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Abstract In this paper, we are concerned with the initial value problem of
a class of damped elastic systems in an order Banach spaces E. By employing
the method of lower and upper solutions, we discuss the existence of extremal
mild solutions between lower and upper mild solutions for such problem with
the associated semigroup is equicontinuous. In addition, two examples are
given to illustrate our results.
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1. Introduction
In this article, we use a monotone iterative method in the presence of lower and

upper mild solutions to discuss the existence of extremal mild solutions for the
semilinear damped elastic systems in an order Banach spaces E:

u’(t) + pBu/(t) + Au(t) = f(t,u(t), Gu(t)), 0<t<a,
u(0) =ug € D(A), v'(0)=wu; € E,

(1.1)

where A : D(A) C E — F and B : D(B) C E — E are densely defined
closed (possibly unbounded) linear operators on a complex Banach space E and
f€C(0,a] x E x E,E) and

Gu(t) = /0 K(t, s)u(s)ds

is a Volterra integral operator with integral kernel K € C'(V,R"),V = {(¢,s) : 0 <
s <t < a}. Throughout this paper, we always assume that

t
Ky = sup/ K(t,s)ds.
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In 1982, Chen and Russell [2] investigated the following linear elastic system
described by the second order equation

u"(£) + Bu/(t) + Au(t) = 0 (1.2)

in a Hilbert space H with inner (-,-), where A (the elastic operator) and B (the
damping operator) are positive definite selfadjoint operators in H. They reduced
(1.2) to the first order equation in H x H

1

d [ Azu 0 A3 Ay
dt u _A* -B u'

Let V = D(A%), ¢ =V x H with the naturally induced inner products. Then,
(1.2) is equivalent to the first order equation in J#

d Az Az
dt o' B o ’
where
0 I
ag =
—A —-B

D(e/5) = D(A) x [D(A?) N D(B)].

Chen and Russell [2] conjectured that 275 is the infinitesimal generator of an analytic
semigroup on 7 if

D(A?) C D(B)

and either of the following two inequalities holds for some (1, 82 > 0:
Bi(A2v,v) < (Bu,v) < fa(AZv,0), v € D(A?);

B1(Av,v) < (B?v,v) < B2(Av,v), v € D(A).

The complete proofs of the two conjectures were given by Huang [12,13]. Then,
other sufficient conditions for <7z or its closure .2/ to generate an analytic or
differentiable semigroup on ¢ were discussed in [4,14-17,19], by choosing B to
be an operator comparable with A¢ for 0 < o < 1, based on an explicit matrix
representation of the resolvent operator of &/ or /.

In [7-9], Fan et al. studied the existence, the asymptotic stability of solutions
and the analyticity and exponential stability of associated semigroups for the fol-
lowing elastic system with structural damping given by

U (t) + pAu' (t) + A%u(t) = f(t,u(t)), 0<t<a,
u(0) =ug € D(A), v (0)=wu; € FE,

(1.3)

where A : D(A) C E — E is a sectorial linear operator on a complex Banach space
E and p > 0 is a constants.
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In [22], the authors considered nonlinear evolution equations of second order in
Banach spaces

W'(8) + pAu (t) + Au(t) = F(t,u(t), ), tel=]0,T],
u(s) = ¢(s), s<0,
u'(0) + h(u) = 1,

where u is the unknown function defined on I and taking values in E, u; is the
history state defined by u; : (—00,0] = E,us(s) = u(t + s),t € I. By means of the
fixed point for condensing maps, they proved the existence and exponential decay
of mild solutions.

In [23,27], the authors discussed the polynomial stability of elastic systems, the
discussion is based on the operator semigroups theory and some fixed point theorem.
In [6], T. Diagana studied the well-posedness and existence of bounded solutions to
the linear elastic systems with damping

u’(t) + pBu/(t) + Au(t) = f(t), t >0,
u(0) =ug € D(A), v (0)=wu; € F,

where A : D(A) C E — F and B : D(B) C E — E are densely defined closed
(possibly unbounded) linear operators on a complex Banach space F and f : R, —
FE is a continuous function. But the theory still remains to develop to nonlinear
case.

On the other hand, the monotone iterative method based on lower and upper
solutions is an effective and flexible mechanism. It yields monotone sequences of
lower and upper approximate solutions that converge to the minimal and maximal
solutions between the lower and upper solutions. Lately, the monotone iterative
method has been extended to evolution equations in ordered Banach spaces by
Li [21].

In [10], Fan and Li used a monotone iterative technique in the presence of lower
and upper solutions to discuss the existence of extremal mild solutions and positive
mild solutions to the initial value problem of second order semilinear evolution
equations in ordered Banach space F

W'(t) + pAu () + A%u(t) = f(t,u(t)), 0<t<a,

(1.4)
w(0) =ug € D(A), v/'(0)=wu; € E,
where p > 2 is a constant, A : D(A) C F — FE is a closed linear operator and
—A generates a Cy-semigroup T'(¢)(t > 0) on E, f € C(J,E),J = [0,a],a > 0is a
constant.

