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Abstract In this paper, we investigate the spectral analysis of impulsive
quadratic pencil of difference operators. We first present a boundary value
problem consisting one interior impulsive point on the whole axis correspond-
ing to the above mentioned operator. After introducing the solutions of impul-
sive quadratic pencil of difference equation, we obtain the asymptotic equation
of the function related to the Wronskian of these solutions to be helpful for
further works, then we determine resolvent operator and continuous spectrum.
Finally, we provide sufficient conditions guarenteeing finiteness of eigenvalues
and spectral singularities by means of uniqueness theorems of analytic func-
tions. The main aim of this paper is demonstrating the impulsive quadratic
pencil of difference operator is of finite number of eigenvalues and spectral
singularities with finite multiplicities which is an uninvestigated problem pro-
posed in the literature.
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1. Introduction

Researchers often encounter some discontinuities or degenerations investigating the
mathematical simulations of various physical or chemical phenomena. These phe-
nomena involve short-term perturbations which act abruptly. Over the years, s-
tudying the mathematical and physical models of these phenomena has been an
indispensable requirement for the scientists. Therefore, the equations involving
impulsive effects, often called “impulsive equations”, have been object of several
books [17,24,25]. Recently, theory of impulsive equations has received significant
attention on spectral theory and boundary value problems. For instance, spec-
tral properties of Sturm—Liouville, difference, Dirac and different kinds of operators
have been investigated with impulsive effects, in other words, transmission effect-
s [5,11,19,21,22,26,27].
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Considering the progress of improvements on this theory, in this paper, we intro-
duce a second-order impulsive quadratic pencil of difference operator on the whole
axis with one interior impulsive point. Before presenting our problem, let us shortly
give an overview on the existing literature about the spectral theory of differential,
difference and quadratic pencil of difference equations without any discontinuity.

The spectral theory of differential equations or Sturm-Liouville equations was
introduced by Naimark [23] and then intensively studied by other authors. For
detailed information, we refer to [12,18,20] and the references quoted therein. Many
results concerning differential equations carry over quite easily to the difference
equations.

As is well known, the second-order difference equation

A(tp—1 DYp-1)+(Gn—Nyn=0, neZ (1.1)

turns into
Ap—1Yn—1 + bnyn + ApYnt1 = )‘y'ru n ez (12)

in the event that b, = ¢, — ap_1 — a,, where A denotes the forward difference
operator, {an},; and {qn},c; are real or complex sequences. (1.2) gives the
discrete analogue of the Sturm-Liouville equation

—y" +qlz)y =Xy, =zeR (1.3)

Over the years, the equation (1.2) has been the subject of investigations due
to the wide applicability of difference equations in various areas. For the studies
on the spectral and scattering theory of difference equations, we refer to papers
[2,3,8,14,15]. Among these papers, the sequences {a,} and {b,} have to satisfy
the condition

D Inf (|1 = an| + [ba]) < o0, (1.4)
nez

in which n € Z and a,, > 0. The spectral theory of (1.2) and (1.3) is well developed,
even the matrix and g-cases are studied [4,6, 10].

Despite the fact that the dependence on the spectral parameter A is linear in
(1.1), researchers also studied the equation

A (-1 D yn-1)+ (qn + 2\p, + )\2) Yy =0, n€eZ, (1.5)

where this dependence is nonlinear. We should note that, in (1.5), a, # 0 for all

n € Z, the sequences {an},cz, {@n}nez and {pn},; are complex-valued satisfying

D Inl (11 = an| + [pal + lga]) < oo (1.6)
n€e”Z

It is worth mentioning here that (1.5) is likewise discrete analogue of quadratic
pencil of Schrodinger equation

—y" + [g(z) + 2xp(z) = N*]y =0, z€R, (1.7)

which is intensively studied in [7,9,16].
In [1], the spectral properties of non—selfadjoint quadratic pencil of Schrodinger
type difference operators corresponding to (1.5) has been investigated. This paper
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gives us opportunity to learn the structure of eigenvalues and spectral singularities
of these type operators with general conditions on the whole real line. But there
is no any study about spectral analysis of quadratic pencil of difference operators
with impulsive conditions in literature. Therefore, motivated by [1] and because
of the requirement of literature, in this paper, we handle an impulsive quadratic
pencil of difference operator so that we can compare the results to see the effects of
a discontinuity at one interior point n = 0.
This paper aims to investigate the quadratic pencil of difference equation

