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ASYMPTOTIC AUTONOMY OF RANDOM
ATTRACTORS FOR BBM EQUATIONS WITH
LAPLACE-MULTIPLIER NOISE*

Renhai Wang and Yangrong Lif

Abstract We study asymptotic autonomy of random attractors for possi-
bly non-autonomous Benjamin-Bona-Mahony equations perturbed by Laplace-
multiplier noise. We assume that the time-indexed force converges to the
time-independent force as the time-parameter tends to negative infinity, and
then show that the time-indexed force is backward tempered and backward
tail-small. These properties allow us to show that the asymptotic compact-
ness of the non-autonomous system is uniform in the past, and then obtain
a backward compact random attractor when the attracted universe consists
of all backward tempered sets. More importantly, we prove backward conver-
gence from time-fibers of the non-autonomous attractor to the autonomous
attractor. Measurability of solution mapping, absorbing set and attractor is
rigorously proved by using Egoroff, Lusin and Riesz theorems.

Keywords Random attractor, asymptotic autonomy, backward compact-
ness, Benjamin-Bona-Mahony equation, Laplace-multiplier noise, backward
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1. Introduction

We develop a new subject on asymptotic autonomy of random attractors for the

following non-autonomous stochastic Benjamin-Bona-Mahony (BBM) equation:
du — d(Au) — vAudt + V - ?(u)dt = g(t,x)dt + Su o dW, (1.1)
u(t, m)og =0, u(r,7,z)=u,(z), z€Q, t>7, T ER, .

where v > 0, S = I — A and @ is an unbounded 3D-channel: @ = D x R, D is
bounded in R?.

When the equation is deterministic (S = 0) and autonomous (g(t) = goo €
L?(Q)), it was first proposed in [3] as a nonlinear dispersive model to describe
the physical phenomenon of long waves in shallow water. Both well-posedness and
global attractor had been extensively investigated (cf. [1,10,12,14,29,33]). Wang [31]
obtained a random attractor for the BBM equation with additive noise (Su = h).
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We take the Laplace-multiplier noise (S = I — A) instead of the usual multi-
plicative noise (S = I, see [5,9,13,18,21,22,44]). From the viewpoint of physics,
this operator-type noise vibrates in resonance with the dispersive wave (d(Auw)).
From the viewpoint of mathematics, it is possible to translate the stochastic equa-
tion with Laplace-multiplier noise such that the differential of the Wiener process
W disappears. Therefore, we can obtain a non-autonomous random dynamical sys-
tem (NRDS) @ in the sense of Wang [32], where, measurability of the system is
rigorously proved by showing Lusin continuity in the sample, see Proposition 2.1.

The main purpose of this paper is to consider not only existence of a non-
autonomous random attractor A = {A(7,w)}, but also upper semi-continuity from
A(T,w) to A (w) as 7 — —oo, that is,

TEIEIOO dist 71 (@) (A(T,w), Aso(w)) = 0, P-a.s. w € €, (1.2)

where, €2 is a probability space, and Ay, = {Ax(w)} is the random attractor
(obtained by [25]) for the RDS @, generated from the autonomous BBM equation
with the time-independent force g, () instead of g(¢,x) in (1.1).

Such an asymptotically autonomous problem in the non-random case (omitting
the sample in (1.2)) had been investigated by Kloeden et al. [15-17] or [6,11]. They
established some abstract results by using the uniform convergence of the system
and the uniform compactness of the pullback attractor. Two uniformness conditions
had been reduced by Li et al. [23], in which, it was shown that the asymptotic
autonomy only relates to backward or forward compactness of a pullback attractor.

The above abstract results can be partly generalized to the random case, where
we must consider variety of the sample. In fact, in order to establish the asymptotic
autonomy as given in (1.2), on one hand, we need to show the convergence from the
NRDS & to the RDS &, on the other hand, we need to show that the NRDS & is
backward asymptotically compact, which means that the asymptotic compactness is
uniform in the past, see Theorem 5.1.

Interestingly, the above two properties can be available by using only one as-
sumption on two forces.

Hypothesis G. (Convergence condition). g € L (R,L*(Q)) and g € L*(Q)
such that

T

lim l9(s) — gool|*ds = 0, where || - || is the L?-norm. (1.3)
T=—00 [_ o

In fact, under the hypothesis G, we can prove that ® backward converges to @,
see Lemma 2.2. Moreover, we can show that the hypothesis G can imply that the
time-dependent force g is backward tempered and backward tail-small (see Lemma
2.1). These properties are enough to ensure that the random attractor A(7,w) is
backward compact, which means that Us<,A(s,w) is pre-compact.

Another novelty is the option of attracted universes. A bi-parametric set D =
{D(r,w)} in H}(Q) is called backward tempered if

lim e 5% sup||D(s —t,0_w)||%: =0, V (r,w) € R x Q, (1.4)

t—+o00 s<t

where § = min(%, ”TAO) and Ao is the Poincaré constant. We take the universe ©

by the collection of all backward tempered sets, instead of the usual tempered sets
(i.e. the supremum in (1.4) is omitted, see [2,19, 30,37, 39,41-43]), also, instead
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of the bounded sets [15,16,22]. The usual universe cannot work when proving the
backward asymptotic compactness of the NRDS .

A difficulty arises from proving measurability of the absorbing set, which is a
union of some random sets over an uncountable index set. Fortunately, both Egoroff
and Lusin theorems can solve the problem, see Proposition 3.1.

The tail-estimates can be realized by using square of the usual cut-off func-
tion and by treating carefully the biquadrate of solutions. Those tail-estimates are
further proved to be uniform in the past.

Final application results are summarized in Theorem 5.2, where we show back-
ward compactness and asymptotic autonomy of the random attractor for Eq.(1.1).
Furthermore, Riesz theorem and measure-preserving property imply the conver-
gence of A(sy,0s, w) as s, — —oo, where the sample is varying.

2. NRDS from BBM equations

2.1. Two backward properties of the time-indexed force

We show that the hypothesis G can imply the following conditions.

(I) g is tempered: fi)oo e |lg(r)||?dr < +oo for all @ > 0. This is a com-
mon condition to ensure the existence of a pullback attractor, see [20,28] and the
references therein.

(IT) g is backward tempered: for all ¢ > 0 and 7 € R,

G(a,7) = sup/ e 3| g(r)||2dr < +oc.

s<7J -0
This is a basic condition to guarantee existence of a backward compact attractor,

see [7,38] for deterministic PDEs.
(IIT) g is backward tail-small: for all ¢ > 0 and 7 € R,

lim sup/ e“(rfs)/ lg(r, x)|?dxdr = 0.
Fote0ssr /oo Q(jws|>k)

This is a condition to ensure the existence of a backward compact attractor when a
PDE is defined on an unbounded domain, see [24, 26, 34,40] for some deterministic
PDEs.

