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ASYMPTOTIC BEHAVIOR OF A
STOCHASTIC VIRUS DYNAMICS MODEL
WITH INTRACELLULAR DELAY AND
HUMORAL IMMUNITY*
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Abstract In this paper, we formulate a stochastic virus dynamics model
with intracellular delay and humoral immunity. By constructing some suitable
Lyapunov functions, we show that the solution of stochastic model is going
around each of the steady states of the corresponding deterministic model
under some conditions. Then, numerical simulations are given to support the
theoretical results. Finally, we propose several more effective way to control
the spread of the virus by analyzing the sensitivity of the threshold of spread.
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1. Introduction

The modeling of the dynamics of viral infection across host cells is a classical prob-
lem in the field of population dynamics and dispersal [1,15,34,35]. Since math-
ematical modeling and analysis of virus dynamics can be used to clarify and test
different hypothesis, providing new insights into pathogenesis, improving diagnosis
and treatment strategies which raise hopes of viral infected patients, and estimate
key parameter values that control the infection process. Mathematical models of
the viruses that infect the human body play a significant role in understanding the
in-host virus dynamics and in suggesting antiviral treatment [4,5, 8].

Recently, many researchers have devoted their interest to study virus dynamics
model with intracellular delay or humoral immunity [4-7,9,10,25,26,31,40]. The
intracellular time delay between infection of a healthy cell and production of new
virus particles is called the latent period [7,25,26]. The latent period describes the
finite time interval from the time when the infectious virus binds to the receptor
of a target cell to the time when the first virion is produced from the same target
cell [9,31]. Immunity is a biological term that describes a state of having sufficient
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biological defenses to avoid infection, disease or other unwanted biological invasion
[10]. Humoral immunity is the aspect of immunity which is mainly based on the B
cells which produce antibodies to attack the virus particles [4].

Since the virus is very sensitive to the environment in natural bio-chemical
system [13], the parameters involved in the virus dynamics model, especially death
rates, always exhibit random fluctuation to a greater or lesser extent. White noise
(Brownian motion) is the name given to the irregular movement of pollen grains,
suspended in water, observed by the Scottish botanist Robert Brown in 1828. The
motion was later explained by the random collisions with the molecules of water.
This random fluctuation can be described very well [22,23].

Following the idea of the literature [22,23], we assume that death rates are
random variable which equal to the an average value plus an error term. According
to the central limit theorem, the error terms may be approximated by a normal
distribution. More concretely, death rates pgdt, p,dt, p,dt and p.dt are replaced
Uedt +01dB1(t), pydt+02dBa(t), pydt+o3dBs(t) and p.dt +04dBy(t) respectively
in a small subsequent time interval dt, where dB;(t) = B;(t+dt)—B;(t) (i = 1,2,3,4)
is the increment of a Brownian motion that follows a normal distribution N (0, dt)
with mean 0 and variances dt. The expectation and variance of the term p,dt +
01dB1(t) are p,dt and o1dt, respectively, and he other three terms have simliar
properties. This reasonable way of introducing stochastic environment noise into
biologically population dynamic models has been pursued in [3,11,12,14,16-21,23,
24,28-30,32,33,36-39].

In this work, we are concerned with the following stochastic model with intra-
cellular delay and humoral immunity:

ey 00
dz(t) = [A paw(t) . +ow(t)] dt + o12(t)d B (¢),
dy(t) = [ﬂe : i((iu_(;)_vg_ ) _ uyy(t)] dt + oay(t)dBa(t),  (1.1)
do(t) = [y (1) — polt) — p(u(B)dt + o5v(t)dBs(1),
dz(t) = [qz(t)v(t) — po2(t)]dt + o42(t)dBy(t),

with initial conditions

z(0) = ¢1(0), y(0) = 2(6), v(0) = ps3(0), 2(0) = @a(0),
(901(0)7902(9)7903(9)7804(0)) € C? 901(0) >0, 901(0) >0, 0 € [_7—7 O]v 1=1,2,3,4

where z(t) denotes the concentration of the un-infected target cells, y(¢) denotes the
concentration of infected cells, v(¢) denotes the concentration of free virus particles,

