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EXISTENCE OF TIME PERIODIC SOLUTIONS
FOR THE 3-D VISCOUS PRIMITIVE
EQUATIONS OF LARGE-SCALE DRY

ATMOSPHERE∗
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Abstract In this paper, we consider the existence of time periodic solutions
of the 3-D viscous primitive equations of large-scale dry atmosphere. We used
the Galerkin method. Firstly, by Leray-Schauder fixed point theorem, we
prove the existence of approximate solutions of the primitive equations, then
we show the convergence of the approximate solutions, and we also get the
uniqueness to the primitive equations.
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1. Introduction

The atmospheric primitive equations have been studied since the last century, and
they are derived from the Navier-Stokes equations. Refer literature [21], we know
the primitive atmospheric equations which including hydrodynamic, thermodynam-
ic, state equation with the Coriolis force, it was first introduced by Richardson
in 1922. In 1992, Lions, Temam and Wang in [17] got a new expression of the
primitive equations of dry atmosphere by the introduction of viscosity and some
technical treatment. In 1997, Chou Jifan and Li Jianping in [18] researched asymp-
totic behavior of solutions for the initial boundary value problem of the dry and
moist atmosphere equations. From 2006 to 2011, Guo Bolin and Huang Daiwen
in [6–9, 12] continue discussed the initial boundary value problem of the new ex-
pression of primitive equations. They proved the existence of weak solutions and
trajectory attractors for the dry and moist atmospheric equations in geophysics;
show the existence, uniqueness and long-time behavior of global strong solutions
and got the global existence of the smooth solutions for the problem. In 2015, Hi-
rotada Honda and Atusi Tani in [14] showed some boundedness of solutions for the
primitive equations of the atmosphere and the ocean. In the same year, Chongsheng
Cao, Slim Ibrahim, Kenji Nakanishi and Edriss S. Titi in [1] proved the finite-time
blowup for the inviscid primitive equations of oceanic and atmospheric dynamics.
In 2017, Hong Mingli in [13] proved the global well-posedness of the 3-D viscous

†the corresponding author. Email address:luo1102@foxmail.com(W. Luo)
1College of mathematics, Chengdu university of information technology,
610225 Chengdu, China
∗The authors were supported by the Applied Basic Research Programs of
Sichuan Province (Grant No: 18YYJC0990).

http://jaac.ijournal.cn
http://dx.doi.org/10.11948/2156-907X.20180143


692 W. Luo & X. Du

primitive equations of the large-scale ocean, the 3-D viscous primitive equations of
the large-scale ocean are similar to the 3-D viscous primitive equations of large-scale
dry atmosphere.

The purpose of writing this article is to survey the existence of time period-
ic solutions of the 3-D viscous primitive equations of large-scale dry atmosphere.
Our main results are Theorem 5.1 and Theorem 5.2. To prove the time period-
ic solutions of the primitive equations, we use the well-known Galerkin method
which used to prove the existence of time periodic solutions and weak solutions
for many systems, such as Navier-Stokes equations, Schrödinger-Boussinesq equa-
tion, quantum equation and pseudo-parabolic equation. So motivated by the ideas
in [4, 5, 10,11,15,16,19,20], we can accomplished this paper.

The paper is made as follows. In section 2, we are divided into three parts,
in the first part we introduced the 3-D viscous primitive equations of large-scale
dry atmosphere in the pressure coordinate system, the second part we presented
some function spaces, the last part we gave some useful lemmas. In section 3, we
proved the existence of approximate solutions. In section 4, in order to show the
convergence of the approximate solution, we made a series of estimates. In last
section, we proved the existence and uniqueness of time periodic solutions.

2. Preliminaries

2.1. The 3-D viscous primitive equations of large-scale dry
atmosphere

The non-dimensional form of three-dimensional viscous primitive equations of large-
scale dry atmosphere in the pressure coordinate system are

∂~v

∂t
+∇~v~v + ω

∂~v

∂ξ
+

f

R0
k × ~v + gradΦ− 1

Re1
∆~v − 1

Re2

∂2~v

∂ξ2
= 0, (2.1)

div~v +
∂ω

∂ξ
= 0, (2.2)

∂Φ

∂ξ
+
bP

p
T = 0, (2.3)

