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STEPANOV-LIKE PSEUDO ALMOST
PERIODIC SOLUTIONS FOR IMPULSIVE
PERTURBED PARTIAL STOCHASTIC
DIFFERENTIAL EQUATIONS AND ITS
OPTIMAL CONTROL*

Zuomao Yan®! and Xiumei Jia!

Abstract This paper is mainly concerned with the Stepanov-like pseudo al-
most periodicity to a class of impulsive perturbed partial stochastic differential
equations. Firstly, we prove the existence of p-mean piecewise Stepanov-like
pseudo almost periodic mild solutions for the impulsive stochastic dynamical
system in a Hilbert space under non-Lipschitz conditions. The results are ob-
tained by using the fixed point techniques with fractional power arguments.
Then the existence of optimal pairs of system governed by impulsive partial
stochastic differential equations is also obtained. Finally, an example is pro-
vided to illustrate the developed theory.
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1. Introduction

The concept of Stepanov-like pseudo almost periodicity as a natural generalization
of the concept of pseudo almost periodicity as well as the one of Stepanov-like
almost periodicity. In recent years, there has been a significant development in
the existence of Stepanov-like pseudo almost periodic solutions to deterministic ab-
stract differential equations; see [3,11,14] and references therein. In the real world,
stochastic perturbation is unavoidable and omnipresent. Therefore, the concept of
Stepanov-like pseudo almost periodicity is of great importance in probability for
investigating stochastic processes. Recently, the existence of Stepanov-like pseudo
almost periodic or Stepanov-like almost periodic solutions to some stochastic dif-
ferential equations have been considered in many publications such as [4,5,12, 31]
and the references therein.

On the other hand, the impulsive effects exist widely in many evolution pro-
cesses in which states are changed abruptly at certain moments of time, involving
such fields as finance, economics, mechanics, electronics and telecommunications,
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etc. (see [21]). The existence and qualitative properties of piecewise almost peri-
odic solutions, piecewise pseudo almost periodic solutions and piecewise weighted
pseudo almost periodic solutions for impulsive deterministic differential equations
have been considered by many authors; see [16,22, 23,25, 26]. However, besides
impulse effects and delays, stochastic effects likewise exist in real systems. Several
dynamical systems have variable structures subject to stochastic abrupt changes,
which may result from abrupt phenomena such as sudden environment changes,
changes in the interconnections of subsystems, stochastic failures and repairs of
the components, etc. Therefore, impulsive stochastic differential equations describ-
ing these dynamical systems subject to both impulse and stochastic changes have
attracted considerable attention [15,19,20,27]. More recently, Yan and Lu [28] ob-
tained the existence and exponential stability of piecewise pseudo almost periodic
mild solutions for nonlinear impulsive stochastic differential equations by using a
fixed point theorem.

In this article, we investigate the existence of p-mean piecewise Stepanov-like
pseudo almost periodic mild solutions for the following impulsive stochastic per-
turbed partial differential equations such as

dlz(t) + g(t, B1z(t))] = Alz(t) + g(¢, Biz(t))]dt + f(t, Box(t))dt
+F(t,Bsz(t))dW(t), teRt#t,i€Z, (1.1)

Ax(t;) = 2(t]) —2(t]) = L(z(t)), i€Z, (1.2)

where A is the infinitesimal generator of an uniformly exponentially stable analytic
semigroup (T'(t))¢>0 on LP(P,H), and B;,j = 1,2,3, are arbitrary linear (possibly
unbounded) operators on LP(IP,H), W (t) is a two-sided standard one-dimensional
Brownian motion defined on the filtered probability space (2, F,P, F;), where F; =
o{W(s) —=W(r);s,7 <t}. g, f, F and I,,t; satisfy suitable conditions which will be
established later. z(¢;), (t; ) represent the right-hand side and the left-hand side
limits of x(-) at t;, respectively.

The asymptotic properties of solutions to dynamical systems is one of the fun-
damental tasks of the analysis theory and finds its application in various fields;
see [6,8,9,16,22,23,25,26,28]. However, many systems arising from realistic mod-
els can be described as partial stochastic differential equations with impulse and
Stepanov-like pseudo almost periodic coefficients, and the systems deserve a study
because it is a more general hybrid system, and that of can be more accurate de-
scription of the actual phenomenon in the real world. So it is natural to extend the
concept of Stepanov-like pseudo almost periodic periodicity to dynamical systems
represented by these impulsive systems in an infinite interval. Motivated by the
above consideration, we study the problems, which are natural generalizations of
the concepts for impulsive equations well known in the theory of infinite dimensional
systems. This is one of our motivations.

The study of optimal control problems for differential control systems in prac-
tical engineering applications will be more important to the system stability and
performance. For instance [13,18,24], and the authors [1,29,30] discussed the op-
timal control of partial stochastic differential systems with impulse under a finite
interval. However, the optimal control of impulsive stochastic differential control
systems with Stepanov-like pseudo almost periodic coefficients is an untreated topic.
Therefore, it is interesting to study the control problems. This is another of our
motivations.
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This paper has three main contributions: (i) We introduce the new concept of
p-mean piecewise Stepanov-like pseudo almost periodic mild solutions for impulsive
stochastic systems, which is natural generalizations of the concept of pseudo almost
periodicity for stochastic differential systems in abstract spaces. (i) We study
and obtain the existence of p-mean piecewise Stepanov-like pseudo almost periodic
mild solutions to system (1.1)-(1.2) for the non-Lipschitz conditions cases by using
the Krasnoselskii-Schaefer type fixed point theorem along with a new composition
theorem, stochastic analysis, analytic semigroup and fractional powers of closed
operators. Moreover, we consider the Lagrange problem of systems governed by
impulsive partial stochastic differential equations with Stepanov-like pseudo almost
coefficients and an existence result of optimal controls is presented. (iii) The known
results appeared in [11,12, 14, 16, 23, 25, 28, 31] are generalized to the impulsive
stochastic control systems with Stepanov-like pseudo almost periodic coefficients
settings.

The paper is organized as follows. In Section 2, we introduce some notations
and necessary preliminaries. In Section 3, we give the existence of Stepanov-like
pseudo almost periodic mild solutions for (1.1)-(1.2). In Section 4, we establish
the existence result of optimal controls for a Lagrange problem. In Section 5, an
example is given to illustrate our results. Finally, concluding remarks are given in
Section 6.

2. Preliminaries

Throughout the paper, we assume that (H,| - ||), (K,|| - ||x) are real separable
Hilbert spaces and (€2, F,P) is supposed to be a filtered complete probability space.
Let L(K,H) be the space of all linear bounded operators from K into H, equipped
with the usual operator norm || - || m); in particular, this is simply denoted by
L(H) when K = H. Furthermore, L3(K,H) denotes the space of all Q-Hilbert-
Schmidt operators from K to H with the norm || ¥ [|2,= Tr(¥Q¢*) < oo for any

Ly™—
¥ € L(K,H). Let T be the set consisting of all real sequences {t;};cz such that
v =inf;ez(tis1 — t;) > 0, lim; o t; = 0o and lim;, o t; = —oo. For {t;},ez € T,

let PC(R, LP(IP,H)) be the space consisting of all bounded piecewise continuous
processes f : R — LP(IP, H) such that f(-) is continuous at ¢ for any t ¢ {¢; };cz and
f(t:) = f(t;) for all i € Z; let PC(R x LP(P,K), LP(P,H)) be the space formed by
all piecewise continuous processes f : R x LP(P,K) — LP(P,H) such that for any
z € LP(P,K), f(-,x) € PC(R, LP(P,H)) and for any ¢t € R, f(t,) is continuous at
€ LP(P,K).

Definition 2.1 ( [5]). A function f € C(R, LP(P,H)) is said to be p-mean almost
periodic if for each € > 0, there exists an I(¢) > 0, such that every interval J of
length [(g) contains a number 7 with the property that E || f(t+7) — f(t) |P< e
for all ¢ € R. Denote by AP(R, LP(P,H)) the set of such functions.

Definition 2.2 ( [21]). A sequence {x,} is called p-mean almost periodic if for
any € > 0, there exists a relatively dense set of its e-periods, i.e., there exists a
natural number [ = [(g), such that for k € Z, there is at least one number ¢ in
[k, k + 1], for which inequality E || ©p+q — @p, ||P< € holds for all n € N. Denote by
AP(Z,LP(P,H))) the set of such sequences.

Define I°°(Z, LP(P,H)) = {2 : Z — LP(P,H) :|| = ||= sup,ez(E || z(n) |P)Y/P <
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oo}, and

n—oo

PAPy(Z, LP(P,H)) = {x € 1°(Z, LP(P,H)) : lim % 3 E|a) 7= 0}.

j=-n

Definition 2.3 ( [28]). A sequence {x,}nez € [°°(Z, LP(P,H)) is called p-mean
pseudo almost periodic if ,, = 2% +22, where 2} € AP(Z, LP(P,H)),z2 € PAP,(Z,
LP(P,H)). Denote by PAP(Z,L?(P,H)) the set of such sequences.

Definition 2.4 (Compare with [21]). For {t;}icz € T, the function f € PC(R,
LP(P,H)) is said to be p-mean piecewise almost periodic if the following conditions
are fulfilled:

(i) {tf = tiy; — t;},J € Z, is equipotentially almost periodic, that is, for any
€ > 0, there exists a relatively dense set Q). of R such that for each 7 € Q.
there is an integer § € Z such that |t;45 —t; — 7| < ¢ for all i € Z.

(ii) For any € > 0, there exists a positive number § = 6(¢) such that if the points
t’ and ¢’ belong to a same interval of continuity of ¢ and |t/ — ¢/| < §, then

E|f) - f#") IP<e.
(iii) For every e > 0, there exists a relatively dense set Q(e) in R such that if
7 € Q(e), then

E|fit+7)-f@)I’<e

for all ¢ € R satisfying the condition |t — ;| > ¢,i € Z. The number 7 is called
e-translation number of f.

We denote by APp(R, LP(IP, H)) the collection of all the p-mean piecewise almost
periodic functions. Obviously, the space APr(R, LP(P,H)) endowed with the sup
norm defined by || f ||oeo= sup,er(E || f(t) |P)}/? for any f € APp(R, LP(P,H))
is a Banach space. Let UPC(R, L?(P,H)) be the space of all stochastic functions
f € PC(R, LP(P,H)) such that f satisfies the condition (ii) in Definition 2.4.

