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Abstract In the paper, a new class of semi-infinite multiobjective fractional
programming problems with support functions in the objective and constraint
functions is considered. For such vector optimization problems, higher order
dual problems in the sense of Mond-Weir and Schaible are defined. Then,
various duality results between the considered multiobjective fractional semi-
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1. Introduction

In recent years, semi-infinite programming problems have been an active research
topic due to their applications in several areas of modern research such as in eco-
nomics, engineering design, approximation theory, optimal control, physics, robotic-
s, transportation problems, etc.

A semi-infinite programming problem is called a mathematical programming
problem with a finite number of variables and infinitely many constraints. Semi-
infinite multiobjective fractional programming problems arise when more than one
objective function, being a ratio of two functions or several such ratios, is to be
optimized over feasible set described by infinite number of constraints. The main
reason for interest in semi-infinite multiobjective fractional programming stems from
the fact that programming models could better fit in the real problems. There are
many works devoted to the study of optimality conditions and duality results for
semi-infinite multiobjective programming problems (see, e.g., [6,9,10,22,27,28,30–
32,35,40–42,45–52]).
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The higher order duality theory for generalized convex multiobjective optimiza-
tion problems is a field of the optimization theory which has intensively devel-
oped during the last five decades. This is a consequence of the fact that the s-
tudy of second and higher order duality is significant due to the computational
advantage over the first order duality as it provides tighter bounds for the val-
ue of objective function when approximations are used because there are more
parameters involved. In the last few years, many researchers have studied high-
er order duality results for various classes of optimization problems (see, e.g.,
[1–5,7, 8, 11,12,16–18,20,21,23–25,29,30,33,34,37–39,43,44]).

In this paper, a new class of nondifferentiable nonconvex semi-infinite multi-
objective fractional programming problems in which numerators and denominators
of the objective functions and, moreover, all constraints contain a term involving
the support function of a convex set. For the considered multicriteria optimization
problem, we formulate higher order Mond-Weir and Schaible type duals. Then, for
the considered nondifferentiable semi-infinite multiobjective programming problem,
we prove various higher order duality results in the sense of Mond-Weir and in the
sense of Schaible under hypotheses of the concept of higher order (Φ, ρ, σα)-type I
functions introduced in the paper. Thus, we generalize and extend similar higher
order duality results earlier established in the literature to a new class of nondiffer-
entiable nonconvex semi-infinite multiobjective fractional programming problems in
which numerator and denominator of the objective functions and all the constraints
contain a term involving the support function of a convex set.

2. Prelimanaries

In this section, we provide some definitions and some results that we shall use in
the sequel. Let Rn denote the n-dimensional Euclidean space.

The following convention for equalities and inequalities will be used throughout
the paper.

For any x = (x1, · · ·xn)
T
, y = (y1, · · · yn)

T
in Rn, we define:

(i) x = y if and only if xi = yi for all i = 1, · · · , n;

(ii) x < y if and only if xi < yi for all i = 1, · · · , n;

(iii) x≤ y if and only if xi≤ yi for all i = 1, · · · , n;

(iv) x ≤ y if and only if x≤ y and x 6= y.

Let C be a compact convex subset of Rn . The support function of C at x ∈ Rn
is defined by s (x|C) = max

{
xT c : c ∈ C

}
.

It is well-known that every support function is a sublinear function defined on
Rn and, therefore, it is convex, as well as proper and lower semicontinuous.

The support function s (x|C) of a compact convex set C ⊆ Rn, being convex
and everywhere finite, has a subgradient at every x ∈ Rn (see, Rockafellar [34]).
This means that, at every x ∈ Rn, there exists ξ ∈ Rn such that

s (z|C)≥s (x|C) + ξT (z − x) for all z ∈ C.

The subdifferential of s (x|C) is given by

∂s (x|C) =
{
ξ ∈ C : ξTx = s (x|C)

}
.
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For any set C ⊆ Rn, the normal cone to C at any point x ∈ C, denoted by NC(x),
is defined by

NC(x) =
{
y ∈ Rn : yT (z − x) ≤ 0,∀z ∈ C

}
.

If C is a compact convex set, then y ∈ NC(x) if and only if s (y|C) = xT y, or
equivalently x ∈ ∂s (y|C).

Now, consider the semi-infinite vector optimization problem defined by

minimize f (x)

subject to h (x, y) ≤ 0, y ∈ Y, (SIVP)

x ∈ X,

where X is a nonempty open convex subset of Rn, Y is a nonempty compact set of
Rm, f := (f1, · · · , fk) : X → Rk is a differentiable on X,h : X × Y → R is such
that, for each y ∈ Y, h (., y) is differentiable on X and, for each x ∈ X,h (x, .̇) is
continuous on Y . Let A be the set of all feasible solutions of the problem (SIVP),
that is, A =

{
x ∈ X : h (x, y)≤ 0 ∀ y ∈ Y

}
.

Definition 2.1. A point x ∈ A is a weakly efficient (weak Pareto) solution of
(SIVP) if there is no other feasible solution x such that f (x) < f (x).

Definition 2.2. A point x ∈ A is an efficient (Pareto) solution of (SIVP) if there
is no another feasible solution x such that f (x) ≤ f (x).

Motivated by Kaul et al. [21] and Ferrara and Stefanescu [13], we introduce a
new concept of generalized convexity for the considered semi-infinite vector opti-
mization problem (SIVP). Namely, we define the notion of higher order (Φ, ρ, σα)-
type I functions. In the following definition, an element of the (n+ 1)-dimensional
Euclidean space Rn+1 is represented as the ordered pair (z, r) with z ∈ Rn and
r ∈ R. Let α be an integer, ρ = (ρ1, · · · , ρk) ∈ Rk, σα = (σ1, · · · , σα) ∈ Rα and
Φ be a real-valued function defined on X ×X ×Rn+1 such that Φ (x, u, (0, a))≥ 0
for all (x, u) ∈ X ×X and any a ≥ 0 and, moreover, Φ (x, u, .) is a convex function.
Further, assume that K := (K1, · · ·Kk) : Rn×Rn → Rk and H : Rn×Y ×Rn → R
be differentiable functions.