A (an—1 D yp—1) + (qn + 2upp + p*) yn =0, n € Z\{-1,0,1} (1.8)

together with the impulsive condition

1 Y-1 a1 Qo
=T , T = , (1.9)

VAVT VY-1 Qs Qg4

z
where 1 := 2 cos 5 is a spectral parameter, det T > 0, and {ai}i:1,2’314 are all com-

plex numbers. In (1.9), A denotes the forward difference operator and 57 denotes
the backward difference operator, i.e.

Ayn = Yn+1 — Yn,
VYn ‘= Yn — Yn—1-

Throughout this paper, we assume that {an},cz » {n}nezs {Pn}ney are complex
sequences satisfying (1.6) and a,, # 0 for all n € Z. Clearly, (1.9) is called the
impulsive condition or point interaction for (1.8), n = 0 is the single impulsive
point for the impulsive boundary value problem (IBVP) (1.8)—(1.9) and T is called
the transfer matrix which is used to continue the solutions from negatif integers to
positive integers.

The set up of this paper is summarized as follows: In Section 2, we present
some basic concepts concerning the notations and solutions of quadratic pencil of
difference equations without an impulsive point to use our further works. Then, we
obtain the representations of the solutions of IBVP (1.8)—(1.9). Section 3 discusses
the continuous spectrum and resolvent operator of this problem so that we can define
the sets of eigenvalues and spectral singularities by means of poles of the resolvent
operator. Main theorems and results of this paper are given in last section. So,
Section 4 includes sufficient conditions guarenteeing the finiteness of eigenvalues
and spectral singularities.

2. Statement of the Problem

Let us introduce the Hilbert space ¢5 (Z) consisting of all complex-valued sequences
Y := {Yn}nez With the inner product

<Y,z >= Z (yna Zn) ) {yn}nez s {Zn}neZ eC
nez
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such that

2 2
llyllz, == D lyal” < oo

nez

We will denote the operator £,, in ¢5(Z) generated by the IBVP (1.8)—(1.9).

In order to set the theory for our impulsive operator £,,, we need some prelim-
inaries. For convenience, we will use the same notations and representations with
the reference [1]. The bounded solutions of (1.5) which are represented by

o 2
fi(z) = plem <1 + Z K,‘fmel 2) , nez, (2.1)
m=1
and
. m=_1 —imE
[ (z)=p e (1 + Z K, e 2) , mEZ (2.2)

for € C4 := {z € C: Imz > 0}, where

o) -1 r=n—1 -1
pzz{m—an} and pn:{ 11 <—ar>} (2.3)

r—n

are said to be Jost solutions of (1.5). As is seen, the coefficients p;* and the kernels
KZ, are uniquely expressed in terms of {an},cz, {Pn}nez and {gn} ez It will
be useful to keep in mind that the condition (1.6) assures the convergences of
the products in (2.3) and the kernels K [1]. Moreover, we will also need the
inequalities for the kernels K= obtained as

o0

’Kfr—l_m’ <a Z (|1_ar‘+|pr‘+|QT|)a (24)

r=n+(| %]

r=n+[|F|]+1
’Kr:m’ <2 Z (|1_ar‘+|pr‘+|QT|)7 (25)

where || % ] denotes the integer part of % and ¢y, ¢y are positive constants. In other

words, as consequences of (2.4) and (2.5), the solutions f, and f, satisfying the
asymptotic equations

fE(2) = exp (inz) [1 + o(1)], 2z€Cy, n— oo, (2.6)

fE(2) = pfexp(inz)[L+0(1)], ne€Z, z=E+ir, T— o0, (2.7)

are called Jost solutions of (1.5). Note that, fT(z) := {f;7(2)}, s and
I (2) = {f ()} 7 are both analytic with respect to zin Cy := {z € C: Imz > 0}
and continuous in C,.

