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OUTPUT CONTROLLABILITY AND OPTIMAL
OUTPUT CONTROL OF POSITIVE
FRACTIONAL ORDER LINEAR DISCRETE
SYSTEM WITH MULTIPLE DELAYS IN
STATE, INPUT AND OUTPUT
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Abstract The article concerns output controllability and optimal output
control of positive fractional order discrete linear systems with multiple de-
lays in state, input and output. Necessary and sufficient conditions for output
reachability (output controllability from zero initial conditions) and null out-
put controllability (output controllability to zero final output) are given and
proven. We also prove that the positive system is output controllable if it
is output reachable and null output controllable with the output reachability
index is equal or less than the null output controllability index. Sufficient
conditions for the solvability of the optimal output control problem are given.
Numerical examples are presented to illustrate the theoretical results.
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1. Introduction

In positive systems state variables and outputs are constrained to be positive, or
at least nonnegative for all time whenever the initial conditions and inputs are
nonnegative [13]. Since the state variables and outputs of many real-world processes
represent quantities that may not have meaning unless they are nonnegative because
they measure concentrations of substances, population levels, and so on, positive
systems arise frequently in chemistry, biology, ecology, pharmacology, medicine,
management sciences, economics, social sciences, etc. An excellent survey of positive
systems with an emphasis on their applications in the areas of management and
social sciences is given by Luenberger in [28]. The more recent monographs by
Farina and Rinaldi in [9] and Kaczorek in [13] are devoted entirely to positive linear
systems and some of their applications. Since positive systems are confined within
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a cone located in the positive orthant rather than in the whole space [2,27,35], their
analysis and synthesis are more complicated and more challenging.

The notion of controllability due to Kalman [19] is important in the mathe-
matical control theory [5,20,22]. Controllability continually appears as a sufficient
condition for the existence of solutions to many control problems, for example, sta-
bilization of unstable linear system by feedback. Basically a system is controllable
if its state can be driven from any initial state to any final state using only certain
admissible controls.

The systems described by fractional order differential or difference equations
have been investigated in many areas in science and engineering [7,18,29-31,33,34].
The reachability and controllability of fractional discrete linear systems have been
considered in [12,21]. The reachability and controllability of fractional discrete
linear systems with delayed state were analyzed in [4]. The minimum energy control
problem for fractional discrete linear systems with and without delays has been
formulated and solved in [4,21,23]. Works on reachability, controllability to zero
and minimum energy control of positive fractional order discrete linear systems has
been investigated in [16,17,36].

It is worthwhile to note that controllability is defined for states instead of out-
puts. In most engineering applications, it is needed to direct the output toward
some desired value. In fact, having control over the output of the system has a
significant importance if not more than the states. For example, the control of a
multilink cable-driven manipulator, where the task is typically defined in terms of
end effector pose, rather than the joint positions and velocities which can define
the system’s state [25]. Under such a situation, it is natural to consider output
controllability [1,6,8,10,11,24,26].

Output controllability is a property of the impulse response matrix of a lin-
ear invariant-time system which reflects the dominant ability of an external input
to move the output from any initial condition to any final condition in a finite
time. The necessary and sufficient criterion for output controllability of linear
time-invariant systems is addressed in, for example, [10]. The output reachabili-
ty of positive linear discrete systems is discussed in [14]. The problem of output
reachability of positive discrete linear systems with state delay has been studied
n [15]. The output controllability of positive linear discrete systems with delays in
state, input and output was considered in [32].

In this paper the output reachability, null output controllability, output con-
trollability and optimal output control problems for the positive fractional order
discrete linear systems with multiple delays in state, input and output will be for-
mulated and solved.

The remainder of this paper is organized as follows. In the next section some
mathematical preliminaries of fractional order positive linear discrete systems with
delays in state, input and output are presented. We investigate the output control-
lability in Section 2. Section 3 gives the formulation and solution to the optimal
output control problem.