Definition 2.3. It is said that the pair (f, h) is higher order (Φ, ρ, σα)-type I
functions at u ∈ X on X with respect to functions K and H if the inequalities

fi (x)− fi (u)−Ki (u, p) + pT∇pKi (u, p) ≥Φ (x, u (∇fi (u) +∇pKi (u, p) , ρi)) ,

i = 1, · · · , k,
−h
(
u, yj

)
−H

(
u, yj , q

)
+qT∇qH

(
u, yj , q

)
≥Φ

(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
,

σyj
))
, j = 1, · · · , α

hold for all x ∈ X, p ∈ Rn, q ∈ Rn. If these inequalities are fulfilled for any u ∈ X,
then the pair (f, h) is higher order (Φ, ρ, σα)-type I functions on X with respect to
functions K and H.

Definition 2.4. It is said that the pair (f, h) is higher order strictly (Φ, ρ, σα)-type
I functions at u ∈ X on X with respect to functions K and H if the inequalities

fi (x)− fi (u)−Ki (u, p) + pT∇pKi (u, p) > Φ (x, u (∇fi (u) +∇pKi (u, p) , ρi))

i = 1, · · · , k,
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− h
(
u, yj

)
−H

(
u, yj , q

)
+ qT∇qH

(
u, yj , q

)
≥Φ

(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
,

σyj
))

j = 1, · · · , α

hold for all x ∈ X, p ∈ Rn, q ∈ Rn. If these inequalities are fulfilled for any u ∈ X,
then the pair (f, h) is higher order strictly (Φ, ρ, σα)-type I functions on X with
respect to functions K and H.

Remark 2.1. Note that the definition of higher order (Φ, ρ, σα)-type I function-
s generalizes several concept of generalized convexity, earlier introduced to opti-
mization theory. Indeed, if Y is a finite index set and we denote by h

(
u, yj

)
=

hj (u) , H
(
u, yj , q

)
= Hj (u, p) , j = 1, · · · , α, we have the following special cases:

(a) IfKi (x, u) = 0, i = 1, · · · , k,Hj (u, p) = 0, j = 1, · · · , α,Φ (x, u, (∇fi (u) +∇p
Ki (u, p) , ρi))=[η (x, u)]

T∇fi (u) , i=1, · · · , k,Φ (x, u, (∇hj (u)+∇pHj (u, p),

ρj)) = [η (x, u)]
T ∇hj (u) , j = 1, · · · , α, then Definition 2.3 reduces to the

definition of V− type I functions introduced by Kaul et al. [21].

(b) If fi and hj are twice differentiable and, moreover Ki (u, p) =
1
2p
T∇2fi (u) p,Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi)) =

[
η (x, u)

T
]
(∇fi (u) +

∇2fi (u) p), i=1, · · · , k,Hj (u, p) = 1
2p∇

2hj (u) p,Φ (x, u, (∇hj (u) +∇p
Hj (u, p) , σj)) =

[
η (x, u)

T
]
∇hj (u) + ∇2hj (u) p, j = 1, · · · , α, where η :

X × X → Rn is a vector-valued function, then Definition 2.3 reduces to
definition of second order type I functions introduced by Mond and Zang [31]
(see also Mishra and Rueda [26]).

(c) If Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi)) = [η (x, u)]
T ∇pKi (u, p) , i = 1, · · · , k,

Φ (x, u, (∇hj (u) +∇pHj (u, p) , σj)) = [η (x, u)]
T ∇pHj (u, p) , j = 1, · · · , α,

where η : X ×X → Rn is a vector-valued function, then Definition 2.3 gives
the definition of higher order type I functions with respect to η introduced in
the scalar case by Zhang [52](see also Mishra and Rueda [26]).

(d) If fi and hj are twice differentiable and, moreover, Ki (u, p) = 1
2p∇

2fi (u) ,

Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi)) = [η (x, u)]
T (∇fi (u) +∇2fi (u) p

)
+

ρi ‖θ (x, u)‖2 , i = 1, · · · , k. Hj (u, q) = 1
2q∇

2hj (u) q,

Φ (x, u, (∇hj (u) +∇pHj (u, p) , σj)) = [η (x, u)]
T (∇hj (u) +∇2hj (u) q

)
+

σj ‖θ (x, u)‖2 , j = 1 · · · , α, where η : X×X → Rn is a vector-valued function,
θ : X × X → Rn,then Definition 2.3 gives the definition of second order
V − ρ − (η, θ)-Type I functions defined in the scalar case by Padhan and
Nahak [32].

(e) If Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi)) = F (x, u, (∇fi (u) +∇pKi (u, p))) +
ρid

2 (x, u) , i = 1, · · · , k,Φ (x, u, (∇hj (u) +∇pHj (u, p) , σj)) =
F (x, u, (∇hj (u) +∇pHj (u, p))) + σjd

2 (x, u) , j = 1, · · · , α,
where a functional F : X ×X ×Rn → R is sublinear (in its third argument),
d : X ×X → R, then the definition of higher order (Φ, ρ, σα)-type I functions
reduced to the definition of higher-order (F, ρ, d) type I functions given by
Suneja et al. [37].

(f) If fi and hj are twice differentiable and moreover,
Ki (u, p)= 1

2p∇
2fi (u) , Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi)) =

F
(
x, u,

(
∇fi (u) +∇2fi (u) p

))
+ ρid

2 (x, u) ,i = 1, · · · , k,Hj (u, q) =
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1
2q∇

2hj (u) q,Φ (x, u, (∇hj (u) +∇pHj (u) p, σj)) =
F
(
x, u, α2

j

(
∇hj (u) +∇2hj (u) q

))
+ σjd

2 (x, u) , j = 1, · · · , α,
where F : X×X×Rn → R is sublinear(in its third argument), d : X×X → R,
then Definition 2.3 gives the definition of second order (F, ρi, σj)-type I func-
tions defined by Srivastava and Govil [36].

(g) If fi and hj are twice differentiable and, moreover,
Ki (u, p) = 1

2p∇
2fi (u), Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi))

= F
(
x, u, α1

i (x, u)
(
∇fi (u) +∇2fi (u) p

))
+ ρid

2 (x, u) , i = 1, · · · , k,
Hj (u, q) = 1

2q∇
2hj (u) q,Φ (x, u, (∇hj(u) +∇pHj (u, p) , σj))

= F
(
x, u, α2

j (x, u)
(
∇hj (u) +∇2hj (u) q

))
+ σjd

2 (x, u) , j = 1, · · · , α, where

F : X × X × Rn → R is sublinear (in its third argument), α1
i : X × X →

R+ {0} , i = 1, · · · , k, α2
j : X ×X → R+ − {0} , j = 1, · · · , α, d : X ×X → R

then Definition 2.3 gives the definition of second order (F, α, ρ, σ, d)-type I
functions introduced by Hachimi and Aghezzaf [19].