z(t) denotes the density of the pathogens-specific lymphocytes. Free virus infects
i
a > 01is a constant. B;(t) are the white noises, i.e., B;(t) are independent standard
Brownian motions defined on a complete probability space (€2, F,P) with a filtration
{Fi}1>0 satisfying the usual conditions (i.e., it is increasing and right continuous
while Fy contains all P-null sets), 02 > 0 denote the intensities of the white noise,
i =1,2,3,4; C is the Banach space C ([—7,0];R%.) of continuous functions from the
interval [—7,0] to Rﬁ_ and RY = {z = (z1,22,23,24) € R* 1 2; > 0,i = 1,2,3,4}.
Other parameters are described in Table 1 and assumed to be positive constants.
When o; =0,7=1,2,3,4, model (1.1) reduces to the deterministic model, which
is a generation of the classic three-dimensional virus dynamics model proposed

un-infected cells to produce infected cells at the saturation infection rate
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Table 1. Parameter symbols used in the model (1.1) and their biological meanings

Parameter  Biological meaning

A The produced rate of un-infected cells

Lz The death rate of un-infected cells

T The time between viral entry into a target cell and the production
of new virus particles

m The death rate for infected but not yet virus-producing cells

Ly The death rate of infected cells

k The produced rate of the free virus particles from the infected cells

o The death rate of the free virus particles

P The removed rate of pathogens by the immune system

q The proliferate rate of the pathogens-specific lymphocytes in con-
tact with the pathogens

s The death rate of the pathogens-specific lymphocytes

in [27], and was studied by Xiang et al. [31] very recently. They proved the following
results.

Theorem 1.1. The deterministic model of stochastic model (1.1) has one ba-

—mT
sic reproduction number Ry = %, one immune response reproductive ratio
TS
_ qgkABe” ™7 . _J
R, = TR CTr s and three steady states: the un-infected steady state

is Ey = (x0,0,0,0) = (ﬁ,070,0>, the un-immune infected steady state F, =

(r1,y1,v1,0) = (M Hots Mo (Rg — 1),0) and the positive equilibrium

kﬁe—nl'r I k BJFD‘P‘I
; _ _ gA+p- Ao pABe” ™7 Bz fo _
point Ey = (%2, y2,v2, 22) = (queraumuerﬁuz’ Hy o (o +apap=+B1z)’ g’ p (B —1)).

And the following statements hold:

(i) The un-infected steady state Ey is globally asymptotically stable, if Ry < 1,

(i) The un-immune infected steady state Ey is globally asymptotically stable, if
Ry>1, Ry <1,

(iii) The immune infected steady state Es is globally asymptotically stable, if Ry >
1.

The rest of this paper is organized as follows. In Section 2, we show the dy-
namical behavior of the model (1.1). In Section 3, some numerical simulations are
given to support our theoretical results. Finally, we provide a brief discussion and
the summary of the main results.

2. The dynamical behavior of the model (1.1)

First of all, the following theorem shows there exists a unique global positive solution
of the model (1.1) for any positive initial value

Theorem 2.1. For any given initial value X (0) = (2(0),y(0),v(0),2(0)) € R4,
there is a unique positive solution X (t) = (x(t),y(t),v(t), z(t)) of model (1.1) ont >
0 and the solution will remain in R with probability 1, namely (z(t), y(t), v(t), z(t)) €
Ri for all t > 0 almost surely.
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Proof. The proof of this theorem is rather standard and hence is omitted O

2.1. Asymptotic behavior around the un-infected steady state
EO = (])0, 07 07 0)

Let un-infected steady state Fy de given in Lemma 1.1. In this section, we will
study the asymptotic behavior of model (1.1) around Ep.

Theorem 2.2. Let X (t) = (z(t), y(t), v(t), 2(t)) be the solution of model (1.1) with
initial value X (0) € Ri. If the following conditions are satisfied

1 1 1
Ro <1, pg>o01, py> 505, qity > 505 and pu, > 502 (2.1)

where Ry is given in Lemma 1.1, then
li g t( (s) )2ds < Dy, li e t 2(s)ds < D
Jim sups, ; %(s) — 20)" ds < Da,, lim sups, ; y~(s)ds < Dy,

1 [ I
lim supf]E/ v%(s) ds < Dy, lim supr/ 22(s)ds < D,
t—00 t 0 t—00 t 0

where
2,.2 -2 2 - 2 - 2,.2
D _ 0% 47T (e + py) n 20" M7 2 D 2e " o213
To — _0_27 Yo — 1 _9\2 _102 o _lJQ )
P — 07 (1y — 303) Py = 502 Py = 302

4kq 4kq
D,, = T D,., (22
° <q (qp0 — 202) (quo — 203)  q (quo — 303) (pp — éffi)) wr - (22)

4dkq 4dkq
D, = 4 D, .
’ (p (pp= — 303) (qpo — 303)  p (pp- — 3032) (- — 5@%)) .

