/ bz — T)a—lF(tj)dTJr/ (b2 — 1) F(t)dr
= ¢ 3 t 3
k
= Z%‘,H%F(tj)a (2.41)
j=0

where

(03 (6%
ho (k_j+§) —(k—j—%), 0<j<k—1,

Vs = o (2.42)
e () j=k
In this way, we obtain the following formula for finding y,f 2t
3
s g, Ly
P _ 5, (i ,
Ytz = ; Tgy (0) + (@) jZ::OUj,H%FJ- (2.43)

In consequence, after obtaining the approximations for y; for y;,j = 0,1, .., k, the
improved version of the predictor-corrector scheme for finding y;1 can be summa-
rized as follows.
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1. Obtain the value of ylirl from Eq. (2.33).
3

2. Calculate Yti by substituting the value of yf;% obtained from Step 1 into
Eq. (2.29).

3. Calculate the value of yf;r% From Eq. (2.43).

4. Find Yiy2 by substituting the values of Yrrt and yf;% found in Steps 2 and
3 into Eq. (2.39).

5. Approximate the value of y,f_H from Eq. (2.23).

6. Calculate the value of yi1 by substituting Yerls Yo 2, and yf;_l found in
the steps 2, 4 and 5respectively into Eq. (2.20).

Note that the steps 5 and 6 of the improved algorithm are the same as the last two
steps of the main algorithm derived in section 2.1.

3. Error analysis

In this section, we present the error analysis for the numerical algorithms. For
computational convenience, let E; = y(t;) —y, and Ef = y(t;) —yf’. We emphasize
that C denotes a fixed constant which has different values for different formulae in
the forthcoming analysis.

3.1. Truncation error analysis for the main algorithm

We first discuss the errors of Simpson’s 3/8 rule, trapezoidal quadrature formula
and product rectangle rule used in the main predictor-corrector algorithm.

Lemma 3.1. For the weights of the the main predictor-corrector algorithm the
following inequalities hold:

k k k
C, C C,

2 ‘%ﬂw% < T ) ‘fj,k% < T ) ’hj,k+§ < T,
j=0 Jj=0 Jj=0

k k k

S fajer] € GTo X byaeal < LT X feju] < S0

~ 3 k+1 = 7 ,j o 5 k+1 = ) = 3,k+1]1 = 75 )
J: = =

-

<
Il
o

|djki1] < S2T,

where the constants c, > 0 and cf > 0 are independent of all discretization param-
eters.

Proof. Observe that

t1
3 a— 1 « o
‘eo,k+§ = /tod(tk-&-é_T) tdr = {(tm%—to) = (teyr — 1)
=2 (e y)” — (0)°] < ~ (1) = 10
=5 [ert k < Sln) =

For 1 < j <k, we have
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k
1
= Z [(tm% =t 2)% = (tpy1 — tj)a} + [(tm% —t)" = ey — 5417,

=1

k
Z ‘ej,kqt

Wl

k
]' (o3 (e 1 «
= o3 [ty =9 = (s = t502)°] = S(taey — 1)
1

j=1 j=1 @
1
S o k-‘rl - Ta.
k
Thus 2 ej,k—s—é’ < %T”‘, The proof of the inequality 2:0 ’dj,k+§ %Ta is
j= J=

k
similar, so we omit it. We derive the estimate for )
Jj=0

fike2

Case 1 (0<j<k).

k-1 k 1|ty ot
a—1 I+
Z’fj7k+% / tk+2—7') PR ldT
=0 i= It
k= tj+1 T—1.,1
— +3
< / (tiyz — 1)t |5 g,
j=0 t] _tJ"F%

By the first integral mean value theorem, for 7; € [t;,¢;11], the above equation can
be rewritten as follows:

k—1 k—1|~. £
T; —t]-Jr; J+1 B
‘fﬁ%km <D = (tpyz — 1) dr
j=0 J=0 | T ity |Vt
1 k—1
: ‘ a Z [(t’”% —15)% = (ty2 — tj+1)a]
j=0
3 N N
T [(tk+§ —to)* — (tk+§ —tr) }
3 3 3
== [t 27 - (02)°] < Sty = =1
Case 2 (j = k).
tiv2 T—tpa1 T—tp, 1 ti2
’fk vzl < / k+3(tk+7f7)a71 k+4 < k+4 /k+3(tk+‘2*7')a71d7'
) 3 t 3 tk_tk+% tk_tk+% th 3

h 1 .