Notations. N the set of nonnegative integers, N, the set of positive integers,
of = {s,s+1,...,k} the finite subset of N with s < k, R™ the set of real vectors
with n components, R’} the set of vectors in R™ with nonnegative components, i.e.,

Ri:{I:(Jﬁlyﬂﬁz,-u,fﬁn)TeRn: zi 20, ieo?},
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where T' denotes the transpose, R™*™ the set of real constant matrices of dimension
nxm (R" = R”X1)7 I,, the identity matrix in R"*", A~! the inverse of A € R"*"

» in the diagonal and zero else.

diag [CM . Cln} the matrix formed with (ai)ieg1

2. Positive fractional delay systems

Using Griinwald-Letnikov approach, a definition of fractional discrete approxima-
tion of the derivative is given as follows.

Definition 2.1 ( [30,33]). The discrete fractional difference is defined by
a 1 i
Ay = S ey (2.1)

where 0 < a < 1 is the fractional order, h is the sampling time (taken equal to 1 in
all that follows) and ¢ € N is the number of sample for which the approximation of
the derivative is calculated.

@
The binomial coefficients can be obtained from the following relation

o 1 for j =0
j wﬂﬂjgl\hw

In this work we shall consider the fractional discrete linear delay system de-
scribed by

P q

T — E
A Tit1 = g OAJ'{ITZ',]' + 4 OBj’U,i,ﬁ

J= J=

l v (22)
Yi = Z ijifj + Z Djui,j, S N,
§=0 §=0
the initial conditions for (2.2) are given by
u_j € R™ for j € o™ and z_; € R for j € g™ P!}, (2.3)
where
A%z 41
Atz = : ; (2.4)
Aanl‘n,i-&-l
AW
with 0 < a; < 1 for j € of, z; = € R” is the system state, u; € R™
Tn,i

the control, y; € R" the output, A;, B;, C; and D, real constant matrices with
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appropriate dimensions and p, ¢ and v, and [ the nonnegative integer maximal
values of delays on state, input and output, respectively.
Using Definition 2.1 we may write the equation (2.4) in the equivalent form

141 . (o751
(-1 T1it1—j
o — .
A $17H_1 J ] i A
AT{IJiJrl = = = Z (_1)j ’rj‘ri+1*j7
j=0
Aanxn,i-‘rl i+l : Qo
(-1 Tnit1-j
IRV _
(2.5)
with
a1 Qo
T; = diag .
J J
By equations (2.5) and (2.2) we deduce that
i+1 X p q
v
Tit+1 — Z (=) Y jwipa—j = ZAjl‘i—j + Z Bijui—;. (2.6)
j=1 j=0 j=0
Let A; = (=)' T;. Equation (2.6) can be rewritten as
P i+1 B q
Tiy1 = (Ao + Tl)xi + Z Ajl‘i_j + Z Aj$i+1_j + Z Bju;_j,
j=1 j=2 j=0
then
4 i B q
Tiv1 = Aox; + Z Ajl‘i,j + Z A1+j$i,j + Z Bjui,j7 (27)

j=1 j=1 =0
where Ag = Ag + 1.

Remark 2.1. The matrices 4; (j € N) satisfy the relation

B 1 o
Ay = m(ﬂn — A1)A;.

Now, we define the positivity of system (2.2) using the following

Definition 2.2. System (2.2) is said to be positive if ; € R} and y; € R’ , i € N,
for any initial states x_; € R (j € a(r)nax{p’l}), for any initial inputs u_; € R
(j € o™}y and all inputs u; € R™, i € N.

Definition 2.3. A matrix A = (a,;) in R™*™ is said to be nonnegative, and denoted
by A € R}*™ if all of its elements are nonnegative, i.e., a;; > 0 for all i € o7,

Jjeol.
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. o
Since 0 < a; < 1 (j € of), then (=) [ 77 | > 0 for all i € N4 (see [18]),
i
and consequently the diagonal matrix A; (i € N, ) is composed of positive diagonal
elements. Hence, necessary and sufficient conditions for positivity of the retarded
system (2.2) are given by the following theorem.