Proof. Since the un-infected steady state Ey = (z0,0,0,0) is an equilibrium, we

have
A = pgxp. (2.3)
Define i
Vi) = & ((t) — a0)?
Using (2.1), (2.3) and Itd's formula, we get
LV =k (al0) ~ 20) (A = () - P20 ) 4 Lot
— — ks (a(t) = o)? - I =
kBxqg (x(t) — zo) v(t)
o 1+ow(t)0 +§U% (z(t) — o + 20)
kBxo (x(t) — o) v(t)

< —k (1o — 03) (z(t) — 20)% —
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Then, setting

t+7
Vao(t) = Vi(t) + ke zoy(t + 7) + pye™ zov(t) + kpye™ zo / y(s) ds.
t
One can obtain that
kBxo (x(t) — zg) v(t

L) £~ o = 02) (olt) — z0)? = LD =V o
(ﬂe_"”ﬂ?(t)v(t)
+ - 7 7

1+ av(t

X (ky(t) — pov(t) = pz(t)u(t) + kpye™ w0 (y(t +7) — y(1))

= — k(g — 02) (2(t) — 20)? — OO (lmf)av(f)o) v(t)

kB (x(t) —xo) v(t) | kBxdu(t)
1+ av(t) 1+ av(t)

— py€™ ppzov(t) — puye™ xoz(t)v(t)

<~k (o = ) (a(0) = 00 + ot +

— pyy(t + T)) ke™ o + pye™ xo

2,2
+ koixg

Ry
- 1 mT v t
1+ av(t) ) Hye™ v (t)

< —k(po—ot) (2(t) — 20)” + kota?. (2.4)

Integrating (2.4) from 0 to t and then taking the expectation on both sides, one can
see that

t
EVa(t) — EVa(0) < —k (pg — 07) E/ (z(s) — x0)? ds + kolxlt.
0
That is to say
. 1 ! 2
tlg(r)lo sup;E/O (2(s) — x0)°ds < Dy,

where D, is defined in (2.2). We define the following Lyapunov function

t+7
Vsi(t) = % (e™™x(t) —e "o+ y(t + T))2 + (é‘y - 402> /t y?(s) ds.
Then
LVs3(t) = (e ™ x(t) —e xo+y(t+7)) (e TA — ppe” " x(t) — pyy(t + 7))

+ T 22 4 o221+ <’”Ly - 103) (V(t+7)—2(1))

2 2 2 4
o 1
< = e o) = 0 = (1~ 503) (04 )

— € (1 + p1y) (2(8) = 20) y(t +7) + ¢ Totag + e ot (a(t) - w0)”
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262 (1, + 1)’

+ 5 (z(t) — x0)2 + efm'rofxg
Hy — 302
—|—e_””02(;v(t)—x 2 Hy 1 4 2 2
1 0)” + 5 172 (Pt +7)— (1))
Py 1 9\ o 2e7%" (g +My)2 —mr 2 2
- (- qot) 0+ H gt ) )
Hy = 3032
+e M olxd. (2.5)

Integrating (2.5) from 0 to t and then taking the expectation on both sides yield
that

L 5

t
EV3(t) — EV3(0) < — (“29 — 402> E/O y*(s)ds + e ™ olakt

) —2mT - 2 t
+ ( e (/’Ll —zu’y) + e—m*ro_%> E/ (J?(S) _ -TO)Q dS
0

Hy — 303
Then we can get .
tl;rgo Sup%EA y*(s)ds < Dy,.
Define .
Va(t) = 5 (qu(t) + pz(t)” +2p (o + =) 2(1)-
We obtain

2

2kq 2kq
+( B 2)y2<t>. (2.6)
Qv — 303  PHz — 504

1 1
200 <= (i~ 503) (0= § (e - 502) 200

Integrating (2.6) from 0 to t and then taking the expectation on both sides result
in

1 ¢ 1 t
EVy(t) — EV4(0) < — £ ( quy — =02 E/ V(s)ds — 2 ( pp. — =03 IE/ 2%(s) ds
2 2 0 2 2 0

2kq 2kq ¢
+< L+ . 2)1[-3/ V2 (s) ds.
Qo — 303 pp. — 202 0

Then one can see that

1 1 [
lim supr/ v*(s)ds < Dy, lim suprE/ 22(s)ds < D,
t—o00 t 0 t—00 t 0
where D,, and D,, are defined in (2.2). This completes the proof of Theorem 2.2.
O