Definition 2.5 ( [21]). The function f € PC(R x LP(P,K), LP(P,H)) is said to
be p-mean piecewise almost periodic in ¢ € R uniform in z € LP(P,K) if for every
compact subset K C LP(P,K), {f(-,x) : « € K} is uniformly bounded, and given
€ > 0, there exists a relatively dense subset (2. such that

E| ft+7z) = ftz)||P<e

for all z € K,7 € Q., and t € R satisfying |t — ¢;|] > &. Denote by APr(R x
Lr(P,K), LP(IP,H)) the set of all such functions.

Denote

Poy @) - { € POR @) s i B 1) IP=0.

PAPYR,L/(P.1) = {7 € PO /. 50): i 5 [ B £0) 17 =0},
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PAPY(R x LP(P,K), LP (P, H))

- {f € PC(R x L"(P,K), L"(P,H)) : lim ir/ E| ft,z) |P dt=0

uniformly with respect to « € K,

where K is an arbitrary compact subset of LP(P, K)}

Definition 2.6 ( [28]). A function f € PC(R,LP(P,H)) is said to be p-mean
piecewise pseudo almost periodic if it can be decomposed as f = h + ¢, where
h € APr(LP(P,H)) and ¢ € PAPY(L?(P,H)). Denote by PAPr(R, LP(P,H)) the
set of all such functions. PAPp(R, LP(P,H)) is a Banach space with the sup norm

Remark 2.1 ( [28]). (i) PAP2(R, LP(P,H)) is a translation invariant set of PC(R,
12(P, H)). (i)) PCR(R, I*(P, H)) C PAPY(R, L?(P, H)).

Lemma 2.1 ( [28]). Let {fn}nen C PAPS(R, LP(P,H)) be a sequence of functions.
If fn converges uniformly to f, then f € PAP(R, LP(P, H)).

Definition 2.7 ( [28]). A function f € PC(R x LP(P,K), L?(P, H)) is said to be p-
mean piecewise pseudo almost periodic if it can be decomposed as f = h+ ¢, where
h € APr(R x LP(P,K)) and ¢ € PAPS(LP(R x LP(P,K)). Denote by PAPp(R x
LP(P,K), LP(P,H)) the set of all such functions.

Lemma 2.2 ( [28]). Let f € PAPr(R x LP(P,K), LP(P,H)). Assume further that
there exists a number Ly > 0 satisfying

E|flt,z) = fty) IPSLyE |z —y [

for all t € Ryz,y € LP(P,K). If ¢(-) € PAPpr(R, LP(P,K)) then f(-,¢(-)) €
PAPp(R, LP(P, H)).

Lemma 2.3 ( [28]). Assume the sequence of vector-valued functions {I;}icz is
pseudo almost periodic, and there exist L; > 0 satisfying

E | Li(x) = L(y) |P< LiE | 2 —y ||P)

for all z,y € LP(P,K), i € Z. If ¢ € PAP(R, L?(P, H)) N UPC(R, LP(P, H)) such
that R(¢) C LP(P,K), then I;(4(t;)) is pseudo almost periodic.

Definition 2.8 ( [4]). The Bochner transform x°(t, s),t € R, s € [0, 1], of a stochas-
tic process = : R — LP(P,H) is defined by

20(t,s) == x(t + 5).

Remark 2.2 ( [4]). A stochastic process ¥(t,s),t € R,s € [0,1], is the Bochner
transform of a certain stochastic process z,

1/)(75, 5) = xb(ta S)a

if and only if
Y +T1,8—7)=1(s,1)
forallt e R, s €[0,1] and 7 € [s — 1, 5].
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Definition 2.9 ( [4]). The Bochner transform F°(t,s,u),t € R,s € [0,1],4 €
LP(P,H), of a function F': R x LP(P,H) — LP(P,H) is defined by

FO(t,s, @) :== F(t + s,1)
for each @ € LP(P, H).

Definition 2.10 ( [4]). The space BS?P(R, LP(P, H)) of all Stepanov bounded stochas-
tic processes consists of all measurable stochastic processes  : R — LP(P, H) such
that

z” € L (R, LP((0,1), LP (P, H))).

This is a Banach space with the norm

t+1 :
I llsr=l 2" loqean=sup ([ B 1a(r) 17 ar)

teR \ J¢
Definition 2.11. A stochastic process f € BSP(R, LP(IP, H)) is said to be Stepanov-
like p-mean piecewise pseudo almost periodic (or SP-pseudo almost periodic) if it
can be decomposed as f = h + ¢, where h® € APp(R, L?((0,1), LP(P,H))) and
¢’ € PAPY(R, L?((0,1), LP(P,H))). Denote the set of all such stochastically con-
tinuous processes by PAPSL(R, LP(P, H)).

In other words, a stochastic process f € Li. (R, L?(P,H)) is said to be Stepanov-
like p-mean piecewise pseudo almost periodic if its Bochner transform f° : R —
L?((0,1), LP(P,H)) is p-mean piecewise pseudo almost periodic in the sense that
there exist two functions h,¢ : R — LP(P,H) such that f = h + ¢, where h® €

APp(R, LP((0,1), LP(P,H))) and ¢ € PAPA(R, L((0,1), L?(P, H))) i.c.,

1 /T t+1 z
1 J— p —
rhﬁnoldr/_?ﬁ(/t Bl o) | dT) dt = 0.

Obviously, the following inclusions hold:

APp(R,LP(P,H)) C PAP;(R, LP(P,H)) C PAPSE(R, LP(P,H)).

Definition 2.12. A stochastic process f € BSP(R x LP(P,K), LP(P,H)) is said
to be Stepanov-like p-mean piecewise pseudo almost periodic (or SP-pseudo al-
most periodic) if it can be decomposed as f = h + ¢, where h® € APp(R x
Lr((0,1), LP(P,K), LP(P,H))) and ¢* € PAPX(R x L?((0,1), LP(P,K), L?(P, H))).
Denote the set of all such stochastically continuous processes by PAPSP(R x
L?(P,K), LP(P, H)).

We need the following composition of Stepanov-like p-mean pseudo almost pe-
riodic processes.

Lemma 2.4. Assume f € PAPSY.(R x LP(P,K), LP(P,H)). Suppose that f(t,x)
satisfies

B f(tz) = fty) IPSAME [z -y ") (2.1)
for allt € Ryz,y € LP(P,K), where A is a concave and continuous nondecreasing
function from Rt to RY such that A(0) = 0,A(s) > 0 for s >0 and [, % = +o00.

Here, the symbol [, stands for lim. o f:_oo. If §(-) € PAPSE(R, LP(P,K)) then
[, 6() € PAPSL(R, LP(P, H)).
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Proof. Assume that f? = fI' + f¥ ¢P = ¢} + ¢4, where fI € APp(R x LP((0,1),
L?(P,K))), LP(P, H)), f2 € PAPY(R x L?((0,1), LP(P, K), L? (P, H))), ¢1 € APp(R,
LP((0,1), LP(P,K))), and ¢ € PAPX(R, LP((0,1), LP(P,K))). Consider the decom-
position

fP(E 07 (1) = fL(E 61 (1) + [Pt @7 (1) — 7 (2, 1 ()] + 3 (8, 47(1)).-

Since f1( P(-)) € APr(R,L?((0,1), LP(P,H))), it remains to prove that both
[fP( @7 () = f7(, @7 ()] and fE(-, ¢7(-)) belong to PAPR(R, LP((0,1), LP (P, H))).
Indeed, using (2.1), it follows that

1 p D — (1 AP (F P dr
7// E | f2(r,¢P(7)) = fP(7, ¢4 (7)) ||P drdt

<o [ [T @ 1o - s pa
[ [ @ e para

noting that A is concave, continuous and A(0) = 0, we deduce that

/ / AE || ¢5(7) [|P)drdt
i
t+1
§A<27« /ﬂ/t E || ¢5(r) |IP dnﬁ) —0 asr— oo,

which implies that [f(-,¢(-)) — f(-,#1(-))] € PAPX(R, LP(0, 1; L?(P, H)).

Since ¢} (R) is relatively compact in LP(P,K) and f¥ is uniformly continuous
on sets of the form R x K where K C LP(P,K) is compact subset, for ¢ > 0 there
exists £ € (0,1) such that

E| fi(t.z) - fIt2) [IP<e, 2,2 € H(R)
with |z — 2| < & Now, fix 21,..., 2, € ¢ (R) such that ¢} (R) C Uj_; Be(z, LP(0,<;
LP(P,K)). Obviously, the sets D; = (¢7)7(Bg(z;)) form an open covering of R,
and therefore using the sets By = Dy, By = D2\D; and B; = DJ\Ufc;ll D, one
obtains a covering of R by disjoint open sets. For t € B, ¢! (t) € Be(z;),

B || f5(t,¢71) P < 8P B || f2(t, 1 (1) — f2(t,25) [P

+3TIE | -7 (R (1) + STt 2) I

+3 B | f(t2) |IP
<ITIAE | @R (t) = 25 |P) + 37 e + 3P E || f(t2) |17
<3PTIA(e) + 3P e+ 3P E || fR(t, 25) |17

l\')

Now using the previous inequality it follows that

= / / B ) | drat

“or Z/B r][_M,]/ E || f2(r,¢0(7)) ||P drdt
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1 <& t+1
Pl — P P —fP 1P
2 R T DRV

1 i D D D
+3° QTZ [ RN se) ) 1P dra

Ll Z / ME | f2(r, ) ||P drdt
2r BJI"W[—T 7] !

<gpr—1 / / €) + eldrdt
2 rJt

t+1
+3p—127/ / E | f2(r,2) ||” drdt.
j=1 2r —rJt

In view of the above it is clear that f(-, #7(-)) belongs to PAP2(R, L?(0, 1; LP (P, H)).

O

Next, we introduce a useful compactness criterion on PC(R, LP(P,H)). Let h :

R — R* be a continuous function such that h(t) > 1 for all t € R and h(t) — oo as
[t| = co. Define

PCY(R, LP(P,H)) = {f € PC(R, LP(P,H)) : |t}iinoo W - 0}

endowed with the norm || f ||p= sup,cg w it is a Banach space.