However, motivated by the above works, ideas and methods based on the paper
[6], in this paper, we give the expression of the solution of problem (1.1), which is
different from the expression given in article [6]. Moreover, we obtain the existence
of the minimal and maximal mild solution, and the mild solutions between the
minimal and maximal mild solution of the problem (1.1) through the monotone
iterative and measure of noncompactness. Our results presented in this paper is
differential from [10]. First of all, the equations (1.1) we consider is different the
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equations (1.4) from [10]. Our research is extensive, which contains the equations
(1.4). When B = A2, equations (1.1) is transformed into equations (1.4); then our
results improve and generalize many classical results [6-10].

The paper is organized as follows: In Section 2, we introduce some notations and
recall some basic known results. In Section 3 we present the existence of extremal
mild solutions for damped elastic systems (1.1) in order Banach space. In Section
4, we give an example to illustrate our results.

2. Preliminaries

Let E be an ordered complex Banach space with the norm | - || and partial order
<, whose positive cone P = {x € E : > 0} is normal with normal constant N.
For any constant a > 0, denote J = [0,al]. Let C'(J, E) denote the Banach space of
all continuous E-value functions on interval J with the norm |ju| = max;c s [|u(t)]].
Evidently, C(J, E) is also an ordered Banach space induced by the convex cone
P’ = {u € Elu(t) > 0,t € J}, which is also a normal cone. The notations D(L)
stand for the domain of L.

Let a(-) denote the Kuratowski measure of noncompactness of the bounded set.
For the details of the definition and properties of the measure of noncompactness,
see [1,5]. For any B C C(J,E) and ¢t € J, set B(t) = {u(t) :w € B} C E. If B is
bounded in C(J, E), then B(t) is bounded in F, and a(B(t)) < a(B).

Now we introduce some basic definitions and properties about Kuratowski mea-
sure of noncompactness that will be used in sequel.

Lemma 2.1 ( [20]). Let E be a Banach space, and let D C E be bounded. Then
there exists a countable set Dy C D, such that a(D) < 2a(Dy).

Lemma 2.2 ( [28]). Let E be a Banach space, and let D = {u,} C C([by,b2], E)
be a bounded and countable set for constants —oco < by < by < +00. Then a(D(t))
is Lebesgue integral on [by,bs], and

ba b2
a({ /b1 un(t)dt :n € N}) < 2/})1 a(D(t))dt.

Lemma 2.3 ( [21]). Let E be a Banach space, and let D C C([by, bo], E) be bounded
and equicontinuous. Then a(D(t)) is continuous on [by, bs], and
a(D) = max «(D(t)).
te[by,bz]
Definition 2.1 ( [18]). Let E be a Banach space, and let S be a nonempty subset
of E. A continuous mapping @ : S — FE is called to be strict a-set-contraction
operator if there existence a constant 0 < k < 1 such that, for every bounded set
QcCS,
a(Q()) < ka(Q).

Lemma 2.4 ( [11]). Let P be a normal cone of the ordered Banach space E and
vo, wo € E with vg < wg. Suppose that Q : [vo,we] — E is a nondecreasing strict
a-set-contraction operator such that vg < Qug and Qwy < wg. The Q has a minimal
fized point u and a mazimal fized point u in [vg, wo|; Moreover, v, — u and w, — T,
where vy, = Qup—1 and w, = Qw,_1(n =1,2,...) which satisfy

V<< <y, < <u<ul - <w, < - < wp < wp.
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Lemma 2.5 (Sadovskii’s fixed point theorem). Let E be a Banach space and €
be a nonempty bounded convex closed set in E. If Q : Qo — Qo is a condensing
mapping, then Q has a fixed point in €.

Lemma 2.6 ( [26]). Assume f € C(J, E) and that A is the infinitesimal generator
of Cy-semigroup (T'(t))i>0. Then the inhomogeneous Cauchy problem

uw'(t) = Au(t) + f(t), te

(2.1)
u(0) = ug € D(A)

has a mild solution u given by

u(t) =T (t)uo + /0 T(t—s)f(s)ds, teJ

Thoughts and methods based on paper [9]. We consider the following linear
damped elastic system

u"(t) + pBu/(t) + Au(t) = h(t), t € J,

(2.2)
u(0) = up € D(A), u'(0) =u1 € E,
where A : D(A) C E — F and B : D(B) C E — E are densely defined closed
(possibly unbounded) linear operators on a complex Banach space E and h : J — E.
For the second order evolution equation

u” (t) + pBu'(t) + Au(t) = h(t), (2.3)

it was rewritten as
(% + El(p)) (% + Eg(p)>u = h(t), t > 0. (2.4)

That is, ,
o+ (B0 + B0) G+ Br(0)Balou = h(t). (2:5)

It follows from (2.3) and (2.5) that

Ei(p) + E2(p) = pB,  Ei(p)E2(p) = A. (2.6)

By (2.6), we have
(i) if C(p) = p?B? —4A = L?(p) > 0, then

_pB=/p*B*—4A _ pB - L(p)

Ey(p)

2 2 ’
pB+/p?B?—4A pB+ L(p
Bafp) = XV AR 0B L) @)