k
Therefore it follows that > ‘ T+ 2| < %Ta. The rest of the inequalities can be
§=0

established in a similar manner. O
The errors of the compound Simpson’s 3/8 formula given by Eq. (2.15) are
presented in the following Lemma.
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Lemma 3.2. Let F(1) € C*0,T]. Then

‘/Otk+1(tk+l e (F(T) B Fk(f)) dr| < ont. (3.1)

Proof. By Taylor’s theorem, for all 7 € [t;,t;41], there exist &;(7) € [t;,tj41] such
that

I= YZ? /t o (g1 — 7)1 (F(T) - FjH(T)) dr
j=0"%
< :o /:H (thg1 — T)a_liF@)(f!j(T)) (T =) (7 =t ) (T =ty 2) (7 — i) |dr
< % _ko (T = t)(F5 — tj13) (T — tigays)(Fj — tj41) /:M(tkﬂ — 1) dr
J= 3
< hﬂjiz (i1 = 6)° = 11— 0] = (5 S s)” ) 0
where 7; € [tj, ;1] and My = sup,e(o n) }F(4)(t)’. O

The errors of the trapezoidal quadrature formula given by Eq. (2.9) are described
in the following Lemma.

Lemma 3.3. Let F(7) € C?[0,T]. Then

‘/Otk(tk+§ — 7)ot (F(T) - Fk(r)) dr| < Cn2, (3.2)

[y o (P - B <o 6

Proof. We do not provide the the proof of Eq. (3.2) as it is similar to that of
Lemma 3.2. Eq. (3.3) can be proven as follows.

by, 2 F@(¢.
I= / e — e TG e
t 3 21 3
M, tht2 o

Sw/tk s(tk_,_%—T) 1(T—tk)(T—tk+%)dT

7 % B 2a+137a72(a _ 2) ha+2

S\ 2! a(a? +3a+2) ’

where My = sup, o1 |F(2)(t)|. O

The errors of the rectangle quadrature formula described by Eq. (2.4) is given
in the following Lemma.

Lemma 3.4. Let F(7) € C0,T]. Then

‘/Otk+é(tk+é =)t (F(r) - B(n)) dr| <
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Proof. Note that

w (tiyy — 1) (PUr) = P(r)) dr

kzo/t”l (thys — et (F(T) - F(T)) dr

+ /tt'“+é (tiay =) (F(7) = B(7)) dr

k

—|h+L+1].  (35)

We estimate the above integrals separately. In order to estimate |I7|, we use Taylor’s
theorem. Thus, for all 7 € [t;,¢;, 1], there exist {;(7) € [t;,¢;, 1] such that

3 ac1| FM(&(7))
\Il|<Z/ 2 (tpys —7) ! 1'] (r —t;)|dr
L
<Z|M1 —tj)‘/ 3 tk+1—’7')a 1dT
tj
where 7; € [t;,t;, 1] and My = sup;c(o 1) |F((t)]. Thus
1= 1
1] < M, — > [(tm% =) = gy — tj+§)a} = hdM,— {(tm%)a - (tl)a]
§=0
1 1
S hMla(t]g+1)a = (Ml QTQ) h = Clh (36)
In a similar manner, we can establish that
12| <= Cah. (3.7)

The estimate for |3] is also based on Taylor theorem. Thus, for all T € [t;,t;, 1],
there exist §;(7) € [t;,t;, 1] such that

tk+% .
Bl <00 [ty =00 e - b
tr
3791 (3a + 2)
— (| = 2 PYTEN patt < gpatt, (3.8)
ala+1) -

Combining Egs. (3.5-3.8), we find that
1< ‘Il| + |12‘ + |Ig| =C1h+ Coh + Cgha+1 < Ch.

O
The errors of the rectangle quadrature formula given in Eq. (2.21) is presented
in the following Lemma.

Lemma 3.5. Let F(7) € CY0,T]. Then

/0 tk“(tk+1 _)e-l (F(T) - F(T)) dr| < Ch. (3.9)
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We omit the proof as it is similar to that of Lemma 3.4. The error analysis for
the (2.23) in given in the following Lemma.