Lemma 2.1. Let the time-indezed force g satisfy the hypothesis G. Then,
(i) g is backward tempered, which obviously implies that g is tempered.
(it) g is backward tail-small.

Proof. (i) Let @ > 0 and 7 € R. By (1.3), we can find a 79 < 7 such that
J70 9(r) = goolPdr < 1. By g € L}, (R, L*(Q)) and go € L*(Q), we have

loc

/TIMU)*%AFMTZ/%IMU)*&AFW%:/nMU)*&MVW

—o00 —o0 o

§1+2/IM&WWT+%T—mW%J2<+w- (2.1)

[¢]

Therefore, by e*"=%) < 1 for all r < s, we have

Glar) =sup [ 2= g(r)|Par

s<7J—00
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s%w/eWﬂmed%+%w/eWﬂmww

s<71J—00 s<7J—00

s 0
S%w/ MW—%WW+%%W/ e dr

s<7J—-00 —00

i 2
<2 [ lgtr) = gulPdr + 2lgnl? < o6,

— 00

(ii) It is similar to the above proof that for each k € N,

sup/ ea(“s)/ lg(r, x)|*dxdr
s<7J—00 Q(lzs|>k)

S
<2 sup/ ea(r_s)/ lg(r, 2) — goo (z)|*dzdr
Q(lzz|>k)

s<7J—00

+28up/ 6'1(’”75)/ |9oo () |2dxdr
s<7J—00 Q(l=3|=k)

T 2
9/‘/' mmm—%mme+i/ (@) Pdr. (22)
—o00 JQ(|zs|>k) a JQ(|lzs|>k)

Let h(r) = [lg(r) — goo||?. By (2.1), we know [ _ h(r)dr < +occ. Note that

mww=/' 19(r,2) — goo(@)[2dz < h(r), and hy(r) — 0,
Q(|zs|>k)

as k — oo for all r € (—oo, 7]. The Lebesgue controlled convergence theorem gives

lim / hi(r)dr = 0.
k—oo J_

By the absolute continuity of the integral, we have fQ(\xs\zk) |900 (7)|2dz — 0 as

k — oo. Thereby, (2.2) implies that g is backward tail-small as required. O
We give the nonlinearity assumption as follows.

Hypothesis F. (Nonlinearity condition). F(s) := (F1(s), F»(s), F3(s)) such that

all components Fj, are smooth, and for two constants v1,v2 > 0,

Fp(0) =0, |Fi(s)| <7i+7lsl, seR, k=1,2,3. (2.3)

By the hypothesis F, the nonlinearity ? has the following properties (cf. [25,31]):
Lemma 2.2. (a) Let fi(s) := [ Fi(t)dt for k =1,2,3. Then,

()| < malsl +2lsl?, 1fu(s)] < malsl? +2ls®, & =1,2,3. (2.4)
(b) For all uy,us,uz € H}(Q), we have

(V- Flur) = V- F(us), us)]

<c(U+ ullg + fualla)lllwr = ullar flusla- (2.5)
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2.2. Lusin continuity and measurability of systems

We identify the Wiener process W(-,w) with w(:) on the metric dynamical system
(Q,F, P,6,), where,

Q={we CRR): w(0)=0, lim —==0},

equipped with the Frechét metric: given wi,ws € Q,

o0
1 Jlwr —walln
w1,w ::E——,w—w = su w1 (t) — walt)].
p( 1 2) p 2”1*{’“&}1*&}2”n H 1 2”71 —ng?ﬁnl 1() 2( )l

F is the Borel sigma-algebra on (2, p), P is the two-sided Wiener measure on (€, F)
and 6; is a group defined by 6;w(-) = w(- +t) — w(t) for all (w,t) € Q x R.

It is well known that z(6w) = — f_ooo e” (6ww)(7)dr is the pathwise-continuous
solution of the stochastic equation dz + zdt = dW (¢). Also,

1t
lim 2(0) = lim 7/ z(8sw)ds = 0, for each w € Q. (2.6)
0

t— oo t t—+oo £

In order to deal with Laplace-multiplier noise, we make an exponential change of
variables:

ot, T, w,vr) = e FOy(t 7w, ). (2.7
In this case, we have

SuodW = e @)y(t,w) o dz(Bw) + 2(Oiw)e* O u(t, w)dt
— 20 Ap(t,w) o dz(Byw) — 2(0w)e %) Au(t, w)dL.

We substitute the above equality into Eq.(1.1) to find that
vy — Avy — VAV
= 0wy ?(ez(et“’)v) + 2(0w) (v — Av) + e * 0 g (¢t 1), (2.8)

with the initial conditions: v(7, 7, w,v;) = v, = e~ #0“)qy,

We establish some energy inequalities, which will be useful frequently.

Lemma 2.3. The solution of Eq.(2.8) satisfies: given ¢ := min(g, ”T)‘O),
d, 2 2 2 o200 2
eIl + (8 = 22(0:w)) vl < Y g ()| (2.9)

Proof. Taking the inner product of Eq.(2.8) with v in L?(Q), we have

d
%H’U”%n + 20| V|2 = — 2= *(0) /Q vV - ?(ez(et“’)v)dx

+ 22(0uw) ||| %1 + 2e7=0) / g(t, x)vdz.
Q
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By the boundary condition in (1.1) and f;(0) =0 for i = 1,2, 3,

/qu-ﬁ(u)dx:—/Q?(u)-vuz—/Qv-?( /aQ? _

where 77 is the outer unit normal vector. Then, by the Poincaré inequality ||Vo|? >
Xol[v]|?, the energy inequality (2.9) follows immediately.

Based on the above estimate, the similar argument as given in [29] shows the
well-posedness.

Lemma 2.4. For each (1,w,v,;) € R x Q x H}(Q), the problem (2.8) has a unique
solution v(-,T,w,v,) € C([r,0), H}(Q)) with v(T,7,w,v;) = vy such that v is
continuous in H}(Q) with respect to v,.