(h) If Φ (x, u, (∇fi (u) +∇pKi (u, p) , ρi)) = F
(
x, u, α1 (x, u) +∇pKi (u, p)

)
+

ρid
2 (x, u) , i = 1, · · · , k,Φ (x, u, (∇hj (u) +∇pHj (u, p) , σj)) =

F
(
x, u, α2 (x, u) +∇pHj (u, p)

)
+ σjd

2 (x, u) , j = 1, · · · , α, where a
functional F : X × X × Rn → R is sublinear (in its third argument),
α1, α2 : X×X → R+−{0} , d : X×X → R, then the Definition 2.3 of higher
order type I function reduced to the definition of higher-order (F, α, ρ, d)
type I functions given by Ahmad et al. [5].

In the paper, consider the nondifferentiable semi-infinite multiobjective fraction-
al programming problem defined by

minimize

(
f1 (x) + s (x|C1)

g1 (x)− s (x|D1)
, · · · , fk (x) + s (x|Ck)

gk (x)− s (x|Dk)

)
subject to h

(
x, yj

)
+ s (x|Ej)≤ 0, yj ∈ Y, (SIMFP)

x ∈ X,

where X is a nonempty open convex subset of Rn, Y ⊆ Rm is a nonempty compact
set, f := (f1, · · · , fk) : X → Rk, g := (g1, · · · , gk) : X → Rk, h : X × Y → R are
continuously differentiable such that fi (x) + s (x|Ci) ≥ 0, gi (x)− s (x|Di) > 0, i =
1, · · · , k. Let A be the set of all feasible solutions of the problem (SIMFP ), that
is, A =

{
x ∈ X : h

(
x, yj

)
+ s (x|Ej) ≤ 0 ∀yj ∈ Y

}
. For x ∈ A, we define the set of

active inequality constraints as Y (x) =
{
yj ∈ Y : h

(
x, yj

)
+ s (x|Ej) = 0

}
. Note

that the set Y (x) can be empty. It is obvious that, for each x ∈ A, each index
yj ∈ Y (x) is a global minimizer of the corresponding parameter-depending (x is
the parameter) problem max

{
h
(
x, yj

)
+ s (x|Ej)

}
s.t. yj ∈ Y .

Based on the necessary optimality conditions established by Guerra-Vazquez
and Ruckmann [14], Kanzi and Nobakhtian [22], Mishra and Jayswal [27] for multi-
objective semi-infinite optimization problems and Husain and Z. Jabeen [17], Suneja
et al. [37] established for multiobjective fractional programming with the support
function, we now give the Karush-Kuhn-Tucker type necessary optimality conditions
for the considered nondifferentiable semi-infinite multiobjective fractional program-
ming problem (SIMFP ).

Theorem 2.1 (The Karush-Kuhn-Tucker type necessary optimality conditions).
Let x ∈ A be a weakly efficient solution of the considered nondifferentiable semi-
infinite multiobjective fractional programming problem (SIMFP ) and the suitable
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constraint qualification be fulfilled at x.Then there exist λ =
(
λ1, · · · , λk

)
∈ Rk+, λ 6=

0, an integer α such that 0≤α≤n, µ =
(
µ1, · · · , µα ∈ Rα+

)
and yj ∈ Y (x) such that

k∑
i=1

λi∇
(
fi(x) + zTi x

gi (x)− vTi x

)
+

α∑
j=1

µj∇
(
h
(
x, yj

)
+ wTj x

)
= 0, (2.1)

α∑
j=1

µj
(
h
(
x, yj

)
+ wTj x

)
= 0, (2.2)

zTi x = s (x|Ci) , i = 1, · · · , k, (2.3)

vTi x = s (x|Di) , i = 1, · · · , k, (2.4)

wTj x = s (x|Ej) , j = 1, · · · , α. (2.5)

3. Higher order Mond-Weir duality

In this section, for the primal semi-infinite multiobjective fractional programming
problem (SIMFP ), we define its higher order dual in the sense of Mond-Weir as
follows:

maximize

(
f1 (u) + s (u|C1)

g1 (u)− s (u|D1)
, · · · , fk (u) + s (u|Ck)

gk (u)− s (u|Dk)

)
subject to

k∑
i=1

λi

(
∇
(
fi (u) + uT zi
gi (u)− uT vi

)
+∇pKi (u, p)

)
+

α∑
j=1

µj
(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

))
= 0,

α∑
j=1

µj
(
h
(
u, yj + uTwj

)
+H

(
u, yj , q

)
− qT∇qH

(
u, yj , q

))
≥ 0,

k∑
i=1

λi
(
Ki (u, p)− pT∇pKi (u, p)

)
≥ 0,

x ∈ X,λi≥ 0, i=1, · · · , k,
k∑
i=1

λi=1, 0 ≤ α ≤ n, µj ≥ 0, j=1, · · · , α, y1, · · · , yα∈ Y.

(3.1)
Let Q denote the set of all feasible solutions of the problem (MWD),

that is, the set of
(
u, λ, µ, α, y1, · · · , yα, z, v, w, p, q

)
satisfying all constraints of

(MWD), where z = (z1, · · · , zk) , v = (v1, · · · , vk) , w = (w1, · · · , wα). Fur-
ther, by U denote the projection of the set Q on X, that is, the set U ={
u ∈ X :

(
u, λ, µ, α, y1, · · · , yα, z, v, w, p, q

)
∈ Q

}
.

Before we prove various higher order weak duality results in the sense of Mond-
Weir, let us define the function ϕ = (ϕ1, · · · , ϕk) : X → Rk such that ϕi (a) =
fi(a)+(a)T zi
gi(a)−(a)T vi

, i = 1, · · · , k and the function ψ := (ψ1, · · · , ψα) : X → Rα such that

ψj (a) = hi
(
a, yj

)
+ aTwj , j = 1, · · · , α.

Theorem 3.1 (Higher order weak duality). Let x and (u,λ,µ,α,y1,· · · ,yα,z,v,w,p,q)
be any feasible solutions of the problems (SIMFP ) and (MWD), respectively. Fur-
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ther, assume that the pair (ϕ,ψ) is higher order (Φ, ρ, σα)-type I functions at u on

A∪U with respect to K and H. If
∑k
i=1 λiρi +

∑α
j=1 µjσyj ≥ 0, then the inequality(

f1 (x) + xT z1
g1 (x)− xT v1

, · · · , fk (x) + xT zk
gk (x)− xT vk

)
<

(
f1 (u) + uT z1
g1 (u)− uT v1

, · · · , fk (u) + uT zk
gk (u)− uT vk

)
.