Theorem 2.1. System (2.2) is positive if and only if
Ao e R, A; e RY™ (jeoal), B e RI™ (j€0q), (2.8)

C; R (jeob), Dy € RY™ (j€ap). (2.9)
Proof. (Sufficiency) If the condition (2.8) is satisfied, then from (2.7), for i = 0,
we have
P q
x1 = Apxg + ZAjl‘_j + ZBju_j S Ri,
j=1 §=0

since z_; € R (j € ofy) and u_; € R} (j € o). Assume that z;, € R’} for k € of.
From (2.7) we have

p % q
Tiv1 = Aox; + Zijifj + ZAHjxi,j + ZBjui,j € err,
j=1 j=1 =0

since (2.8) holds, z;—; € R} (j € o), u—; € R} (j€o]) and u; € R}, i € N.
Hence z; € R for any i € N. Consequently, if the condition (2.9) is satisfied, we
get that y; € R, for every i € N since z_; € R% (j € 0})), u—; € RT (j € 0}) and
Uu; € RT, 1€ N.

(Necessity) Assuming that the system (2.2) is positive, let u_; = 0 for j €
Uénax{q’v}. Then for ¢ = 0, we have

p l
r1 = Aoz + ZAJ'(E,j = Az € Ri and yo = Z Cj.’E,j =(Cz € RTH
j=1 3=0

with
A= [AO Al Ap:| c [Ran(P-i-l)7 C = |:CO Cl Cl] ERTXTL(H_D,
and

T T
To = {«TO T_q - xﬁp} GRn(p+1)’ T = [550 T_q - 9571} c R+,

Hence A € R7"PHY je Ay € RW™ A; € R?" (j € o¥) and C € R

ie., C; e R (j € O‘(l)) since Tg € Ri(pﬂ) and T1 € Ri(lﬂ) are arbitrary.
Now, assume that z_; = 0 for j € aéﬂax{p’l}, and for ¢ = 0, we obtain

q v
T = ZB]'U_J‘ = Bug € R:L_ and yo = ZDju_j =Du, € R:_,
j=0 j=0
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with
B = |:BO By qu| c RnXm(qul)’ D = |:DO Dy - Dvi| c IR?“Xm(v-l—l)7
and
T T
Uy = [UO U_qp - u_q} c Rm(q-‘rl)’ i = [UO U_q - u—v:| e Rm(v-{-l).

Which implies that B € R7*™*V e, B; € R™*™ (j € o) and D € R™HY,

ie., D; e RIZ™ (j € 0f) since 1o € RT(‘”I) and 4; € RT(UH) are arbitrary. This

completes the proof. O
In all the sequel, we assume that the system (2.2) is positive.

3. Output Controllability

Definition 3.1. System (2.2) is said to be output controllable in N steps if, for any

desired final output yq € R’ , any initial state sequence x_; € R} (j € a(r)nax{p’l})

e 1 . ax{q,
and any initial input sequence u_; € R (j € o x{a v})

sequence u; € R, i € G‘év ~1 which steers the output of the system from x_j to
Yd, 1-€., yn—1 = yq- We say that system (2.2) is output reachable in N steps (null
output controllable in N steps) if it is output controllable in N steps from zero
initial conditions (if it is output controllable in N steps to zero final output).

, there exist an input

Definition 3.2. System (2.2) is said to be output controllable if, for any desired
max{p,l}

final output yq € R’,, any initial state sequence xz_; € R’ (j € o ) and any
initial input sequence u_; € R (j € Jinax{q’v}), there exist a positive integer N

and an input sequence u; € R, i € aév ~1 such that the output of the system is
driven from z_; to yg, i.e., yv—1 = yq. We say that system (2.2) is output reachable
(null output controllable) if it is output controllable from zero initial conditions (if
it is output controllable to zero final output).

Clearly, if a system is output controllable then it is output reachable and null
output controllable. The aim of this section is to establish a sufficient condition for
the output controllability of system (2.2).

Similarly to the case of classical discrete system with delays (see [3]), we use the
Z-transform method to show that the general formula of the state of system (2.2)
has the form

p p—j+1 q q—j+1

ri=Giwo+ Y, Y GipAir—i4jo—;+ > >, GigBr_iyju_j
4 j=1 k=1 j=1 k=1 (3.1)
i—1 q
+ Z Gi_l_j_kBkUj, i1 €N,

§=0 k=0

where the transition matrix G, € R™*™ (i € N) is determined by the recurrence
relation

I, for i =0,
Gi= P izl _
AoGic1+ > ApGici—p+ > App1Gioi—p for i e Ny,
k=1 k=1
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with the assumption
G; =0 for i<0O.