(i) if C(p) = p?B? —4A = L*(p) = 0, then

Eilp) = Balp) = 22
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(iii) if C(p) = p?B% —4A = —L?(p) < 0, then

_ pB- \/p?B% —4A _pB— iL(p)

Ei(p) 5 5 ;
pB++\/p2B%2—-4A pB+iL(p
By(p) = PPINVE _ B (28)

Remark 2.1. In order to study the existence to Eq.(1.1), we will make use of the
above linear operator which links both A and B: C(p) = p>B? —4A = L?(p) with
D(C(p)) = D(B?*)ND(A). In the following discussion, we will focus on the following
cases: C(p) = L%*(p) > 0 and C(p) = L?(p) = 0, for densely closed linear operator
L(p) : D(L(p)) C E — E. Obviously, C(p) = 0 corresponds to the case studied in
papers [7,8].

Lemma 2.7. Assume that there exists a densely defined closed linear operator L(p) :
D(L(p)) C E — E such that ug € D(L(p)) N D(B) and C(p) = p>B? —4A = L*(p)
and BL(p) = L(p)B. Let h € C(J,E), —E1(p) and —FE5(p) are respectively the
infinitesimal generators of Co-semigroups Ti(t)(t > 0) and To(t)(t > 0). Then
Eq.(2.2) has a unique solution given by

u(t) :Tg(t)UO + /0 Tg(t — 5)T1(S)(U1 + EQ(ﬂ)Uo)dS

v t | Tate = 97i(s = P(ryras,

where E1(p), Ea(p) were defined in (2.7).

Proof. Let p
S Bx(pu=u(t), tel,

which means

vo := v(0) = w1 + Ea(p)uo.
So we reduce the linear elastic system (2.2) to the following two abstract Cauchy
problems in Banach space E:

D1 Bi(p)v = h(t), te

(2.9)
v(0) = vo,

and
du 4 Ey(p)u=o(t), teJ,

(2.10)
u(0) = up.

It is clear that (2.9) and (2.10) are linear inhomogeneous initial value problems for
—FE1(p) and —FE»(p) respectively. Thus, by operator semigroups theory [26],—FE1 (p)
and —Fs(p) are infinitesimal generators of Cy-semigroups, which implies initial
value problems (2.9) and (2.10) are well-posed.

Thus using Lemma 2.6, if h € C(J, E), the Eq. (2.9) has a mild solution v given
by

o(t) = T4 (#)vy +/Ot Ti(t — s)h(s)ds. (2.11)
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Similarly, if v € C(J, E), then the mild solution of the Eq. (2.10) expressed by

u(t) = To(t)ug + /Ot To(t — s)v(s)ds. (2.12)

Substituting (2.11) into (2.12), we get
¢
u(t) =Ta(t)u + [ Taft = )Ti(5) (a1 + Ealpuo)ds
0

+/Ot /OSTg(t—s)Tl(s—T)h(T)des.

O
Based on the above discussion, motivated by the definition of mild solutions
in [9], we give the definition of mild solution of the problem (1.1) as follows.

Definition 2.2. Let f € C(Jx Ex E, E), —E1(p) and —FE5(p) are respectively the
infinitesimal generators of Cy-semigroups T3 (t)(t > 0) and T5(¢)(t > 0). A function
u:J — E is said to be a mild solution of the problem (1.1) if u(0) = ug, u’(0) = uy
and

u(t) =Ta(t)uo + /0 To(t — s)T1(s)(u1 + Ea2(p)ug)ds

+ /0 /0 To(t — $)T1(s — 7) f(1,u(7), Gu(T))drds,

where E1(p), Ea(p) were defined in (2.7).

Remark 2.2. In the case C(p) = —L?(p), the expression of mild solution for the
problem (1.1) and the conclusion of Theorem 3.1 are correct and meaningful in
complex Banach spaces. For more detail to see [6].
Definition 2.3. If a function vy € C%(J, E) N C(J, E) satisfy

vy (t) + pBug(t) + Ave(t) < f(t,vo(t), Guo(t)), teJ, (2.13)
vo(0) < vg,  vp(0) < vy, '

we call it a lower solution of the problem (1.1); if all the inequalities of (2.13) are
reversed, we call it an upper solution of the problem (1.1).

Definition 2.4. If a function p € C(J, E) satisfy
t
() <Ta(typo + / To(t — )Ty (s) (1 + Ea(ppo)ds
0

+ /0 /OS To(t — )Ty (s — 7) f (7, u(7), Gu(r))drds, (2.14)

we call it a lower mild solution of the problem (1.1); if the inequalities of (2.14) are
reversed, we call it an upper mild solution of the problem (1.1), where E1(p), E2(p)
were defined in (2.7).

Definition 2.5. A Cy-semigroup T'(¢)(t > 0) in E is said to be equicontinuous if
T'(t) is continuous by operator norm for every ¢ > 0.