Lemma 3.6. Assume that the solution y of the given initial value problem satisfies
tet1
[ s -0 Dyt - S SDRy)| < CHP L (310)
0
7=0
where 61 > 0. Then, for Cip,Cop > 0, we have
P 61
|Efy 1] < Ciph® + Cop Orgja§><k|Ej|. (3.11)
Proof. By the predictor formula (2.23) and Eq. (2.2), one can find that

‘EII:Jrl ‘ = ’y(tk+1) - ylirl’

1 trs k k
= — / (tk+1 - T)a_lF(T)dT - Zd‘)/ﬁ.le + Zd}k-l—lF(tj)
L(a) | Jo =0 j—O
1 trt1 L
<l en—nrEEr S P +Z [yl [P (1)~ F,

7=0

Using Lemma 3.1, Eq. (2.1) and the Lipschitz property, we have

1 Bt a— a a a
|Elf+1| gf(a)‘ /0 (tks1 — 1) ' Dyy(t)dt — Zdj,k—H §Dy(t)

j=0
.
+ (o) jz::Odj,kH ly(t;) — vj
I k
mc hov 4 mw <k|E |Z|dj k1] < Ci1ph® + Cop Jmax B,
where C1p = %, Cyp F(C(HT:) O

Lemma 3.7. Assume that the solution y of the given initial value problem satisfies

t 1
/0 +3(tk+%—t) “1E DYy ( Ze]k+1 §Dy(ty)| < Ch2, (3.12)
7=0

where 6o > 0. Then, for 011,02; > 0, we have

max ‘E h —|—C’21 max \E| (3.13)

0<j<k

Proof. We complete the proof by means of mathematical induction. In view of
the given initial conditions, the induction basis (j = 0) is evident. Assuming that
(3.13) holds for j =0,1,2,...,k — 1; it will be shown that it holds for j = k. From
(2.7) and (2.3), it follows that
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j,k+§(F(tj) - Fj)

)

We have, by the Lipschitz condition

k
1
< —|Ch2 + L ’e' 1
I(a) ;0 TS

ly(t;) — vl

C’h52+L max |y leZ

F(a) JJc—i-3
<Ciih 62 + Cy1 max |Ej,
13 3 0<j<k
which, by Lemma 3.1, implies that Cl% = %, C’Q% = lé(%fla) O

Lemma 3.8. Assume that the condition (3.12) of Lemma 3.7 is satisfied and that
the solution y of the given initial value problem satisfies

te, 2
‘/ S(t’“r%_t)a 5 Dy( ijk+ 20 Di'y(t;)
0
k
= hiaez6 Dyy(tiyn)| < OB, (3.14)
=0

where d3 > 0. Then, for Chi2,Cq2 >0 we have

< C hmln{52,53} +C22 max ‘E | (315)
3 0<<k

max ‘E
0<j<k

Proof. By the formula for Yr+2 Eq. (2.8) and Lipschitz condition, we deduce
that

k
| g | [ vt = o 3 g
=0
,Zh]k_‘_zF J+ +le‘f]k+2 ‘E|+L22‘h]k+2 -+l 9
13
[Bis| < e |On™ + L gun 1, IZ\wa + Ly g |B; Z‘hm# ]

By applying the Lemmas 3.1 and 3.7, we obtain

E;, 2
‘ k+3 0<;<k a

Ch‘53+L1 ez |E |< fTO‘>+L2 <C11h *+Cy1 max IEJ|) (Ch )

A’F( )
:Clhéz + Cgh63 + (3 max |E]‘ R
0<j<k
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where
Cr LQCI%C;LTO‘ B CT« B Llcha n L202%ChTa
T T+ 0 2T D) P T(a+1l) T T(a+1)
Choosing sufficiently large values of the constants completes the proof. O

In the following theorem, based on the error estimate of the preceding subsection,
we present the truncation error analysis for the main predictor-corrector method
described by (2.7), (2.13), (2.20) and (2.23).

Theorem 3.1. Let the assumptions (3.10), (3.12) and (3.14) (of Lemmas 3.6,
3.7 and 3.8, respectively) hold and that the solution y of the initial value problem
satisfies the inequality

tht1 k+1 k
’/ (thpr — O T DFY(B)dt =~ aj 1§ DF () = Y bjws1§ Df (y541)
0 7=0 3=0
k
*ch,kﬂgD?(ijrg) < Ch', (3.16)
7=0

with 84 > 0. Then, for the main algorithm, we have

max |E;| = O(h?),

0<y

where ¢ = min{a + 61, 63, min{da,ds}, b4}, and N = [T].