2.2. Asymptotic behavior around the un-immune infected steady
state £y = (v1,y1,01,0)

Let un-immune infected steady state F7 be given in Lemma 1.1. In this section,
we will study the asymptotic behavior of model (1.1) around E;.
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Theorem 2.3. Let X (t) = (x(t),y(t),v(t), 2(t)) be the solution of model (1.1) with
initial value X (0) € R%. If the following conditions are satisfied

1
Ry>1, Ri<1, puz>o3, fy > 02, qu, >os and pp. > 503 (2.7)

where Ry and Ry are given in Lemma 1.1, then
li llE lt( (s) )2d <D li 1IE t( (s) )2d <D
tggosupt ; z(s) —x1)ds < xl,tggosupt | y(s) —y1)“ds < Dy,
li 'E t( (s) V2ds < D,,, li 'E t %(s)ds < D
t_l)r(r)losupt ; v(s) —wvy) ds < vl,tl)rgosupt ; z°(s)ds < D,

where

D =
T (Lt avr) (s — o7
2

X (agyle”” 031)16"”) oy
W

B2y (O’%.’El o3y e U§v16"”>

2

Wy — 07 2 2 z — 07
46—1717' i + U 26—7717'02 e—m7-0_2$2 + O_2y2
Dylz ( x y)+ 21 Dzl 11 5 2 17

1y — 3)” Hy = 03 fy = 03

4kq 4dkq 20303
- ! ) Pt sy

!
Il

qa(qus —02)*  q(qpo —03) (pu= — 303 v — 03
4kq 4kq 2qo3v?

+ D, + —178% _
2 1 _2 2 a8 o2
p(apo = 03) (1= = 39%)  p (pp. — §03) ) p (o — %)

D., . (2.8)

Proof. Since the un-immune infected steady state F; is an equilibrium, we have

r1U1
A= pgrr + 1ﬁ+ vy’
pe " Txiv1 (2.9)
1+avy Hyl1,
kyr = pypvs.

First, defining some C? functions as follows

Vs(t) = x(t) — a1 — len@,

Ve(t) = y(t) —y1 — yanyy(t),
Va(t) = % (v(t) oy — uan”g)) n %z(t).

Using (2.7), (2.9) and It6's formula, we arrive at

1= 35) (- 5020 5
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B Bx(t)v(t) xA Briv(t)  oixy
== ta (t)_l—l—av(t)_%+Mxxl+l+av(t) 2

1 x(t) oir Bxiv1
a a?1< x(t) x >+ 2 +1+ow1

" <1 (A toav)z)o(t) o N 1+ owﬁv(t)) ,

1+ av(t))zivr =) (14 av(t))v
e Myt —T1)v(t—1T7 o3y
LVi(t) = (1 - ;@)) (”B - J;}(t ) f) L) + 2
:5e*m7x(t —T1)v(t—7)
1+ av(t—r1)
Be ™Tx(t —T)v(t —T) ®n a2y

T iFavli—r) g Mt

— pyy(t)

_ <(1 +av)r(t—rvt—7) yt) (A+av)et-—7)ot—1) y1 N 1)
(14 av(t —7))z101 Y1 14+ av(t—T1))zvr  y(t)
Be "Txiv1 | oduy
1+ avy 2’
V() =52 (1= 225 () = () — p(e)e(o)
+ B lax(t)o(t) — pex(®) + 25
=py(0) = i 0(t) = PRLR0() = pyylt) s + s P20
+ a2 (0)o(t) = pex(0) +

Be™"Tzvy (?J(t) v(t)  viy(t) ) Ly e, 03U
== Ay 2 +1) +pEla(t) (v — E2) + .
1+ av; Y1 v1 y10(t) p (8)(on )

Since R; < 1, one can get

It follows that

iy 2
LVi(t) < Be Mz (y(t) Cu() wy(t) N 1) L giu
1+ av; Y1 v yo(t)

We define the following Lyapunov functions
Vs(t) =Vis(t) + €™ V() + e Vr(t)
Briv1 /t [(1 + avi)x(s)v(s) 1 Ln(l + avl)x(s)v(s)} s
14+avy J_, | (1+av(s))ziv; (1+ av(s))ziv; ’
Vg(t) =" Vg + e V5