∂T

∂t
+∇~vT + ω

∂T

∂ξ
− bP

p
ω − 1

Rt1
4T − 1

Rt2

∂2T

∂ξ2
= Q1, (2.4)

where ~v = (vθ, vϕ) is the horizontal velocity, ω is the vertical velocity in p-coordinate
system, Φ is the geopotential, T is the temperature, and ~v, ω,Φ, T are all the
unknown functions, f = 2 cos θ, R0 is Rossby number, k is vertical unit vector,
Re1, Re2 are the positive constants which stand for the horizontal and vertical
Reynolds numbers, Rt1, Rt2 are the products obtained by multiplying the horizon-
tal and vertical Prandtl numbers by Reynolds numbers respectively, P stand for an
approximate value of pressure at the surface of the earth, p0 is pressure of the upper
atmosphere and p0 > 0, the variable ξ satisfying p = (P−p0)ξ+p0(0 < p0 ≤ p ≤ P ),
Q1 is given functions on S2×(0, 1), b is a positive constant. The definitions of ∇~v~v,
4~v, 4T , ∇~vT , div~v, gradΦ will be given in later.
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The space domain of (2.1)-(2.4) is Ω = S2 × (0, 1), S2 is two-dimensional unit
sphere. The boundary value conditions are given by

ξ = 1(p = P ) :
∂~v

∂ξ
= 0, ω = 0,

∂T

∂ξ
= αs(Θ− T ), (2.5)

ξ = 0(p = P0) :
∂~v

∂ξ
= 0, ω = 0,

∂T

∂ξ
= 0, (2.6)

where αs is a positive constant, Θ is the given temperature on the surface of the
earth. For simplicity and without loss generality, we assume that Θ = 0.

Integrating (2.2) and using (2.5) we have

ω(t; θ, ϕ, ξ) =

∫ 1

ξ

div~v(t; θ, ϕ, ξ′)dξ′. (2.7)

By ω|ξ=0 = 0, we obtain ∫ 1

0

div~vdξ = 0. (2.8)

Suppose that Φs is a certain unknown function at the isobaric surface ξ = 1. Inte-
grating (2.3), we get

Φ(t; θ, ϕ, ξ) = Φs(t; θ, ϕ) +

∫ 1

ξ

bP

p
Tdξ′. (2.9)

Thus, (2.1)-(2.4) can be rewritten as

∂~v

∂t
+∇~v~v +

(∫ 1

ξ

div~vdξ′
)
∂~v

∂ξ
+

f

R0
k × ~v + gradΦs

+

∫ 1

ξ

bP

p
gradTdξ′ − 1

Re1
∆~v − 1

Re2

∂2~v

∂ξ2
= 0,

(2.10)

∂T

∂t
+∇~vT +

(∫ 1

ξ

div~vdξ′
)
∂T

∂ξ
− bP

p

(∫ 1

ξ

div~vdξ′
)
− 1

Rt1
4T − 1

Rt2

∂2T

∂ξ2
= Q1,

(2.11)∫ 1

0

div~vdξ = 0, (2.12)

boundary value conditions of equations (2.10)-(2.12) are

ξ = 1 :
∂~v

∂ξ
= 0,

∂T

∂ξ
= −αsT, (2.13)

ξ = 0 :
∂~v

∂ξ
= 0,

∂T

∂ξ
= 0, (2.14)

and equations (2.10)–(2.14) are described in references [12].
In present paper, the problem we considered is as follows. Let the given function

Q1 be periodic in t with the period W, then we try to prove the existence and
uniqueness of time periodic solutions of the three-dimensional viscous primitive
equations of large-scale dry atmosphere (2.1)-(2.4) with the same period W, under
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the critical smallness assumption, i.e., K ≡ sup
0≤t≤W

‖Q1‖LN (Ω) is sufficiently small.

Since we simplified (2.1)-(2.4) to (2.10)-(2.14) , so under the above assumption, we
just need to prove the solutions U of equations (2.10)-(2.11) are periodic with W,
i.e.,

U(t+W ) = (~v(x, t+W ), T (x, t+W )) = (~v(x), T (x)) = U(t) x ∈ Ω, t ∈ R1. (2.15)

2.2. Some function spaces

Now we introduce some function spaces and operator we need and define our working
spaces for the problem(2.10)-(2.15).

For a two-dimensional unit sphere, the position vector of arbitrary point with
coordinates (θ, ϕ) is ~R = sin θ cosϕ~i+ sin θ sinϕ~j+ cos θ~k. Let eθ, eϕ, eξ be the unit
vectors in θ, ϕ, ξ directions of the space domain Ω respectively,

eθ =
∂

∂θ
, eϕ =

1

sin θ

∂

∂ϕ
, eξ =

∂

∂ξ
.

Lp(Ω) := {h;h : Ω → R,
∫

Ω
|h|p < +∞} with the norm |h|p =

(∫
Ω
|h|pdΩ

) 1
p

,

1 ≤ p < ∞. And we define
∫

Ω
·dΩ and

∫
S2 ·dS2 as

∫
Ω
· and

∫
S2 · respectively.

