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POSITIVE SOLUTION FOR NONLINEAR
THIRD-ORDER MULTI-POINT BOUNDARY
VALUE PROBLEM AT RESONANCE

Chunfang Shen!, Hui Zhou!, Xiaoxiang Fan' and Liu Yang"{

Abstract In this paper, positive solutions for a kind of third-order multi-
point boundary value problem at resonance are investigated. By using the
Leggett-Williams norm-type theorem due to O’Regan and Zima, existence
result of at least one positive solution is established. An example is given to
demonstrate the main results.
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1. Introduction

This paper is motivated by the existence of positive solution for the third-order
m-point boundary value problem

2" () + f(t,a(t)) =0, t € [0,1]
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where
O<€1 <£2<"'<€m—2<17 Ogﬂzgla i1=1,2,---,m—2,
feC(0,1] x [0,00), R),
m—2
with the resonant condition Z B; = 1. It is well known that under this resonant
i=1
condition the associated linea:r operator is uninvertible.

Third order differential equations arise in a variety of different areas of applied
mathematics and physics, as the deflection of a curved beam having a constant or
varying cross section, three layer beam and so on [20]. Recently much attention
has been paid to the existence of solutions, especially for the positive solutions, of
third-order multi-point boundary value problems at non-resonance (for details see
[1, 21 30, 10, 7, 17, 22, 12, 27]).

Anderson [1] established the existence of at least three positive solutions to
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problem

—z"(t) + f(x(t)) = 0, t € (0,1),
x(0) = 2'(t2) = 2”(1) = 0,

where f: R — [0, +00) is continuous and 1/2 < t5 < 1.

By using the well-known Guo-Krasnoselskii fixed point theorem [8], Palamides
and Smyrlis [21] proved that there exist at least one positive solution for third-order
three-point problem

1) = at) f(t,2(8), € (0,1),
z"(n) =0, z(0) ==z(1) =0, n € (0,1).

Yang [30] studied the existence of positive solutions for the third-order m-point
boundary value problem

a"(t) + f(t, 2(t), 2'(t), () =0, t € [0, 1],

m—2 m—2

2"(0) = 0, 2'(0) = Z ;' (&), =(1) = Z Bix (&),

where
0<€1<£2<"'<£m—2<1a OSOéZ‘<]., 0§61<17 7::1,27"’,77172,

Y ai<1, Y Bi<1and feC([0,1] x [0,+00) x R?, [0, +00)).

i=1 i=1
By using the Avery-Peterson fixed point theorem, the author established the exis-
tence of at least three positive solutions of this problem.

For resonant problem of second-order or higher-order differential equations,
many existence results of solutions have been established, see [6, 23, 24, 11, 13, 14,
15, 3, 5, 16, 18, 19, 4]. In [4], the authors considered the third-order problem

£(0) = (ta,s!) () 1€ 0.1),

2'(0) =0, z(1) = Bx(n Zaz (&).

By using Mawhin continuation theorem, the ex1stence results of solutlons are es-
tablished under the resonant condition 8 =1,% 1", i =1, Dy 0@52 =0 and

8= 717, i1 041 =1, Zz 1 azé = 0 respectively.

It is well known that the problem of existence for positive solution to nonlin-
ear boundary value problem is very difficult when the resonant case is considered.
Only few work gave the approach in this area for first and second-order differential
equations [2, 25, 26, 9, 28, 29]. To our best knowledge, few paper deal with the ex-
istence result of positive solution for resonant third-order boundary value problems.
Motivated by the approach in [25, 26, 9], we study the positive solution for problem
(1.1) under the resonant condition. By using the norm-type Leggett-Williams fixed
point theorem, we establish the existence results of positive solutions.
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2. Preliminaries

Operator L : domL C X — Y is called a Fredholm operator with index zero, that
is, ImL is closed and dim Ker L=codim ImL< oo, which implies that there exist
continuous projections P : X — X and @ : Y — Y such that ImP = KerL and
Ker@ = ImL. Moreover, since dim Im Q=codim Im L, there exists an isomorphism
J : Im@Q — KerL. Denote by Lp the restriction of L to KerP NdomL to ImL
and its inverse by Kp, so Kp : ImL — KerPNdomL and the coincidence equation
Lx = Nz is equivalent to

z=(P+JQN)z+ Kp(I — Q)Nz.