By the sub-exponential growth of w(-) (see [4, Lemma 11]), we can write 2 =
Unenf2n, where,

Oy ={weQ:|w®) < Nel, vt e R}, YN e N. (2.10)
Slightly generalizing [8, Corollary 22], we have the following continuity on each
closed subspace Qn of 2. The proof is similar and so omitted.
Lemma 2.5. For each N € N, suppose wi,wo € Qn such that p(wy,wo) — 0 as

k — oo. Then, for each (1,T) € R x RT,

sup (|z(0twk) — 2(Bywo)| + |e*Orwr) — 62(9“"0)\) —0 ask—o0, (2.11)
te(r,7+T]

sup sup |z(6wwr)| < C(7,T,wp). (2.12)
keN te[r,74+T]

Now, we can show the Lusin continuity of the solution mapping in samples.

Proposition 2.1. For each N € N, the mapping w — v(t,7,w,v;) is continuous
from (Q, p) to HY(Q), uniformly int € [r,7 +T], T > 0.

Proof. Suppose wg,wy € Oy such that p(wk,wp) — 0as k — co. Let Vi, := v —vp
with vy, = v(¢t, 7,wk, v,) and vg = v(¢, T,wo,v,) for t € [r,7+ T]. It deduces from
(2.8) that

1d

3d IVillF + vV Vil® =1k + (2(6iwr) (ve — Avg) — 2(Bwo) (vo — Avg), Vi)

+ (e7#Own) — m=00)y (g Vi), (2.13)
where the nonlinear term [ are defined and split into three parts:
I, i=(e 200y L (e2 ) ) — o0y L F (e2O)ay) Vi) = Ly + T+ s
By (2.4), HY(Q) — L*(Q) and Lemmas 2.5, 2.4,

Iy : = (e_z(g“"o) — e_z(e“”’“))(v . ?(ez(e‘“’o)vo), Vi)
< CIT(lvoll IV Vil + luolIF IV Vi)
< [VilBy + R+ nlli) < IVellZ + 2
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where Jy := sup{|e”#(%wk) — =2(0:w0)| . ¢ € [r 7 + T]}. By Lemmas 2.2 (b), 2.4,
2.5,

Ijo : = e #Own) (. ?(ez(‘gwo)vo) -V ?(ez(‘gt“’o)vk), Vi)
< cetlF Ol =00l (1 o || g+ (ool ) I VillF < COLU+ Jonllan) | VellFa -
By (2.5) in Lemma 2.2 and the Young inequality,
Iy = e 2O)(V . F (e200)yy) - v F (500, V)

< eJye OO o | g ) [og | || Vil a2

< Vil + CTRQ + vkl 0)-
The force term in (2.13) is bounded by

(e7=0en) —e==00)) (g, Vi) < |Vl + C TR Ilg (8.

Let Jy, := sup{|z(fwr) — 2(Bswo)| : t € [r,7 + T]}. Then, the rest term on the
right-hand side of (2.13) is bounded by

(z(Orwr) (vg — Avg) — 2(0rwo) (vo — Avg), Vi)
= (z(6rwr) — z(0rwo)) (v — Avg, Vi) + 2(0rwo) (Vie — AV, Vi)
< Tu(loxllIVell + Vol V Vi) + [2(Bswo) [ Viel 72
< OlIVallz + CTE (L + [luellz)-
We substitute all estimates into (2.13) to see that

d ~
IVillin < COF o) Vil + CCTE + T A+ okl + 9@ (2.14)

Noting that Vi (7) = 0, then applying the Gronwall inequality to (2.14) over (7,t),
we have, for all t € [r,7 + T,

_ o T+T
nwmﬁpscuﬁ+ﬁk”*“wam”“/‘ (1+ [lon(s) |3 + llg(s)]1%)ds

N . T+T
< C(J2 + J2)eC ST o)l ds +/ [ og ()] %1 ds). (2.15)

T

By the energy inequality (2.9) with vy instead of v, it follows from Lemma 2.5 that
d
a”’l}k”%l < Cllogll3s + Cllg®)|)?, for all t € [r,7 4+ T).

Then, the Gronwall lemma gives

T+

T
sup wpnwmmpsfwwﬁﬁ4w”/ lg(s)|12ds < C.

keNte[r,7+T] T

We substitute it into (2.15) to find that ||V (2)||%,, < C(JE + J2). By Lemma 2.5,
Ji, J = 0 and thus ||V (¢)||gr — 0 as k — oo, uniformly in ¢t € [r,7 + T7. O
By Lemma 2.4, we can define a mapping ®: RT x R x 2 x X — X by

O(t, W), = vt +71,7,0_,w,v,), V(t,T,w) ERT xR xQ, v, € X, (2.16)

where X = H{(Q). The Lusin continuity in Proposition 2.1 gives the F-measurability
of ®. Therefore, we obtain
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Theorem 2.1. The mapping ® as given by (2.16) is a non-autonomous random
dynamical system (NRDS) on X in the following sense.

(i) @ is (B(RT) x B(R) x F x B(X),B(X)) measurable,

(ii) ® satisfies the cocycle property: ®(0,7,w) =1, and

O(t+ s, 7,w) = D(t, 7+ 5,0,w)P(s, T, w), t,s>0. (2.17)

2.3. Backward convergence of NRDS

We consider the autonomous BBM equation with Laplace-multiplier noise:

dii — d(Ad) — vAGdt +V - F (0)dt = goo (z)dt + St 0 dW, 218)
W(t,x)log =0, 4(0,z)=do(x), z€Q, t>0. .
Let 0(t,w) = e~ *(%) (¢, w). Eq.(2.18) can be rewritten as
Af}t —VvAD
= Oy F(e2O)p) 4 5(0,w) (0 — Ad) + e O g (2.19)

with the initial conditions: ©(0,w) = 0p = e~ *“ iy € H(Q).

Proposition 2.2. The solution v of (2.8) backward converges to the solution ¢ of
(2.19), that is,

lim |Jo(T+7,7,0_rw,v;) —0(T,w,0o)||gr =0, VT >0, w € Q, (2.20)

T——00
whenever ||v; — 9ollgr — 0 as 7 — —oo.