(3.2)

Proof. Let x and
(
u, λ, µ, α, y1, · · · , yα, z, v, w, p, q

)
be any feasible solutions of

the problems (SIMFP ) and (MWD), respectively. We proceed by contradiction.
Suppose, contrary to the result, that the inequalities

fi (x) + xT zi
gi (x)− xT vi

<
fi (u) + uT zi
gi (u)− uT vi

, i = 1, · · · , k (3.3)

hold. From the assumption, the pair (ϕ,ψ) is higher order (Φ, ρ, σα)-type I functions
at u on A∪U with respect to K and H. Hence, by Definition 2.3, (3.3) implies that

Φ

(
x, u,

(
∇
(
fi(u) + uT zi
gi(u)− uT vi

)
+∇pKi (u, p) , ρi

))
+Ki (u, p)− pT∇pKi (u, p) < 0,

i = 1, · · · , k.
(3.4)

Since λi≥0, i = 1, · · · , k, and λ 6= 0, (3.4) yields

k∑
i=1

[
Φ

(
x, u,

(
∇
(
fi(u)+uT zi
gi(u)−uT vi

)
+∇pKi (u, p) , ρi

))
+Ki (u, p)−pT∇pKi (u, p)

]
<0.

By the third constraint of the problem (MWD), the above inequality gives

k∑
i=1

λiΦ

(
x, u,

(
∇
(
fi(u) + uT zi
gi(u)− uT vi

)
+∇pKi (u, p) , ρi

))
< 0. (3.5)

From the second inequality in Definition 2.3, we have

− h
(
u, yj

)
− uTwj −H

(
u, yj , q

)
+ qT∇qH

(
u, yj , q

)
≥Φ

(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σyj

))
, j = 1, · · · , α. (3.6)

Since µj ≥ 0, (3.6) yields

−
α∑
j=1

µj
(
h
(
u, yj

)
+ uTwj +H

(
u, yj , q

)
− qT∇qH

(
u, yj , q

))
≥

α∑
j=1

Φ
(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σjy
))
. (3.7)

Then, by the second constraint of the problem (MWD), (3.7) implies

α∑
j=1

µjΦ
(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σyj

))
≤ 0. (3.8)
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Let us set that

βi =
λi∑k

i=1 λi +
∑α
j=1 µj

, i = 1, · · · , k, ϑj =
µj∑k

i=1 λi +
∑α
j=1 µj

, j = 1, · · · , α.

(3.9)

Hence, (3.9) implies that βi≥ 0, i = 1, · · · , k, and for at least one i, βi >

0, ϑj ≥ 0, j = 1, · · · , α and, moreover,
∑k
i=1 βi +

∑α
j=1 ϑj = 1. Using (3.9) together

with (3.5) and (3.8), we get

k∑
i=1

βiΦ

(
x, u,

(
∇
(
fi(u) + uT zi
gi(u)− uT vi

)
+∇pKi (u, p) , ρi

))

+

α∑
j=1

ϑjΦ
(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σyj

))
< 0. (3.10)

Since
∑k
i=1 βi +

∑α
j=1 ϑj = 1 and Φ is a real-valued convex function defined on

X ×X ×Rn+1, by the definition of convexity, (3.10) implies

Φ

x, u,
 k∑
i=1

βi

[
∇
(
fi(u) + uT zi
gi(u)− uT vi

)
+∇pKi (u, p)

]
+

α∑
j=1

ϑj
[
∇
(
h
(
u, yj

)
+ uTwj

)

+∇qH
(
u, yj , q

)]
,

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj

 < 0.

Then, by the first constraint of the problem (MWD), the above inequality gives

Φ

x, u,
0,

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj

 < 0. (3.11)

By assumption
∑p
i=1 λiρi +

∑α
j=1 µjρyj ≥ 0. Then, (3.9) implies that

p∑
i=1

βiρi +

α∑
j=1

ϑjσyj ≥ 0. (3.12)

Since Φ (x, u, (0, a)) ≥ 0 for and a≥ 0, (3.12) implies that the inequality

Φ

x, u,
0,

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj

 ≥ 0

holds, contradicting (3.11). Hence, the proof of this theorem is completed.
Under the stronger assumption imposed on the functions constituting the con-

sidered vector optimization problems, the following result can be proved.

Theorem 3.2 (Higher order weak duality). Let x and
(
u,λ,µ,α,y1, · · · ,yα,z,v,w,p,q

)
be any feasible solutions of the problems (SIMFP ) and (MWD), respectively. Fur-
ther, assume that the pair (ϕ,ψ) is higher order strictly (Φ, ρ, σα)-type I functions
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at u on A ∪ U with respect to K and H. If
∑p
i=1 λiρi +

∑α
j=1 µjρyj ≥ 0, then the

inequality(
f1 (x) + xT z1
g1 (x)− xT v1

, · · · , fk (x) + xT zk
gk (x)− xT vk

)
≤
(
f1 (u) + xT z1
g1 (u)− uT v1

, · · · , fk (u) + uT zk
gk (u)− uT vk

)
does not hold.

Now, we prove higher order strong duality theorem in the sense of Mond-Weir.

Theorem 3.3 (Higher order strong duality). Let x ∈ A be a (weakly) efficient solu-
tion of the semi-infinite multiobjective fractional programming problem (SIMFP ),
and the suitable constraint qualification be fulfilled at x. Then, there exist λ =(
λ1, · · · , λk

)
∈ Rk+, λ 6= 0, an integer α such that 0≤α≤n, µ = (µ1, · · · , µα) ∈ Rα+

and yj ∈ Y (x), such that if Ki (x, 0) = 0, i = 1, · · · , k,H
(
x, 0, yj

)
= 0, j =

1, · · · , α,
(
x, λ, µ, α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
, is a feasible solution in the

problem (MWD) and the corresponding values of the objective functions of the prob-
lems (SIMFP ) and (MWD) are equal. Further, if all hypotheses of the weak dual-
ity Theorem (3.1,3.2) are satisfied, then

(
x, λ, µ, α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
is an (weakly) efficient solution of a maximum type for the problem (MWD).