Denote v : X — C be a retraction, that is, a continuous mapping such that vz = x
for all z € C' and

U:=P+JQN+ Kp(I —Q)N,

U, :=Wor.
Lemma 2.1 (Leggett-Williams norm-type theorem, [25]). Let C be a cone in
X, Q1,92 be open bounded subsets of X with Q1 C Qa, CN(Q2\ Q1) # 0. Assume
that L : domL C X — Y s a Fredholm operator of index zero and
(C1) QN :X =Y is continuous and bounded, Kp(I — Q)N : X — X is compact
on every bounded subset of X,

(C2) Lz # ANz for allx € C NI NdomL and A € (0,1),
(C3)  ~ maps subsets of Qo into bounded subsets of C,

(C4) dp([I — (P + JON)Y]|kerr, KerL N Qq,0) # 0, where dp stands for the
Brouwer degree,

(C5)  There exists ug € C\{0} such that ||z|| < o(uo)||¥x| for z € C(up) NN,
where C(ug) = {z € C : pug < x} for some p > 0 and o(ug) is such that
|z + uo|| > o(uo)||x| for every xz € C,

(C6) (P+JQN)v(0Qs) C C,
(CT) T, @\0) C O,
then the equation Lz = Nx has a solution in the set C' N (Q2\Q1).

3. Main results

We define the spaces X =Y = C[0, 1] endowed with the maximum norm. It is well
known that X and Y are Banach spaces.
Define the linear operator L : domL C X — Y,

(Lz)(t) = =2 (t), t € [0,1],

where
domL = {z € X| 2" € C[0,1], 2”(0) =0, 2'(0) = 2'(1), z(0) = Z Biz(&:)},
i=1

and the nonlinear operator N : X — Y with

(Nz)(t) = f(t,z(t), t €[0,1].
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It is obvious that KerL = {z € domL : z(t) = ¢ ,t € [0,1]}. Denote the function
G(s), s €10,1] as follow:

G(s)=1—-s,0<s<1
Denote Sy =0, § =0, Bm—1 =0, {n—1 = 1. Define the function k(¢, s) as follow:

m—1
2t — 1 1 1 1 1
Tm—1 Z Bi(&is — 552 - 5&‘2) - 6(1 —s)°+ i(t —5)?,
23 pig T
k=0
k(ts)=qt>s, &1 <s<g,

m—1
2t—1 1 1 1
—— Z ﬁi(fiS—itS?—553)—6(1—3)3715 <s, §o1 < s <§,

2> Big
k=0

for j=1,2,--- ,m—1.
Define the functions U (¢, s) and positive number & as follow:

Ul(t,s) = k(t,s) + Fi(l — /1 k(t,s)ds), t, s € [0,1],
G(s)ds 0
0

. 1 . 1
K = ImMin {27t’;lel%él’1] U_(tjs)}

Theorem 3.1. Suppose that there exist positive constant R € (0,00) such that
f:[0,1] x [0, R] = (—o0, +0)
s continuous and satisfies the following conditions:
(S1) f(t,x) > —kz, for (t, z) €10,1] x [0, R],
(2) f(t.a) <0 for[t, @] € [0, 1< [(1 - 5)R, E],

(S3) there exists r € (0,R), M € (0,1), to € [0,1], a € (0,1] and continuous
functions
g:10,1] = [0,400), h:(0,r] = [0,+00),

such that
[t x) = g(t)h(z), [t z] € [0,1] x (0, 7],
and h(x)/x® is non-increasing on (0,r] with

h(r)

,ra

1-M
Mea

/0 Ulto,s)g(s)ds >

then resonant problem (1.1-1.2) has at least one positive solution.

Proof. Firstly we may claim that

ImL = {yc Y| /O G(s)y(s)ds = 0}.
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1
Indeed, for each y € {y € Y| / G(s)y(s)ds = 0}, we choose
0

m—2
> Bt

i

o) = =5 [ (4= sPuois + —=— [ (6= oPys

23 g
=1

We can check that

() = (1), 2"(0) =0, (0) = 2'(1), 2(0) = 3 (&),

i=1

which means z(t) € domL. Thus

(yev] /O G(s)y(s)ds = 0} C ImL.

On the other hand, for each y(t) € ImL, there exists z(t) € domL such that

-2 (t) = y(t), 2”(0) =0, 2/(0) = 2/(1), z(0) = i Bix(&;)-

Integrating both sides on [0, t], we have

() = —% /O (t — 5)2y(s)ds + %x”(O)tQ + 2/ (0)t + 2(0).

Considering condition 2" (0) = 0, 2'(0) = 2/(1), =(0) = Z:’;Q Bix(&;) and resonant
condition Elﬁgl B; = 1, we have

1 1
/0 (1—s)y(s)ds = /0 G(s)y(s)ds = 0.