On the other hand, g*(z) := {g£(2)}, < are also solutions of (1.5) for

z€C_ :={z€C:Imz <0} satisfying the asymptotic equations

g2 (2) = exp (Finz)[1 4+ o(1)], 2€C_, n — +oo. (2.8)

Similarly, g are analytic with respect to z in C_, continuous in C_. It is obvious
that for z in C_, g=(2) = fF(—z) holds.
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Definition 2.1. Wronskian of any two solutions v = {uy }, 5 and v = {v,}, o, of
(1.5) or (1.8) is defined as

Wlu,v] := ap [unVnt1 — Unt10n] - (2.9)

Lemma 2.1. The pairs {f;} (2)},ez. {fd (=2)}nez and {f7 ()} ez {f0 (=2)}aea
form two fundamental systems of solutions of (1.8) for ze R*:=R\{z: z=km, k€Z}.

Proof. It can be easily calculated from (2.9) that
W[fE(2), ff(~2)] = F2isinz, z<cR. (2.10)

Since W[f*(z), f£(—=2)] # 0 for all = € R*, we prove that the pairs {f;(2)},cz

{fif(=2)} ez and {f, (2)} e, {fir (—2)},,cz are linearly independent. This com-

pletes the proof. O
Now, we are ready to continue with the impulsive quadratic pencil of difference

equation. We first seek the solutions of (1.8)—(1.9) and express two of them as

RO (IR S

and

—(~ fr:(z)a nez,
e {53@ F(2) + B2 fir (—2), neZt, (2.12)

z
for 1 = 2 cos 517 € R*, {Bi};1 2,34 are arbitrary coefficients depending on z. Using

the impulsive condition (1.9), we get uniquely

Bi(2) = s {aa i ()L (-2) Fauf{ () v Iy (—2) (218)
—arf2y(=2) B fF () — a2 A fF (2) v (=)}
Bol?) = e {af L () A S () + a2 A FF () VL) (214)
—azf7(2) f1 (2) _a4f1 (Z)Vf:1(2)}7
Ba(2) = s {afL () A f (—2) +aa A f (-2) V () (215)
—asf ()i (=) — auff (=) v F(2)}
Bu(2) = —5——f{auff ()2, (2) + i (2) ¥ £2,(2) (2.16)

—onf21(2) A i (2) — 2 A fiT(2) v [ (2)}
for all z € R*.
Corollary 2.1. Using (2.9)-(2.16), we easily conclude that

—2isinzB5(z), nez,

—2isin zﬂg(z)i det T, neZt,
a_s

holds for all z € R*.



Impulsive quadratic pencil of difference operators 1459

Remark 2.1. (2.14) and Corollary 2.1 imply that the function S5 has an analytic
continuation from the real axis to the open upper half-plane C,. Hence, following
the same idea of [1], we obtain the analyticity of G in C; and continuity in C,
then we get that G is a 4w-periodic function.

Theorem 2.1. Under the condition (1.6), the function By has asymptotic equations
for allm € Z and Im z — oo.

4
(i) Assume > ay #0. Then the asymptotic equation
k=1

62(2)6—31'2 _

dtT ~1P1 Zak

is satisfied.

4
(ii) Assume Y, ap =0 and a_a = a1. Then the asymptotic equations
k=

Bz(z)e*‘“":fﬁ[(aﬁaz)pilpi* (a2 + aa)py p=,] [1+0(1)], az#as,

Ba(z)e™ " =

are satisfied.

a_
I tTOQPzP o1+ 0(1)], ax=az

Proof. Equation (2.14) can be rewritten as

Ba(2) = gr—as [(a1 4+ @2) 21 ()5 () = (o1 + a2 + @ + @) 5, () (2)
—anfif (2) F55(2) + (a2 + an)fi () 2(2)] (2.17)

Thus, from (2.7), we have the asymptotic equation for (2.17).

—__ %2
%3 = gz derT
—e”(ag + as)pf pTy + € Faspd pZo} 1+ 0(1)], Imz — oo. (2.18)

e {(o1 + as + oz + as)p_,pf — €7 (o1 + az)p p5

This implies two cases:

4
(i) If > g # 0, then the proof is clear.

4

(ii) If > ax =0 and a_s = ay, then (2.18) turns into
k=1

a_s

Ba(z)= det T

e [(on+02)p_1p3 + (2 + o) pf p_y—€Zaap3 p,] [140(1)] .