Lemma 2.5 ( [28]). A set B C PCY(R, LP(P,H)) is relatively compact if and only
if it verifies the following conditions:

(i) It}lm E‘If((t))up = 0 uniformly for f € B.

(ii) B(t) = {f(t): f € B} is relatively compact in LP(P,H) for every t € R.
(iii) The set B is equicontinuous on each interval (t;,tii1)(i € Z).
Let 0 € p(A), then it is possible to define the fractional power A%, for 0 < o <1,
as a closed linear operator on its domain D(A%). Furthermore, the subspace D(A%)

is dense in H and the expression || z ||o=| A%z ||,z € D(A%), defines a norm on
D(A®). Hereafter we denote by H,, the Banach space D(A®) with norm || z | -

Lemma 2.6 ( [17]). Let 0 < o < 8 < 1. Then the following properties hold:

(a) Hg is a Banach space and Hg — H, is continuous.

(b) The function s — APT(s) is continuous in the uniform operator topology on
(0,00) and there exists Mg > 0 such that || APT(t) |< Mge=%=F for each
t>0.

(c) For each x € D(AP) and t > 0, APT(t)x = T(t)APx.
(d) A=B is a bounded linear operator in H with D(AP) = Im(A~F).

Similar to [16], one has
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Lemma 2.7. Assume that f € APp(R, LP(P,H)), the sequence {x;}icz € AP(Z,
LP(P,H)), and {t]},j € Z are equipotentially almost periodic. Then, for eache > 0,
there exist relatively dense sets Q. of R and Q. of Z such that

(i) E|| f(t+7)— f(t)||[P<e forallteR, |t —t;| >e, T €Q: and i € Z.
(i) E || ©iyqg —x; ||P< e for all g € Q. and i € Z.
(iii) E | 27 — 7 |P< e for all G,7 € Q. and i € Z.

Lemma 2.8 (Krasnoselskii-Schaefer type fixed point theorem [7]). Let ®1, Do be
two operators such that:

(a) @1 is a contraction, and

(b) @9 is completely continuous.
Then either:

(i) the operator equation x = ®1x + ®2x has a solution, or
(ii) the set G = {x € H : A®1(F) + Aoz = x} is unbounded for X € (0,1).

3. Existence of Stepanov-like pseudo almost peri-
odic mild solution

In this section, we investigate the existence of p-mean piecewise Stepanov-like
pseudo almost periodic mild solution for system (1.1)-(1.2). To do this, we first
introduce the notion of mild solution to system (1.1)-(1.2).

Definition 3.1. An F; -progressively measurable process {x(t)}:cr is called a mild
solution of system (1.1)-(1.2) if for any t € R, t > 0,0 # t;,1 € Z,

2(t) = T(t — o)[z(0) + g(o, Bix(a))] — g(t, Biz(t))
+/ T(t —s)f(s, Baz(s))ds + / T(t — s)F(s, Bsx(s))dW(s)
+ ) Tt —t) Li(x(t). (3.1)

In order to obtain our main results, we assume that the operator A=¢ : H — H,,
is compact for 0 < o < ¢ < 1. In addition, we make the following hypotheses:

(H1) A is the infinitesimal generator of a exponentially stable analytic semigroup
(T(t))¢>0 on LP(P,H) such that for all t > 0, || T(t) ||< Me™% with M, > 0.

(H2) The operators B; : LP(P,H,) — LP(P,H) are bounded for a € (0,1), j =
1,2,3, and wp = max;=123 || B; ||L(LP(P,HQ)7LP(]P,H)) .

(H3) The function g € PAPp(R x LP(P,H), LP(P,Hpg)), and there exist constants
B,Lg > 0such that 0 < o < 3 <1, and

E || g(t1,v¥1) — g(ta,¥2) || < Lglts — ta|+ || t1 — 2 ||7],
tlatQ S Rv ¢1,¢2 S LP(P7H)a

E |l g(t,9) I5< Lo(l ¢ P +1),  t € R, ¢ € LP(P, H).
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(H4) The functions f € PAPSL(RxLP(P,H), L (P,H)), F € PAPSL(RxL?(P, H),
LP(P, LY)), and for each t € R, 91,19 € LP(P, H),

E [ f(t,0) = £t 02) 1P +E || F(t,91) = F(t,¢2) [I7g< AE || 1 =42 [I7),

where A is a concave and continuous nondecreasing function from R* to RT
such that A(0) =0, A(s) >0 for s > 0 and [, % = +o00.

(H5) For any p; > 0, there exists a constant p > 0 and nondecreasing continuous
function © : R™ — RT such that for all ¢ € R, and ¢ € LP(P,H) with
Efz|P>p,

| fE ) 1% + 1| F(t, ) o< mO(E || ¢ |IP).

(H6) The functions I; € PAP(Z,LP(P,H)), and there exist constants ¢; > 0 such
that

FE || ]i(.%‘1> — Ii(aﬁg) ||p§ cFE || xr1 — To ||I(;, xr1,T2 € LP(P,HQ), i €7,
E || L(z) IP<c(E| ||k +1), z € LP(P,H,), i € Z.
Also, we need to introduce a few preliminary and important results.

Lemma 3.1. If the assumptions (H1), (H2) and (H4) hold and if Y is the function,
forx € PAPr(R, LP(P,H,)), defined by

T(t) = / Tt — ) f(s, Box(s))ds (3.2)

for each t € R, then T € PAPp(R, LP(P, H,)).
Proof. Let © € PAPr(R,LP(P,H,)). Since By € L(LP(P,H,),L”(P,H)) then

Bsx € PAPr(R, LP(P,H)). Setting f(t) = f(t, Bex(t)) and using Lemma 2.4, it
follows that f € PAPSY.(R, LP(P,H)). Moreover, it follows that

B| [ v

and hence the function s — T(t — 5)f(s) is integrable over (—oo,t) for each t € R.
Let f = fi + fo, where f0 € APp(R, LP((0,1), LP(P,H))) and f} € PAPY(R,
L?((0,1), LP(IP,H))), such that

p

< M”E[ — ae_‘s(t_s) I £(s) |l ds|

t t

T(t) = / T(t—s)f1(s)ds + / T(t — s)fa(s)ds =: T1(t) + Ta(t).
— 00 — 00

Next we only need to verify Ty € APp(R, LP(P,H,)) and Yo € PAPY(R, LP(P,H,)).

Thus, the following verification procedure is divided into three steps.

Step 1. T, € UPC(R, LP(P,H,,)).

Let t/,t" € (t;,tit1), @ € Z, t"" < t'. By {T(t)}+>0 is an exponentially btable
analytic semigroup, for any € > 0, there exists 0 < £ < (1 — ppf‘l )P 1(2‘;1)?(0 T
such that 0 <t/ — " < &, we have

615

Tt — I|P< =,
|7~ = I1P< o=,
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where fy = 20 1M2 | fy |[%,, 6y = [(D(1— 22)d7=T 1!
inequality, we have

E | Yi(t) = Ta(t") |12

<op ’ /_ : T — [Tt — ") — 1) f1(s)ds

p

a
p

t/
+ 2p1EH / Tt —s)fi(s)ds
t//

«

eé

e 01

-

!, Using Holder’s

t” p—1
<PTIMP | T —t") -1 |P (/ (" — s) 7T 0 S)ds>

— 00

t”—n 1 .
(Z / eIE | fi(s) 1P ds)

t’ p—1
+2P1M§(/ (t' —s) 7% 0 5)>
t/l
t’ ,
([ B s 17 as)
t//

p—1
<M | T ")~ 1|7 (m - pa1)5;1_1>
p—

o n
x [Ze“s‘"‘” / LA =) | ds}
n=1 -

t’ p—1 t’
soag( [w-om ) ([ Elae )

p—1
S A N e e

-1 b o P ! Mp(l—a)—1
+ 277 MY 1—pf1 [ fillse (& —¢")P

1

56 ﬂ, pl 66
215 (ra- EpeEt) S,

1l

1-p #P(l_a)_l
vl e [
p—1 2f1

=E.

Consequently, Ty € UPC(R, L?(P,H,)).
Step 2. T1 € APp(R, LP(P,H,)).
Consider for each n =1,2,..., the integrals

t—n+1
Y= [ T sn

—n

for each t € (t;,t;41), i € N. Set

t—n+1 n
M) = —s)f1(s)ds = s)fi(t — s)ds
M= [ Te=aneis= [ TAE- 9

—n
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for each t € (t;,t;41), 7 € N.
From assumption (H4) and Hélder’s inequality, it follows that

n

BT () |8 < M;’E[ /

n p—1
< Mg(/ spplo‘e‘ssds>
n—1
X (/ e B | fit—s)|P ds)
n—1
n p—1
< Mg(n—nW( / e‘ssd5>
n—1
X e5<"1></ E| fitt—s)|P ds)
n—1

< ME(n—1)7Pe P g,

s %98 | fi(t—s) |l ds}

Since the series

0 n
Z/ (n— 1)_1’“6_”‘5("_1) < 00,
n=1Yn-1

we deduce from the well-known Weirstrass test that the series > 7, Tgn)(t) is
convergent in the sense of the norm || - ||s» uniformly on R. Now let T;(t) =

S T(ln)(t). Observe that

Ty (t) = / T(t - s)f1(s)ds,

— 00

and hence Y4 (t) € PC(R, LP(P,H)). Moreover, for any ¢t € R, we have
B Ya(t) [ < DB 77 (0) 12 Cr (Mo p.06) || fo [,
n=1

where Cy (M, p, a, ) depends only on the fixed constants M, p, o, d.

Now we show that each T\ € APp(R,LP(P,H,)). Indeed, by f* € APy (R,
L?(0,1), LP(P, H))), given € > 0, one can find I(¢) > 0 such that any interval of
length I(¢) contains at least s’ with the property that

t+1
/ E| fi(s+5)— fi(s) [P ds <e (3.3)

forallt € (t;,t;+1), ¢ € Z. On the other hand, using the inequality (3.3), exponential
stable of T'(t);>o and Hoder’s inequality, we obtain that

E XM +s) -1 @) |k

SEH /n:T(s)[fl(t—l—s'—s)—fl(t—s)}dT

P

[0

n p
SM;’E( [ et s S -9 - -9 ds)
n—1
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SMS(/n spplae_‘ssds) X (/n e BB || filt+5 —s5)— filt—s) |? ds)

—1 —1

t—n—+1
<ME(n — 1) PP (n=1) (/ E| fils+5) = fils) [P ds)

—n

<MP(n —1)7Pee Pd(n=1g

Therefore, we deduce that Y\") € APy (R, LP(P, H,)).