Definition 2.6. A Cy-semigroup T'(¢)(t > 0) in E is called to be positive, if order
inequality T'(¢t)z > 6 holds for each x > 6,2 € E and ¢ > 0.
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3. Main results

For v,w € C(J,F) with v < w, we use [v,w] to denote the order interval {u €
C(J,E)lv <u <w} in C(J, E), and [v(t), w(t)] to denote the order interval {u €
Elv(t) < u(t) <w(t),t € J} in E. Let L(E) be the Banach space of all linear and
bounded operators on E. Since Ty (t)(t > 0) and T5(t)(¢t > 0) are Cp-semigroup on
FE, then there exist My > 1 and M> > 1 such that

My =sup |[Ti(t) |l ey, Mz =sup || T2(t)] z(k)-
ted teJ

For the convenience of discussion, we define the mapping @ : C(J, E) — C(J, E)
by

Qu)(t) =Ta(t)uo + /0 To(t — 5)T1(s)(u1 + Ea(p)uo)ds

+ /0 /0 To(t — s)Ti(s — 7) f(7,u(7), Gu(r))drds. (3.1)

Theorem 3.1. Let E be an ordered Banach space, whose positive cone P is normal,
there exists a densely defined closed linear operator L(p) : D(L(p)) C E — E such
that ug € D(L(p)) N D(B) and C(p) = p*B? —4A = L*(p), BL(p) = L(p)B and
—E1(p) and —E5(p) generate positive and equicontinuous Co-semigroups Ty (t)(t >
0) and Ta(t)(t > 0) respectively, f € C(J x E x E,E). If the problem (1.1) has
a lower mild solution vy € (J,E) and an upper mild solution wy € (J, E) with
vo < wg. Suppose that the following conditions are satisfied:

(H1)
f(t,ug,'UQ) - f(t,u17'01) Z 05
forany t € J, and vo(t) < uyp < ug < wo(t), Gug(t) < vy < e < Guy(t).

(H2) There exists a constant 0 < Ly < m, such that

a({f(t;un,vn)}) < Li(e({un} + a({vn}),

for ¥t € J, and equicontinuous countable and increasing or decreasing mono-
tone set {un} C [vo(t), wo(t)], {vn} C [Guo(t), Gwo(t)].

Then for every uy € E, the problem (1.1) has a minimal mild solution uw and a
mazximal mild solution T in [vg, wo); moreover,

v (t) = u(t), wy(t) = u(t), (n— +o0) uniformly for t € J,
where vy (t) = QUi—1(t), wn(t) = Quwy—1(t) which satisfy
V() Sv1(H) < Svp(t) < <u() STR) < - Swp(B) < - <wi(t) Swolt), VEE .

Proof. Define the mapping Q : [vg, wo] — C(J, E) is given by (3.1). By Definition
2.2, it is obvious that the mild solution of the problem (1.1) is equivalent to the
fixed point of Q.

First, we prove that @ is continuous in C(J, E). To this end, let u,, € C(J, E)
be a sequence such that u,, — u in C(J, E). By the continuity of nonlinear term f
with respect to the second variable, for each s € J, we have

f(s,un(8), Gun(s)) — f(s,u(s),Gu(s)), n— oo, (3.2)
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that is for all € > 0, there exists N, when n > N, we have

[1f (5, un(s), Gun(s)) — f(s,u(s), Gu(s))|| < e. (3.3)

Now, we have

1Q(un) () — Qu)(8)]| < M M / / (1 (i (7). Gtn(r)) — F(rv (), Gl
0 0
< My Mya?|[f(ryun(7), G (7)) — F(ru(r), Gu(r)|.

So, when n > N, we have

1Q(un) — Q(u)|| < My Maae,

which means that @ : [vg, wg] — [vg, wp] is continuous.
Next, we show @Q : [vg, wp] — [vg, wp] is a increase operator, and vy < Q(vp),

Q(wo) <wp. In fact, for ¥t € J,vp(t) < ui(t) < ug(t) < wp, from the assumptions
(H1), we have

f(tun(t), Gua(t)) < f(t,ua(t), Gua(t)).

By the positivity of operators T} (t) and T»(t), thus

/o /OS To(t — s)Ti(s — 7) f (1, u1(T), Guy (7))d7ds

S/O /Os To(t — s)Ti(s — 7) f (7, u2(T), Gua(7))drds.

Hence from (3.1) we see that Q(u1) < Q(uz), which means that @ is a increase
operator.

By the definition of lower mild solution and upper mild solution, we can conclude
that vo < Q(vg) and Q(wp) < wy, respectively. So, @ : [vg,wg] — [vo,wp] is
continuous monotone operator.

In the following, we demonstrate that the operator @ : [vg,wg] — [vo,wo] is
equicontinuous. For any u € [vg, wp] and 0 < t' < " < a, we obtain that
1(Q2u) (") — Qu) ()| < [ T2(t")uo — Ta(t )uol|
t/
+ / (T2t = 5) = Tt — )| Ta(s) s + Balp)uo)ds
0

_|_

/t To(t” — $)Ta(s) (s + Ba(p)uo)ds|| + | / ' / T — 5) — To(t — 5)]

xTy(s—7)f(7,u(r), Gu(T))desH

_|_

t" ps

/ / To(t" — s)xTy(s — 1) f(1,u(r), Gu(T))desH
v Jo

=1 4 Iy + I3 + 14 + I,
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where
= || T2(t" )uo — Ta(t)uol,

I = H / b(t" —s) — To(t' — s)|T1(s)(u1 + E2(p)ug)ds||,

I=| / D"~ )T+ Bapuo)ds|

_ H /t, /S[Tz(t” —8) = To(t' — 8)] x Tu(s — 1) f (7, u(r), Gu(T))desH

Is = H/t/ / To(t" — s ><Tl(s—T)f(T,u(T),Gu(T))desH.