Proof. Let V7 (¢) := v(t + 7,7,0_rw,v;) — 9(t,w, ) for t > 0. By (2.19) and
(2.8), we have

— A‘/tT —UAVT —¢~ z(0:w) V ? z(0,w v F 9,,44;)
+ 2(Bw) (VT — AVT) + e‘z“’t“)(g@ +7)— goo). (2.21)

Taking the inner product of (2.21) with V7 in L?(Q), we have,

5 Vel + VTV TP =07 F (e 05) - 7 (0hy), v)
20) [V 7 + e (g(t 4+ 7) = goo, V) (2:22)
By Lemma 2.2 (b),
e 20w) (v . ?(ez(et“’)ﬁ) -V ?(ez(g‘w)v), V)
<e(e™ ) [0 g + ol ) IV (2.23)
The Young inequality implies that

20V + e O (g(t +7) = goo, VT)
<Ng(t+ 1) = gool® + ce =@ VT3 (2.24)
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Substituting (2.23)-(2.24) into (2.22), we have for each t € RT,

d ~ T
%”VTH%H <e(e PN 1 18] g+ [t + 7)) IV |70
+ellg(t +7) — gool*. (2.25)

Applying the Gronwall inequality to (2.25) over (0,7T), we have

T
V7@l < e’ ™1V Ol + [ late+7) g ).

where, there exists a constant C' = C (T, 0g) such that
T
I 7= [ OO o) + ot + 1) e
0

T
<C+ c/ ot + 7)|| s .
0

By the hypothesis G, we have

T T+T
/ llg(t +7) — gool|?dt < / llg(5) — goo||?ds — 0 as 7 — —oo. (2.26)
0

— 00

By using the energy inequality (2.9) on v(t + 7,7,0_,,v,) for ¢t € [0,T], we obtain

d
0@+l < Cillot +7)l17 + Callg( + ),

where C1,C5 are independent of 7. The Gronwall inequality implies that for all
t€10,T],

T
ot + T < Coc (Jorliy + [ Nl + )|Pds)
0

T
<2657 (ur s + Tlgw?+ [ llos +7) = geclds).
0

which is bounded (as 7 — —o0) in view of (2.26). So, J(T,7) is bounded as
7 — —oco. Note that [[V7(0)|]%, = |lv; — 00|}y — 0 as 7 — —oo. We obtain
WVT(T)|gr — 0 as 7 — —oo. O

3. Increasing random absorbing sets

In this section, we show existence of a ®-random absorbing set, where ® is the
backward tempered universe as given in (1.4). The main difficult is to verify mea-
surability of the absorbing set because the absorbing radius is a supremum of some
random functions over an uncountable index set.

Lemma 3.1. For each (T,w,D) e R x Q x D, there is a T := T(7,w, D) > 0 such
that
2

sup sup sup v(s,s —t,0_sw,v0)||3: <1+ ——R(T,w), (3.1)
ST 62T vgEeD(s—1,0- ) o
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where R(T,w) is given by

0
R(r,w) := sup/ O 2l2(0rw)+2 7 #0ew)do || (1 4 )| 2dr-. (3.2)
s<7J—00

Moreover, for all $>s—t,t >0 and vo € H}(Q),

lv(3,s —t,0_sw, U())H%.Il

<675(§7s+t)+2 J27% 2(8ow)do HUO”%[I

2 §-s e s—s
+ Vi)\o/ 65(7+5—s)+2|z(9Tw)\+2fT z(%w)dng(T + S)szr. (33)
—t

Proof. We rewritten the energy inequality (2.9) for v(r) = v(r,s —t,0_sw,vp).
The result is

d 2 2 2 9 )| 2
1 - r—s S Fr—st . A4
dr”vHH + (0 = 22(0r—sw)) [|v[| 712 V}\Oe lg(r)ll (3.4)

Applying the Gronwall inequality to (3.4) with respect to r € (s — ¢, ), we obtain
(3.3) immediately. Letting § = s in (3.3) yields

— 0 z w log 2
Io(s. 5 = £, 0o, v0) [ < ™20 g 4 R(rw). (35)

for all s < 7. Since vy € D(s—t,0_,w) and D is backward tempered, it follows from
(2.6) and (1.4) that there exists a T = T'(7,w, D) such that for all t > T,

e 012 /2, 2(0ow)do sup |Jvo |3 < e 5" sup ID(s —t,0_4w)||3: < 1.
s<T

s<T

Therefore, by taking the maximum on s € (—oo, 7] in (3.5), we show (3.1) as required.

O

Recall that a bi-parametric set K is said to be a ©-pullback absorbing set

(briefly, an absorbing set) if for each (D, 7,w) € ® xR x Q thereisa T := T (D, T,w)
such that

O(t, 7 —t,0_w)D(T —t,0_4w) C K(1,w), Vt >T.

Proposition 3.1. There is an increasing random absorbing set IKC given by

2
K(r,w) = {w € HAQ) : lw|%: <1+ —R(W)}, vreR,  (3.6)
V/\o
where R(T,w) is defined by (3.2). Moreover, K is backward tempered, i.e. I € D.

Proof. By Lemma 2.1, g is backward tempered. So, it follows from the conver-
gence (2.6) that

0
R(r,w) < csup/ e%THg(r + 5)||2dr < +oo.
s<7J—-—c0

It is easy to show that K is tempered. Since 7 — R(7,w) is obviously an increasing
function, K(7,w) is increasing. Then, K is an increasing tempered set and thus
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backward tempered, that is, L € ©. The absorption follows from Lemma 3.1
immediately.

Next, we prove the measurability of the absorbing set IC. It suffices to prove that
w — R(7,w) is a measurable function for each 7 € R, where we need to carefully
treat the supremum when s € (—o0, 7], this interval is an uncountable set. For this
end, we actually prove that w — R(7,w) is Lusin continuous.

By the Egoroff theorem, the convergence given in (2.6) is basically uniform
on (, that is, for each N € N, there is a measurable set Qy C Q such that
P(Q\ Qy) < 1/N and

= — sup ‘/ des =0. (3.7

ioo t weNN

Let Ex = Qn N Qy, where Qy = {w € Q : |w(s)] < Nel*l, Vs € R} as given in
(2.10). Because Q = Jx_, Qn and Qn C Qn41, we have P(Qn) = 1 as N — oo,
it follows that

lim P(Q\ Exy) < lim P(Q\Qy)+ lim P(Q\Qy)=0.
N —oc0 N—oc0 N—o0
Now, suppose p(wg,wp) — 0 as k — oo, where wg,wp € En. Let
0
h(r,w) = 2|z(0,w)| + 2/ z(0,w)do, forr <0,w € Ey.
By the uniform convergence (3.7) on Qy O Ey, there is an 7y < 0 such that

) )
sup |h(r, wg)| < fgr, [h(r, wo)| < fgr, for all » < rg.
k

Given ¢ > 0, we take r; < rg < 0 such that eim < e Then, the above inequality
implies that

s )
sup eﬁr\eh(”"k) — eh(r"‘"")| < supei” <e, VkeN.

r<ri r<ry

By the same method as given in [8, Corollary 22] (see (2.11) in Lemma 2.5), we
have

h(rwg)

sup |e — ehrwo)] 5 0 as k — oo,

r1<r<0

Then, there is a ky € N such that

sup e%’“|eh(ﬁwk) _ eh(hw0)| < sup |eh(7"7wk) _ eh(7‘7wo)| <€, Yk > k.
r1<r<0 r1<r<0