Step 3. To € PAPY(R, LP(P, Ha,)).

We will prove that TS € PAPY(R,LP(P,H,)). It is obvious that ®{" €
BC(R, LP(P,H)), the left task is to show that

1 r n
Jim 7/ E (1) [P dt =0

r—oo 21

for each t € (t;,t;41), ¢ € N, and n = 1,2,3,.... Then, by using the exponential
stable of T'(t):>0 and Hoder’s inequality, it follows that

n

p
e ale =) | s

EITP0 I <z [
< MP

n p—1
< a(/ s_pzlae‘ssds)
n—1
X (/ e %E || fat —s) || ds)
n—1
n p—1
< MP(n— 1)"’“(/ e_‘ssds>
n—1
n
x e~ 0(n=1) </ E| f2(t=9)|" ds)
n—1

n
<zt ([ g s pas)
n—1

Then, for > 0, we see that

1 T 1 T n
o [ BN 12 dt <2z e [ [ B fagees) 7 s
T r

- —rJn—1

Since f& € PAPY(R, LP((0,1), LP(P,H,))), the above inequality leads to TS €
PAPY(R, LP(P,H,)) for each n =1,2,.... The above inequality leads also to

E | T5V() [B< ME(n — 1) 7P P01 || fy ||gp
Since the series

Z/ (n—1)7PeeP=D < o
n=171-1

we deduce from the well-known Weirstrass test that the series Y -, Tén)(t) is
convergent in the sense of the norm || - ||s» uniformly on R. Furthermore,

Ta(t) = 310
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for each (¢;,ti+1),% € N. Clearly, To(t) € PCp(R,LP(P,H,)). Applying Tén) €
PAPY(R, LP(P,H,)) and the inequality

1 ™

1 r m
. p < _ (n)
o AL CU R M L XORD 940

-Tr -7

+Z /EIIT("’ .

P
dt

[e3

We deduce that the uniformly limit To(t) = 32, Y5 (t) € PAPA(R, LP(P, H,)).
O

Lemma 3.2. If the assumptions (H1), (H2), (H4) hold and if ¥ is the function,
forx € PAPr (R, LP(P,H,)), defined by

U(t) :== / T(t — s)F(s, Bsxz(s))dW (s) (3.4)

—00
for each t € R, then ¥ € PAPp(R, LP(P, H,)).

Proof. Let x € PAPr(R,LP(P,H,)). Since B3 € L(LP(P,H,), LP(P,H)) then
Bsx € PAPr(R, LP(P,H)). Setting F(t) = F(t, Bsx(t)) and using Lemma 2.4, it
follows that F € PAPSE(R, LP(P,H)). Moreover, it follows that

H/ (t—s)F(s)dW (s)

and hence the function s — T'(t — ) F(s) is integrable over (—oo,t) for each t € R.
Let F = Fy + Fy, where F? € APp(R, L?((0,1), LP(P, H))) and FY € PAPY(R,
L7((0,1), LP(P, H))), such that

» + p/2
< MQOPEU (t—s) 2% 20 || F(s) 17 ds|

[e% — 00

t

U(t) = / T(t — s)F1(s)dW (s) + / T(t — s)Fa(s)dW(s)

— 00 —0o0

Next we only need to verify ¥; € APr(R, LP(P,H,)) and ¥5 € PAPY(R, LP(P,H,)).
Thus, the following verification procedure is divided into three steps.

Step 1. ¥, € UPC(R, L?(P,H,)).

Let t/,t" € (ti,tit1), @ € Z, t"" < t'. By {T(t)}+>0 is an exponentially btable

analytic semigroup, for any £ > 0, there exists 0 < & < (1 — %)pgz (2F )P e
such that 0 < ¢/ — ¢ < &, we have for p > 2,
6
| T =)~ 1IP< ==,
2F,
where Fy = 207 MEC, || Fy |5, 6 = [(D(1 — 29)(20)72 )% _£5]~". Using
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Holder’s inequality and the It6 integral [10], we have

E | w1 (t) - \1/1(”) [

P
< P~ 1E‘ / — )Tt —t") — I)Fy(s)dW (s)
«@
p
+or7lR H / Tt — s)Fi(s)dW (s)
t” .,
+ 2p_1M£CpE|:/ (t// _ s)—2ae—26(t —s)
p/2
<N =)= 1 IPIFG) [y ds|
t =2
, 13
+ 2”_1M£Cp</ (t' — s)fv%o‘e_%(t _S)>
t//
t’ ,
X (/ e PEIE || Fy(s) |17, ds>
tl/
p—2

t” -
<2PTYMEC, | T —t") — 1 ||P </ (" — 5) 7320t S)ds>

00 t" —n+1 5
—92 "_g
X (Z/t e 20 =) || Fy(s) I ds)
n=1 -n

p—2

t/
ety [[ 10—y i)
t

"

t/
X </ e BE=IE | Fi(s) |18, ds>
t//
2pa

<PTIMEC, || T(H —t") — 1 | ( (1- T)(Qé) )

% [2625(’ﬂ1)/ 1 E H Fl(t// _ 8) ||Z£g d8:|
n=1 n—
t/
4&%%m@(/<t—svz) ( IR 12, )
t /

"

< PTIMEC, | T — ")~ |

p—2

) =2
e pa 1\ P e »
(F(l - Zf)(%) > o I F1 |l
_ 2pa v p=2-po
+ 2071 MEC, <1 - p_2> I F1 (1% (2 —t")
X 2 e
2€ pa pa_ g\ P e p
r(1— 2% ) (26)7 P,
= (ra- 2De) T G IR
p—2—po

2—-p
2]70[ P € pP—2—po P
e <1) At ()]
a~'p p—2 || 1”5 2R,

=E.
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For p = 2. Let € > 0, there exists 0 < £ < (2%1)*i such that 0 <t/ — " < £, we

have
B
| T ) 1< ==,
2F,
where F} = 2MP? || Fy ||%,, 02 = [0(1 — 22)(20)?*']~L. Similar to the above
discussion, one has
E | Wy(t) — 0o (t") |2
(oo}
< M2 H T(t/ _ t//) 7 ||2 Z(n _ 1)—2046—26(71—1)
n=1
n t
X / B || Fi(t" —s) |7y ds+2M3(¢ — ")~ (

E || Fi(s ”Lo ds>

t//
526

S 22511 - 2a)(20)2 7L 4 2MP || Fy |2 K £ ) ]

< 2MP || Fy ||%
2RI o

= E&.

Consequently, ¥, € UPC(R, LP(P,H,)).
Step 2. U, € APp(R, LP(P,H,,)).
Consider for each n =1,2,..., the integrals

oM (t) = /t o T(t — s)Fy(s)dW (s)

—n

for each t € (t;,ti41), @ € N. Set

t—n-+1 n
M4y = — s)F1(s)dWs) = s)Fi(t—s s
W= [ T aR@aws) = [ TERE- W)

for each t € (t;,t;41), i € N.
From (H4), Holder’s inequality and the Itd integral, it follows that

n

p/2
B I < MzchE[ [ s mie-s) Iy ds}

p—2

< Mng(/ s_iﬂ 26Sds) ’
n—1
v (/ e 25 || Fy(t—s) ||’£g ds)
n—1

-1

n p
Mpc (n _ 1)—2pa (/ —2ésds> e—26(n—1)

([ BIR-9 gy )

< MPCy(n—1)72r e—Pé(n—1) | F1 1%

Since the series

0 n
Z/ (n _ 1)—2;0046—21)5(71—1) < o0,
n=17/n-1
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we deduce from the well-known Weirstrass test that the series > 7 | \I!gn)(t) is
convergent in the sense of the norm || - ||g» uniformly on R. Now let Uy(t) =

> \Ilgn)(t), t € R. Observe that

Uy (t) = / T(t — s)Fy(s)dW (s).

— 00

and hence ¥, (t) € PC(R, LP(P,H)). Moreover, for any ¢t € R, we have
E |0t 5 < 3B (0) [5< Co(Ma,p, e 0) || Fi |1
a = 1 a— Y2 ar Dy @, 1 llsp>
n=1

where Cy(M,, p, o, d) depends only on the fixed constants M and 4.

Now we show that each U\ € APp(R, LP(P,H,)). Indeed, by F € APy (R,
L?(0,1), L?(P,H))), given € > 0, one can find I(¢) > 0 such that any interval of
length I(£) contains at least s’ with the property that

t+1
E || Fi(s + ") = Fi(s) [[, dW(s) < e (3.5)
¢

forallt € (¢;,t;+1), ¢ € N. On the other hand, using the inequality (3.5), exponential
stable of T'(t);>o and Hoder’s inequality, we obtain that
B ey (e+s) - 07 o) II;

p/2
< MgC’pE{/ ) 5729725 | Fy(t + 5" —s5) — Fi(t — s) Iz ds}

p—2

n 2pa P
< MgC'p(/ ) s_rfj?emscls)
n

x(/ e%TIE@+§—@—H@—@F®>

-1

< MEC,(n— 1) 2pee=2po(n—1) </
¢

—n

t—nm—+1
E|| Fi(s+s)—Fi(s) | ds)

< MEC,(n— 1)*2”“6*21’5("*1)5.

Therefore, we deduce that \Ilgn) € APr(R, LP(P,H,)).

Step 3. Wy € PAPY(R, LP(P, Ha,)).