For any integer 4, we put HY = G; and, for all i € N, we pose

. p_jFl 0 )
Hj = > H)  Aw1yj, JE€oi,
. qﬁ;-il-l (3:2)
Li= 3 H};Bi1y, j€oi,
k=1
with H = 0 (j € o¥) and L! = 0 (j € ¢¥) for i <0.
Remark 3.1. For all 1 € N, we have
H],, =HI" + H)A;, jedt,
Hzp-i-l = H?Apv
and
Ll =L+ HB;, jeof,
L, = HYB,.
Moreover, for ¢ € N, we put
q
K=Y H{ By, (3.3)
k=0

with K; =0 for ¢ < 0.
Clearly by (3.2) and (3.2), the solution (3.1) is given by the following new formula

P q 1—1
xXr; = H?Io + ZHi]‘T—j + ZLgu_j + ZKi—l—juj; i€ N.
j=1 Jj=1 7=0

In the remainder of this section, and without loss of generality, we assume that
p>1,q>vand ! =v. Indeed, for example, if | > p we can set A; =0 for j € (Té_'_l.
Now, we introduce a matrices sequence as follows

. l .
Hz == Ck,HiJ_k;a ] S Ugv 7’ € N7
=0

k
HI =H] +Ciyjy, jeoi™ ical,

. l .
L= CLl,, jeol, ieN,
k=0
L] =L 4Dy, jeoi™ ical™,
l
Ki= > CyK;, i€N,

k=0
K;=K;+ Dy, 1€ 0'671.
For 0 <4 < I, we have

i I i I
yi=» Cwxik+ Y Cetip+ Y Dpuip+ Y Dyuiy
k=0 k=it+1 k=0 k=it+1
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i q l
= Z CkH _rTo + Z Ch Z _pT—j+ ch ZL{_ku,j + Z Crxi_k

k=i+1
i—k—1

+ Z Dyu;— k+ZCk Z Ki_j_1- ju]+ZDkuz k

k=i+1

= ZCkHz EL0 +ZCkZH7 kT—j +ZC’€ZL1 LU—j + Z Crxi_k
k=i+1
i—k—1
Z Dyui— k+zclc Ki—p—1-ju; + ZDkUi—k

k=i+1 —

(Z CkH ) xo + Z (Z CkH T_j+ Z (Z OkLZ k) U—j
1 \k=0 1 \k=0
" i—1 [fi—j—1 " i—1
+Z C iTi—j+ Z D jUi—j + Z ( Z CkKij1k> uj"’ZDifjuj""DOUi
Jj=i+1 j=i+1 k=0 j=0
l—i I—i
= H?l‘o + ZH?.I_J' + Zﬁgu_j + Z Citjr—j + Z Diyju_j
j=1 j=1 j=1 j=1

i—1
+ Z (Kifjfl + Di,j) uj; + Dou;

=0

—i 1—1
=Hzo+ > (H] + Cipj)z_; + Z Mo+ > (L] + Ditj)u-

i=1 Jj=l—i+1 j=1
1—1
Z £l iU—j +Z’Cz j—1u; + Douy;
j=l—i+1 j=0
At St S Wt Y e 3 g
Jj=l—i+1 it 1
i—1
+> Kiejo1u; + Dous.
j=0
Hence
yi = Qiy1d0 + Rizrug', (3.4)
with
Qit1= [Mi+1 Oi+1:| S Rix(n(p+1)+mfﬁ7
where
Miy = {7—[10 HL ol Hf} c R:_Xn(p—&-l)’
and