Thus,
ImL={yeY] /0 G(s)y(s)ds = 0}.

It is obvious that dim KerL=1 and ImL is closed.
Secondly we see Y =Y, @ ImL, where

o
/01 G(s)ds

In fact, for each y(t) € Y, we have

Yi={uly =

1
/0 G(s)y(s)ds,y € Y}.

/0 G()ly(s) — yalds = 0.
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This induces that y —y; € ImL. Since Yy N ImL = {0}, we have Y =Y; @ ImL.
Thus L is a Fredholm operator with index zero.
Define two projections P: X —- X, Q:Y — Y by

1
Px:/ x(s)ds,
0

Qu = /Gl()d / G()ys)ds.
0

Clearly, ImP = KerL, KerQ = ImL and KerP = {z € X : fol x(s)ds = 0}. Note
that for y € ImL, the inverse Kp of Lp is given by

(p)y = [ K. us)is

In fact, It is easy to check that

1
L(Kp)(y) = (— / k(t, $)y(s)ds)" = y(t),

Kp(L)(x) = /0 k(t, ) (—2"(s))ds = 2 (2).

Next we will check that every condition of Lemma 2.1 is fulfilled. Remark that
f can be extended continuously on [0, 1] x (—o0, +00), condition (C1) of Lemma
2.1 is fulfilled.

Define the set of nonnegative functions C' and subsets of X Q;, Qs by

C={zecX: z2(t)>0,tec [0, 1]},

O ={zxeX: r>lz@t)>M|z|, t |0, 1]},
Q={zeX: ||z()]| <R, tel0, 1]}.

Remark that 2 and 5 are open and bounded sets. Furthermore
ﬁl = {.’E eX:r > |(E(t)| > .Z\IHLL’H7 t e [0, 1]} C QQ,COQQ\Q:{ 7é .

Let the isomorphism J = I and (yz)(t) = |x(¢)| for z € X. Then 7 is a retraction
and maps subsets of Qs into bounded subsets of C, which ensures that condition
(C3) of Lemma 2.1 is fulfilled.

Then we prove that (C2) of Lemma 2.1 is fulfilled. For this purpose, suppose
that there exists zp € C'NINs NdomL and Ay € (0,1) such that Lzg = AgNxg.
Then

—$8/(t) = )‘Of(ta 330)5
for all ¢ € [0,1]. Let z¢(to) = ||xo|| = R. The proof is divided into two cases:
(1) We show that ¢y # 0. Suppose, on the contrary, that xq(¢) achieves maximum
value R only at ¢ty = 0. Then the boundary condition (0) = ZZ}Q Bixo(&;) in com-

bination with the resonant condition ZZ}Q B; = 1 yields that maxi<j<m—2 20(&;) >
R, which is a contradiction.
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(2) Thus there exists to € (0, 1] such that z¢(to) = R = maxo<¢<1 Zo(t). We may
choose 7 < to nearest to to with z((n) = 0. From the Mean Value theory, we claim
that there exists £ € (1, tp) such that

zo(1) = o(to) — xo(&)(to —n)-
However, from .
xg(t) = f)\o/o f(s,m0(s))ds,

and

wh() = Ao / (t — 8) (5, 20(s))ds,

we have
3 & 3
xy(€) = — )\0/ (& —8)f(s,20)ds < )\0/{/ (&= 8)zp(s)ds < AofiR/ (& —s)ds

to to to

1
:i(to — )* Aok R.
Thus

xo(n) = zo(to) — 2o(£)(to —n) > R— %(to —&)*Mok(to —nR > (1 - )R

|3

Then .
0> ll(to) — (1) = Ao / F(s,20(s))ds,
n

which contradict to condition (S2). Thus (C2) of Lemma 2.1 is fulfilled.

Remark. The sign of third order derivative of a function y(t) at point ¢y can not
be confirmed when ty is a maximal value of y(t). Thus the method in [29] are
not applicable directly to problem (1.1-1.2). In our opinion, it is the key that the
conditions (S2) in this paper are stronger than that in [29].

For x € KerL Ny, define

A

1
/ G(s)ds
0
where z € KerL N Qy and A € [0,1].
Suppose H(xz,\) = 0. In view of (S1) we obtain

H(x,\) =a — MNz|— /0 G(s)f (s, |z])ds,

1
= e+ —r > / G(s)f (s, |cl)ds
G(s)ds 0

0
A 1
> A — 17/ G(s)k|c|ds
G(s)ds 0
0

= Ae|(1—k) > 0.
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Hence H(z,A) = 0 implies ¢ > 0. Furthermore, if H(R,\) = 0, we get

1 1
0<R(1- /\)/ G(s)ds = /\/ G(s)f(s, R)ds,
0 0
contradicting to (52). Thus H(z,A) # 0 for x € 003 and A € [0, 1]. Therefore
dB(H(I, O), KerL N QQ, 0) = dB(H(J), 1),

KerLNQ9,0)=dp(l, KerLNQs,0) = 1.