Proof. The proof is based on mathematical induction. Assume that

< q )

Jnax, |Ej| < Co h (3.17)

holds for j = 0,1,2, ...,k for some k < N —1 and it will be shown that it holds true
for j = k4 1. In view of the given initial conditions, the induction basis (j = 0) is

trivial. For y&’ 1, it follows from Egs. (2.14) and (2.20), and the Lipschitz property
of F(7) that

k+1 k

1 te41
|Ek+1‘ SF(Q)U/ tk_;,_l—T)a 1F dT—ZCL] k+1F ijk-‘rlF( j+s )

7=0

k
+Y laj ] |F(tj)—Fj|+Z\b]—,k+1| ‘F(thr%)_anL%
j=0 =0

k
_ch,k+1F(tj+§)
j=0

k
+>lej ksl ‘F(tj+§)—Fj+§ i) = f bk, Yien)| 1 .
j=0

|Epy1] <

k
> lbjkal
7=0

CH + Ly ma, |, |Z\a] | + Lo max ‘ s

b
()
k

> lejusal + Lalarsrwa| |[EL |
=0

+ L3 max ‘E 2
So<j<kl It
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Applying Lemmas 3.1, 3.6, 3.7 and 3.8 together with the induction hypothesis (3.17)
and the value of ag41, k41 given in (2.17), we obtain

1
<__
‘Ek+1| _F(Oz)
(C
+

b
(0%
4

Ca
Ch% 4 L, max |Ej] (Ta) + Ly (011h52 4 Cy1 max |Ej|>
0<5<k o 3 3 0<j<k

T°‘> + Ls (Clzhmi“{52’53} + C,2 max Ej|> (CCTQ>
5 3 0<j<k «
o?—4a+6

ala+ 1) (a+2)(a+3

=C1 R T 4 Coh®2 4 Cyh™i{02:93) 4 Oypd 4 C5hd 4 Coh?™e, (3.18)

<caphﬁlacaf>lnax|f@¢>
0<j<k

e

where
Ly(a? —4a+6)Cyp B L2C1§CbTa B LgClchT“
T(o+4) T T T(e+1) 7T TDla+1)
C B L.C,T™ + LZCQ%O[)TQ + L302%C'CTO‘
L) °° T(a+1) ’
L4(042 —4a+6)Cyp
- T(a+4) '

C =

Cy =

Ce

In view of the relations ¢ = min{« + §1, d2, min{ds,d3}, 04}, and ¢ < ¢+ a and
by choosing C' sufficiently large, the above equation takes the form:

|Ejpia| < ChE.

3.2. Truncation error analysis of the improved algorithm

In this subsection, we presents some results concerning the error bound for the
improved predictor-corrector approach.

Lemma 3.9. For the weights of the the main predictor- corrector algorithm, the
following inequalities hold:

k k k—1

C o Crn o Cim pa
> ‘I‘[j,kJr% < T ) ’”j,m% < ST X ‘IMjakJr% < =T
J=0 Jj=0 Jj=0
k k k

C « Cip o Cr «
Z%‘AGJv%% < =Ty Z%lfpmk+§ < =0T, z%‘IQ¢k+§ < 1T
1= Jj= J=

Cu
§ FTav

k k
Cr
Z I?"Lk_,'_% S (i J—VQ7 Z ’U‘j,k‘-‘r%
J=0 Jj=0
where the constants c, > 0 and cf > 0 are independent of all discretization param-
eters.

We do not provide the proof of this lemma as it is similar to that of Lemma 3.1.
The errors for the compound Simpson’s 3/8 formulas (2.24) and (2.34) are given by
the following Lemmas. We omit the proof for these Lemmas as those are similar to
that of the Lemma 3.2.
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Lemma 3.10. Let F(7) € C*[0,T]. Then

/Otk (tps — )" (F(T) - FI(T)) dr| < Ot (3.19)

Lemma 3.11. Let F(7) € C*[0,T]. Then

tk N
/ (tpz — )" (F(T) - Fl(T)) dr| < Cht. (3.20)
0 ;
The following lemma presents the error bound for the compound Simpson’s 1/3
formula (2.34).
Lemma 3.12. Let F(7) € C3[0,T]. Then

[ g 77 (PO — Bor) e < e, (321)

Proof. By Taylor theorem, for all 7 € [tk, {5, 2], there exist {;(7) € [tk ;4 2] such
that

Ms
I's=3r

BRNED
O

The error for the trapezoidal quadrature formula (2.24) is described in the fol-
lowing Lemma, whose proof is omitted as it is similar to that of Eq. (3.3).