Hence, the above two estimates yield

h(’rvwk) _

sup e%T|e ehrwo)| 5 0 as k — oo. (3.8)

<0

By using the inequality |sup,<, A(s) — supy<, B(s)| < sup,<, |A(s) — B(s)|, it
follows from the definition (3.2) of R(7,w) that

|R(7,wk) — R(7,wp)]
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0 0
| sup / ST || g+ 5)||2dr — sup / ST (e 4 )| 2dr
jo%s) <

s<tJ— s<T J—00

0
<sup / eI [ehren) _ ehran) ||l g(r + s)||2dr

s<7TJ—00

0
<sup egr|eh(r’“k) - eh(r’w‘))\sup/ egT||9(7" + 5)||*dr,
r<0 s<71J—00

which tends to zero as k — oo, in view of (3.8) and that g is backward tempered.
Therefore, w — R(7,w) is continuous in Fx and thus Lusin continuous in €, which
further implies the measurablity. O
For the later purpose, we need an auxiliary estimate, which is similar to the
autonomous case given by [25, Lemma 5.1], and so we omit the proof.

Lemma 3.2. For each (s,t,w) € R x R* x Q and vo € H}(Q), we have,

lo(s, s = t.w,v0)[[Fs < ce* PN+ (s, s = t,w,00) |3 + g()]®). (3.9)

4. Backward tail-estimates and backward flattening

Now, we intend to give the backward tail-estimate when the third component of
space-variable is large enough. We will use the square of the usual cut-off function:

72

pr(x) == p(k%), z = (21,22,23) €Q, k> 1. (4.1)

where p : RT — [0, 1] is smooth such that p(s) = 0 on [0,1] and p(s) = 1 on [4, +00).
Lemma 4.1. For each (1,w,D) e Rx Q x D,

lim sup sup v(s, 5 —t,0_sw,v0)|| %100y = 0
kit—=400 s<1 vgeD(s—t,0_1w) el T )”Hl(Qk) )

where, Q5 = Q \ Qk with Q = {x = (z1,x2,23) € Q : |z3] < k} for each k > 1.
Proof. Taking the inner product of Eq.(2.8) with piv in L?(Q), we see that

d
—/pi(\v\2+\V1}|2)d:ﬂ+2y/pi\Vu|2d$
:2z(95w)/ 22 (o + |Vol2)de + I + I + I, (4.2)
Q

where Iy, I3, I5 are defined later. By (2.4), [|[Vpi|e < § and H'(Q) — L*(Q), we
have

IL:= —26_2(95“’)/ pivV - ?(u)dm
Q
= 2622(05“’)/62/)%(Vu . ?( ))da 4 2220 /Qu Vpk (uw))dx

= 26_22(95‘”)/Qpi(v . ?(u))dw 4 2¢7 220w / U Vpk (uw))dx

Q
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= —2¢~%(0:w) /Q Vi - 7(u)dm + 2¢72(0sw) /Qu(Vp% . ?(u))dm

IN

el 0 /Q (Il + )z < 22O (ulff + |lullf)

IN

O i),

Similarly, by [|Vpi|lse < £ and Lemma 3.2, we have

I, : = —2/ v(Vo, - Vpi)dz + 2(z(0,w) — 1/)/ v(Vo - Vpi)de
Q Q

(& C clz sw
< (1 [z0)D [Vl 7 + [[vslFr) < e+ lg()[1? + [[v]l )

k ~ k
A
I3 : = 2672(65“)/ prvg(s, x)dr < Q/ piv|*dx + ceclz(es‘”)‘/ pilg(s, x)|*dx.
Q 4 Jq Q
Applying the Poincaré inequality on pxv, we have
A
2 [ piivodsz v [ IVoPde+ 230 [ gRloPdo - Lol
Q Q 2 Jo k
Substituting all above estimates into (4.2) and recalling § := min(%, ¥20) we have,
d
—/ 02 (v + |Vo2)dz + (6 — 22(05w))/ pr(v? + |Vv|?)dz
ds Q Q
<O+ g + oll) + et [ gls,)Pdn (@43)
Q%
Applying the Gronwall inequality to (4.3) over (s — ¢, s) and replacing w by 6_w,

we have,

sup/ pi(jv(s, s —t,0_.w,v0)|* + |Vo[})de < Jy + Jo + %(Jg + Jys), (4.4)
s<1.JQ

where Jy, Jo, J3, J4 are given and estimated as follows. Since vg € D(s — t,0_,w)
for all s < 7, by (2.6) and (1.4), we have

Jy i =sup e OtH2 fffz(e"w)d"/ Pﬁ(\voF + |Vvo\2)dl’
s<t Q

< sup ce_%t||v0||§{1 < ce‘gtsup ID(s —t,0_4w)||%: — 0,

SST SST

ast — +00. By Lemma 2.1, the hypothesis G implies that g is backward tail-small.
So, by (2.6), we have

S
Jy 1= CSUP/ e8(3=s)Fclz(0:—sw)[+2 f:z(%*sw)da/ lg(3, ) dads
s—t

s<T Q5

0
< Sup/ €5§+c\z(9§w)|+2 J2 z(eaw)da/ |g(§ + s, $)|2d$d§

s<7J—-00 Qi

< csup/ e%(r_s)/ lg(r, z)|Pdadr — 0,
Q

s<7J—0c0 ¢
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as k — +o00. Since g is backward tempered as given in Lemma 2.1, it follows that
the following term

Bymsup [ SO R (g9 (45)
—t

s<T

is finite, and so c¢Js/k — 0 as k — oo. It suffices to prove finiteness of the following
term:

Jy = sup/ (=) telz(0s—sw)+2 f7 #0o—ew)do||(§ s — ¢ 0_,w, vo)||*ds,  (4.6)
s<T —t

where we need to deal with the biquadrate. By using (3.3) in Lemma 3.1, we can
split Jy < Jy + Jy with

s ;
e :Sup/ S =) telz(Os—w)lte [§ 2(00—ew)do o ~20(5=stt)+e [ 2(00w)do gay 14
s<T —t