Owr = L1 £ gl o] e R,
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Zo

r—1

~ n(p+1)+mq
To= [x_p S R+( ) y

and ~ _
Uj
. U;—1 .
i+1 (i+1)m
Uy = € RY .
Uo

For ¢ > [, we have

l l D l q
Y; = Z CkH?7k£U0 + Z Ck Z Hz-j_k$7j + Z Cy. Z Lg_ku,j
k=0 k=0  j—=1 k=0 =1

l i—k—1 l
+ch Z Ki_p_1-ju; +2Dkui—k
k=0 §=0 k=0
l p l
— < C’kHl_k> To+ Y (Z CrpH ) T_j+ Z (Z CpLi_ k) u_j
k=0 j=1 \k=0 j=1 \k=
i—l—1 l i—1 —Jj— l
+ <ZCszglk U, + Z < Z Csz 7—1 k) Uj +ZD Uj—j
j=0 \k=0 j=i—l \ k=0 =0
l P l
— < CrH! k) To + Z (Z CkHij_k> T_j+ Z <Z CyL? k) (T
k=0 j=1 \k=0
—1

— l
= ’H?Z‘o + Z,ng_] + Z‘CZU—J + Z’Ci_j_lu]‘ =+ ZDjui_j
i—l—1
= Hoxo-l-ZH ZL',]-FZ,C Uu— J+ ZICZ i— 1’LLJ+ Z i— j71+Di7j)Uj+DOui
j=i—l
i—1—1 i—1
_HIO+ZH J,‘_]+Z£JU_J+ Z Ki—j—1u; + Z ICZ —j—1uj + Dou.

j=1 j=1 j=0 j=i—1
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Then, we get
yi = Qiy170 + Rivruy™t, (3.5)

with
Qit1 = [’H? 7-[2.1 7.[11? [-:zl £f} c R:X(n(p+1)+mq)’

and
Ritr = [DO Ko Ki—1 Ki - Kiza /Ci—l} € R:X(”l)m_

A column with exactly one of its components is positive and all the others
are zero is called monomial or i-monomial if the positive component is in the ith
position. A monomial matrix consists of linearly independent monomial columns.

Lemma 3.1 ( [13]). Let A € R*". Then A™! exists and is nonnegative if and
only if A is a monomial matriz. Furthermore, A™' is equal to the transpose matric
AT in which every nonzero element is replaced by its inverse.

Then, a necessary and sufficient condition for the output reachability of system
(2.2) is given by
Theorem 3.1. The system (2.2) is output reachable if and only if for some N €

Ny, the output reachability matriz Ry contains a v X r monomial submatriz (so
r < Nm).

Proof. (Sufficiency) Let y4 € R’, be the desired output to be reached. From (3.4)

or (3.5), we have
yn—1 = Onio + Ryuf.

With zy = 0, this gives
YN—-1 = RNU(I)V.

The matrix R includes a r X 7 monomial submatrix, and without loss of gen-
erality, we can assume that

RN = |:R1 R2j|
such that Ry € R*" is a monomial matrix and Ry € R:_X(Nmfr). Hence by Lemma
3.1, we have Ry' € R7*". Thus for

Ry 'ya
ud = ! e RY™,
0

we get

YN—-1 = [R1 R2:| Rl_olyd = Yd;

i.e., the system (2.2) is output reachable.

(Necessity) If the system (2.2) is output reachable, then, in particular for y4 = ey
with ey, being the kth column of I,., there exists Ny, € N, and an input uév’“ S Rf’“m
such that

er =R, uév k)
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vem and up® = ()

with Ry, = (rij)ieof,jeal jeoim: Hence

Nkm

> reing =1, (3.6)
=1

and for ¢ € o] with i # k, we have

Nkm

Z Tijh; = 0. (37)
j=1

So by (3.6), there exists s € a{v’“m such that ps # 0, and consequently by the

equation (3.7) we have r;; = 0 for all ¢ € o] with ¢ # k. Hence, if ris # 0, then the
sth column of Ry, is monomial. If 75 = 0, then the sth column of Ry, is null,
which implies that
Nkm
Triki =1, J# s,
j=1

Nkm
S ripy =0, i€ o} withi# k.
j=1

The same reasoning gives the existence of a k-monomial column or another null
column of Ry, . Since the columns of Ry, are not all null, then Ry, has at least

one k-monomial column. Let N = max Nj.. Since every column vector of Ry, is
€oy

also a column vector of Ry, then Ry contains a r X r monomial submatrix. The
theorem is proved. O

Corollary 3.1. System (2.2) is output reachable in N steps if and only if the output
reachability matriz Ry includes a monomial submatriz of order r x r (r < Nm).