Lemma 3.13. Let F(7) € C?[0,T]. Then

g _
[ g =07 = 0 =t ) )
tk

20h237273(q — 1) ’)
hot3. My = su ‘F(3) t ‘
(a+)(a+2)(ats) 5T o (*)

1

/ erd (tppy —7) (F(T) - Fz(ﬂ) dr| < Ch**™. (3.22)

The errors for the rectangle quadrature formulas (2.31) and (2.41) are given by
the following Lemmas.

Lemma 3.14. Let F(r) € C1[0,T]. Then

‘ /0 tk(t,ﬁé _ye-t (F(T) - F(T)) dr| < Ch, (3.23)
‘ /t - (tepy = 7)°7 (F(r) = B(7)) dr| < O, (3.24)
Lemma 3.15. Let F(7) € C1[0,T]. Then
/tk(tk+§ _ye-t (F(T) - F(T)) dr| < Ch, (3.25)
0
‘ /t g - (F(r) - F(r)) dr| < Ch1*e. (3.26)




New predictor-corrector approach for nonlinear FDEs 1547

The proof for Lemmas 3.14 and 3.15 is similar to that Lemma 3.4. The following
two Lemmas can be proven by employing the arguments for proof of Lemma (3.6).

Lemma 3.16. Assume that the solution y of the initial value problem satisfies the
inequality

tk, 1 k
|7 ey 06 DRy = Y Ny §DEM| < OB, (320
7=0

where 62 > 0. Then, for ClP%chP% > 0, we have

P
5L

< Cypih® + Cypy Jnax |E;|. (3.28)

Lemma 3.17. Assume that the solution y of the initial value problem satisfies the
inequality:

tk+3 k
/ Mtz — 1) TDfy(0)dE =Y vj,02 §DRy(t)| < CRPL o (3.29)
0 =0

where 63 > 0. Then, for Cypz,Cypz > 0, we have

P
2L

< Cipzh®™ + Cypy max, |Bj|. (3.30)

Lemma 3.18. Let assumptions (3.27) and (3.29) (of Lemmas 3.16 and 3.17, re-
spectively) be satisfied and that the solution y of the initial value problem is such
that

tk+g k
| g =0t Dpua =Y 1y D7)
=0
k k—1
- le,mé OCDta(yj—i-%) - ZMj,k-i-% (?D?(yﬁ%) < Ch%, (3.31)
=0 =0
f+3 1C - c
/0 (tpyz —0) g Dfy(t)dt — ij,k+§ o D7 y(t;)
=0
k k—1
- ZC]j,k+§ gD?y(tj+é) — 2 Tik+2 thay(tj—ﬁ-%) < Ch%,  (3.32)
=0 =0
where 05,96 > 0. Moreover assume that
E;|l < h. .
Olgjagkl il < Co (3.33)
Then
p .
max, ‘Eﬂ% < Cyyh" + Cyy ma, B (3.34)
D .
max |E;, 3] < Cizh™ + Cyp max ||, (3.35)

for all j = 0,1,2,...,k, where py = min{a + 3, 05, p2} and ps = min{a +
03, 06, P1}-
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Proof. We make use of mathematical induction to establish this result. In view of
the given initial condition, the induction basis (j = 0) is presupposed. Assume that
(3.34) and (3.35) hold for j =0,1,2,....,k — 1. Then it will be shown that the given
inequities hold true for j = k. Let us first consider Eq. (3.34). By construction of
Yry 1, Ea. (2.3) and the Lipschitz property of F(7), we have

k
‘EkJr% - U/ tk+1 _T)a_lF(T)dT—ZIj’k+%F(tj)
=0
k—
—Zlﬂﬁ_lF il Z % )—|—L1 max |E|Z Gk
=0 —0
+ L ]<J<k 1’ +3 Z’J’”l +L30<I}l<az§f1‘ it+3 Z’ Jk+s
J=0 -
+L4‘lkk+1 ‘EHI

In view of Lemmas 3.9 and 3.16, the induction hypothesis, and the value of [, ;. 1
given by (2.27), the above inequality leads to