Proof. Since x ∈ A is a (weakly) efficient solution of the semi-infinite mul-
tiobjective fractional programming problem (SIMFP ), by Theorem 2.1, there
exist λ =

(
λ1, · · · , λk

)
∈ Rk+, λ 6= 0, an integer α such that 0≤α≤n, µ =

(µ1, · · · , µα) ∈ Rα+ and yj ∈ Y (x) an integer such that the conditions (2.1)-(2.5) are

fulfilled. This means that the solution
(
x, λ, µ, α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
satisfies these conditions. Since Ki (x, 0) = 0, i = 1, · · · , k,H

(
x, 0, yj

)
>

0, j = 1, · · · , α, by the conditions (2.1)-(2.5), it also follows that the solution(
x, λ, µ, α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
is feasible for the problem (MWD). We

now show that if x is a weakly efficient solution of the problem (SIMFP ), then(
x, λ, µ, α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
is a weakly efficient solution of a max-

imum type for the problem (MWD). By means of contradiction, suppose that(
x, λ, µ, α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
is not a weakly efficient solution of a

maximum type for the problem (MWD). Then, by definition, there does exist(
ũ, λ̃, µ̃, α̃, ỹ1, · · · , yα̃, z̃, ṽ, w̃, p̃, q̃

)
such that the inequalities

fi (x) + xT z̃i

gi (x)− xT vi
<
fi (ũ) + ũT z̃i
gi (ũ)− ũT ṽi

, i = 1, · · · , k

hold which is a contradiction to the higher order weak duality theorem 3.1. The
proof of a efficiency of a maximum type for the problem (MWD) is similar. Thus,
the proof of this theorem is completed.

Theorem 3.4 (Higher order strict converse duality). Let x and (u, λ, µ, α, y1, · · · ,
yα, z, v, w, p, q) be feasible solutions of the problems (SIMFP ) and (MWD), re-
spectively, such that

fi (x) + xT zi

gi (x)− xT vi
≤ fi (u) + uT zi

gi (u)− uT vi
−

α∑
j=1

µj
(
h
(
u, yj

)
+ uTwj+

H
(
u, yj , q

)
− qT∇q H

(
u, yj , q

))
. (3.13)
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Further, let the function ϕ := (ϕ1, · · · , ϕk) : X → Rk be defined by ϕi (a) =
fi(a)+a

T zi
gi(a)−aT vi , i = 1, · · · , k, and the function ψ := (ψ1, · · · , ψk) : X → Rα be defined by

ψj (a) = hi
(
a, yj

)
+ aTwj , j = 1, · · · , α. Furthermore, assume that the pair (φ, ψ)

is higher order strictly
(
Φ, ρ, σα

)
-type I at u on A ∪U with respect to K and H. If∑p

i=1 λiρi +
∑α
j=1 µjρyj ≥ 0, then x = u.

Proof. By means of contradiction, suppose that x 6= u .By the assumption, the
pair (ϕ,ψ) is higher order

(
Φ, ρ, σα

)
-type I at u on A ∪ U with respect to K and

H. Then, by Definition (2.3), (3.13) gives that

−
α∑
j=1

µj
(
h
(
u, yj

)
+ uTwj +H

(
u, yj , q

)
− qT∇qH

(
u, yj , q

))
>Φ

(
x, u,

(
∇
(
fi (u) + uT zi

gi (u)− uT vi

)
+∇pKi (u, p) , ρi

))
+Ki (u, p)− pTKi (u, p) ,

i = 1, · · · , k.

Then, by the second constraint of the problem (MWD), the above inequality yields

Φ

(
x, u,

(
∇
(
fi (u) + uT zi

gi (u)− uT vi

)
+∇pKi (u, p) , ρi

))
+Ki (u, p)− pT∇pKi (u, p) < 0,

i = 1, · · · , k.
(3.14)

Since λi≥ 0, i = 1, · · · , k and λ 6= 0, (3.14) gives

k∑
i=1

λi

[
Φ

(
x, u,

(
∇
(
fi (u)+uT zi

gi (u)−uT vi

)
+∇pKi (u, p) , ρi

))
+Ki (u, p)−pT∇p (u, p)

]
<0.

By the third constraint of the problem (MWD), the above inequality yields

k∑
i=1

λi

(
Φ

(
x, u,

(
∇
(
fi (u) + uT zi

gi (u)− uT vi

)
+∇pKi (u, p) , ρi

)))
< 0. (3.15)

Using the second inequality in Definition(2.4),we obtain

− h
(
u, yj

)
− uTwj −H

(
u, yj , q

)
− qT∇qH

(
u, yj , q

)
≥

Φ
(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σyj

))
, j = 1, · · · , α. (3.16)

Since µj ≥ 0, j = 1, · · · , α, (3.16) implies

−
α∑
j=1

µj
(
h
(
u, yj

)
+ uTwj +H

(
u, yj , q

)
− qTH

(
u, yj , q

))
≥

α∑
j=1

µjΦ
(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σyj

))
. (3.17)

Then, by the second constraint of the problem (MWD), (3.7) implies

α∑
j=1

µjΦ
(
x, u,

(
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)
, σyj

))
≤ 0. (3.18)
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Let us define

βi =
λi∑k

i=1 λi +
∑α
i=1 µj

, i = 1, · · · , k, ϑj =
µj∑k

i=1 λi +
∑α
i=1 µj

, j = 1, · · · , α.

(3.19)

Hence, (3.19) implies that βi≥ 0, i = 1, · · · , k, and for at least one i, βi >

0, ϑj ≥ 0, j = 1, · · · , α and, moreover,
∑k
i=1 βi+

∑α
j=1 ϑj = 1. Using (3.19) together

with (3.15) and (3.18),we get

k∑
i=1

βiΦ

(
x, u

(
∇
(
fi(u)+uT zi

gi(u)−uT vi

)
+∇pKi(u, p), ρi

))
+

α∑
j=1

ϑjΦ
(
x, u

(
∇
(
h(u, yj)

+ uTwj
)

+∇qH(u, yj , q), σyj
))
< 0. (3.20)

Since
∑k
i=1 βi +

∑α
j=1 ϑj = 1 and Φ is a real-valued convex function defined on

X ×X → Rn+1, by the definition of convexity, (3.20) gives

Φ

x, u
i=1∑

k

βi

[
∇
(
fi(u) + uT zi

gi(u)− uT vi

)
+∇pKi(u, p)

]
+

α∑
j=1

ϑj
[
∇
(
h(u, yj)

+ uTwj
)

+∇qH(u, yj , q)
]
,

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj

 < 0.