Proof. It follows directly from the proof of Theorem 3.1. O

Definition 3.3. If the system (2.2) is output reachable, then the minimum positive
integer N such that Ry contains a r X 7 monomial submatrix is said the output
reachability index.

Example 3.1. Suppose that we are given the fractional system

y4 q
AT.ILH_l = Z iji—j + Z Bjui_j,
j=0 =0
l v ]
Y; = Z le'i—j + Z Djui_j, 1 €N,
i= =0

with p = ¢ =1 = v =2 and the matrices

05 0 0 000 101
Ao=1| 0 —-04 0 |,A4A=]|010],A4=1]000],
1 0 03 010 10.80
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K 1 0
BOZ 11, BIZ 0], BQZ 0],
0 0 1
00 0O 10 0 001
0 — ) Cl = ) CQ_
00 0.3_ 00.70.2 0500
1 0.5 1
D(): ) Dl: ) DQ:
0 1 0.3

If oy = 0.5, ag = 0.4, g = 0.7, then for NV = 5 we obtain the output reachability
matrix

R5 = Do Ko I&l /CQ K:3]

10511 O

01 1091.14

The matrix Rs includes a monomial submatrix. Therefore, by Theorem 3.1, the
system is output reachable, with 5 is the output reachability index.

Now, if we choose a; = 0.8, as = 0.7, ag = 0.7, then we obtain the following
output reachability matrix

1051 1 03

5 =
01 11.183.339

Hence the system is not output reachable in 5 steps.

Remark 3.2. System (2.2) is output reachable if for some N € N, , the matrix
R has full row rank, i.e., rank Ry = r and

RE(RNRY) ™ e REY™>™, (3.8)
The nonnegative input sequence u; € R, i € aév ~! which steers the output of the
system from z_; = 0, j € o}, to any desired output yq € R, with u_; = 0 for
j € o, can be computed by the formula

uy = RY(RNRY) ™ Ya- (3.9)

Indeed, if rank Ry = r then the matrix RxRY is invertible and, if (3.8) holds
and yg € R, then udl € ]Rfm with

yn—1=Ryu) = RyRY(RNRY) ™ "Ya = va-

Now, a characterization of the null output controllability of system (2.2) is given
by the following theorem.
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Theorem 3.2. The system (2.2) is null output controllable if and only if for some
N € Ny, the null output controllability matriz Qn is null.

Proof. (Sufficiency) From (3.4) or (3.5), at the step ¢ = N — 1, we have
ynv—1 = Qnio + Ryup,

since Qy = 0, then for u)’ = 0, we have yy_1 = 0, i.e., the system (2.2) is null
output controllable.
(Necessity) If the system (2.2) is null output controllable, then, in particular for
T = (1,1,..., )T € Ri(pﬂ) M4 there exists N € Ny and an input v} € RY™
such that
Qnio + Rnug =0,

o and wd = (1)

with Qn = (qij)iea;,jeaf@“)*mq’ RN = (ﬁ‘j)ieai,jegl jeam -
n(p+1) +mgq Nm n(p+1) +mgq
Thus Z qi; = — Z TijHj- But Tij g 2 0, implies that Z qij S 0.
Jj=1 j=1 j=1
Hence ¢;; = 0 for i € o7, j € O';L(p+1)+mq, which finishes the proof. O

Corollary 3.2. System (2.2) is null output controllable in N steps if and only if
the null output controllability matrix QN is null.

Proof. It follows directly from the proof of Theorem 3.2. O
Lemma 3.2. For all i > 2, the diagonal elements of H? are nonzero.

Proof. For all i > 2, we have

P 1—2
HiO = AOHZQ_l + Z AkHzQ_l_k + Z Ak+1HzO—1—k + A,
k=1 k=1
with 4; = (—1)"™" T, whose diagonal elements are nonzero. O

Example 3.2. Consider the fractional system
» P q
Alzipn = ) Ajwij + 3 Bjuiy,
§j=0 j=0
! v )
Yi = Z iji—j + Z Djui_j, 1 €N,
j=0 j=0

with p =1 =wv =1, ¢ = 2 and the matrices

-03 0 0 000
Ao=| 0 —-03 0 |,Ai=1]001 |,
1 05 —06 100.4
1 0 0
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1 00 0 1
Co=0, C, = , Do = , D1 =
0500 0.7 0

We first choose oy = 0.3, ag = 0.3, a3 = 0.6, then the system is null output
controllable because the null output controllability matrix in tree steps

Qs = |9 mb £} 3]

is null.