S
lsia “ _3 0
< sup/ e10(—s)telz(0:—sw)| g5 . o~ 10t+c [, Z(G”w)dUHvoH%p
—t

s<T

sup [|vo |31

s<T

0
~ 0
:/ e195+elz(0sw)l gg . o= 0t+e 2, 2(0ow)do
—t

The first integral in the last line is obviously finite. Also, by vg € D(s — t,0_;w),

e—%tst-ﬁ-cfgt z(0,w)do sup HUOH%N

s<T
<e 3% gup llvoll 3 < (e~ 3% sup || D(s — t,0_w)||51)* = 0,
s<T s<T

as t — +00. So, Jy < +00. Another term Jj is given by

S
j4 = sup/ e(3=8)Fclz(0s—sw)|+c JE 2(00—sw)do
s—t

s<T

S5—s . s 2
. (/ 66(T+575)+C|Z(07'W)‘+5fr z(OUw)daHg(T + S)||2d7‘) ds.
—t

Let C; = fEOO edstelz(0sw)l+e [J2(6,0)dogs oo Then, since g is backward
tempered, it easily follows that

- o 2
Ji < cCy (sup/ 3OrHelz(0rw)l+e [ #0ew)do ) o 4 s)Her) < +oo0.
—t

s<T

Therefore, Jy < Jy + Jy < +00. By (4.4),

sup ||v(s, s — t, 9_sw,vo)||%11(ng) < sup/ pi(v* + |Vo|*)dz — 0,
s<T s<TJQ

as k,t — 400, uniformly in vg € D(s — t,0_w). The proof is completed. O
Next, we give backward flattening estimates in the bounded domain. For each
k>1, we let

3

Ee(z) :==1—pr(x) =1— p(kQ

)7 T = (1'1,1'27.1'3) S Q
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Let 9 := & for v :=v(s,s — t,w,v,) € H}(Q). Then, v € H(Q2x), which has the
orthogonal decomposition:

v=Po® ([ — P)v=:7;1+70;2, foreachieN, (4.7)

where, P; : L?(Qar) — H; := span{ey, e+, e;} C H}(Qax) is a canonical projection
and {e;}32; is the family of eigenfunctions for —A in L?(Qa3,) with corresponding
positive eigenvalues Ay < Ay <+ < \; — 00 as j — oo.

It is easy to calculate that §Av = AU — vA&, — 2VE; - Vo and £ Avg =
Avg — v A&y — 2VE, - V. Hence, we multiply (2.8) by &, the equation can be
rewritten as

Ts — A; — VAT = 2(0sw) (0 — AT) — e #0sw)e v . ?(ez(esw)v) + e #0sw)e g
— v A& — 2VEL - Vg + (2(0sw) — V)vAE, + 2(2(0sw) — v)VE - Vo (4.8)

Lemma 4.2. Let (T,w,D) e Rx Q@ x D and k > 1 be fized. Then

lim sup sup I—P)o(s,s —t,0_.w,72)|> =0,
1,t=+00 <7 poeD(s—t,0_¢w) ”( l) ( ’ , )HHl(Q2k)

where Up2 = (I — P;)(&kvo).

Proof. Applying I — P; to Eq.(4.8) and taking the inner product of the resulting
equation with 7; 2 in L?*(Qa), it yields from the orthogonal decomposition (4.7)
that

20+ 20|V 0||? — 22(05w) |0 2|31 = I1 + To + I, (4.9)

i”@
ds 7,2

where Iy, I5, I3 are defined and estimated as follows. By |[v[|3 < ¢||[Vv]|||v]| and
IVoi2]1? > Air1]|9i2]1?, we have

I = 20209 (6,9 . F(e*090), 5,5)  (by (2.3))
< cec\zwswn/ (1 + [v])|Vo|[0; 2| d
< e O |[[|5; 2] + = o6 Voll[|7: 213
< ce= O Tu|[[[3; 2| + e O |lv][3 ||V 2|2 1[5 2|2
< A 2O | ||V,
< Z0IVoial® + ek + ALD)e O (1 o] d).
Similarly, the Young inequality implies that

1+ eAiy e O lg (s) 2.

Iy = 2e200) (6,4, 3,.0) < %”V@i,z
By Lemma 3.2 and [|A&x|le < ¢,

I3 =2((z — V)AL — vs AL — 2VEL - Vs +2(2 — v)VE, - Vv, 75 2)

1
< A A+ [20s) DIVl (lvsl g + [[olla2)
v _ —
< 2 IVTil® + eATL (1 + [2(0sw)] + [2(05w) ) (lvsl 7 + [lvllF)
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1%
< IV + AT N1 4 Ylg(5)[2 + [loll7)-

1/2

We assume without loss of generality that A; > 1, then A, 1< A; /7. Substituting
all above estimates into (4.9) yields
d o =2
75 izl + (0 = 22(050))[[vi 2]
1
<Aiaee DN 4 lg() 12 + [l 30), (4.10)

where 6 := min( %) Hence, the Gronwall lemma over (4.10) implies

5
sup ||r‘_}i72(5’ s —t, G_SUJ, (I - R)(gkUO))Hiﬂ

s<T

_1
<ePHIR 00 qup || (1 — Py)(€xv0) 13 + A (s + ), (4.11)
s<Tt

where J3 and Jy are given by (4.5) and (4.6) respectively. By the same method as
given in the proof of Lemma 4.1, both J3 and Jy are finite.

On the other hand, it is obvious that |[(I — P;)(&vo)l|%: < ¢f|vol/?: for all
Vg € Us<D(s —t,0_4w). Hence, by (2.6) and (1.4),

0
e—6t+2 f—t z(0ow)do Sgp ||(I _ Pz)fk”OH%[l
s<T

<ce 3% sup ID(s —t,0_4w) |31 — 0 as t — +oo.

s<T

Therefore, (4.11) implies the needed convergence. O

5. Backward compact attractors and asymptotic au-
tonomy

5.1. Abstract results

Let ® be a general NRDS on a Banach space X over (Q,F, P,0), as defined in

Theorem 2.1. Let ©® = {D(7,w)} be a universe of some bi-parametric sets. We
assume that © is backward-closed, which means DeD provided D € ® and
D(1,w) = Us<,D(s,w). Also, D is inclusion-closed (see [32]).

Definition 5.1. A bi-parametric set A = {A(7,w) : 7 € R,w € Q} is said to be a
9D-backward compact random attractor for a NRDS & if

(i) A€ ® and A is a random set,

(i) A is backward compact, that is, both A(7,w) and Us<,A(s,w) are compact,
(iii) A is énvariant, that is, ®(t, 7,w)A(T,w) = A(t + 7, 6:w) for t > 0,

(iv) A is attracting under the Hausdorff semi-distance, that is, for each D € D,

t_l}gl distx (®(t, 7 — t,0_w)D(T — t,0_1w), A(T,w)) = 0. (5.1)

The backward compact random attractor has been studied in [27,35,36]. In this
article, we use it as one of the criteria for asymptotic autonomy of pullback random
attractors.
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Definition 5.2. A non-autonomous cocycle ® on X is said to be ®-backward
asymptotically compact if for each (1,w,D) € R x Q x ®, the sequence

{®(tn, Sn — tn,0_t,w)Tn oo, has a convergent subsequence in X,

whenever s,, <7, t, — 400 and x,, € D(s,, — tn,0_¢, w).