Br1vy /t;[(l—l—owl)x(s)v(s) . Ln(1+av1)x(s)v<s)} s,

1+ avq (14 av(s))zivr (1+ av(s))z1v1

Then it is easy to obtain

x;  x(t) (I+av)zt)v(t) x1  (14+av)v(t)
W50 e (25550 )+ (1= e~ 207 (T ou(he)
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Brivy  oixy  Briv
1+ av; 2 1+ av;
" ((1+avl)x(t—7)v(t—7) y(t) (4av))z@t—7)v({t—7) 1 +1)

(I4+av(t—7))z101 Y1 (I4+av(t—7))z1v1  y(t)
o3y1e™”  Baivy (y(t) o(t)  vy(t) 1>+U§U1€"”

+

2 14+av; \ y vy y10(t) 2
(1 + avy)z(t)v(t) (1+ avy)z(t)v(t)\ Bziv:
+ ( (1+ av(t))zv1 —Ln (1+ av(t))zv1 ) 1+ avy
_ Briv ((1 +av)z(t -t —7) In (14 avy)z(t — T)v(t — T))
14+ av 1+ av(t —7))x101 (14 av(t —7))z101
1 z(t) Bxivy
Mz (2—CC(t)_(E1> _71—#0&11

(It+av)zt—7)ot—7) y1 21 wviylt)
(it oY)
Brivy ((1 + av)v(t) v(t)> N Briv;

L+avy \(I+av(t)vy v 1+ av

" (Ln (14 avy)z(t —1)v(t—T1) Ln(l + owl)as(t)v(t))

(1 + Oév(t — T)).’I,'lvl (1 + Ol’U(t))xﬂ)l
otwy | ojyie™ | ojuvie™”
2 2 2
t
<ppry (2 z(t)\ _ Briw
(t) T1 1+ avy
1 — —
X (Ln( tav)e(t—r(t=7) oo Jn+an1y(t))
(1+av(t —1))z101 y(t) z(t) 1o (t)

N Bxiv1 ((1+av1)vzt) (t)>+ Briv1

I1+av; \(I1+av(t)vy v 1+ avy
" (Ln(l—l—avl) z(t -1t —1) Ln(l —|—av1)x(t)v(t)>
(1+ ow(t —7))T101 (14 av(t))z1v1
" 0'%1'1 02y16 051116
2 2 2
X1 x(t) Bxyv1
= 2 _——_——_———
Hat < x(t) > R + av;

X(LnlJrav(t) v(t) (1+avl)v(t))Jrg%lerU%ylemTJrU?,UlemT

I+av; v1 (I+aw(t))v 2 2 2
( _9«"1_3«"<t>>+ P,

t) x= 1+ avq
14aw(t) v(t)  (I+avr)v(t) olxy N o3yem™” N olve™”
14+av; vy (I4aw(t))n 2 2 2

< T x(t)) _ Briv a(v(t) —vp)?

14+ av; (14 av)(1+ av(t))vy
fol agyle”” agvle””
2 2 2
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_|_

9 T x(t) oiry n o3y1e™  olve™”
2 2 2

(I4+av))z(t—7)v(t—7) y(t) (Q4+av))z(t—7)v(t—7) 1
ZV(t) < ( (tav(i—m)mor y (dav(t=)aor y(0) “)
Brivy | o3yre™  Bxivr [y(t) v(t) y(t o2v,emT
x 14+av; . 2 14+av; (yl_vl_ylv( )+1>+ : 2
(14 avy)z(t)v(t) (14 av))z(t)v(t)\ Briv
+ ( (1+ av(t))zv1 —In (1+ av(t))zv1 ) 1+ av
_ Brn ((1 +av)z(t—T)o(t —71) In (14 avy)z(t — 1)o(t — T))
14 awvy (1+ av(t —7))x1v1 (1+av(t—7))x101
_ Brivn [ z(t) (1+ avy)z (t) (t)  (1+av)u(t)
14 an ( 1 Tl (1+av JERRS! (1+ow( ))v1>
Brivy 14+ avi)v
+1—|—om1 (_ U1 1+av )
Bxivy 1+ avy)x t - T)U (t—7) y v1y(t)
C1+an -3 + (1+ av(t —7))x101 y(t) (t) + ylv(t))

ﬁxlvl x(t)
1—|— vy ( T (1) )