It is obvious that the asymptotic depends on the subcase:
Considering (a; + a2)p”,p3 + (a2 + aq)pf p~5 = 0, namely, ap = a3 yields

—biz a— —
Ba(z)e ™ = 2 gl oy [1+ o(1)],
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and also considering ag # a3 yields

a_2

det T

Ba(z)e™ 1% = — [(a1 + a2)p=1p3 + (a2 + aa)pf pZy] [1+ o(1)]

0o -1 r=—2 -1
for Im z — oo, where p = { 11 (—ar)} s P = { II (_ar)} )

r=1 —00
r=—3 -1 o) -1
o= { T can} ana = { M-}
Hence, the proof is completed. O

3. Resolvent Operator and Continuous Spectrum of
Ly,
In this section, we first define the semi-strips
Pt :={z€C:z=0+iy,y>0,—7 <z < 37}

and
Py :=(—m,3m)\ {0,727} .

Then, we can find two unbounded solutions of the impulsive boundary value problem
(1.8)—(1.9) as

Ut(z) = {E(Z)fn(z) Jrﬁz(z)?;i(z), nez, 3.1)
Ir(z), neZr,
and
_ fo(z), neZ-,
Yn (&) =174 = 3.2
" {ﬁ:s(z)f:(z) + B (2), nezt, (3-2)

Z —~
for 4 = 2cos 5 % € P, where {fin(z)} satisfy the asymptotic equations
neE”Z

]an(z) =eT" [1+0(1)], z€Cq, n— Foo. (3.3)

Taking into consideration U,” and V,, we get that the z—depending coefficients

B2 and B4 are expressed as in (2.14) and (2.16), respectively, while E and ,/6’; are
obtained as

Bi) = g {au LG + i () V5 () (34)
—arf5(2) A f(2) — a2 A () v 15 (2))
and
Bo(s) =~ {a /L@ A @+ A VISR 35)

o~

—asfS () () — aaff () 7 £}
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respectively.

By the help of these unbounded solutions, we can construct the resolvent oper-
ator of £,,. Note that, the set of u values for which Lu_l exists and bounded on
U5 (Z) is called the resolvent set of £,. If u belongs to the resolvent set, then the
resolvent operator R,,(L,,) of £, exists.

Theorem 3.1. The resolvent operator of L, has the representation

(Ru(‘cu)@)n = Z gn,m(z)ﬁp(m)v w = {‘Pm} € 62(2)»

meZ
where
U(2)V,, (2) =n—1n—
6o =4 REREIG T
n,m 7M m=n,n+1
WO,V () S

is the Green function for = € PT and m,n # {0}. Moreover, for z € P, the
Wronskian of UT(2) and V= (z) can be calculated independently of n as follows:

—2isinz02(2), neZ,

WIUT(2), V™ (2)] = (3.6)

—92isin 2L det TB2(z), neZr.
a—z

Due to Theorem 3.1, it is not difficult to obtain the continuous spectrum of £,,.
For this reason, let us firstly give the next lemma and its proof.

Lemma 3.1. For all € > 0, there exists a positive number c. such that

IR (L)

Ce
>
I v e Vise T

holds for i =2cos 3, z € C and Imz > e.

Proof. Assume e > 0, z € C4 and Im z > €. Then, let us define the function H™°
by

Vi (z),n=mog—1,mo—2,...,
e () = { VT e

0, n=mg,mo+1,...,

for n # 0. Obviously, H'(z) € ¢2(Z) and its proof is straightforward from (3.2)
and (2.7). Then, we can write

Ry (L )HT (2 mf: G (2)Vim (2) (3.7)
_ U*( ) Hmo | 2

for mg < n and n # 0. Now, in order to get an inequality for |U}(2)|, for n € Z,
we consider (3.1) and obtain

Br(2) i (2) + Bo(2) fm (2) =

Z Py, pl p_ 1 ( e 6i2(2+n))

2isin z det T
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+(a1 + Oéz)p;p;'_pzl (eiz(3+n) _ eiz(lfn))
+(ao + a4)p;pfp:2 (eiz(3+n) _ e_iz(1+n))
+azpy 3 P (e_mz - eiz("““"))]

for n € Z~—. Without loss of generality, similar to Theorem 2.1, we can obtain an
asymptotic equation for U by

4
a—2 P 1z(24n) —
_— «a e ol)|,neZ™, Imz— oo,
Ut(z) = 2isin zdet T k; won Pl P | +o(1)]
e 4+ o(1), neZt, Imz— oo.
So, assuming Im z > ¢, and choosing mg = mq(¢) sufficiently large so that mg < n,
last asymptotic equation implies the inequality

|Un+(z)} > %efnlmz.