L2(TΩ|TS2) is the first two components of L2 vector fields on Ω with the norm

|~v|2 =

(∫
Ω

(vθ
2 + vϕ

2)

) 1
2

, where ~v = (vθ, vϕ) : Ω → TS2. C∞(S2) is the function

spaces for all smooth functions from S2 → R. C∞(Ω) is the function spaces for
all smooth functions from Ω → R. C∞(TΩ|TS2) is the first two components of
smooth vector fields on Ω. C∞0 (Ω) := {h;h ∈ C∞(Ω), supph is a compact subset
in Ω}. C∞0 (TΩ|TS2) := {~v;~v ∈ C∞(TΩ|TS2), supp~v is a compact subset in Ω}.
Hm(Ω) is the Sobolev space of functions which are in L2(Ω), together with all their
covariant derivatives with respect to eθ, eϕ, eξ of order up to m, with the norm

‖h‖m = (
∫

Ω
(
∑

1≤k≤m

∑
ij=1,2,3;j=1,...,k

|∇i1 · · · ∇ikh|2))
1
2 , where ∇1 = ∇eθ , ∇2 = ∇eϕ ,

∇3 = ∇eξ = ∂
∂ξ . Hm(TΩ|TS2) = {~v;~v = (vθ, vϕ) : Ω → TS2, vθ, vϕ ∈ Hm(Ω)},

which norm is similar to Hm(Ω), that is, in the above formula of norm, let h =
(vθ, vϕ) = vθeθ + vϕeϕ.

Then we introduce some function space consisting of W-periodic functions. Let
X be a Banach space. We denote by Ck(W,X) the set of X-valued W-periodic
functions on R1 with continuous derivatives up to order k, and let us define the
norm

|Q|Ck(W ;X) = sup
0≤t≤W

{
k∑
i=0

|Di
tQ(t)|X}.

We denote by Lp(W,X) (1 ≤ p ≤ ∞) the set of W-periodic X-valued measurable
functions Q on R1 such that

|Q|Lp(W ;X) = (

∫ W

0

|Q|pXdt)
1
p < +∞ (1 ≤ p <∞),

|Q|L∞(W ;X) = sup
0≤t≤W

|Q|X < +∞.
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We denote by W k,p(W ;X) the set of functions Q which belong to Lp(W ;X) to-
gether with their derivatives up to order k, and in particular we write Hk(W ;X) =
W k,2(W ;X) when X is a Hilbert space.

Next we introduce some operators, div is the horizontal divergence, ∇ = grad
is the horizontal gradient, ∇~v is the horizontal covariant derivative and ∆ is the
horizontal Laplace-Beltrami operator. By direct computation we can obtain

div~v = div(vθeθ + vϕeϕ) =
1

sin θ
(
∂(vθ sin θ)

∂θ
+
∂vϕ
∂ϕ

), (2.16)

∇T = gradT =
∂T

∂θ
eθ +

1

sin θ

∂T

∂ϕ
eϕ, (2.17)

gradΦs =
∂Φs
∂θ

eθ +
1

sin θ

∂Φs
∂ϕ

eϕ, (2.18)

∇~v~v1 =(vθ
∂v1θ

∂θ
+

vϕ
sin θ

∂v1θ

∂ϕ
− vϕv1ϕ cot θ)eθ

+ (vθ
∂v1ϕ

∂θ
+

vϕ
sin θ

∂v1ϕ

∂ϕ
+ vϕv1θ cot θ)eϕ,

(2.19)

∇~vT = vθ
∂T

∂θ
+

vϕ
sin θ

∂T

∂ϕ
, (2.20)

4T = div(gradT ) =
1

sin θ
[
∂

∂θ
(sin θ

∂T

∂θ
) +

1

sin θ

∂2T

∂ϕ2
], (2.21)

4~v = (4vθ −
2 cos θ

sin2 θ

∂vϕ
∂ϕ
− cot2 θ vθ)eθ + (4vϕ +

2 cos θ

sin2 θ

∂vθ
∂ϕ
− cot2 θvϕ)eϕ, (2.22)

where ~v = vθeθ + vϕeϕ, ~v1 = v1θeθ + v1ϕeϕ ∈ C∞(TΩ|TS2), T ∈ C∞(Ω), Φs ∈
C∞(S2).

Then we only give the calculation process of (2.22). eθ and eϕ are unit vectors,
thus eθ and eϕ are both covariant basis and inverting basis, and we know

eθ =
∂ ~R

∂θ
= cos θ cosϕ~i+ cos θ sinϕ~j − sin θ~k, eϕ =

1

sin θ

∂ ~R

∂ϕ
= − sinϕ~i+ cosϕ~j.