ﬁxlvl (1+ avy)z(t — 1)v(t — 1) (1+ avy)z(t)v(t)
1 + av; Ln (14 av(t —7))z101 —1n (14 av(t))zivm )
+ 0'2y126 0'31)126
Bxyv1 x(t) (1+ av))z(t)v(t) (14 avy)v(t)
= 1+ avy <_551 L 1+ av(t)zv,  (1+ av(t))m)
Brivy [ x(t) 1 oy e™  olvie™
1+ an (wl w(t)_2)+ ;T
Let )
Vio(t) = §($(t) — 1)
We have
x(t)v olx?
LVio(t) =(z(t) — z1) (A — pgpx(t) — ffﬁivgg) + -1 9 ®)
T1U1 X — X 2’1)
= ala(®) = 20 + L (uft) - ) - DT 00
_ Bra(z(t) —x1)o(t) n af (@(t) — x1 + 1)
1+ av(t) 2
< — (ko — 07)(@(t) — a1)?
Bxyivr [ x(t) (I4av))z(t)v(t)  (14+avr)v(t) 9 9
T 1+awv <xl_1 (14+av(t))z1v1 + (1+av(t))v1)+glx1'
Choosing

5351711
Vi ——V Vo + Vio.
n(t) = w221 (1 4 avr) 8 T 21V + Vo
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We can see
2 2 2 mT 2 mT
< _ 2 _ 2 ﬂxﬂh oir1  oO3Y1€ o3v1€
ZVut) < = (ke o) (alt) o) +/~Lx£ﬂ1(1+av1) 2 2 2
2 mT 2 mT
+ 71 <U2y126 + U3U126 ) + afxf. (2.10)

Integrating (2.10) from 0 to t and then taking the expectation on both sides lead to

EVii () — EVi1(0) < — (g — 0%) IE/O (2(s) — 21)2 ds + Dy, (j1a — 02) t

where D, is defined in (2.8). Then we can get

1 ! 2
i — — <
thm sup E/ (:E(S) 331) ds Dzl.

Define
Via() = § (a0 tut+r)-0)+ LD [ s
We can get
LVis(t) = (e z(t)—e a1 +y(t+71)—y1) (67T A—pge” " z(t) — pyy(t+7))
+ o3 (0) + Lod 4 )

+ @ [yt +71)—91)® = (y(t) —y1)?]

= (e7™a(t) — e s +y(t +7) —y1)

—mT

X (=pae ™" (@(t) = 21) = iy (y(t + 7) = 1)) + 502 (1)
R {1y —3) L () — )2
503y (t+7) + g [+ 1) = 91)” = (y(t) —91)7]

= — ppe 2 (2 (t) — 1) — py (y(t +7) —y1)?

— €T (g + 1) (2(8) — 1)yt +7) — ) + o ((t) — o1+ 71)°

2
+ Laptuterr) -+ B [ ) -0 - () -]

— o2
{1y —o3) 5 2 (o

<= (my—03) (Wt +7) —p)* + t+7) = y1)

27" (g + fiy) (5 ()

+ — x1)2 + e_"”o%x% + e_mTUf(a?(t) — x1)2

(Ny *U%)
_ o2
+ o5yt + (uyf”[(y(t +7) =) = (y(t) — 1)’
fo—% )
= ) )
2e” " (pa + py) 52\ (2(8) — 212 4 e~ o222 4 o242
+< ) + 1>( (t) —21)” + 121 + o3y

(2.11)
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Integrating (2.11) from 0 to t and then taking the expectation on both sides, we
have

2 ¢
Hy — O —mT
EVia(t) — EVi2(0) < — (yzz)E/ (y(s) —y1)* ds + (e"™Tofai + o3yi )t
0

+ <Qe—m7— (o + py)
2
(ty — 03)

t
+ e”’”a%) E/ (z(s) — x1)? ds.
0
In other words,
. 1
tin supy [ (4(s) ) ds < D,

where D,, is defined in (2.8). At last, we define the following C? functions.

L (qu(t) = qur + p2()) + 2y + 1) 2 (2).

Vis(t) = 5

We obtain

ZVi3(t) =(qu(t) —qui+pz(8)la(ky(t) — pov(t) —pz(H)o(t)) +p(gz(t)v(t) — p=2(1))]

+ gae?UQ(t) + 2042 (t) + 2p(po + ) (qz(t)v(t) — p22(t))
=(qu(t) — qu1 + pz(t))[kq(y(t) — y1) — quo(v(t) — ) przz(t)]
+ 20302 (8) + Lo2(1) + plps + 1) (a2 (1) () — pra(1))

< —q (g0 — 03) (0(t) = v1)? = p (puz _ ;) 2(1)