We will prove that U{" € PAPY(R,LP(P,H,)). It is obvious that ¥{" €
BC(R, LP(P,H)), the left task is to show that

r

1 n
im — [ E @) P dt=0

r—oo 21 J_
for each t € (¢;,t;41), ¢« € N, and n = 1,2,3,.... Then, by using the exponential
stable of T'(t);>o and Hoder’s inequality, it follows that
n p
Elo i< e [* 1ere- i
n—1 a
n p/2

< MngE[/ 57297205 || Fy(t — s) Ly ds
n—1
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pP—2

n por , 5
< Mé’Cp(/ 81’26_25“’(13)
n—1
n
» (/ e PR || Fy(t — s) ||’£g ds>
n—1

p—2

n D

< MEC,(n — 1)_21"“(/ e_%sds)
n—1

« e—20(n=1) (/ E || F>5(t — s) Hio ds)
n—1 ’

< Mgcp(n N 1)721704672105(7171) </ E || Fg(t — 8) ”i(’ d8>
n—1 2

Then, for » > 0, we see that

1 T (n)
2 || 2 ( ) ||Oé

-

1 T n
<MzCyn -1 e [ B R s) P dw (o).
—rJn—1

Since FY € PAPY(R,LP((0,1), LP(P,H,))), the above inequality leads to \I/én) €
PAPY(R, LP(P,H,)) for each n =1,2,.... The above inequality leads also to

B || W5V(#) 15 < MECy(n— 1) 2001 || By ||

Since the series
o0 n
Z/ (ni 1)72paef2p6(n71) < 00,
n=1 n—1

we deduce from the well-known Weirstrass test that the series > 7, \I/gn)(t) is
convergent in the sense of the norm || - ||s» uniformly on R. Furthermore,

Uy(t) = ff vy (t)

for (t;,ti11),1 € N. Clearly, U5 (t) € PCr(R, LP(P,Hy)). Applying U\ € PAPY(R,
LP(P,H,)) and the inequality

1 r 1 " o (n)
— E||Yy(t) |IP dt < — E||Psy(t) — E v t
B /T || 2()||a _QT/T H 2() / 2 ()

p
dt
a

m 1 r .
35 | EIw @
n=1

-r

We deduce that the uniformly limit Wy(t) = 2%, ®{"(t) € PAPY(R, LP(P, Hy)).
O

Lemma 3.3. If the assumptions (H1) and (H6) hold and if II is the function, for
x € PAPr(R, LP(P,H,)), defined by

O(t) = > T(t—t;)];(,) (3.6)

o<t <t

for each t € R, then I1 € PAPp(R, LP(P,H,)).
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Proof. Let x € PAPr(R,LP(P,H,)). Setting v; = I;(x¢,) and using (H6) and
Lemma 2.3, it follows that v; € PAPSY(R, LP(P,H)). Let v; = 71 + 72,i, where
Y1, € AP(Z,LP(P,H,)) and ~2,; € PAP%(Z, L?(P, H,)). Hence,

() => T(t—t)yi+ »_ Tt —ti)ye: = () + a(t).

t; <t t; <t

Next we only need to verify II;(t) € APr(R,LP(P,H,)) and Is(t) € PAPI(R,
LP(P,H,)). Thus, the following verification procedure is divided into three steps.

Step 1. T, € UPC(R, LP(P, Ha,)).

Let t/,t" € (ti,tit1), ¢ € Z, t" < t'. By {T(t)}+>0 is an exponentially stable
analytic semigroup, for any € > 0, there exists £ > 0 such that 0 < ¢’ — " < &£, we
have ~

)
| T ) 1 |P< 2=,
24!
where 3 = M2 || y1,; || v~ P and 63 = (1 — e~%7)P. Using Holder’s inequality, we
have

E || T (t) = L") 1%

p—1
SMPITE ) =T (X @y e )

ti <t

* ( > e TIE |p)
t; <t
p
<ME T ") I[P wa( 3 e“t”m) sup E | 11, [
t<t! =y
O Y T [ N S——

531 (1— e )7

Step 2. 1I; € APp(R, LP(P,H,)).

For any € > 0, by Lemma 2.7, there exists relative dense sets of real numbers
Q. and integers @, for every 7 € ()., there exists at least one number ¢ € Q). such
that [t9 — 7| <e,i € Zand E || y1,i4qg — M1 |[P< €,d € Qe,i € Z. Then,

E Tt +7) =T () [l

p—1
<MZE [( - tw”lae-‘*“-m)

t; <t
% <Z e ) | g — ||p>]
t; <t
p
< Mgy ( > 6_6“_“)) Bl itg =71 1P
t; <t
MP~—PY

S M-y

Hence, II; € APr(R, LP (P, H,)).
Step 3. T, € PAPA(R, LP(P, H,)).
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In fact, for r > 0, one has

7/ E||H2()det<— ",

B\ Y T(t—ti)a

ti<t

For a given i € Z, define the function v(t) by v(t) = T(t — t;)y2,4, 8 <t < tig1,
then

[e3

[e3%

lim B [l v(t) [§ = lim B[ T( = t:)72, |
t—o0

< Tim ME(t — ;) P%e P sup B || . ||

t—oo i€Z
< lim MPAy P PSUt) qup B || g ||P=
t—o00 icZ
Thus v € PCA(R, LP(P,H,)) € PAPY(R, L?(P,H,)). Define v; : R — LP(P,H,)
by
vj(t) =T(t —ti—j)ve,i—j, ti <t <tip1, j€N.
So v; € PAPY(R, L?(P, H,)). Moreover,
E @) |16 = E | T(t = tivj)y2,i-s o
< ME(t — ty—g) Pre P00 J’)S_upE I Y2 117
< MEy7Pee P U TP sup B | g |17
€L

Therefore, the series Z;io vj is uniformly convergent on R. By Lemma 2.1, one has

S OT(t—ti)yai = Z% € PAPQ(R, L*(P, Ha)),
t; <t

that is

dt—>0 as r — 00.

E|| Y Tt~ ti)a

t; <t

Using the Lebesgue’s dominated convergence theorem, we have II, € PAP(R,
Lr(P,H,)). O

Theorem 3.1. Assume that (H1)-(H6) are satisfied. Then system (1.1)—(1.2) has
at least one p-mean piecewise pseudo almost periodic mild solution on R, provided
that

2P~ AP ||P Lyooh + MPy P sup¢) < 1. (3.7)

(1—e™)P jez
Proof. LetY = PAPr(R, LP(P,H,))NUPC(R, LP(P,H,)). Consider the operator
®:Y — PC(R,LP(P,H,)) defined by

(@z)(t) = (P12)(t) + (P2)(t),

where
(®12)(t) = —g(t, Bya(t —I—ZTt—t (t:), teR.
(Poz)(t) = /7 T(t —s)f(s, Baz(s))ds

+ /t T(t—s)F(s,Bsx(s))dW(s), teR.

— 00
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Let p1 > 0 be fixed. By (H4) it follows that there exist a positive constant g such
that, for all t € R and ¢ € LP(P,H) with E || ¢ ||P> o,

E | f(&,9) g +E || F(t,0) [I5o< O ¢ [I7)-

Let
" vo=sup(E | (.0) Iur B || F(.0) I, 17< o).

Thus, we have for all ¢t € R,
E| ft¥) s +E || Ft¥) 5= pOE | ¥ IP) +v0, ¢ € LP(P,H).  (3.8)

For Ly, p1 sufficiently small, we can choose 7* > 0 such that

1— Lo)r*
_ 0)7; >1 (3.9)
(dl + dg)[pl@(wor*) + 1/0]
for p > 2, and for p = 2,
1— Lo)r*
(1= Lo)r >1, (3.10)

(&1 + &2)[,01@(@87”*) + l/o]

where Lo = 20~ [|| A% [P Lywoh+- My Lo supyeg ei], di = 42~ ME(D(1-
p—2 2(pa—p+1)

Zon)pt gpme) dy = 4rmlC,ME(T(1 — 229))% (26)" 7 for p > 2, and
ay = AM2(T(1 — 2a)0%(=9) | Gy = 4M2T'(1 — 20)(26)%*~" for p = 2. In order to
use Lemma 2.8, we will verify that ®; is a contraction while ®5 is a completely
continuous operator. For better readability, we break the proof into a sequence of
steps.

Step 1. For every x € Y, dz € Y.

Let z(-) € Y, by (H2), (H4) and Lemmas 2.2, 3.1-3.3, we deduce that g(-, z(-)),
f(,z(-)) € PAPSY(R, L?(P,H,)) and I;(z(t;)) € PAP(Z,LP(P,H,)). Similarly as
the proof of Theorem 3.1, one has ¢z € Y.

Step 2. &1 is a contraction on Y.

For t € R, and z*,z** € Y. From (H3) and (H6), we have

E [ (@127)(t) = (@127)(1) |12
<2 AP P B || APg(t, Bia® (1) — A%g(t, Bz (1)) |I?
DTt~ ta) (e () — L@ (¢))]

t; <t
<27 AP P Lyaog || 2 () — 2 (1) 7

p—1
+ 2P1M£(Z<t m—r’kaewm)

t; <t

+2°71E

«

o (Z e tte sup B || o*(t) — 2**(t) ||P )

ti<t teR

1
<P AP P Lyw? + MPy P supe;
—= |: || || 9™0 + a” (1 — e_g.y)p ieg ’L:|

a,00 *

X ||z* -z
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Taking supremum over ¢,

H q)ll' — <I>1x** LO H z*

[ P
a,00 = «,00)

where Ly < 1. Hence, ®; is a contraction on Y.
Step 3. ®5 maps bounded sets into bounded sets in Y.

Indeed, it is enough to show that there exists a positive constant £ such that
for each x € B« = {x € Y:|| z |5 < 7"}, 7" >0, one has || oz |5, < L. Then,
by (3.8), Holder’s inequality and the Itointegral, we have for x € B,+ and p > 2,

E | (®2)(2) |17

/ T(t —s)f(s, Baz(s))ds

— 0o

p
<or-lp

a
p

+2r1E H /_; T(t — s)F (s, Bsz(s))dW (s)

t p—1
§2”‘1M5</ (t—s) 7T S)d'S)

— 00

s t—n+1
(S [ e s Barto) 17 )

—n

e

n=1

, p/2
+ zplcpM:zE(/ (1 =)™ | F(s, Baa(s) Iy ds)

— 00

p—1
e e

-
(e [1 B - s Bt - o) P as)
n—1 n—1
t =
+2P—1M£</ (t— ) 5oz 200~ 5)d8>

26_25 n—1) / E || F(t —s,Bsz(t —s)) ||? ds)

n=1

(2

< 2P~ ipp (m -

2oy p=l 5
L) e Baa(s) ) + v

t o
+ 2P~ P (/ (t— s)_ﬁ?“e%(t‘q)ds)

625

* —5 7 P10l Bsx(s) [[*) + vo]

66

p—1
< PP (F(l = il Ll ) = 7 PO(@orT) + 1]

p=2
2pa 626

+ 201, MP (F(l - 2)(26)** ) —z5 11 O@yr") + 1]

=L.
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For p = 2, we have

5
ed—1
+ 2M2T(1 — 2a)(26)2* Hp1O(wwhr*) + o] = L.