In fact, we only need to check Iy, I, I3, I4 and I5 tend to 0 independently of u €
[vo, wo] when ¢ —t' — 0.

Since T (t)(t > 0) is a equicontinuous Cy semigroup, thus, 77 (t)ug is uniformly
continuous on J and thus limy/_,w I, = 0.

Since T»(t)(t > 0) is a equicontinuous Cj semigroup, for Iz, we have

t/
IzS/
0

t/
< Myjus + Ex(p)uo /
0

2ot =) = To(t' = )|, % IT2 Oy lua + Bao)uo lds

(" — s) — To(t' — S)HL(E)ds,

for t € J allows us to conclude that limys ¢ Io = 0.
By the normality of the cone P, there exists M > 0 such that

Hf(t,u(t%Gu(t))H < M7 u € [vawO]‘

For I, we have

¢
I, <
0

(=) =To(t'~5)|| . <ITi(s =)ol (7, u(r), Gu(r))|drds

g(t”—s)—Tg(t’—s)H ds.

t/
< Mlaﬁ X /
0 L(E)

Consequent, limy_,4 Iy = 0.
For I3, I5, we have

I3 < My Ma||uy + Ex(p)uol| - [t — 1],

Is < Mi Mo M|t" — ).

Hence, limt//*)t/ Ig = limt”*)t/ .[5 =0.

As aresult, ||(Qu)(t”)—(Qu)(t')]| tends to 0 independently of u € Qg ast’'—t' —
0, which means that @ : [vo, wo] — [vo, wo] is equicontinuous.

Now, we show that the operator @) is a a-set-contractive. For any bounded
D C [vg, wp], Q(D) is bounded and equicontinuous. Therefore, by Lemma 2.1, we
know that there exists a countable set Dy = {u,,} C D, such that

a(Q(D)) < 2a(Q(Do)). (3.4)
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Since Q(Dy) C Q(D) is bounded and equicontinuous, we know from Lemma 2.3
that

a(Q(Dy)) = ma}a(Q(DO)(t)). (3.5)

For t € J, by Lemma 2.2, we get

a(G(Do)(t)) = a({ Ot K(t, 8)un(s)ds : n € N}) < 2Koa(Dy).

For every t € J, by Lemma 2.2, the assumption (H3) and (3.2), we have
¢

(QDo)(1)) = a({Ta(tyuo + / To(t — 5)T1 (s)(ur + Ez(p)uo)ds
0

+ /0 /0 To(t = $)Ti(s = 7) f (7, un (7), Gun (7)) drds )

< 2MyMaa /0 a({f(r,un(7), Gun(7))})dr (3.6)

< 2My Maa /O " La[o(Do(s) + a(G(Do) (5))]ds
< 2My Msa®(Ly + 2L, Ko)a(D).
Therefore, from (3.4) and (3.6) we know that
a(Q(D)) < ya(D).

where v = 4M1M2a2(L1 + 2L1K0) < 1.
Therefore, @ : [vg, wg] — [vo, wo] is strict set contraction operator. Hence, our
conclusion follows from Lemma 2.4. O
If we replace the assumptions (H2) by the following assumptions:
(H3) There exist a constant Ly > 0 such that for all ¢t € J,

a({f(t,un,vn)}) < Li(a({un}) + a({va})),

and increasing or decreasing sequences {u, } C [vo(t), wo(¢)], {vn} C[Guo(t), Gwo(t)].

Theorem 3.2. Let E be an ordered Banach space, whose positive cone P is normal,
there exists a densely defined closed linear operator L(p) : D(L(p)) C E — E such
that ug € D(L(p)) N D(B) and C(p) = p*B? —4A = L*(p), BL(p) = L(p)B and
—FE1(p) and —Ex(p) generate positive and equicontinuous Co-semigroups Ty (t)(t >
0) and Ta(t)(t > 0) respectively, f € C(J x E x E,E). If the problem (1.1) has
a lower mild solution vg € (J,E) and an upper mild solution wy € (J, E) with
vg < wp. Suppose that the conditions (H1) and (H3) are satisfied, then for every
uy € E, the problem (1.1) has minimal and mazimal mild solutions between vy and
wo, which can be obtained by a monotone iterative procedure starting from vy and
wq respectively.

Proof. By the proof of Theorem 3.1, we known that the operator @ : [vg, wo] —
[vo, wp] is continuous increase operator.
Now, we define two sequences {v,} and {w,} in [vg, wg] by the iterative scheme

Up = Q(Un-1), wp=QwWn-1), n=1,2,.... (3.7)
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Then from the monotonicity of @, it follows that

o< S <<y < Sy < Swp S wyp < wo. (3.8)

In what follows we prove that {v,} and {w,} are convergent in J.