1
‘EH% <@ Ch% + L1Coht (?T’l) ¥ Lo (Cl%h’” n c%hq) (ilTa)
Cu h*(3)~ 5
5 hP2 > h? [e4 1 2 1 q
YL (Clgh +C2§h) ( T )—i—L o) (Clpgh +02P§Coh)
=C1h%2 T L Coh% 4 C3hPt 4 C4hP? + Csh? 4 Cghd™e,
where
_L4(3)7a01p% B C O = LgcléOMTa B Lgc’l%ClTO‘
" Ta+2) P T T() T Ta+1) YT T(a+l)
LiCoCyTe  LaCorCiT®  L3Cyz Cpy T Ly(3)"*Cyp1
Cs = + 2 + . y Co = ———F—
INa+1) Ia+1) INa+1) I'a+2)

By the relations p; = min{a + 02, d5, p2}, and ¢ < g + « together with sufficiently
<

large values of C, 1 and C, 1 the above inequality can be written as ‘Ek 41
Cléhpl + C’Q%hq. Thus Eq. (3.34) holds true for j =0,1,2,... k.
Next we prove the validity of Eq. (3.35). Observe that

1 _
SN U/ sz —7)*  F(7)dr pr]k+2F Zlqijr +1)

7=0

‘Ek-+§

k
-5 1]k+2F 343)| + Ly max [, |§ :‘p]k+2 +L201£Ja§k‘Ej+%
Jj=
k—1 k—1
P
q];k?"l‘B +L30<I}1<a]z(—1‘Ej+% Tj,k:-ﬁ- +L4)rk:k)+ k-‘r% s
j=0 - j=0
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which, on using Lemmas 3.9 and 3.17, Eq. (3.34), the induction hypothesis, and
the value of 7, ;.1 from (2.38), leads to

1 C c
‘Ek+§ <t@ Ch% + L1Coh? (;T") + Ly (Cl%hm + CQ%hQ) (;w)
C (2—a)(2)"he
L » hP2 2 B Zrpa Lagl— —7\3) == 5 %3
* S(Clih +C2§h) (a >+ Hlafa+1)(a+2) (ClPéh
+ CQP%Cth) = C1h%F9 4 Oyh®e 4 C3hPt + CyhP? + Csh + Cohd™e,
where
. CLa(2- @)(3)"Cip2 o O o LyCy1 G, T® o +L301%CI,.TO‘
e T(a+3) 2T ) T Tla+1) YT T T(e+1)
o 7L1000pTa LQCQ%C(ITOC + LgCQ%CTTa L4(2 - a)(%)aCzp%
> T(a+1) T(o+1) Cla+1) % (o + 3)

In view of the relations po = min{a+4d3, dg, p1}, ¢ < ¢+ and fixing Cyz and Cyz to

be sufficiently large, the above inequality takes the form: ‘Ek+% ‘ < Clghm +CQ% hi.
In consequence we deduce that Eq. (3.35) holds true for j = 0,1,2,...,k. This
completes the proof. O

Utilizing the error estimates obtained in the preceding subsection, we present the

truncation error analysis for the improved predictor-corrector approaches described
by (2.20), (2.23), (2.29), (2.33), (2.39) and (2.43).

Theorem 3.2. Let the assumptions (3.16), (3.10), (3.27), (3.29), (3.31) and (3.32)
(of Theorem 8.1 and Lemmas 3.6, 3.16, 3.17 and 3.18, respectively) be satisfied.
Then, for the improved algorithm, we have

| — q
Jmax || = O(h),

where ¢ = min{a + 81, p1, p2, da}, and N = [%]

The proof is similar to that of Theorem 3.1, so it is omitted.

4. Stability analysis

An important characteristic of a numerical method applied to approximate the
solution of a given initial value problem is its stability, that is, a small change in
the initial data results in a small change in the computed solutions [4,28]. In this
section, we discuss the stability of the main algorithm and the improved algorithm
of predictor-corrector method. For that, let us set E; =y, — §; and E~llD =1y — ;z]lP .

4.1. Stability analysis of the main algorithm
Theorem 4.1. Let yr1 and Jr4+1 denote numerical solutions given by (2.20) with

the initial conditions y(()i) and gé") respectively. Then

[y = Gl = | B | < K llyo = doll (4.1)
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for any k, that is, the main predictor-corrector scheme described by (2.7), ( 2.13),
( 2.20) and (2.23) is numerically stable.