Thus, by the first constraint of the problem (MWD), the above inequality implies

Φ

x, u,
0,

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj

 < 0. (3.21)

By assumption,
∑k
i=1 λi +

∑α
j=1 µj > 0. Hence, (3.19) yields that

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj ≥ 0. (3.22)

Since Φ (x, u, (0, a)) ≥ 0 for any a≥ 0, (3.2) implies that the inequality

Φ

x, u,
0,

k∑
i=1

βiρi +

α∑
j=1

ϑjσyj

 ≥ 0

holds, contradicting (3.21). Hence, the proof of this theorem is completed.

4. Higher order Schaible type dual

In this section, for the primal semi-infinite multiobjective fractional programming
problem (SIMFP ), we formulate its higher order Schaible dual problem as follows

maximize (τ1, · · · , τk)
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s.t.∇


k∑
i=1

λi
[
fi (u)+uT zi−τi

(
gi (u)−uT vi

)]
+

α∑
j=1

µj
(
∇
(
h
(
u, yj

)
+uTwj

))
+

k∑
i=1

λi (∇pKi (u, p)− τi∇pGi (u, p)) +

α∑
j=1

µj∇qH
(
u, yj , q

)
= 0,

k∑
i=1

λi
{[
fi (u) + uT zi − τi

(
gi (u)− uT vi

)]
+ (Ki (u, p)− τiGi (u, p))

−pT∇p (Ki (u, p)− τiGi (u, p))
}
≥ 0,

α∑
j=1

µj∇
(
h
(
u, yj

)
+ uTwj +H

(
u, yj , q

)
− qT∇qH

(
u, yj , q

))
≥ 0,

x∈X,λi≥ 0, i =, · · · , p, λe = 1, 0≤α≤n, µj ≥ 0, j = 1, · · · , α, τ ≥ 0, y1, · · · , yα ∈ Y.

Let S denote the set of all feasible solutions of the problem (SD), that is,
the set of

(
u, λ, µ, α, y1, · · · , yα, z, v, w, p, q

)
satisfying all constraints of (SD),

where z = (z1, · · · , zk) , v = (v1, · · · , vk) , w = (w1, · · · , wα). Further,
by U denote the projection of the set S on X, that is, the set U ={
u ∈ X :

(
u, λ, µ, τ, α, y1, · · · , yα, z, v, w, p, q

)
∈ S

}
.

Further, let us define the function ϕ := (ϕ1, · · · , ϕ2k) : X → R2k such that
ϕi (a) = fi (a) + aT zi, i = 1, · · · , k and ϕk+i (a) = −

(
gi (a)− aT vi

)
, i = 1, · · · , k,

the function ψ := (ψ1, · · · , ψα) : X → Rα such that ψj (a) = hi
(
a, yj

)
+ aTwj , j =

1, · · · , α, and, moreover, KG = (KG1
, · · · ,KG2k

) : Rn × Rn → R2k, where
KGi

(a, p) = Ki (a, p) , i = 1, · · · , k,KGk+i
(a, p) = −Gi (a, p) , i = 1, · · · , k.

Theorem 4.1 (Weak duality). Let x and
(
u, λ, µ, τ, α, y1, · · · , yα, z, v, w, p, q

)
be

any feasible solutions of the problems (SIMFP ) and (SD), respectively. Further,
assume that the pair (ϕ,ψ) is higher order (Φ, ρ, σα)-type I at u on A ∪ U with

respect to KG and H, where ρ = (ρ1, · · · , ρ2k) =
(
ρf1 , · · · , ρfk , ρg1,··· ,ρgk

)
∈ R2k.If∑k

i=1 λiρfi +
∑k
i=1 λiτiρgi +

∑α
j=1 µjρyj ≥ 0, then the inequality(

f1 (x) + xT z1
g1 (x)− xT v1

, · · · , fk (x) + xT zk
gk (x)− xT vk

)
< (τ1, · · · , τk) (4.1)

doesnt hold.

Proof. Let x and
(
u, λ, µ, τ, α, y1, · · · , yα, z, v, w, p, q

)
be any feasible solutions

of the problems (SIMFP ) and (SD),respectively. We proceed by contradiction.
Suppose, contrary to the result, that the inequalities

fi (x) + xT zi
gi (x)− xT vi

< τi, i = · · · , k (4.2)

hold. Hence, (4.2) yields

fi (x) + xT zi − τi(gi (x)− xT vi) < 0, i = 1, · · · , k. (4.3)

Multiplying each inequality (4.3) by λi≥ 0, i = 1, · · · , k, λT e = 1, and then adding
both sides of the resulting inequalities, we get

k∑
i=1

λi
[
fi (x) + xT zi − τi

(
gi (x)− xT vi

)]
< 0, i = 1, · · · , k. (4.4)
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From the assumption, the pair (φ, ϕ) is higher order (Φ, ρ, σα)-type I at u on A∪U
with respect to KG and H, where ρ = (ρ1, · · · , ρ2k) = (ρf1 , · · · , ρfk , ρg1 , · · · , ρgk) ∈
R2k. Hence, by Definition(2.3), we have that

fi (x) + xT zi −
(
fi (u) + uT zi

)
−Ki (u, p) + pT∇pKi (u, z)≥

Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
, i = 1, · · · , k, (4.5)

−
(
gi (x)− xT vi

)
+
(
gi (u)− uT vi

)
+Gi (u, p)− pT∇pGi (u, z)≥

Φ
(
x, u,

(
−∇

(
gi (u) + uT vi

)
−∇pGi (u, p) , ρgi

))
, i = 1, · · · , k, (4.6)

− h
(
u, yj

)
−H

(
u, yj , q

)
+ qT∇qH

(
u, yj , q

)
≥

Φ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
, j = 1, · · · , α. (4.7)

Multiplying each inequality (4.5) by λi, each inequality (4.6) by λiτi and each
inequality (4.7) by µj and then adding both sides of the resulting inequalities, we
get

k∑
i=1

λi

[
fi (x) + xT zi − τi

(
gi (x)− xT vi

)]
−

k∑
i=1

λi

{[
fi (u) + uT zi − τi

(
gi (u)− uT vi

)]
+ (Ki (u, p)− τiGi (u, p))− pT∇p (Ki (u, p)− τiGi (u, p))

}
−

α∑
j=1

µjh
(
u, yj

)
+ uTwj

+H
(
u, yj , q

)
− qT∇qH

(
u, yj , q

)
≥

k∑
i=1

λi

[
Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
+τiΦ

(
x, u,

(
−∇

(
gi (u)−uT vi

)
∇pGi (u, p) , ρgi

))]
+

α∑
j=1

µjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
.