For convenience, let B = {v, : n € N} and By = {v,—1 : n € N}. Then
B = Q(By). From By = BU {vg} it follow that a(By(t)) = a(B(t)) for t € J. Let
o(t) := a(B(t)),t € J.

For t € J, by Lemma 2.2, we get

/ot a(G(Bo)(1)) = /Ot o({ /Ot K(t,5)on-1(s)ds in € N} )

< 2K, /0 (Bo(s))ds

t
=2K ds,
o [ et
therefore
¢ ¢
/ a(G(By)(s))ds < 2KO/ p(s)ds.
0 0
Thus, by Lemma 2.2, the assumption (H3) and (3.2), we have
p(t) = a(B(t)) = a(Q(Bo)(t))

_ a({TQ(t)uo n /Ot To(t — )T (s)(ur + Es(p)ug)ds
+ /Ot /05 To(t — s)Ti(s — 1) f (1, vp-1(7), Gvn,l(r))des})
< 2M1M2a/0 oz({f(r, Un_l(T),GUn_l(T))})dT
<2MMaLia [ (a(Bo(s) + a(G(Ba)(s))ds
0
<4AMiMsLya(l + 2K) /t o(s)ds.
0

Hence by the Gronwall’s inequality, p(t) = 0, a.e. t € J. So fot p(s)ds = 0, by the
above inequality, ¢(t) < 0 , combing this with the property of noncompactness,
p(t)=0,t e J.

Hence, for any ¢ € J, {v,(t)} is precompact, and {v,(¢)}, {w,(t)} has a conver-
gent subsequence. Combing this with the monotonicity (3.8), we easily prove that
{vn ()} itself is convergent, i.e., lim,_, oo vy, (t) =u(t), t € J. Similarly, lim,, o, w, (t)=
u(t), t e J.

It follows from (3.7) and the Lebesgue dominated convergence theorem that and

u = Qu,u = Qu.

Combing this with monotonicity (3.8), we see that vop < u < uw < wgy. By the
monotonicity of @, it is easy to see that u and @ are the minimal and maximal
fixed points of @ in [vg,wp]. Therefore, u and @ are the minimal and maximal
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mild solutions of the problem (1.1) in [vg, wp], and u and @ can be obtained by the
iterative scheme (3.7) starting from v and wy, respectively. O
Now, we discuss the existence of the mild solution to the problem (1.1) between
the minimal and maximal mild solutions v and w. If we replace the assumptions
(H3) by the following assumptions:
(H4) There exists a constant Ly > 0 such that

a(f, D1, D2) < Li(a(D1) + a(Ds)),

for any t € J, where D1 = {v,} C [vo(t), wo(t)] and Dg = {v,} C [Guo(t), Gwo(t)].
We will have the following existence result.

Theorem 3.3. Let E be an ordered Banach space, whose positive cone P is normal,
there exists a densely defined closed linear operator L(p) : D(L(p)) C E — E such
that ug € D(L(p)) N D(B) and C(p) = p*B? —4A = L*(p), BL(p) = L(p)B and
—FE1(p) and —Es(p) generate positive equicontinuous Cy-semigroups Ty (t)(t > 0)
and Ta(t)(t > 0) respectively, f € C(Jx Ex E, E). If the problem (1.1) has a lower
mild solution vo € (J,E) and an upper mild solution wg € (J, E) with vog < wy
such that assumptions (H1) and (H4) hold, the problem (1.1) has a minimal mild
solution u and a mazximal mild solution u between vy and wg, and at least has one
mild solution between u and w.

Proof. We can easily see that (H4) = (H3). Hence, by Theorem 3.2, the problem
(1.1) has a minimal mild solution u and a maximal mild solution & between v
and wg. Next, we prove the existence of the mild solution of the equation (1.1)
between u and w. Clearly, @ : [vo,wo] — [vg,wq] is continuous and the mild
solution of the problem (1.1) is equivalent to the fixed point of operator @ . For
any bounded D C [vg,wo], by Lemma 2.1, we know that there exists a countable
set Dy = {un} C D, such that

a(Q(D)) < 2a(Q(Do)). (3.9)

Since Q(Dy) C Q(D) is bounded and equicontinuous, we know from Lemma 2.3
that
a(Q(Do)) = max a(Q(Do)(t))- (3.10)

teJ

For every ¢t € J, by Lemma 2.2, the assumption (H4) and (3.9), we have
t
(QDo)(1)) = a({Ta(tyuo + / Ty(t — )Ty (s) (ur + Ea(p)uo)ds
0

+ /Ot /OSTQ(tS)Tl(sT)[f(T,un(T),Gun(T))]des}>

({7, un (), Gun(7))})dr (3.11)

S 2M1M2a/
0

t
< 2My Maa / L1 (a(Do(s)) + a(G(Do)(s)))ds
0
< 2My Mya*(Ly + 2L, Ko) (D).
Therefore, from (3.9) and (3.11) we know that

a(Q(D)) < 4M; Mya*(Ly + 2L, Ko) (D).