+ (o + ) 2(t) (qui — pz) + kg (v(t) — v1) (y(t) — 1)
+ kpq(y(t) — y1)2(t) + gojo}

< —q(qpo — 03) (v(t) —v1)* —p (p,uz —~ "24> 22(t)

+ kq?(v(t) — v1)(y(t) — y1) + kpa(y(t) — y1)2(t) + qo307

< — q(quo — 02) (W(t) —v1)? — p (puz _ 03) 200

2
q 2 2 2kq 2
+ = (qpo — 05) (v(t) —v1)* + ———= (y(t) — v1)
2( 3) (v(t) ) quv—oi((
p 2kq
+5 (pp- — 03) 2°(t) + ——7= (y(t) — 1) + qo3v}
bpr — 504
q o2 2 2kq 2
il v — t — [ t —
= 5(apy — o3)(v(t) —v1)” + " _O_g(y() Y1)
2
P o 2kq
P (puz - ) 20+ — 2 ) g bl (212)
2 2 PHz — 507

Integrating (2.12) from 0 to t and then taking the expectation on both sides give

]EV13(t) — EV13(0) < — g (q,uv — 0’%) E/O (U(s) — 1;1)2 ds
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Then we have
li 1E t —v)%ds < D,, . li 1E e ds < D
Jim supi B | (v(s) = v1)"ds < Dy, lim sup L7 (s)ds < D,

where D, and D, is defined in (2.8). This completes the proof of Theorem 2.3.
O

2.3. Asymptotic behavior around the positive equilibrium point
Ey = (22,Y2, va, 22)

Let immune infected steady state Fo be given in Lemma 1.1. In this section, we
will study the asymptotic behavior of model (1.1) around Es.

Theorem 2.4. Let X (t) = (x(t),y(t),v(t), 2(t)) be the solution of model (1.1) with
initial value X (0) € RY. If the following conditions are satisfied

2 2 2 2
Ri>1, pg >0y, py>03, qiy,>03 and pp, > 0

where Ry is given in Lemma 1.1, then
li 'E t( (s) )2ds < D,,, li 'E t( ( )2ds < D
Jim supy B | (2(s) = 22)"ds < Day, lim supi B | (y(s) = 92)7ds < Dy,

t 1 t
lim sup— ]E (v(s) —v3)*ds < D,,, lim sup=E [ (2(s) — 22)?ds < D.,
t 0 t—o0 t 0

t—o00
where
Bazvs oiwy | o3ype™ | pyoivee™  puyoizoe™T
Dy, = 5 + +
T (1 + aus) (,uw — 01) 2 2 2k 2kq
To o2 5y2e™ uyagvge”” p,uyaizQe"” + J%m%
— o} 2 2k 2kq po — 03

2 )

de™™7 (pe + uy) L2Met e Mot + ojy;
T
’ Hy — 03

y—02 1y — 03

2qo3v3 + 2poizs + ppy + [12)07 22
q(qpy — 03)
4kq 4kq
+ 2 2 D?JZ
p (= = 03) (@40 = 05)  p(pp. - 03)
2qo3v3 + 2poizs 4 pp, + Mz)0422
(pﬂz - 04)

Proof. The proof is similar to Theorem 2.3 and hence is omitted. O

)

4kq
5 + D
( (I/Jv_Ug q(quo — 03) (pﬂz_02)> .
_|_
+
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3. Numerical simulation

To illustrate the theoretical results obtained above, some numerical simulations
are displayed in the following figures. We show the dynamics of the model (1.1)
by fixing value of the parameters. Some of the values of parameters are taken in
the reference [31] and the rest of the parametric values are assumed for numerical
requirements.

Example 3.1. Let (2(0),y(0),v(0),2(0)) = (3.000, 3.000, 1.000, 3.000), A = 0.900,
B = 0.300, 11p = 0.200, a = 0.200, sz, = 0.300, k = 0.500, 2, = 0.100, p = 0.050,
g = 0.200, p, = 0.300, 7 = 15.000, m = 0.300, o1 = 0.100, oo = 0.100, o3 = 0.100,
o4 = 0.100. By calculating, we obtain Ry ~ 0.250 < 1, p, > 0%, p, > 303,
qly > %a% and pup, > %UZ. By virtue of Theorem 2.2 and Figure 1, we can
observe that population y(t), v(t) and z(t) of model (1.1) will go to extinction with

probability one.

[ Stochastic [ Stochastic [ Stochastic
[—Deterministic 08 [—Determinstic [—Deterministic

2 s X2
04

1 0 1

0 0 0

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
t t t t

Figure 1. The solutions z(t), y(t), v(¢) and z(t) for the stochastic model (1.1) with parameters in
Example 3.1.