E || (@22)(1) |2 < 2MZ(D(1 — 2a)§% [p1©(z57™) + vol

Then for each = € B,.-, we have || ®oz ||}, < L.

Step 4. ®5 is a compact operator.

(1) ®2 maps bounded sets into equicontinuous sets of Y.

Since T'(-) is analytic, the function ¢t — A®T'(t) is continuous in the uniform
operator topology in (0,00). Let t; < ¢ < t < t;41,4 € Z, and § > 0 such that
| A“[T'(h) — I ||P< € for every with |h| < §. For each z € B,«, 0 < || < d,t +1n €
(tiytiy1],i € Z, we have for p > 2,

E | (@22)(t + 1) — (D) (¢) [[5y

<4P7E 3 T(t—s)[T(n) — I)f(s, Bax(s))ds
OotJrn p “
+ 4P /t T(t+mn—3s)f(s, Bax(s))ds
L4 E /_ T(t — 8)[T(n) — I|F (s, Byw(s))dW (s)
t+n P “
+4P71E / T(t+mn— s)F(s, Bsx(s))dW (s)

<o e -0 ([

— 0o

(L e [* B s Baste- o) |7 as)
n=1 n-

p—1

(t— s)_ae_‘s(t_s)ds)

t+n »
+ 4P—1M£(/ (t+n— 8)_Mae_‘s(t+"_s)ds>
t

t+n
y ( [ BBt 1P ds)
+ 4P MPC, || AT () — 1] |IP

t p/2
% E{/ (t — 5)~20e=2(=9) || F(s, Bya(s)) ||i8 ds]

— 00

t+n
+ 4p_1MngE|:/ (t +n— s)—2a6—26(t+n—s)
t

p/2
< (s Bas(o) [y 5]

)

pa e
1 pa_q
<t (Ta - L) e i) 1)+l

p—1

t+n
+4p_1Mg(/ (t+n— s)zflae_‘s(“‘"_s)ds)
t

X [p1O(]| Baz(s) [[7) + vl
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p—1arp 2pa ek 5 e p
+ 4P MPCe F(l—lﬁ)@é)r2 m[/’l@(u Bsx(s) [|) + o]

2

t+n b %
sy ([ m = sy P ) T 6] Buas) I7) +
t

—1
< are (T — POy ¢’ O(whr*
S S (mO(gr) + )

v

t+n p—1
+ 4p1M§(/ (t+n-— s)plo‘e5(t+"s)ds> [p1©(whr™) + 1)
¢

—2
PT 625

2pa *
ﬁ[m@(wéjr ) + o]

+ 477 MPCe (F(l - ﬁ)(%)%* )

t+n
+4rtpec, (/ (t+n-— s)_ﬂae_%(t"’"_s)ds) ’ [01©(wor™) + o).
t

For p = 2, we have
E || (®22)(t +1) — (222)(1)) II2

5
< AMPeD(1 — 204)620‘_1%@1@(1%’7"*) + 1]

t+n
+ 4M? </ (t+n— s)2ae‘;(t+ns)ds> (010 (wwhr*) + 4]
t

+ 4P MPeD (1 — 20)(26)%*H [p1©(whr™) + v
+ 4P M2y 291 O(wwhr*) + 1)

The right-hand side of the above inequality is independent of z € B,.~ and tends to
zero as 11 — 0, and sufficiently small positive number €. Thus, ®5 maps B,« into an
equicontinuous family of functions.

(2) ®2 maps B,« into a relatively set in L?(P,H,).

For each x € B,~, there exists 0 < a < ¢ < 1, we have for p > 2,

E || A%(®oz)(t) |7
<P l'E H [ AT (t — s) f(s, Bax(s))ds

+2p1EH K tOOAqT(t—s)F(s,ng(s))dW(s) ’

t v p—1
< 2P-1M5</ (t— s)‘p—lqe—m—S)ds)

— 00

% (Z e—0(n—1) /n1 E | f(t—s,Baz(t —5)) || ds)
n=1 n-

t
+ 2?10,,M5E</

—0o0

p/2
(t = )721e7250) || F(s, Bya(s)) |13 ds)

1

-1
<or=ipyr(ra— P45 e [010(|| Ba(s) ||P) + vo]ds
>~ q p 1 66 — 1 2 0
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p—2

P

t
+ 2”_10ng</ (t— s)zf%qe_%(t_s)ds)

—00

X (ieﬂnl) /nlE | F(t — s, Bsz(t — s)) || ds)

n=1 n—

p—1
< (T - L6t ) o) + )

p—2

2 Pq e
+3071C, MP <F(1 - L‘g)(za)ﬁ- > [p10(=Er™) + v

For p = 2, we have

d
&
B || (®22)(t) |l < 2M7 (T(1 ~ 2<J)52q71m[m@(wg7’*) + vl

+2M2T(1 — 20)(26) [ O(eohr™) + ol

which implies A9(®ox)(¢) is bounded in H. It is known that A=¢ : H — H,, is
compact for 0 < o < ¢ < 1. Then (®22)(t) is precompact in H, for each ¢t € R.
Since {®2z : x € B~} C PC)(R, LP(P,H)), by Lemma 2.5 it suffices to show that
{®9x : x € B~} is a relatively compact set. Therefore, we conclude that operator
P, is also a compact map.

Step 5. ®5 : Y — Y is continuous.

Let {z(™} C B,- with (™ — z(n — o) in Y, then there exists a bounded
subset K C LP(P,K) such that R(z) C K,R(z") C K,n € N. By the assumption
(H4), for any e > 0, there exists £ > 0 such that z,y € K and F || z —y ||P< &
implies that

E | f(s,Bax(s)) — f(s,Bay(s)) |ep< e forall teR,
E || F(s,Bsx(s)) — F(s,Bsy(s)) |5p<e forall teR.

For the above ¢ there exists ng such that E || (" (t) — z(t) |P< ¢ for n > ny and
t € R, then forn > ng, we have

E || f(s, Box'™(5)) — f(s, Box(s)) ||hp< e forall teR,
E || F(s, B3z™(s)) — F(s, Bsz(s)) |4,< e forall teR.
Then, by Hélder’s inequality, we have that for p > 2,

E || (@22™)(t) — (@22)(t) |15

[ Tt — 3)[ (5, Bo™ (s)) — f(s, Bo(s))]ds

p
<or-lp

«
p

+ 2 H /_ T(t — s)[F(s, Bsz™ (s)) — F(s, Bsx(s))]dW (s)

¢
< 2”1M£(/ (t— s)_Pplae‘s(tS)ds>

— 00

«
p—1

X (Z e0n=1) E | f(t — s, Boax™(t — s))
n=1 n—1
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— f(t —s,Bax(t —9)) ||P ds)

t
+ 2p—1cpMp< / (t — s)" 20 2= B || F(s, Bgz™ (s))

P/2
— F(s, B3a(s)) |17 dS)

)5m—1>p1 el

gQPlMP(Fu ¢

p—1

p—2

t - 0
+ 2P‘1CPM§< / (t— s)f"Z‘se—%(t—S)ds) (Z e 201

-0 n=1

<[ BIFC s B - 9) = Pt~ s, Bt - 9) [ ds)

5m1)>p—1 ed

ed—1

<ort [Mg (I‘(l -
p—

p—2

2pa 20\ 7 e
+ C,M? (m - ——)(20)2 1) a5 Jg.

For p = 2, we have
E || (@22™)(t) = (®22)(8) |2

6
<2 {Mgl“( 20621 =) — Tt M210(1 - 204)(25)20‘1} €.
6

Thus ®5 is continuous.

Step 6. We shall show the set G = {z € Y : A®1(5) + A®y(x) = = for some A €
(0,1)} is bounded on R.

To do this, we consider the following nonlinear operator equation

xz(t) = A0x(t), 0< A<, (3.11)

where ® is already defined. Next we gives a priori estimate for the solution of the
above equation. Indeed, let z € Y be a possible solution of z = A®(z) for some
0 < A < 1. This implies by (3.11) that for each ¢ € R we have

t

z(t) = M ®z)(t) = —Ag(t, Biz(t)) + )\/ T(t— s)f(s, Bax(s))ds

—00

+ )\/ T(t — 5)F(s, Bya(s))dW(s) + A S T(t — t:) Ti(x(t:))-

e i<t
Then, by (H1)-(H6), Holder’s inequality and the It6 integral, we have for p > 2,

p

E | 2(t) [E<47 B || g(t Bux(t)) I, +4P-1EH [ 7= 556, Bartsyas

e
p

+4P71E H /_; T(t — s)F(s, Bzx(s))dW (s)

[e3
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P
+4P7E

S Tt - t) (= (t))

t; <t

<P AP P B || APg(t, Bra(t)) |IP
t » p—1
+ 4P~ 1P </ (t— 5)_v1°‘65(t5)d5)

—00

(e [ B s Baste - ) P as)
n=1 n—

t

«

p/2
+4P—1cngE< / (t— )72 20 || F(s, Bsz(s)) |17 ds)

— 00

p—1
+ 4P I MPE K > (- ti)‘zﬁl“e“”i))

t; <t

< (T et ) 1)

t; <t

AP AP Lg(B || Bya(t) |7 +1)

p—1pp A\ sEer-1 e B P
ety (1 - L7 [0 Balt) ) + ]

p—2

p

t
+4P=1C, MP </ (t— s)_ffp?ae%(ts)ds)

— 00

% (Z e—26(n—1)
n=1

_ e 1 5ttt
+ 4P My TP (e a1 <Z€ ey (B || w(ts) |17 +1))

ti <t
<4P= || AP P Ly (wp sup B | (@) 15 +1)
te

n
E || F(t—s,Bsz(t—s)) |7, ds)
2

n—1

p—1nrp pa | pe \'T' €
+4 Ma F(l_pfl)(sp71

X [p1O(wg sup || z(t) [I7) + vol
teR
2pa - 26
+ 47710 MY (m - —2p0‘2)(25)m— ) ¢
.
X [p1O(wg sup || z(t) [I7) + vol
teR

R Vo [supe;sup E || 2(t) ||h +1].