508 H. Gou & Y. Li

(i) [2M1Msa®(Ly + 2L1Ky)] < 1, then the operator Q : [vg, wo] — [vo, wo] is a
condensing mapping. It follows from Lemma 2.5 that @) has at least one fixed point
w in [vg, wp), so u is the mild solution of the problem (1.1) in [vg, wo].

(i) If [2M1 Msa®(Ly + 2L1Kp)] > 1. Divide J = [0,qa] into n equal parts, let
A, 0=t <t) <--- <t =a,such that

[AM My(Ly + 201 Ko) || A% < 1. (3.12)

By (i) and (3.12), the problem (1.1) has mild solution w;(t) in [0,¢}]; Again by
(i) and (3.10), if Eq.(1.1) with u(#}) = u1(#]) as initial value, then it has mild
solution us(t) in [}, t5] and satisfies ua(t)) = uq(t}). Thus, the mild solution of the
equation continuously extend from [0, ¢}] to [0,¢5]; Continuing such a process, the
mild solution of the equation can be continuously extended to J. So, we obtain a
mild solution u € C(J, E) of the problem (1.1), which satisfies u(t) = u;(t),¢;_; <
t<ti=12...,n
Finally, since u = Qu, vy < u < wq, by the monotonicity of @

v1 = Q(vo) < Qu) < Qwp) = wr.

Similarly, vo < u < ws, in general, v, < u < wy, letting n — oo, we get u < u < u.
Therefore, the problem (1.1) at least has one mild solution between u and w. O

Remark 3.1. The analytic semigroup and differentiable semigroup are equicon-
tinuous semigroup [26]. In the application of partial differential equations, such as
parabolic and strongly damped wave equations, the corresponding solution semi-
group are analytic semigroup. Therefore, Theorem 3.2 and Theorem 3.3 have some
broad applicability.

4. Examples

Let © € RN be an open bounded set with sufficiently smooth boundary 9 and let
E = LP(Q2). Then E is a Banach space equipped with the LP-norm || - ||,.

Example 4.1. Let p = 2. we consider the following damping elastic system

323&2’@ —27A augt,z) +A%u(t, z) = 75 sinu(t, J;)—&—%fot(t—s)u(s, x)ds, (t,z)eJxQ,
Au(t,z) =u(t,z) =0, (t,x)€ JxIQ,

u(0, z) = ug(x), %u(o,x) =u(x), =€,
(4.1)
where v = p > 1 is constant, A stands for the Laplace operator in the space variable
z, J =[0,1], we defined the linear operators A and B in E by

Au = A%*u, u € D(A)=D(A?)={uec H Q) : Au=u =0 on 90},
Bu = —2Au, u € D(B)= H}(Q)NH).

Clearly, C(p) = p?B? —4A = 4A%(p? — 1) = L?, where L = 2A(p? — 1)%. It is clear
that BL = LB. Further,

Ei(p) = —(p+(p*—1)?)A = —01A,  Es(p) = —(p—(p*—1)7)A = A, (4.2)
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where o1 = (p+ (p2 — 1)2),00 = (p — (p2 — 1)2), E1(p) and Es(p) are invertible
bounded linear operator on L?(Q) for all p > 0.

Since A generates an operator semigroup {7'(¢)}¢>0 which is compact, analytic,
and uniformly bounded. By the maximum principle, we can find that {T'(¢)}:>0
is a positive semigroup in E (see [21,24,26]). Furthermore, for any p > 1, (4.2),
yield o1 > 0, oo > 0. Thus, by operator semigroups theory [26], —F1(p) = 01A
and —Fs(p) = 02/ are the infinitesimal generator of equicontinuous Cp-semigroup
T1(t)i>0 and Ta(t);>0 on L*(Q), respectively. It follow that

Tl(t) = T(O’lt), TQ(t) = T(Ugt), t 2 O,
which is exponential stable, i.e,
[IT(@)]| < e Mot | Ta(t)]| < e o2t

with A; being the first eigenvalue of A.

Let u(t) = u(t,), f(t,u(t), Gu(t)) = {5 sinu(t,) + £ fg(t — s)u(s, -)ds, then the

problem (4.1) can be reformulated as the following abstract second order evolution
equation in K
u"(t) + pBu/(t) + Au(t) = f(t,ult), Gu(t)), teJ,

(4.3)
u(0) = ug, «'(0) =wuy.

In order to solve the problem (4.1), we also need the following assumptions:
(1) ug € D(L)N D(B), uy € L*(Q).
(2) The partial derivative f/ (¢, x,u) is continuous.

Theorem 4.1. If the assumptions (1) and (2) are satisfied, then Problem (4.1) has
a mild solution u € C(J, L*(Q)).