Thus, we arrive at
672m0 Imz

>
— 4(1 _ e—QImz)

Substituting (3.8) in (3.7) after computing the norm of resolvent operator yields

(3.8)

U7 (2]

2

c
R (L > a ,
Rl = Gy e v G P e
where )
_ 1Rl
€ 2emoImz’
O
Theorem 3.2. o.(L,) = [-2,2], where 0.(L,,) denotes the continuous spectrum of

the operator L,,.

Proof. In order to prove o.(£,) C [-2,2], let o = 2cos 2 € 0.(L,). So, we
can write ||R,(L,)|] — o0 as p — o as a requirement of definition of continuous
spectrum. Then, by the help of Lemma 3.1, we conclude that W [U,[,V,"](z) — 0
as z — zp. It is clear to see the continuity of the function W [U,f, V,"] from (3.6),
so that W U, V| (2) — WUT, V.| (20) as 2 — z0. But, since pg belongs to
continuous spectrum, W [U,}, V"] (29) cannot be equal to zero. This yields sin z —
0,ie., Imz — 0as z — 2. Thus, we get Imzy = 0, i.e., o = 2cos 3 € [-2,2].
Conversely, in order to prove [—2,2] C 0.(£,), let an arbitrary pg = 2cos 5 €
[-2,2]. This means there is a corresponding zy such that Imz, — 0. Hence, by
Lemma 3.1, we find ||R,(£,)|| — oo for all 4 = 2cos 5 € [-2,2]. To complete the
proof, it only remains to show that the range R, (L,,) of values of the operator £, is
dense in the space £5(Z). Therefore, we need to prove that the orthogonal comple-
ment of the set R, (£,) consists of the zero element only. Indeed, this orthogonal
complement coincides with the space of solutions y € ¢5(Z) of equation Ly =0,
where £}, denotes the adjoint operator of £,,. Consequently, the proof is completed
as desired because of the fact that the equation £}y = 0 has no eigenvalue on the
real line. O
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4. Eigenvalues and Spectral Singularities

This section includes the main results for the spectral theory of impulsive quadratic
pencil of difference operators. In spite of mixed calculations, we proved that the
finiteness of eigenvalues and spectral singularities of the operator can be still guar-
anteed in the event that the corresponding equation has an impulsive point. In this
respect, this papers differs from [1] and the others. In this section, we will first
define the sets of eigenvalues and spectral singularities in terms of the poles of the
resolvent operator obtained in Section 3.

Theorem 3.1 and (3.6) point us that in order to investigate the quantitative
properties of impulsive boundary value problem (1.8)—(1.9), it is necessary to get
the quantitative properties of zeros of the function 5. Therefore, we can introduce
the sets of eigenvalues and spectral singularities of the operator £, by

oa(Ly) = {u = 2cos g,z € Pt Ba(2) = 0} (4.1)

and .
Oos(Ly) = {11 =2c08 2,2 € Py, alz) = 0. (4.2)

respectively.
Now, let N; and Ny denote the sets of all zeros of the function 3, in PT and
Py, respectively. This evidently implies

Ny :={z:2€ P By(z) =0}, (4.3)
Ny = {ZIZGP(),BQ(Z):O}. (44)
Lemma 4.1. (i) The set Ny is bounded, has at most countably many elements

and its limit points can lie only in [—m,37].
(i) The set No is compact and ils linear Lebesgue measure is zero.

Proof.

(i) Since det T > 0, Theorem 2.1 proves the boundedness of the sets Ny and N.
Furthermore, it follows from (2.14) that the function S35 is analytic in P* and
4m-periodic, then the limit points of the zeros of 82 in P' can only lie in
[, 37].

(ii) Since Ns is a bounded subset of real numbers, in order to prove the com-
pactness of Na, we need to prove the closeness of No. Boundary uniqueness
theorems of analytic functions give us that Ny is a closed set and Privalov
Theorem [13] proves that its linear Lebesgue measure is zero.