Proof. We make use of mathematical induction to complete the proof. According
to the given initial condition, the induction basis (j = 0) is presupposed. Suppose
that Eq. (4.1) is true for j = 0,1,2, ..., k. Then we have to show that the inequality
indeed holds for j =k + 1. We first consider the following formulae for v, 1 Ykt

. . 0.
and Yri2 with the predictor step v ;:

[a]—1

k
~ I t’lbs 1 (i 1
ylf+1 - ylf+1| = ’Elfﬂ’ = Z ZT y( )( 0) + @ Zdj,k—s-lf(tj:yj)
i=0 j=0
S e+ L S s
; i! I'(a) “ GkH1INEG T3 0
1=0 7=0
fal 14 L, &
- 1 1
’Elf-l-l‘ < Z + H (OZ) Z |dj7k7+1|
i=0 j=0
< four HE0H + Kop oy [ (42

In a similar manner, from Eq. (2.7), we can obtain

<K EOH + Ky max |E5|. (4.3)

3 0<j<k

|y

‘Ek+%

By Egs. (2.13) and (4.3), Lemma 3.1 and the Lipschitz property of F'(7) for Yr2
we get

~ H—lter ~ L k ~ k
Bl < X S B+ my X e [Ba] + 5 S
i=0 j=0 =0
[a] - 1t;€+ ~ L k } k
By < 30 B+ ey 20 e o |2
(s EoH Koy goo [B5]) < Kog [ Bo] _ + Kag g [B5]
(4.4)
Similarly, for yiy1, we have
k+1 | & Ly &
IEI«+1I< ]+ <Q>Zolaa>k+1'o%az<k\ff [y 25 el [y

Ly -
+ T(a) @kt 1, k411 ‘Ekﬂ )

k
72 ¢, k+1|)
7=0

fel=1 4
> bt || 2 Ly (C, ~
< —— [ ==T7T* .
’Ek+1’ - ; 7! HEOHOO + F(Oé) ( « T > Oréljaﬁxk ’EJ‘
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Ly (Cy
+ =7 (K1
I'(a) s

* rj?;) (%TQ) (Kl%

L4 042 —4da+6
Do) |a(la+ 1) (a+2)(a+3)

EOH +K21 max ‘E’ ’)
3 0<;<k

EOH + Koz 0er ‘EJD

: | (o ]+ o, 5]

0<j<k

where we have used Lemma 3.1, Egs. (4.2), (4.3) and (4.4). Simplifying the above
equation and applying the induction hypothesis leads to the completion of the proof.
O

4.2. Stability analysis of the improved algorithm
This subsection is devoted to the stability analysis of the improved algorithm.

Lemma 4.1. Let Yryl and gk% be the numerical solutions given by (2.29), and
Yrs 2 and g,Hz represent numerical solutions given by (2.39), with the initial con-

ditions yo and yo , respectively. Then

0%k Eirg| = Ky EOH Ky 0252k ‘EJ‘ ’ (45)
s | Boval = 5o | B+ Fag g, |54 (46

Proof. The principle of mathematical induction is the main tool of the proof. In
view of the given initial condition, the induction basis is presupposed. Suppose that
Egs. (4.5) and (4.6) hold for j = 0,1,2,...,k — 1. Similar to (4.2), one can achieve
the following inequalities:

’Ek+1 < KlP% EoH + K2P§ Org]aé{k Ej (47)
P ~ ~
R Bol + Karg goa |5 (48

Using Lemma 3.9, Eq. (4.7) and the induction hypothesis, one can prove Eq. (4.5)
as follows.

[a]—1 4 k—1
~ k+ ad L2
AR ED I Z’ et | gz, o]+ oy 2 [Tliwes
k
N N Ls ~
(03 | o]+ oy e |B3]) + 55 X !f et (Kog [ B
~ Ly _ B
Fog max |Bj| )+ s [Ty (Klpé B +Fary was [5]).
(4.9)

Next Eq. (4.6) can be proven by utilizing Lemma 3.9, Eqs. (4.6) and (4.9) and the
induction hypothesise. O
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Theorem 4.2. Let yry1 and Jr41 denote numerical solutions given by (2.20) of

the given problem with the initial conditions y(()i) and g(()”, respectively. Then

[Yr+1 — Trr1| < K llyo — Foll o » (4.10)

for any k, that is, the improved predictor-corrector scheme described by (2.20),
(2.23), (2.29), (2.33), (2.39) and (2.43) is numerically stable.

We do not provide the proof as it is similar to that of Theorem (4.1).