We then introduce a concept of a backward limiting set : given a bi-parametric
set D,

(1,w,D) ﬂ U U —t,0_yw)D(s —t,0_w), V (1,w) e R x Q, (5.2)

T>0t>T s<T

which generalizes the usual omega-limit set W(7,w, D) (see [32]).
The following results are crucial for finding a backward compact attractor.

Proposition 5.1. Let D be a bi-parametric set, T € R and w € Q. Then,
(i) y € Wy(1,w, D) if and only if there are 7, < 7, t, T +o00 and x,, € D(r, —
tpn,0_¢, w) such that

O(ty, T — tn,0_t,w)x, =y in X. (5.3)

(i) Wy(7,w, D) is increasing in 7, that is, Wy(11,w, D) C Wy(12,w, D) if 11 < 2.
(iti) The backward limit-set contains the backward union of the usual limit-set,
that is,

U W(s,w, D) c Wy(r.w,D) = | | Wi(s,w, D). (5.4)

s<T s<T

(iv) If ® is D-backward asymptotically compact in X, then, both limit-sets
W(r,w, D) and Wy(1,w, D) are backward compact for each D € D.

Proof.

The assertion (i) is similar to the deterministic case (see e.g. [26]), while the
assertion (ii) follows from the definition (5.2) immediately.

The assertion (iii) follows from the following inclusion:

U W(s,w,D) = U ﬂ U D(t,s —t,0_1w)D(s —t,0_sw)

s<t s<tT>0t>T

C ﬂ U U D(t,s —t,0_yw)D(s — t,0_1w) = Wy(7,w, D).

T>0t>T s<T

Since Wy(7,w, D) is increasing in 7, it follows that |J .. Wi(s,w, D) = Wy(7,w, D).
We prove (iv). Assume that @ is backward asymptotically compact, then it is
asymptotically compact. It is well-known that W(r,w, D) is nonempty. Hence, by
(iii), W (7, w, D) is nonempty.
We take any sequence {y,,}52; from Wy (7, w, D). Then, by (i), there are 7, < 7,
t, T 400 and z,, € D(7,, — tp,0_;,w) such that

1
”q)(tnaTn tn, 04, W) ynH < -

3
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By the backward asymptotical compactness of ®, passing to a subsequence, we have

(L, Ty — tys O—t,,, W)Tny, — Yo, in X.
By (i), yo € Wh(T,w,D). Also, we have y,, — yo in X, and so Wy(r,w, D) is
compact. Hence, it follows from (5.4) that both limit-sets W and W, are backward
compact. O

Now, we give a unified result for asymptotic autonomy and backward compact-
ness of a non-autonomous random attractor. Let Do, = {D(w)} be an inclusion-
closed universe of some single-parametric sets.

Theorem 5.1. Suppose that a NRDS ® satisfies the following two conditions:
(a) ® has a closed random absorbing set K € D;
(b) @ is D-backward asymptotically compact.

Then, ® has a unique backward compact random attractor A € D.
Let &, be an RDS with a ®© o -random attractor Ao, and further assume that
(c) @ backward converges to ®o, in the following sense:

|1(t, 7,w)xr — Poo(t,w)zol|x — 0 as T — —o0, V>0, w e Qy, (5.5)
whenever ||z, — xo||x — 0 as 7 — —o0, where Qg is a O-invariant full-measure set;
(d) Ky € Do for some 19 < 0, where Ky (w) =, <., K(7,w).
Then, A backward converges to A : B
lim distx (A(T,w), A (w)) =0, P-a.s. w € (5.6)

T——00
Moreover, for any sequence T, — —0o0, there is a subsequence {7, } such that P-a.s.

lim dist(A(Tn,,, 0, w), Asx(b;, w))=0. (5.7)
k—o0 k k

Proof. Euxistence. Note that backward asymptotic compactness obviously implies
asymptotic compactness. By [32, Theorem 2.23], both conditions (a) and (b) imply
that ® has a unique ®-random attractor A € ® given by the omega-limit set of I,
that is, A(T,w) = W(r,w,K). Since ® is D-backward asymptotically compact, by
(iv) of Proposition 5.1, we know A is backward compact.

Asymptotic autonomy. In order to show the asymptotic autonomy as given in
(5.6), it suffices to prove P(§21) = 1, where

O ={we: Er_n dist x (A(T,w), Aso(w)) = 0}.

T

Suppose that P(21) < 1, then P(2\ Q1) > 0. Let Q3 = (2\ Q1) N Qp, where O
is the #-invariant full-measure set given in (5.5). Then, P(€2) > 0, and 6,02 C Qo
for all s € R.

Let w € Q9 be fixed. Since w ¢ 2, there are n > 0 and 0 > 7,, | —oo such that

distx (A(Tn, w), Aco(w)) > 31, Vn € N.

By the compactness of A(7,,w), for each n € N, we can take a z,, € A(7,,w) such
that

dx (T, Aco(w)) = dist x (A(Thn, w), Aso(w)) > 3n. (5.8)
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We then prove A;, € Do, where Ay (w) := U, <, A(T,w). Indeed, by invari-
ance of A € ® and absorption of K, we know, for large ¢ > 0,

Alr,w) = ®(t, 7 —,01)A(T — t,0) C K(7,w),

which implies that

A (w) = U A(T,w) C U K(r,w) = K (w).

T<79 7<79

By (d) and by the inclusion-closedness of Do, we have A, € D.
Since A,, € D can be attracted by the attractor A., there is an ny € N such
that 7,, <79 <0 and

distx (Doc (1T Or,y ) Ary (07, ), Ace () < 1.

Tng ng
Furthermore, by the continuity of ®,, : X — X, we have

distx (Pog (| Tng |, Or,, ) Arg (O ), Ase(w)) < 1. (5.9)

Tng Tng >

On the other hand, by the invariance of A, we know
AT, w) = (|7 |, 7 — |Tn0‘797—n0w)A(Tn — |Tno |, eTnUw)'
Hence, we can rewrite x,, € A(7,,w) as

Tn, = ©(|Tng |, Tn — [T |, 07,y W)Y, for some y, € A(T — [T, 07, w)-

If n > ng, then 7, — |7, | < T < Ty < 70, and thus

{yn: n2no} c |J Alr.0r,,0) = Ary (6r,,w).