O
It is not difficult to see that the sets of eigenvalues and spectral singularities can
be rewritten according to (4.3) and (4.4) as follows

oa(Ly) = {u:u:2cos§,z€N1} (4.5)

and .
0ss(Ly) = {u:u:20085,z€NQ}, (4.6)

respectively.
The following theorem is a direct consequence of (4.5), (4.6) and Lemma 4.1.
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Theorem 4.1. Assume (1.6). Then we have the results.

(i) The set of eigenvalues of L,, is bounded and countable, its limit points can lie
only in [—-2,2],

(it) The set of spectral singularities of L,, is compact and its linear Lebesgue mea-
sure 18 zero.

Now, we proceed by assuming the extra condition

sup { " (|1 = au| + [pal + laal) } < 00, €>0 (4.7)
nez

on the sequences {a, }, {p,} and {g,} to assure the finiteness of the sets of eigenval-
ues and spectral singularities. Before giving the related theorem, we briefly recall
some basic facts.

Definition 4.1. The convolution of the sequences {u,} and {v,} is defined by

Uy * Uy, = Z UnVn—m, (4.8)
ne”Z

Wy

where “x” denotes the convolution operation.

Lemma 4.2. The equality

Z (U, * vy) € = Z Uy e Z Ve (4.9)

neZ neZ neZ

holds for all A € C.

Definition 4.2. The multiplicity of the corresponding eigenvalue or spectral sin-
gularity of the operator £, is called the multiplicity of a zero of the function 35 in
PTUPR,.

Theorem 4.2. If the condition (4.7) holds for some € > 0, then the operator L,
has a finite number of eigenvalues and spectral singularities, and each of them is of
finite multiplicity.

Proof. Under the condition (4.7), we get from (2.4) and (2.5) that the kernels

satisfy
€

|Ki|<ée 47, j=1,2% meN, (4.10)
€
K| S0ed™, j=-1-2 m=-1-2..., (411)
where ¢, ¢z are arbitrary constants. Afterwards, we obtain by (4.8)-(4.11) that

€

K K+ K| <@&e 47, j=-1,-2; meN  (412)

J,—m

*K;m|,

holds. From (2.17), these inequalities imply the representation for Sa(z).

m=—1

a—2z — iz — imZ — —imZ
BQ(Z)Z%SinZdetT{(al-i-ag)plpgeg <1+Z K;me 2><1+ Z K—,,.e 2>

m=1
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o] m=-—1
— (1 +agtaz+ay) p—,pf € (14—2 Kfmeim5><1+z K:1m€im§>
— 00

m=1

oo m=—1
—anp,pf et <1+ Z K;-meim§> <1+ Z K—zmemé)}

m=1

00 m=—1
+ (a2 + OZ4) p:2p1+e3iz (1 + Z K;rmezm§> (1 + Z K2me—im§> } )
—00

m=1

By (4.10)—(4.12) and Lemma 4.2, the last representation demonstrates that the
function 3 has an analytic continuation to the half plane Im z > —i Thus, the

limit points of all zeros of the function 85 in PT can not lie in [—m,37]. So, we
obtain that the bounded sets 04(L,) and os,(L,) have no limit poins by Theorem
4.2, namely, these sets have a finite number of elements. Analyticity of S2 in
Imz > _< proves that all zeros of 35 in PT U P, have finite multiplicity. As a

direct result of this corollary, all eigenvalues and spectral singularities of £,, have a
finite multiplicity under the condition (4.7). O

Henceforth, we will suppose the following condition which is weaker than (4.7).
Let us assume that for some € > 0 and % <i<l,

sup {ed”‘é (\l—an|+|pn|+\qn|)} <oo, €>0 (4.13)
nez

holds. Under the condition (4.13), the function S35 is still analytic in C; and has
infinitely many derivatives by (2.4), (2.5).

In order to investigate the finiteness of eigenvalues and spectral singularities
under this condition, we need following notations. Let us denote the sets of all limit
points of N1 and Ny by N3 and Ny, respectively and the set of all zeros of Sy with
infinite multiplicity in P* U Py by Ns.

Lemma 4.3. (Z) N3 C Ny, Ny C Na, N5 C Na, N3 C N5, Ny C N5,
(ii) 1(N3) = u(N3) = (V) = 0.