(1—e 9P ez " ter
For p = 2, we have

E | x(t) [2<4 ] A*7 |7 Lywy(sup E || 2(t) 5 +1)

+4MZ(D(1 = 20)8% " — T (010 (a5 sup || x(s) [I2) + vl
€ — teR
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+4MZD(1 - 2a)(26)** 1 O(wp sup I () [12) + vo]
S

+AMIy e sup ¢isup B || 2(t) [|2 +1].
R

(1 —e97)2 [iGZ te
Consequently, we have for p > 2,

(1= Lo) [l [I5, o
(di +d2)[p1O(g || @ [[aee) +v0]

(3.12)

and for p = 2,
(1= Lo) [l [I5 oo
(@1 + a2)[p1O(wg || @ [la,00) + w0l ~
Then by (3.9) and (3.10), there exists r* such that || = ||, ,# r*. This indicates

that G is bounded on R. As a consequence of Lemma 2.8, we deduce that ®; + ®o
has a fixed point x(-) € Y, which is a mild solution of the system (1.1)-(1.2). O

(3.13)

4. Existence of stochastic optimal controls

In this section we consider a control problem and present a result on the existence of
stochastic optimal controls. let Y is a separable reflexive Hilbert space from which
the controls u take the values. Operator B € L*(R, L(Y,H)), || B ||r~ stands for
the norm of operator B on Banach space L (R, L(Y,H)), where L>*(R, L(Y, H))
denote the space of operator valued functions which are measurable in the strong
operator topology. Let L’ (R,Y) is the closed subspace of L% (R x Q,Y), consist-
ing of all ft—p}rogressively measurable, Y-valued stochastic processes satisfying the
condition E [~ __ || u(s) ||} ds < oo, and endowed with the norm || u Iz ®,y)=
(supyer B [ || u(s) [} ds)'/».

Let U be a nonempty closed bounded convex subset of Y. We define the admis-
sible control set

Usa = {w(-) € L%(R,Y);w(t) € U ace. t €R}.

Consider the following controlled stochastic partial differential equations of the
form

dz(t) + g(t, Bra(t))] =Alx(t) + g(t, Bix(t))]dt + [f (¢, Bax(t)) + B(t)u(t)]dt
+ F(t, Bgl‘(t))dW(t)7 teR,u € Uyq,t 75 ti, i € 7, (41)

Ax(t;) =x(t]) —2(t]) = L(z(t)), i€Z. (4.2)

K3

We will assume that
(S) Bue PAPSL(R,LP(P,H)) for u € Ugy.

By Theorem 3.1, we have the following result.

Theorem 4.1. Assume that assumptions of Theorem 8.1 hold and, in addition,
the assumption (S) is satisfied. For every u € Uuq, the system (4.1)—(4.2) has a
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pseudo almost periodic in distribution mild solution corresponding to u given by the
solution of the following integral equation

t

" (t) = —g(t, B1z(t)) +/_ T(t—s)f(s, Bax(s))ds

+ /_ T(t — s)B(s)u(s)ds + / T(t — s)F (s, Bsx(s))dW (s)

—00

+ Y T(t—ti)(z(t:), teR.

t; <t

Proof. Consider the space Y endowed with the uniform convergence topology and
define the operator ® : Y — Y by

t

(2)(t) = —g(t, Bra(t)) + / T(t - 5)f(s, Ba(s))ds

—0o0

/ T(t — 5)B(s)u(s)ds + / T(t — 5)F(s, Byz(s))dW (s)

—00

Z (t —t:);(z(t;)), teR.

t; <t

Using Holder’s inequality, we have

H/ T(t — s)B(s)u(s)ds )

<arge] [ (s o | Boyuts) | ds||

t p—1 t
<ozl ([ - e Fa) B [ I as

o
P P _ b b 2% 1
<Ml B (10 - PECEE ) gy,

p

Then from Bochner’s Theorem, it follows that T(t — s)B(s)u(s) are integrable on
(—o0,t), where | B || is the norm of operator B in Banach space Lo (R, L(Y,H)).
Hence we conclude that ® is a well-defined operator from Y into Y. The proofs of
the other steps are similar to those in Theorem 3.1. Therefore, we omit the details.
O
Let z* denote the mild solution of system (4.1)—(4.2) corresponding to the
control v € U,q. We consider the Lagrange problem (P): find an optimal pair
(2°,u%) € Y x Uyq such that

J(:co,uo) < J(z*, u) for all u € Uyg,

where the cost function

J(x" u) =supE 9(s, 2% (s),u(s))ds.

teR —00

We introduce the following assumptions on 9.



Stepanov-like pseudo almost periodic solutions 559

(D1) The functional ¥ : R x LP(P,H) x Y — R U {00} is Borel measurable.

(D2) 9(t,-,-) is sequentially lower semicontinuous on LP(P,H) x Y for almost all
teR.

(D3) ¥(t,z,-) is convex on Y for each x € LP(P,H) and almost all ¢ € R.

(D4) There exist constants d; > 0, dy > 0, § is nonnegative and & € L' (R, R) such
that J(t,z,u) > S(t) +di ||y || +d2 || w5 -

To prove the existence of solution for problem (P), we need the following impor-
tant lemma.

Lemma 4.1. Operator ® : LP(R,Y) — Y given by

(Tu)(-) = / T(t — s)B(s)u(s)ds

— 00
is completely continuous.

Proof. Suppose that " C L% (R,Y) is bounded, we define ©,,(t) = (Vu")(t),t €
R. Similar to the proof of Theorem 3.1, one can know that for any fixed ¢t € R
and, F || ©,(t) ||2 is bounded. By using (S), it is ease to verify that ©,(t) is
relatively compact in LP(P,H,) and is also equicontinuous. Due to Lemma 2.5
again, {0, (t)} is compact in LP(P,H,). Obviously, ¥ is linear and continuous.
Hence, VU is a completely continuous operator. O

Next we can give the following result on existence of optimal controls for problem

(P).

Theorem 4.2. If the assumptions (S), (D1)-(D4) and the assumptions of Theorem
3.1 hold. Then the Lagrange problem (P) admits at least one optimal pair on Y X U,q.

Proof. Without loss of generality, we assume that inf{ 7 (2%, u)|u € Uy} = € <
+00. Otherwise, there is nothing to prove. Using assumptions (D1)-(D4), we have

t t t

T u) > / So(s)ds + dy / | 2%(s) || ds + ds / | u(s) | ds

— 0o — 00 — 00

> —1n > —o0,

where 77 > 0 is a constant. Hence, ¢ > —7 > —oo. On the other hand, by
using definition of infimum there exists a minimizing sequence of feasible pair
{(z™,u™)} C Aqd, where A,q = {(x,u)|z is an Stepanov-like pseudo almost pe-
riodic mild solution of system (4.1)—(4.2) corresponding to u € Uyq}, such that
J(@™ u™) = e as m — +oo. For {u™} C Uyq, {u™} is bounded in L% (R,Y), so
there exists a subsequence, relabeled as {u™}, and u® € L% (R,Y’) such that

u™ 5w’ in LE(R,Y) asm — oo.

Since Uy is closed and convex, by Mazur’s lemma, we conclude that u® € Ugqy.
Now we suppose that =™ are the mild solutions of system (4.1)—(4.2) corre-
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sponding to u™(m = 0,1,2,...), and 2™ satisfied the following integral equation

t

2™ (t) = —g(t, Biz™ (1)) + [ T(t — 5) (s, Box™ (5))ds

+ [ T(t—s)B(s)u™(s)ds + / T(t — s)F (s, B3z™(s))dW(s)

— 00

+ ) Tt —t)L(z™(t:)), tER.

t;<t
Let f™(s) = f(s, Baz™(s)), F™(s) = F(s, Bsz™(s)). Then for each 2™ € B, C Y,
by (3.8), we obtain that f™ : R — LP(P,H), F™ : R — LP(P, LY) are bounded
continuous operators. Hence, f™(-) € PAPSL(R, LP(P,H)), F™(-) € PAPSE(R,
LP(P, LY)). Furthermore, {f™(-)}, {F™(-)} are bounded in LP(R, L? (P, H)), in LP (R,
LP(P, LY)) and there are subsequences, relabeled as {f™(-)}, {F™(-)}, and f(-) €
PAPSE(R, LP(P,H)), F(-) € PAPSE(R, LP(P, LY)) such that

o~

() % f(-) in PAPSE(R,LP(P,H)) asm — oo,

F™() 2 F(-) in PAPSP(R,LP(P,L3)) as m — co.
By Lemma 4.1, we have
dfm - df, SF™ - SF.
Next we turn to consider the following controlled system

dlx(t) + g(t, Bro(t)] = Alz(t) + g(t, Bia(t))]dt

+HF(t) + Bty (t)]dt + F(t)dW (¢), (4.3)
teR, ue Uy, t#1t;, i €7,

Ax(t;) = x(t]) —2(t]) = L(z(t:)), i€Z. (4.4)

By Theorem 4.1, it is easy to see that system (4.3)—(4.4) has a mild solution

z(t) = —g(t, B1Z(t)) + / T(t—s)f(s)ds + / T(t — s)B(s)u’(s)ds

+/t T(t—s)F(s)dW(s) + > T(t—t;)L(@(t:)), teR.