By the constraints of the problem (SD), it follows that

k∑
i=1

λi
[
fi (x) + xT zi − τi

(
gi (x)− xT vi

)]
≥

k∑
i=1

λi
[
Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi)) + τiΦ

(
x, u,

(
−∇

(
gi (u)− uT vi

)
−∇pGi (u, p) , ρgi

))]
+

α∑
j=1

µjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
. (4.8)

Combining (4.4) and (4.8), we get

k∑
i=1

λi
[
Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
+τiΦ

(
x, u,

(
−∇

(
gi (u)− uT vi

)
−∇pGi (u, p) , ρgi

))]
+

α∑
j=1

µjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
< 0. (4.9)
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Let us set that

βi =
λi∑k

i=1 λi (1 + τi) +
∑α
j=1 µj

, i = 1, · · · , k,

ϑj =
µj∑k

i=1 λi (1 + τi) +
∑α
j=1 µj

, j = 1, · · · , α. (4.10)

Hence βi≥ 0, i = 1, · · · , k, and for at least one i, βi > 0, ϑj ≥ 0, j = 1 · · · , α, and,

moreover,
∑k
i=1 βi (1 + τi) +

∑α
j=1 ϑj = 1. Using (4.10) in (4.9), we obtain

k∑
i=1

βi
[
Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
+τiΦ

(
x, u,

(
−∇

(
gi (u)− uT vi

)
−∇pGi (u, p) , ρgi

))]
+

α∑
j=1

ϑjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
< 0. (4.11)

Since
∑k
i=1 βi (1 + τi)+

∑α
j=1 ϑj = 1 and Φ is a real-valued convex function defined

on X ×X ×Rn+1, by the definition of convexity, (4.11) implies

Φ

(
x, u,

(
k∑
i=1

βi

[
∇
(
fi (u) + uT zi

)
− τi∇

(
gi (u)− uT vi

)
+∇pKi (u, p)− τi∇pGi (u, p)

]

+
α∑
j=1

ϑj

[
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)]
,
k∑
i=1

βiρfi +
k∑
i=1

βiτiρfgi
+

α∑
j=1

ϑjσyj

 < 0.

Then, by the first constraint of the problem (MWD), the above inequality gives

Φ

x, u,
0,

k∑
i=1

βiρfi +

k∑
i=1

βiτiρfgi +

α∑
j=1

ϑjσyj

 < 0. (4.12)

By assumption,
∑k
i=1 λiρfi +

∑k
i=1 λiτiρgi +

∑α
j=1 µjρyj ≥ 0.Then,(4.10) yields that

k∑
i=1

βiρfi +

k∑
i=1

βiτiρfgi +

α∑
j=1

ϑjσyj ≥ 0. (4.13)

Since Φ (x, u, (0, a)) ≥ 0 for any a≥ 0, (4.13) implies that the inequality

Φ

x, u,
0,

k∑
i=1

βiρfi +

k∑
i=1

βiτiρfgi +

α∑
j=1

ϑjσyj

 ≥ 0

holds, contradicting (4.12). Hence, the proof of this theorem is completed.
Under the stronger assumption imposed on the functions constituting the con-

sidered vector optimization problems, the stronger result can be proved.

Theorem 4.2 (Higher order weak duality). Let x and(
u, λ, µ, τ, α, y1, · · · , yα, z, v, w, p, q

)
be any feasible solutions of the problems

(SIMFP ) and (SD), respectively. Further, assume that Further, assume that the
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pair (ϕ,ψ) is higher order strictly (Φ, ρ, σα)-type I at u on A ∪ U with respect
to KG and H, where ρ = (ρ1, · · · , ρ2k) = (ρfi , · · · , ρfk , ρgi , · · · , ρgk) ∈ R2k. If∑k
i=1 λiρfi +

∑k
i=1 λiτiρgi +

∑α
j=1 µjρyj ≥ 0, then the inequality(

f1 (x) + xT z1
g1 (x)− xT v1

, · · · , fk (x) + xT zk
gk (x)− xT vk

)
≤ (τ̄1, · · · , τ̄k)

doesn’t hold.
Now, we formulate higher order strong duality theorem in the sense of Mond-Weir.

Theorem 4.3 (Higher order strong duality). Let x ∈ A be a weakly solution (an
efficient solution) of the semi-infinite multiobjective fractional programming prob-
lem (SIMFP) and the suitable constraint qualification be fulfilled at x. Then, there
exist λ =

(
λ1, · · · , λk

)
∈ Rk+, λ 6= 0, an integer α. such that 0≤ α ≤n, µ =

(µ1, · · · , µα) ∈ Rα+ and yj ∈ Y (x), such that if Ki (x, 0) = 0, Gi (x, 0) = 0, i =

1, · · · , k,H
(
x, 0, yj

)
= 0, j = 1, · · · , α,

(
x, λ, µ, τ , α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
is a feasible solution in the problem (SD) and the corresponding values of the
objective functions of the problems (SIMFP ) and (SD) are equal. Further,
if all hypotheses of the weak duality theorem (4.1) or (4.2) are satisfied, then(
x, λ, µ, τ , α, y1, · · · , yα, z, v, w, p = 0, q = 0

)
is a weakly solution (an efficient so-

lution) of a maximum type for the problem (SD).

Theorem 4.4 (Strict converse duality). Let x ∈ A and
(
u, λ, µ, τ , α, y1, · · · , yα,

z, v, w, p, q) be feasible solutions of the problems (SIMFP ) and (SD), respectively,
such that (

f1(x) + xT z1

g1(x)− xT v1

)
, · · · ,

(
fk(x) + xT zk

gk(x)− xT zk

)
= (τ1, · · · , τk) . (4.14)

Further, assume that the pair (ϕ,ψ) is higher order strictly (Φ, ρ, σα)-type I at u with
respect to KG and H, where ρ = (ρ1, · · · , ρ2k) = (ρf1 , · · · , ρfk , ρg1 , · · · , ρgk) ∈ R2k.

If
∑k
i=1 λiρfi +

∑k
i=1 λiτ iρgi +

∑α
j=1 µjσyj ≥ 0, then x = u.