)

Because we have proved that A is backward compact, we know A (6,, w) is a

pre-compact set, which further implies that {y,} has a convergent subsequence:

Yn, — Yo as k — oo for some yy € A, (0, w).

T"O

By the f-invariance of g, we know 0, w € 0. Qo C 0., Qo C Qo. By (c), we
can apply the backward convergence (5.5) at the sample 0, w for t = |7,,[ and
T = Tp, — |Tng| = —00. The result is

[ (I)w(‘TnoLemow)yOH

=2 (|70 | Tie — |Tn0|707n0w)ynk - (I)oo(|7'no|a9m0w)yo|| =,

if k is large enough. This, together with (5.9), implies that

dx (Tny s Ao (w))
<llzn, — (I)OO(|Tno‘»9‘rnow)yO” + dx (Poo (| Tno |, anow)yo,Aoo(W))

<n + dist x (Poo(|Tng |, Or,, W) Ary (07, w), Ao (w)) < 27,

Tng

if k is large enough. We obtain a contradiction with (5.8), and finish the proof of
(5.6).
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Finally, we show the asymptotic convergence (5.7). Given 7, = —oo, by (5.6),
we know

dist(A(7y,w), Asc(w)) = 0 as n — oo.

By the Lebesgue theorem (because P(f2) is finite), any almost everywhere conver-
gent sequence of measurable functions must be convergent in probability. Hence,

lim P{w: distx(A(7y,w), A (w)) > d} =0, V§>O0.

n—oo
Note that each 6., is measure preserving, it follows the following convergence in
probability:
P{w: distx (A(mn, 07, w), Ao (07, w)) > 0}
=P0, {w: distx(A(m, 0, w), Ax(b,,w)) >}
=P{w : distx (A(7y,w), Asx(w)) > 6} — 0, as n — occ.

Therefore, by the Riesz theorem, the above convergence in probability implies that
there is a subsequence satisfying (5.7) as required. O

5.2. Application results for the BBM equation

Let D be the universe of all tempered sets, where a parametric set P = {P(w)}
is tempered if

A
lim e 5| P(0_w)||%: =0, with § == min(g, %), VweQ. (5.10)

t——+oo

Let @, : RT x Q x H}(Q) — H}(Q) be the RDS generated by the autonomous
problem (2.19):

o (t,w)ig = 0(t,w, Do), (t,w)€RT x Q. (5.11)
Then, by [25], o, has a D-random attractor As = {As(w)}-

Theorem 5.2. Let the hypotheses ¥, G be satisfied. Then, the non-autonomous
cocycle ®, generated from the BBM equation (2.8), has a backward compact random
attractor A in H}(Q) such that A is a backward tempered set. This attractor
backward converges to A, i.€.

ll)r_nOo dist (@) (A(T,w), A (w)) =0, w e Q. (5.12)

T

For any sequence 1, — —o0, there is a subsequence {7, } such that P-a.s.
kli}l{.lo dZStHl (=) (A(Tnk 5 97—"k (.d), Aoo (HTnk o.))) = 0. (513)

Proof. By Propostion 3.1, ® has an increasing random absorbing set I such
that I is backward tempered, i.e. K € ©. We then show that ® is backward
asymptotically compact in H}(Q).

For this end, we let (7,w, D) € R x Q x D be fixed, and take arbitrary sequences
Sp < 7, t, = +oo and vg, € D(s, — tn,0_¢,w). We need to show the pre-
compactness of the following sequence:

Un = (I)(tn, Sn — tn, e—tnw)vO,n = U(Sna Sn = Tn, e—snwa UO,n)-
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Let By ={vn,: n> N}, N=1,2,---. It suffices to show the Kuratowski measure
Kkp1Q)(Bn) — 0 as N — +oo, where x(B) means the minimum of diameters d
such that B has a finite d/2-net.

For each n > 0, by Lemma 4.1, there are N; € N and K > 1 such that

||vn||H1(Q§() <n, forall n> Ny, (5.14)

where we recall Q% = Q\Qx and Qx = {z € Q : |z3| < K}. By Lemma 4.2, there
are 1 € N and Ny > Nj such that
(I = Pi)(Exvn)ll a1 (Qar) < m, forall m> No. (5.15)

By Lemma 3.1, the set By, is bounded in H}(Q). Then, {{éxv, : n > N} is
bounded in H}(Qz2x), hence, Pi{xv, : n > Ny} is pre-compact in H}(Qax) due
to the finitely dimensional range of P;. In a conclusion,

K Qo) (Pi{€Kvn : > Na}) =0,
which along with (5.15) implies that

5H1(Q2K){£K'Un tn> NQ}
K (Qar) (Pi{Ekvn © 12 Nao}) + K (Qur) (I = Pi){Ekvn © n 2 Na})
<2.

Since £xv = v on Qk, we have

HHl(QK)(BNz) = KHl(QK){gKUn n Z NQ}
< BH(Qor)1EKVn = 1> Na} < 21, (5.16)
Since By, C Bn,, we deduce from (5.14) and (5.16) that

km1(Q)(BN,) < kri(Qr)(BN,) + Km(qs) (B, ) < 4.

So far, we have verified both conditions (a) and (b) in Theorem 5.1. Therefore,
® possesses a backward compact random attractor A € ©, where the measurability
of A follows from the measurability of the NRDS and the absorbing set.

On the other hand, by Proposition 2.2, the NRDS & backward converges to the
RDS @, that is, the condition (c¢) in Theorem 5.1 holds true.

We need to verify the condition (d) in Theorem 5.1. In fact, we can prove
K_1 € Do, where K_;(w) = Ur<_1K(7,w). Indeed, since K(7,w) is increasing in
7, it follows K_;(w) = K(—1,w). Hence, by the definition (3.6) of K, we have

e S| 1 (0_w)||%n < e 5 + ce 5T R(—1,0_yw).
By (2.6) and Lemma 2.1 (g is backward tempered), we have
e_%tR(—LG,tw)

0
— 67%)5 sup / €6T+2|Z(0T_tw)‘+2\]‘:)Z(Gd_tw)dg”g(r—|—T)||2d”"

TSfl —00

— e ¥ /T 6(s(r—r)+2\z(9r_f—tw)|+2ffffftZ(%W)d"||g(1")||2d?“
7<—-1J—-0

ENG

<e(

T P
—3)0 sup / 635(T*T)||g(r)||2dr — 0 as t = +o0.

TSfl — 00

Hence, K_1 € D. So, the needed convergence (5.12)-(5.13) follows from Theorem
5.1 immediately. O
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