—00

Then we have for all t € R,

4
E |l a™( t) l< Z



Stepanov-like pseudo almost periodic solutions 561

where

v (t) =571 || g(t, Biaz™ (t))) — g(t, Biz(1))) |12,

v (t) = 5P E || Y T(t— )L™ () — Li(E ()]

t; <t

p

)
[

v (t) = 5P E / T(t — 8)B(s)[u™(s) — u’(s)]ds ’

— 00

)
a
p

)
[0

V() = 57 E / T(t - s)[f™(s) - Fls))ds

— 00

p

vO () = 5771 E / T(t — s)[F™(s) — F(s)]dw(s)

— 00

«

By (H3) and (H6), we can obtain

v (8) + v () < Lo || 2™ ~ T |14

@,007
where Lg as in Theorem 3.1. Let € > 0, ¢ € (t;,t;41), 7 € Z and 0 < g < 1 such that
0 < a4+ g < 1, By the compact operator property, there exists Ng > 0 such that

E || A71B(s)[u™(s) — u®(s)] % <,

E AT f™(s) = F()) e <,
E | AYF™(s) = F(s)] |5 <&

for m > Np. Using Holder’s inequality, we have
t
v () < 5P_1E[/ | A*TIT(t — s)ATIB(t — s)

x [u™(t —s) —ul(t —s)] || ds}

p—1

¢
< 5p_1M§+q(/ (t — S)Ppl(aJrq)e_‘s(t_s)ds)

— o0

x @fle“““ [ ElA e - o) P as)

p—1 5
<5 IMEL, (1“(1 - M)5W—1> e

p—1 ed—1"

and

(1) < 5P1E[ [ e - asine) - e ds}

— 00

t p
e [ o)

— 0o

x (ge“"“ [ Blasr s - Fe- s as)

_p(a—i—q))ép(pa:rlw_l Pl s
p—1

-1

<5PTIMELL (m
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Using the It6 integral, we have for p > 2,

O (1) < 57710, [ /

— 00

t

N p/2
[A*TIT(t = 5) AT || [F™(s) = F(s)] IIZg]Q/pdS}

¢ =
< 5p_1Cng+q (/ (t— S)’fpz(a+q)e_25(t_s)ds>

—26(n—1) " —qrpm A ,
><<§_: | Erasee) F(s)]|Lgds>
p—2
- 2pa e \ P 20
< 5P 1CpM5+q <F(1 — i)(26) »—2 1> i 15,

For p = 2, we have

D0 <3| [ B AT A 6) - B s
< BM2T(1 — 2a0)(20)2 Le.

This implies that
v () =0 asm — 0o, j=3,4,5.
Thus we can infer that
™ —-ZinY asm — oo.

Further, by (H4) and (H5), we can obtain
™) = f(,Baz(+)), F™()— F(,Bsz(-))inY asm — co.
Using the uniqueness of limit, we have
F(s) = J(s. Bai(s)),  F(s) = F(s, Bsi(s)).

Therefore, T can be given by

50 = gt Bid(0) + [Tt 9)f(s, Ba(s))ds
+ /_ T(t — s)B(s)u’(s)ds + /_ T(t — s)F(s, Bs%(s))dW (s)
+ Tt —t)L;(Z(t)), teR,

which is just a mild solution of system (4.1)—(4.2) corresponding to u". Since Y <
LY (R, LP(P,H)), using (D1)—(D4) and Balder’s theorem (see [2]), we can obtain

t
e= lim supF I(s, 2™ (s),u™(s))ds

M= teR —o0
t
>supE 9(s,2(s),u’(s))ds = J(z,u’) > ¢.
teR —00

This shows that J attains its minimum at (Z,u°) € Y x U,gq. O
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5. Applications

Consider following partial stochastic differential equations of the form

2

st 4 ulo) [t st

62 s 82
= W[Z(tax)‘*‘h(t)/o bl(ﬁﬂay)ygz(f,y)dy]dt
s120)| [ 0a(e) oy )y + Gt )
L2 o 2\, Y 82{22 yY)ay 2u y L
s 62
- b3<m,y>y2z<t,y>dydw<t>] (5.1)
0
teR,t#ts,i € Zyu € Unp,x € [0,7],

Az(ti,x) = 01(8)2(ti,x), 1€ Z,z €[0,7], (5.2)
z(t,0) = 2(t,m) =0, teR, (5.3)

where W(t) is a two-sided standard one-dimensional Brownian motion defined on
the filtered probability space (2, F,P, 7). In this system, ¢; = i+ %| sin g + sin v/2i],
{t{},i € 7Z,j € Z are equipotentially almost periodic and v = inf;cz(t;41 — t;) > 0,
one can see [21] for more details.

Let H = Y = L?([0, 7]) with the norm || - || and define the operators A : A(D) C
H — H by Aw = w” with the domain D(A) :={w € H: w” € H,w(0) = w(w) = 0}.
Then A is the infinitesimal generator of an analytic semigroup T'(t) on H and
| T(t) |< e~ for t > 0. Furthermore, A has a discrete spectrum with eigenvalues of
the form —n? n € N and normalized eigenfunctions given by e, () := (%)% sin(ng).
The following properties hold:

(a) If w € D(A), then Aw = —3 "7 n*(w, e,)en.

(b) Forw e HT(H)w = 320 e ™ Hw, e)en, (—A) 2w =312, Liw, en)en.

(¢) The operator Az : D(A2) C H — H given by A2w = S n{w, e,)e, on the
space D(Az) = {w(-) e H: S n{w, en)e, € HY.

Moreover, || A~z ||= 1, and

i 271 - 2, —2n’t 2 1
| AZT(t)w || f¥Znte [(w, en)enl < o

—lw|? we,

n=1

where we have used the property that the function fi(x) = xe™* takes its maximum

e~! at x = 1. Therefore, we can choose My = \/% Let Hy := (D(Az2),]| - 1),
where || - [[1:=] Azz | for each z € D(A?). For d > 0, we define the admissible

control set Uyq = {u(-,y)|R — Y measurable, F;-adapted stochastic processes, and
| wllzz ,y)< d}. Find the control u(t, z) that minimises the performance index

t
J(z,u)(x) = supE/ {/ |2%(7, x)|?dx + / |u(T, x)|2dz] dr.
teR —0 [0,7] [0,7]
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Define the operators B; by B; = A with D(B;) = D(A), then B; : L?(P,H) —
L?(P,H) are bounded and || B; || p(zr@my)= 1,7 = 1,2,3.
We assume that the following conditions hold.

(i) The functions by (-), %bl (x,y), are (Lebesgue) measurable, b1 (0,y) = by (7, y)
= 0 for every y € [0, 7], and

by ([ [ (Zoten) aetr) 501} <

(i) The functions b; : [0, 7] x [0, 7] = R, j = 2,3, are continuous functions, and

T T 1/2
(/ / b?(x,y)dydx) < 00.
o Jo

(iii) The functions ¢; : R — R is piecewise pseudo almost periodic functions and

: R — R is piecewise Stepanov-like pseudo almost periodic functions, and

there exist lo, 1 > 0 such that [¢1(t) — t1(s)|P < lo|t — s| and |o (8)|P < o,
lia(t)|P < 1) for all t,s € R.

For t € R,z € [0,7]. Defining the maps ¢, f,F : R x LP(P,H) — LP(P, H),
I, : LP(P,H) — LP(P,H) by

2

9(t,) (&) = 11 (1) / ' b1<x,y>§—yw<y>dy,

2

£t 9)(x) = ia(t) / ’ b2<x,y>§—y2w<y>dy,

2

F(t,4)(x) = ta(t) / s ) 2 () dy,

ay?
and

L) () = Bip(ti,-), i€ L
For all u € L2(R x [0, 7]), we define an operator B as follows:

(Bu)()() = 12(0) yult, 7).

Then, the above equation (5.1)—(5.3) can be written in the abstract form as the sys-
tem (1.1)—(1.2). It is then easy see that g, I; are piecewise pseudo almost periodic
functions and f, F' piecewise Stepanov-like pseudo almost periodic functions. More-
over, assumption (i) implies that g is D(A2)-valued. In fact, for any ¢ € L?(PP, H),
we have by assumption (i)

() = [ ento) (a0 [ bl<x,y>§;¢<y>dy) "
- L1T(Lt) < /OF 6‘1(/07r bl(x,y)(;a;gb(y)dy) dzx, \/zcos(nx)>,
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and

E || g(t,v) — g(t1,11) ||1

Lo L ([rengpom
(e [ menggoonm) )
([ (2

< (a0 = el + el 1o - 1)]|

< 2P LB[ (8) = (8P + Ja (8D 1] 9 — 1 [1P]
< Lgflt — tal+ 1 & — 41 ||7]
and E || g(t,v) K< Ly || ¥ ||? for all t,t; € R,¢, ¢ € LP(P,H), where L;, =
2

2P=1[P[y. From assumption (ii), we have

E f(t9) = ftr,91) II” TE || F(t,9) — F(ty,¢1) |7

e[ ([ o ot st ac) |
+z}E[< /0 ( /0 ba(z, ) (fyg[w(y)wl(yndy)Qdm)UT
<Z~IK/OW /07r bf(x,y)dyd:p>p/2+ </07r /OTr bg(x,y)dydxy/z}

X || —aby ||
=Lpr =11 [P

and E' || f(t,9) Is» +E | F(t,4) Ig< Lyr || ¢ |7 for all t,t1 € Ry1p,ahy €
LP(P,H), where Ly p = L [f]" [ b3(z, y)dydz)?/?+ [ [ b3(x, y)dydz)P/?]. Further,
11(i) € PAP(Z,R) implies that I, € PAP(Z,LP(P,H)), i € Z, and E || I;(z1) —
Il(aig) ||p§ C; H 1 — X2 ||p§ C; || Tl — X2 Hg and F || ]Z‘(.’Lj) ||p§ C; || T1 ||1; for all
x1, 2 € LP(P,Hy ), where ¢; = |t1(2)|P, i € Z. Therefore, the assumptions (H2)-(H6)
all hold in Section 3. It is obvious that (Bu)(t)(x) is measurable in t € R,z € [0, 7].
For u € L*(R x [0,7]), we have || Bu [[7>, .S Lu | @ [172@x(o.qp)> Where

L, = g—}) Then, we can conclude that B € L>°(R, L(H)). Further, all the conditions
stated in Theorem 4.2 satisfied. Hence by Theorems 4.2, the system (5.1)—(5.3) has
at least one optimal pair.

6. Conclusion

In this paper, we studied the Stepanov-like pseudo almost periodic periodicity for
a class of impulsive partial stochastic differential equations in Hilbert spaces. More
precisely, by using stochastic analysis, analytic semigroup, fractional powers of
closed operators and the Krasnoselskii-Schaefer type fixed point theorem along
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with a new composition theorem, we discussed the existence of p-mean piecewise
Stepanov-like pseudo almost periodic mild solutions for these equations under non-
Lipschitz conditions. Then, we investigated the existence of optimal pairs of the
impulsive stochastic control system. Finally, an application is provided to illustrate
the applicability of the new results.

There are two direct issues which require further study. First, we will investigate
the p-mean piecewise Stepanov-like weighted pseudo almost periodicity in distribu-
tion and optimal control for impulsive partial stochastic differential equations with
infinite delay in Hilbert spaces. Second, we will devote our efforts to the study of
the time optimal control of impulsive partial stochastic differential equations and
inclusions.
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