Proof. Let x and
(
u, λ, µ, τ , α, y1, · · · , yα, z, v, w, p, q

)
be feasible solutions of

(SIMFP ) and (SD), respectively, such that (4.14) is satisfied. We proceed by
contradiction. Suppose, contrary to the result, that x = u. By (4.14), it follows
that

fi (x) + xT zi − τ i
(
gi (x)− xT vi

)
= 0, i = 1, · · · , k. (4.15)

Multiplying each inequality (4.15) by λi≥ 0, i = 1, · · · , k, λT e = 1, and then adding
both sides of the resulting inequalities, we get

k∑
i=1

λi
[
fi (x) + xT zi − τ i

(
gi (x)− xT vi

)]
= 0. (4.16)

By hypotheses, the pair (φ, ψ) is higher order (Φ, ρ, σα)-type I at u on A∪U with
respect to KG and H, where ρ = (ρ1, · · · , ρ2k) = (ρf1 , · · · , ρfk , ρg1 , · · · , ρgk) ∈ R2k

Hence, by Definition(2.4), we have that

fi (x) + xT zi −
(
fi (u) + uT zi

)
−Ki (u, p) + pT∇pKi (u, z)
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>Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
, i = 1, · · · , k, (4.17)

−
(
gi (x) + xT vi

)
+
(
gi (u) + uT vi

)
+Gi (u, p)− pT∇pGi (u, z)

>Φ
(
x, u,

(
−∇

(
gi (u) + uT vi

)
−∇pGi (u, p) , ρgi

))
, i = 1, · · · , k, (4.18)

− h
(
u, yj

)
−H

(
u, yj , q

)
+ qT∇qH

(
u, yj , q

)
>Φ

(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
, j = 1 · · · , α. (4.19)

Multiplying each inequality (4.17) by λi≥ 0, i = 1, · · · , k, each inequality (4.18) by

τ iλi≥ 0, i = 1, · · · , k, and each inequality (4.19) by µj ≥ 0, j = 1, · · · , α, and then
adding both sides of the resulting inequalities, we obtain

k∑
i=1

λi
[
fi (x)+xT zi−τ i

(
gi (x)−xT vi

)]
−

k∑
i=1

λi
{[
fi (u)+uT zi−τ i

(
gi (u)− uT vi

)]
+(Ki (u, p)−τ iGi (u, p))−pT∇p (Ki (u, p)− τ iGi (u, p))

}
−

α∑
j=1

µj
(
h
(
u, yj

)
+uTwj

+H
(
u, yj , q

)
−qT∇qH

(
u, yj , q

))
>

k∑
i=1

λiΦ
[
x, u,

(
∇
(
fi (u)+uT zi

)
+∇pKi (u, p) , ρfi

)]
+ τ iΦ

(
x, u,

(
−∇

(
gi (u) + uT vi

)
−∇pGi (u, p) , ρgi

))
+

α∑
j=1

µjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
. (4.20)

From the constraints of the problem (SD), it follows that

k∑
i=1

λi
[
fi (x) + xT zi − τ i

(
gi (x)− xT vi

)]
≥

k∑
i=1

λi
[
Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
+τiΦ

(
x, u,

(
−∇

(
gi (u)− uT vi

)
−∇pGi (u, p) , ρgi

))]
+

α∑
j=1

µjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
. (4.21)

By (4.16) and (4.21), we have

k∑
i=1

λi
[
Φ
(
x, u,

(
∇
(
fi (u)+uT zi

)
+∇pKi (u, p) , ρfi

))
+τ iΦ

(
x, u,

(
−∇

(
gi (u)−uT vi

)
−∇pGi (u, p) , ρgi))] +

α∑
j=1

µjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
< 0

(4.22)
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Let us set that

βi =
λi∑k

i=1 λi (1 + τi) +
∑α
j=1 µj

, i = 1, · · · , k,

ϑj =
µj∑k

i=1 λi (1 + τ i) +
∑α
j=1 µj

, j = 1, · · · , α. (4.23)

Hence βi≥ 0, i=1, · · · , k, and for at least one i, βi > 0, ϑj ≥ 0, j=1, · · · , α and∑k
i=1 βi (1 + τ i) +

∑α
j=1 ϑj = 1. By (4.22) and (4.23), we get

k∑
i=1

βi
[
Φ
(
x, u,

(
∇
(
fi (u) + uT zi

)
+∇pKi (u, p) , ρfi

))
+τ iΦ

(
x, u,

(
−∇

(
gi (u) + uT vi

)
−∇pGi (u, p) , ρgi

))]
+

α∑
j=1

ϑjΦ
(
x, u,

(
∇h
(
u, yj

)
+∇qH

(
u, yj , q

)
, σyj

))
< 0. (4.24)

Since
∑k
i=1 βi (1 + τ i)+

∑α
j=1 ϑj = 1 and Φ is a real-valued convex function defined

on X ×X ×Rn+1, by the definition of convexity, (4.24) implies

Φ

(
x, u,

(
k∑
i=1

βi
[
∇
(
fi (u) + uT zi

)
− τ i∇

(
gi (u) + uT vi

)
+∇pKi (u, p)− τ i∇pGi (u, p)

]
+

α∑
j=1

ϑj
[
∇
(
h
(
u, yj

)
+ uTwj

)
+∇qH

(
u, yj , q

)]
,
k∑
i=1

βiρfi +
k∑
i=1

βiτiρfgi +
α∑
j=1

ϑjσyj

 < 0.

Then, by the first constraint of the problem (MWD), the above inequality gives

Φ

x, u
0,

k∑
i=1

βiρfi +

k∑
i=1

βiτ iρgi −
α∑
j=1

ϑjσyj

 < 0. (4.25)

By assumption,
∑k
i=1 λiρfi +

∑k
i=1 λiτ iρgi −

∑α
j=1 µjρyj ≥ 0. Then, (4.23) yields

that

k∑
i=1

βiρfi +

k∑
i=1

βiτ iρgi −
α∑
j=1

ϑjσyj ≥ 0. (4.26)

Since Φ (x, u, (0, a)) ≥ 0 for any a≥ 0, (4.26) implies that the inequality

Φ

x, u
0,

k∑
i=1

βiρfi +

k∑
i=1

βiτ iρgi −
α∑
j=1

ϑjσyj

 ≥ 0

holds, contradicting (4.25). Hence, the proof of this theorem is completed.
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