Proof. Proof of the lemma is obvious from the boundary uniqueness theorems of
analytic functions in [13]. O
For the sake of simplicity, let us define

_ Ba2(z)2isinzdet T

A(z) : (4.14)
a_s
which is also analytic in C; and infinitely differentiable on the real axis.
In order to give our main result, we need two lemmas.
Lemma 4.4. Under the condition (4.13), we get that inequality
‘AW(Z)‘ < H, (4.15)

holds for z € PT and k=0,1,. .., where
Hy, < C8¥BUFRIES"

6’, B, b are positive constants depending on € and §.
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Proof. From (2.17) , we can regulate A(z) as

’A(k)(z)‘ < |[(n +a2)p3 p=4 | <3k B i ( %)
m=—1 m - = :
SN A

+|(a1+ag+a3+a4)pfp:1’ 2k ¢ (2+ ) ‘K m‘

m=1

+m§1 (2-%)16 ]K_l,m]+§: (1+%)k K7, *ijo (4.16)
+|a2p2p 2| <4k+ Z <4+ ) |K2+m|
+mi (4~ —) K=y | + i (2+ %)k K=y *K;m|>

m=1

+|(a2+a4 Py p” 2’ <3k—|—z (3+ ) lem’

m=-—1 B ) 3+m k - .
+ Z ( ) K|+ (2> K=y K| || -

Furthermore, in accordance with (2.4), (2.5) and (4.13), we find
m |9
K| <ae 55 =12 men, (4.17)

<@ slEl L = m= 1,2, (4.18)

| 5

where ¢4, €5 are arbitrary constants. Afterwards, it follows from Lemma 4.2 that
- +

B K

Fmé
K, +Kf,|<ée t%) j=—-1,-20 meN (419

)

holds. After some direct calculations, we arrive at

o |6

m
2

‘A(k)(z)’ < BCg* Z mbe 2 (4.20)

where

B:= {’(al +a2)P;p:1‘ + ’(041 + ag + a3 +0¢4)pr:1’
+ a2pd po| + (2 + aa)pi p,} -

Moreover, if we define

)
e 5
b= E mke—g(m/Z) ,
m=1
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by the help of Gamma function, we estimate

S k414 5L
Dks/ the=5(t/2° gy _ 2 ’ (k+1 —1)r(k:;1—1>.
0

k+1 5

de s

1
After that, using the inequalities 1 + % < eand k¥ < eFE! for k € N, we get

Dy, < VFRIERS
which gives the proof of the lemma. O

Lemma 4.5. Assume that the 4mw-periodic function h is analytic in the open upper
half-plane, all of its derivatives are continuous in the closed upper half-plane and

sup h(k)(z)‘ < Hy, keNuU{0}.
zeP

The set M C [—m,3w| with linear Lebesgue measure zero is the set of all zeros of
the function h with infinite multiplicity in P. If

/0“’ InT(s)du(Ms) = —o0,

where
HkSk

Kl

T(s) = irlif ke NU{0}

and p(My) is the linear Lebesgue measure of s—neighbourhood of M, w € (0, 4x) is
an arbitrary constant, then h =0 [8].
Theorem 4.3. Under the condition (4.13), N5 = ().

Proof. Since the function A is not equal to zero identically, according to Lemma
4.5, we obtain

/ InT'(s)du(Ns, s) > —oo, (4.21)
0
where .
H
T(s) = int ]’;f , keNu{o0},

(N5, s) denotes the Lebesgue measure of s-neighbourhood of N5 and Hy, is defined
by Lemma 4.4. By Lemma 4.4, we calculate

géelblééslsé} .

T(s) <Bexp{—1

Hence, we see from (4.21) that

/ SiﬁdM(Ng,,S) < —/ InT(s)du(Ns, s) < 0.
0 0

Since % > 1, the integral on the left handside is convergent for arbitrary s if and
only if u(Ns,s) =0, i.e., N5 = 0. O

Since N5 = (), then it is easy to arrive at the theorem.

Theorem 4.4. Assume (4.13). Then the operator L,, has a finite number of eigen-
values and spectral singularities and each of them is of finite multiplicity.

Acknowledgements. We would like to thank to the referees for their valuable
contributions to improve the paper.
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