This ensures
dB([I—(P‘i‘JQN)’}/“KETL,KGTL N QQ,O):dB(H(l', 1)7K67"L n QQ,O)#O.

Let x € Q,\Q and ¢ € [0,1]. From condition (S1), we see

/ |z(t)|dt + ——— / G(s s)|)ds
1 / 1
+/0 k(t,s)[f / " / G(r)f(r, |x(7)|)dT]ds

1

- / (b))t + / U(t, 5)f (s, [e(s)])ds
0 0

> / j2(s)|ds — & / U(t, 5)|a(s)|ds

:/0 (1= kU(t,s))|x(s)|ds > 0.

Hence V., (922)\Q1 C C. Moreover, since for @ € 9, we have

(P—i—JQvi—/ |z(s)|ds + —— /G s)|)ds

/ 2(s)|ds > 0,
/ G(s
which means (P + JQN)v(9Q2) C C. These ensure that (C6), (C7) of Lemma 2.1
hold.
At last, we confirm that (C5) is satisfied. Taking uo(t) =1 on [0,1], we see
up € C\{0},C(up) ={z € C| z(t) >0 on [0,1]}

and we can take o(ug) = 1. Let x € C(ug) N 08, we have

z(t) >0, t€[0,1], 0 < ||z|| <r and z(t) > M|z|| on [0, 1].
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Therefore, in view of (S3), we obtain for all z € C(ug) Ny,
1 1
(Ua)(to) = [ al)ds + [ Ulto,)f(s.o(s)ds
0 0

> Mz + / U(to, s)g(s)h(x(s))ds

! (s
=Ml + [ Utto.s)gte) o sy

hlr) | Ut opg(s)areel s

a
r 0

> M| + (1 = M)zl =[]

> M| +

So [|z|| <o (uo)||Px| for all z € C(ug) NI, which means (C5) of Lemma 2.1 holds.

Thus by Lemma 2.1, we confirm that the equation Lr = Nz has a solution
z € C N (Q2\Q1), which implies that nonlinear resonant third-order multi-point
boundary value problem (1.1) has at least one positive solution. O

4. Example

We investigate the resonant third-order three-point boundary value problem

1, 1.3 12
z”’(t)+(f§t2+§t+§)(:17274x+€)\/fv276x+10:0, t€[0,1]
2

2(0) = 0, 2'(0) = 2/(1), 2(0) = 2(3)

2
where § =1, §=§ and

1 1 3 12
ft, x) = (—=t? + =t + =) (2 — 4o + —)v/22 — 62 + 10.

2 2 8 5
Here
3(2t—1) 2 1 2 2
( 1 )(58_582—6)_*(1_3)3+7(t_8)27 tZS, 0§S§§7
2t —1),2 1 2 1 2
32 -D2, 1o 2y 1o gpics 0<s<?,
_ 4 3 2 9 6 3
k(t,s) = | 9
—gl=s + 5 =9)% t>s S <s<,
1 2
—Z(1-s)Pt<s Z<s<1
6( s)°,t <s, 3 <s<

By a simple computation, we have

/G(S)dszf, k==, / U(0,s)ds = 1.
0 2 2" Jo
1

1
Choose R =1, TZZ’ to=0, a=1, M:§.
We take

1 1 3 1
g(t) = —§t2 + §t+ 3’ t€0,1], h(z) = vVa? —6x+ 10, x € [0, 1]



Positive solutions of BVP with resonance 851

Then,

3 1 12
ggg(t)gi, t €[0,1], x2—4x+gz—x, z € [0,1].

It is easy to check that

(1) f(t,z) > —%x, for all (t,x) € [0,1] x [0, 1],

(2) f(t,2) <0, for all (t,z) € [0,1] x [Z, 1,

(3) Jlt2)> i (32t VAP 6r 10> glt)h(a), 1] € 0,1] x (0, 7] and

h(f) = 7””2_5””“'10 is non-increasing on (0, ] with
h(r) [ 411 1-M
U(o ds>—>1= .
'I"a A ( I S)g(s) 8 > 32 > Ma,

Thus all the conditions of Theorem 4.1 are satisfied. This ensures that the resonant
problem has at least one solution, positive on [0,1].
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