Proof. Since f(t,z,u(t,z), Gu(t,z)) = {5 sinu(t,z) + %fot(t — s)u(s,z)ds is con-

tinuous on [0, 1] x [0,400) X E X E and satisfying
1 1
|f;(t7$7u)‘ = E|Cosu(tax)| + Elu(t7x)‘7 (t7xau) € [071] x [O’ +OO) X E; (44)

f(t,2,0,0) =sin0+0=0, (¢ ) €][0,1] x [0,+00).
From (4.4), for u,v € E, we have

1 1
1£t, 2w, 0)| < g5 llull + g5l (2,2) € [0,1] x [0, +00),

— 10
1 1
a(f(t,Dl,Dz)) < ma(Dl) + TOQ(DQ), teJ,

t 1

Ky = sup/ (t—s)ds = .

tes Jo 2

Now take My = Ms = 1, we calculate
1 1

0<1L _ L
S S LML (14 2K,) 8

From all the assumptions, it is easily seen that the conditions in Theorem 3.1 are
satisfied. Hence, by Theorem 3.1, the problem (4.1) has a mild solution u € C(J, E),
which means u is a mild solution for the problem (1.1). O
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Example 4.2. Let p € [2,00). Counsider the following damping elastic system

& ggﬁ,”) +2p Aau(t 2) 4 Au(t,z) = f(t,z,u(t,z), Gu(t,x)), (t,x) € JxQ,
u(t,z) =0, (t,z)€ J x 09,

U(O,I) = UO(x)v %U(O,SC) = ul(x)a x €},
(4.5)
where p > 0 is constant, the function f: J x Q x E x F — E is continuous, and A
stands for the Laplace operator in the space variable x, J = [0,1], we defined the
linear operators A and B in E by

Au = Au, ue D(A) = WP(Q)NW, (),
Bu =2Au, u¢€ D(B)=W**(Q)n Wol’p(Q)~

Clearly, C(p) = p2B? — 4A = 4(p>A? — A) = L2, where L = 2(p2A% — A)z. It is
clear that BL = LB. Further,

Ei(p) = Ri(p)A,  Ea(p) = R2(p)A,

1

where Ra(p) = [p — (01 + (—~A)"1)}] and Ra(p) = ol + (0?1 + (—A)~1)}] are
invertible bounded linear operator on L?() for all p > 0.

Moreover,

“RTN(p)(—Fr(p) = —R5 (p)(—Ea(p)) = A

generates an operator semigroup {7'(t)};>0 which is compact, analytic, and uni-
formly bounded. By the maximum principle, we can find that {T'(¢)}:>0 is a positive
semigroup on LP(Q) (see [21,24,26]), and —R;*(p), —R; *(p) are invertible. Thus,
by operator semigroups theory [26], —E1(p) = —R1(p)A and —Es(p) = —Rz2(p)A
generate positive Cy-semigroups T4 (¢)(t > 0) and T, (¢)(t > 0) on LP(Q).

Let u(t) = u(t,-), f(t,u(t),Gu(t)) = f(t,-,u(t, ), Gu(t,)), then the problem
(4.5) can be reformulated as the equations (1.1).

Theorem 4.2. If the following conditions
(F1) Let ug € D(L)ND(B),u; € LP(Q), up(x),ur(z) > 0,2 € Q, f(t,2,0,0) > 0
and there exists a function w = w(t,xz) € C(J x Q) such that
Pw(tr) | oo AOWLT) L Ayt 2) > f(t t,x), Gu(t t JxQ
Ot2 14 ot + w(,x)_f(,x,w(,m), 'UJ(,J?)), (,.’L’)E X )
w(t,z) =0, (t,z)e Jx 09,
w(0,2) = wo(w), Luw(0,2) > wi(2), = e Q.

(F2) There exits a constant M > 0 such that
ft,x ug,v9) — f(t, z,ur,v1) > —M(ug — up)

foranyte J, and 0 <uy <ug <w(t,z),0 < v <wvy < Gu(t,x).
(F3) There exists a constant L > 0 such that

a({f(t,un,vn)}) < L{a({un}) + a({vn})),

forVte J, and increasing or decreasing monotonic sequences {un }Clvo(t), wo(t)]
and {v,} C [Guo(t), Gwo(t)].
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Then the problem (4.5) has minimal and maximal mild solutions between 0 and
w(x,t), which can be obtained by a monotone iterative procedure starting from 0
and w(t), respectively.

Proof. Assumption (F1) implies that vg = 0 and wg = w(z, t) are lower and upper
solutions of the problem (4.5), respectively, and from (F1) and (F2), it is easy to
verify that all conditions (H1) are satisfied under the constant M7 = My = 1. So
our conclusion follows from Theorem 3.2. O

5. Conclusions

This paper investigates the existence of the extremal mild solutions for damped
elastic systems in Banach spaces. By introducing a new concept of lower and upper
mild solutions, we construct a new monotone iterative method for damped elastic
systems and obtain the existence of extremal mild solutions between lower and upper
mild solutions for the problem under the situation that the associated semigroup is
equicontinuous. Here, we do not need the associated semigroup is compact. Our
results presented in this paper improve and generalize many classical results [7-9].
For future work will be focused on investigate the asymptotic stability of solutions,
and the analyticity and exponential stability of associated semigroup for damping
elastic system in Banach spaces.
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