5. Numerical results and discussion

In this section, we illustrate and verify the obtained numerical schemes with the aid
of examples.

Example 5.1. Consider the following initial value problem

t2—0¢

TG a) y(t) + 12, y(0) =0. (5.1)

6 Diy(t) =
The initial value problem (5.1) is solved by the main predictor-corrector scheme for
a = 0.9. The exact Solution of the initial value problem (5.1) is y(¢) = t2. By the
main scheme of predictor-corrector formula, the numerical solutions are obtained
and the comparison with the absolute errors of Ref. [31] is presented at different
positions. From the results listed in Table. 1, the absolute errors for the presented
main scheme (E1) is found to be less than the one obtainted in [31] (E2). In all
given cases, one can note that the main predictor-corrector scheme is more accurate.

Table 1. The absolute errors of the present main scheme (F;) and numerical method of [31] (Ez) for
(5.1) with a = 0.9.

t =1.008 t =5.008 t = 7.008

h E E, E, B, E jo
0.016 3.3322¢-04 0.025858 0.0222  0.096058 0.0233  0.128336
0.008 1.8320e-04 0.020939 0.0110  0.088030 0.0125 0.120168
0.004 9.5437e-05 0.018472 0.0015 0.084016 0.0196 0.116084

Example 5.2. Consider the problem

(20 + 1)t 2t2—@

6 Diy(t) +y*(t) = Mot TG a)

+ (=) y0)=0. (5.2)

The initial value problem (5.2) is solved by the improved predictor-corrector scheme
and the fractional predictor-corrector Adams method [22] for & = 0.75, h = 0.1.
Exact solution for the problem (5.2) is y(t) = 2 —¢2. Solutions are plotted in Fig.
1. All the three solutions coincide in this case and it is clear that both the methods
are in very good agreement.

The absolute errors at different times for the fractional Adams method and the
improved algorithm are given in Table 2, which show that the improved algorithm
is more accurate than the fractional Adams method.
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y(

Improved Algorithm
Adams method
Exact Solution

0 0.5 1 1.5 2
t

Figure 1. Solutions of (5.2) with aw = 0.75, h = 0.1.

Table 2. The absolute errors of the present improved algorithm and fractional Adams method for (5.2)
with @ = 0.75, h = 0.1.

t=20.5 t=1 t=15 t=2
Fractional Adams method 0.0036 0.0034 0.0019 0.0975
Improved algorithm 1.4824e-04 1.2566e-04 1.8503e-04 0.0088

Example 5.3 (Bhalekar-Gejji System). Let us consider a fractional order chaotic
system due to Bhalekar and Daftardar-Gejji [7] given by

D% = wx — y?,
D%y = pu(z —y), (5.3)
D% = ay — bz + zy,

with w = —2.667, p = 10, a = 27.3,b = 1. The fractional order Bhalekar-Gejji
System is solved numerically by improved predictor-corrector scheme. The phase
portraits of system (5.3) are shown in Figs. 2-3 for a = 0.88,0.89, with initial
conditions (0,10,10) and the step size h = 0.02. One can observe that the given
system shows stable orbits for &« = 0.88 and indicates chaotic behavior for o = 0.89.
The simulation results obtained for the Bhalekar-Gejji System are in agreement
with the ones presented in Ref. [12].

6. Conclusions

A new predictor-corrector method to solve fractional order non-linear differential
equations is established. The possible improvements for the fractional predictor-
corrector algorithm are also discussed. The local truncation errors and the stability
analysis for the new schemes are derived. Validation tests presented in the paper
have shown the applicability and efficiency of the proposed methods. It is shown
that the results obtained by using the obtained schemes are in complete agreement
with the exact solution and the results obtained by other methods [31] and [22]. The
algorithm developed in this paper is applicable to fractional differential equations
as well as to fractional order systems. As an application, the improved numerical
algorithm is applied to show the chaotic behavior and dynamics of Bhalekar and
Daftardar-Gejji fractional order nonlinear system.
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x(t)

z(t)

-55
0

(a) z(t) waveform

20

(c) z(t) waveform

20

y(t)

(d) 3-D view

Figure 2. Waveform of the non-linear system (5.3) for o = 0.88.

0 10 20 30
t

(a) x(t) waveform

40

(c) z(t) waveform

40

y(t)

(b) y(t) waveform

(d) 3-D view

Figure 3. Waveform of the non-linear system (5.3) for o = 0.89.
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