Now, we choose a1 = 0.6, az = 0.5, a3 = 0.7, then H # 0, and hence Q3 # 0.
On the other hand, according to Lemma 3.2, the diagonal elements of HY_, are
nonzero for all N > 4, and since C; # 0, then H%, | = C1HY,_, # 0, thus Qn # 0,
which implies that system is not null output controllable.

Remark 3.3. The system considered in the above example is null output control-
lable in tree steps for a; = as = 0.3, a3 = 0.6 but it is not in N > 4 steps because
On # 0. On the contrary, in the case of traditional discrete positive linear systems,
if the system is null output controllable in IV steps then it is null output controllable
in every step N > N [32].

In the rest of this section, we assume that the matrices C; (j € o})) are not all
null.

Lemma 3.3. If system (2.2) is null output controllable in N steps, then Qg # 0
for all K > N.

Proof. The system (2.2) is null output controllable in N steps, then Qn = 0. If
N <, we have

7:13'\/_1 = ,Hg\/—l + CN_1+j =0 for j S O'll_N+1,

which implies that C; = 0 for j € ;. On the other hand, we have

N—1
My 1 =Y CiHY | ;=Cn_1+Cn_oH] +Cy_sH) + -+ CoHR_, =0,
§=0
since the diagonal elements of H? are nonzero for all i > 2, then C; = 0 for j € o)’
with j # N — 2 which ensures that C_o # 0. Thus ’H,(])VfHk = ON_2H2+1 = 0 for
all kK > 1, then Qx4 # 0 for all £ > 1. Similarly, we prove that Qx # 0 for all
K>NifN>1+1. O

Definition 3.4. If system (2.2) is null output controllable, then the positive integer
N such that Qnx = 0 is said the null output controllability index.

Theorem 3.3. The system (2.2) is output controllable if it is output reachable and
null output controllable with the null output controllability index is equal or greater
than the output reachability index.

Proof. Since the system (2.2) is output reachable, then according to Theorem
3.1, Ry, includes a monomial submatrix of order r x r, with Nj is the output
reachability index. On the other hand, the system (2.2) is null output controllable,
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hence according to Theorem 3.2, Qn, = 0, with N3 is the null output controllability
index. Then the matrix
RNQ = |:RN1 R:| I
contains a monomial submatrix of order r x r, with R ER:X(NTNl)m. Hence, by
proof of Theorem 3.1, for any y4 € R’,, there exists a nonnegative input uév 2 e szm
such that
Yd = RN, uéVz.

(p+1)+mg

And since Qp, = 0, then for any ¢ € Ri , we get that

~ N.
yNQ—l = QNQJ:O + 7—\)‘1\727“,“() 2= Yd,

i.e., the system (2.2) is output controllable. O

Example 3.3. The system in Example 3.2 is output reachable for vy = ag = 0.3,
a3 = 0.6, with 2 is the output reachability index since

el

is monomial and null output controllable with 3 is the null output controllability
index, so by Theorem 3.3, the system is output controllable.

4. Optimal output control

The optimal output control problem, considered in this section, consists of clarifying
the conditions for the existence of an optimal control u* € Rf ™ which will solve
the problem
P : min J (u)
ueU

where U, is the set of nonnegative controls which steer the output of system (2.2)
from zero initial conditions (2.3) to a desired final output yq € R, in N steps and
the objective functional J is defined by

J Z/{+ *}RJ’_

N-1
N—1 > E U;TPUZ
=0

U= (ui)iEUO

P € R™*™ ig a symmetric positive definite matrix.
To solve the problem we define the matrix
M =RyPy'RE e R,
with
Py =diag| PP ... p| € RNmxNm,

—_——

N-times
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Remark 4.1. If rank Ry = r, i.e., a necessary condition of output reachability in
N steps of system (2.2), then the matrix M is invertible.

Now, we prove the following result.