Example 3.2. Let (2(0),y(0),v(0),2(0)) = (3.000, 3.000, 1.000, 3.000), A = 0.900,
B = 0.300, p, = 0.200, o = 0.200, p, = 0.300, £ = 0.500, p, = 0.100, p = 0.050,
q = 0.200, p, = 0.300, 7 = 7.000, m = 0.300, o1 = 0.100, o2 = 0.100, o3 = 0.100,
o4 = 0.100. By calculating, we obtain Ry ~ 2.755 > 1, Ry ~ 0.776 < 1, u, > 0%,
Wy > 03, qu, > o3 and pp, > %o’f, the conditions of Theorem 2.3 are satisfied.
Then from Figure 2, we can see that only population z(t) of model (1.1) will go to
extinction with probability one.

|— Stochastic |~ Stochastic |~ Stochastic |~ Stochastic
— Deterministic [—Deterministic [—Deterministic [—Deterministic

1 0 0 ok

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
t t t t

Yo
V()
z(t)

o
o
—

Figure 2. The solutions z(t), y(t), v(¢) and z(t) for the stochastic model (1.1) with parameters in
Example 3.2.

Example 3.3. Let (2(0),y(0),v(0),2(0)) = (3.000, 3.000, 1.000, 3.000), A = 0.900,
B = 0.300, p, = 0.200, o = 0.200, p, = 0.300, k& = 0.500, p,, = 0.100, p = 0.050,
q = 0.200, p, = 0.300, 7 = 3.000, m = 0.300, o1 = 0.100, o2 = 0.100, o3 = 0.100,
o4 = 0.100. By calculating, we obtain Ry ~ 9.148 > 1, Ry ~ 2.577 > 1, u, > o3,
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Wy > 03, quy > 03 and pp, > o3, the conditions of Theorem 2.4 are satisfied. Then
from Figure 3, we can see that the populations of model (1.1) are permanent.

4
—Stochastic |~ Stochastic
— Deterministic| — Deterministic|

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
t t t t

|— Stochastic
— Deterministic|

| Stochastic
— Deterministic|

Figure 3. The solutions z(t), y(t), v(t) and z(t) for the stochastic model (1.1) with parameters in
Example 3.3.

4. Discussion and summary

In this work, we discussed the long-term behavior of a stochastic viral model with
intracellular delay and humoral immunity. We show that the solution of stochastic
model (1.1) is going around the steady states of deterministic model under some
conditions by constructing some suitable Lyapunov functions. And our theoretical
results has been verified by numerical simulation.

To assist policymakers in targeting prevention and treatment resources for maxi-
mum effectiveness, we study the relationship between the basic reproduction number
Ry (the immune response reproductive ratio R1) and the parameters of the basic re-
production number Ry (the immune response reproductive ratio R;) by sensitivity
index. The normalized forward sensitivity index of a variable to a parameter is the
ratio of the relative change in the variable to the relative change in the parameter [2],
which can be defined as follows.

Definition 4.1 ( [2]). The normalized forward sensitivity index of a variable y,

that depends differentiably on a parameter z, is defined as:

0
A = — x Z =y—Lnax.
Y ayxz y(’)y nx

The sensitivity indices for Ry and R; are respectively shown in Table 2 and
Table 3.

Table 2. Sensitivity indices for R

Parameter Index Parameter Index
k +1.000 T —mT
A +1.000 e —1.000
8 +1.000 Iy —1.000
m —mT Loy —1.000

The Table 2 and Table 3 indicates that the following several ways would be more
effective to control the spread of the virus.

(i) We should increase the time between viral entry into a target cell and the
production of new virus particles (7), the death rate for infected but not yet



1440 L. Zhang, T. Liu & X. Zhang

Table 3. Sensitivity indices for R;

Parameter Index Parameter Index

q Qb e+ Bis L —qle— Qg iy
qla O e+ Bz x Qo +Cfin ozt B

k +1.000 Iy —1.000

A +1.000 Ly —1.000

B Qo topia iy m Oz — Bl
Qe+ g iz +B Z qum+}£ﬁ#ﬁ+ﬁﬂz

m —mT a qatogig piz+Bu-

T —mT

virus-producing cells (m), the death rate of the free virus particles (u,) and
infected cells (py).

(ii) We should reduce the produced rate of free virus from infected cells (k).
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