Theorem 4.1. If system (2.2) is output reachable in N steps and
u* = Py RGM tyg € RY™, (4.2)

then u™ is the solution of the problem P, where yq € R} is the desired output.

Proof. We have
yn-1 (u*) = Ryu* = Ry Py " REM tyg = MM 'yq = ya,

where yy_1 (u*) is the output of system (2.2) corresponding to the control u* with
the initial conditions (2.3) equal to zero.
If w € Uy, then we have

yn—1(u) =yn—1 (u"),

thus
Ry(u—u*)=0,

which implies
(u—u")TRE = 0.

Hence, by (4.2), we have
(u—u*)' Pyu* = (u—u")TREM 1yg = 0. (4.3)
On the other hand, we have

(u —u*)T Py (u—u*) = (u—u*)T Pyu — (u—u*)T Pyu*
= (u-— )T Pyu = uT Pyu — u*T Pyu.
According to (4.3), we obtain
T Pyu* = u? Pyu* = u*T Pyu,
then
(u—u*)' Py(u—u*) = J(u) = J(u*) >0,
which ends the proof. O
Remark 4.2. Using (4.2) we establish that
J (u*) = u*T Pyu*

=y (M) Ry (Py") " PyPy RAM yq

=Yg (M)TRN (PR REM ya

= yd M RN Py REM tyq

= yI MMMy,

= yg My



Output controllability and optimal output control... 2185

Remark 4.3. If system (2.2) is output reachable in N steps and
PJ\—[lRTA}Mfl c Rf'HLXT7

then the optimal output control u* which steers the output of the system from zero
initial conditions (2.3) to any desired output y4 € R’ is given by

u* =Py "RyM ya.

Remark 4.4. If P = I,,, and (3.8) holds, then the nonnegative input u{’ computed
from (3.9) is an optimal output control with

N-1

J (uév) = Z ul u; = y5 (RNRY)  ya
i=0

Example 4.1. Suppose that we are given the fractional system
r 2 a
A Tit1 = Z ijifj + Z Bjui,j,
3=0 §=0
l v )
Yi = Z le'ifj + Z Dj’uli,j, 1€ N,
§=0 7=0

with p = ¢ =1 = v = 2 and the matrices

02 0 0 0.500 100
Ao=| 0 -050|,4=]|110]|,4=]011/|,
0 0 04 000 000.5
10 00 00

Bo=100|,Bi=|01]|,B2=100],

00 00 10
001 010 001
0= ) 1= ’ 2 = ’
000 001 011
00 00
DO:07D1: 3D2:
00.5 0.51

In this example, for every 0<a; <1, i €03, such that Ay = Agt+diag [al Q9 Qg ] €

Rim, we obtain the output reachability matrix in four steps
Ry = [DO /&0 161 K2:|

0000 0011
0000505100
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The matrix R4 includes a monomial submatrix. Then the system is output
reachable in four steps.
Now, we shall find the optimal control «* that transfers the output of the system

T
from zero initial conditions to the final desired output yq; = [1 1} in four steps

and minimizes the functional (4.1) with

1 -1
P =
-1 2
21 1 5 0
We have P~! = and M = R4P;'RY = . Consequently
11 02.75
T
000 0 0 00604
PORIM Ry
2 2 8 6
00573713 0 O
Hence the optimal control sequence has the form
ug
u*
u = " = PORIM Yy,
u3
(]
with
2 8
uO_ 7u1_ 9 »u2_ 6 7’U,3— 9
0 T 1 0.4
and
J(u*) =0.53

5. Conclusion

The output controllability and optimal output control for fractional order positive
discrete linear systems with delays in state, input and output has been formulated
and solved. Necessary and sufficient conditions for the positivity have been estab-
lished (Theorem 2.1). Criteria for the output reachability (Theorem 3.1) and null
output controllability (Theorem 3.2) have been proved. Sufficient conditions for the
output controllability have been established and proved (Theorem 3.3). Solution to
the optimal output control problem has been given (Theorem 4.1). We verified the
theoretical results stated in this paper with numerical examples.

We think that the techniques used in this paper can be useful to investigate the
output controllability and optimal output control problems for different positive
dynamical systems such as switched systems, fractional switched systems, stochastic
systems, etc.
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