Since Γijk = ei,j · ek, where ei,j = ∂ei
∂j ( i, j, k = θ or ϕ ), we obtain

∂eθ
∂θ

= Γθθθeθ + Γθθϕeϕ = 0,
∂eθ
∂ϕ

= Γθϕθeθ + Γθϕϕeϕ = cot θeϕ,

∂eϕ
∂θ

= Γϕθθeθ + Γϕθϕeϕ = 0,
∂eϕ
∂ϕ

= Γϕϕθeθ + Γϕϕϕeϕ = − cot θeθ,

then we can get

∇~v = eθ
∂(vθeθ + vϕeϕ)

∂θ
+ eϕ

∂(vθeθ + vϕeϕ)

∂ϕ

= eθ(
∂vθ
∂θ

eθ+
∂vϕ
∂θ

eϕ)+eϕ(
1

sin θ

∂vθ
∂ϕ

eθ+cot θvθeϕ+
1

sin θ

∂vϕ
∂ϕ

eϕ−cot θvϕeθ).

Thus,

4~v =∇ · ∇~v
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=eθ ·
∂[eθ(

∂vθ
∂θ eθ+

∂vϕ
∂θ eϕ)+eϕ( 1

sin θ
∂vθ
∂ϕ eθ+cot θvθeϕ+ 1

sin θ
∂vϕ
∂ϕ eϕ−cot θvϕeθ)]

∂θ

+eϕ ·
∂[eθ(

∂vθ
∂θ eθ+

∂vϕ
∂θ eϕ)+eϕ( 1

sin θ
∂vθ
∂ϕ eθ+cot θvθeϕ+ 1

sin θ
∂vϕ
∂ϕ eϕ−cot θvϕeθ)]

∂ϕ

=
∂2vθ
∂θ2

eθ+
∂2vϕ
∂θ2

eϕ+cot θ
∂vθ
∂θ

eθ+cot θ
∂vϕ
∂θ

eϕ+
1

sin2 θ

∂2vθ
∂ϕ2

eθ+
2 cos θ

sin2 θ

∂vθ
∂ϕ

eϕ

− cot2 θvθeθ +
1

sin2 θ

∂2vϕ
∂ϕ2

eϕ −
2 cos θ

sin2 θ

∂vϕ
∂ϕ

eθ − cot2 θvϕeϕ

=(∆vθ −
2 cos θ

sin2 θ

∂vϕ
∂ϕ
− cot2 θvθ)eθ + (4vϕ +

2 cos θ

sin2 θ

∂vθ
∂ϕ
− cot2 θvϕ)eϕ.

We complete the computation process of (2.22).
Last we define our working spaces, let

Θ1 : {~v : ~v ∈ C∞0 (TΩ|TS2),
∂~v

∂ξ
|ξ=0 = 0,

∂~v

∂ξ
|ξ=1 = 0,

∫ 1

0

div~vdξ = 0},

Θ2 : {T : T ∈ C∞0 (Ω),
∂T

∂ξ
|ξ=0 = 0,

∂T

∂ξ
|ξ=1 = −αsT}.

V1 = the closure of Θ1 with respect to the norm ‖ · ‖1, V2 = the closure of Θ2 with
respect to the norm ‖ · ‖1, H1 = the closure of Θ1 with respect to the norm | · |2,
V = V1 × V2, H = H1 ×L2(Ω). Inner products and norm in V1 and V2 are denoted
by:

(~v,~v1)V1 =

∫
Ω

(
∇eθ~v · ∇eθ~v1+∇eϕ~v · ∇eϕ~v1+

∂~v

∂ξ

∂~v1

∂ξ

)
, ‖~v‖ = (~v,~v)

1
2

V1
, ∀~v,~v1 ∈ V1,

(T, T1)V2 =

∫
Ω

(
gradT · gradT1 +

∂T

∂ξ

∂T1

∂ξ

)
, ‖T‖ = (T, T )

1
2

V2
, ∀T, T1 ∈ V2,

(U,U1)H = (vθ, v1θ) + (vϕ, v1ϕ) + (T, T1), (U,U1)V = (~v,~v1)V1 + (T, T1)V2 ,

‖U‖ = (U,U)
1
2

V , |U |2 = (U,U)
1
2

H , ∀U = (~v, T ), U1 = (~v1, T1) ∈ V.

(·, ·) represent the L2 inner products in H1 and L2(Ω).

2.3. Some lemmas

Lemma 2.1 (see [17]). Let H⊥1 be the orthogonal complement of H1 in L2(TΩ|TS2).
Then

H⊥1 = {~v ∈ L2(TΩ|TS2)|~v = gradl, l ∈ H1(S2)},

H1 = {~v ∈ L2(TΩ|TS2)|
∫ 1

0

div~vdξ = 0},

V1 = {~v ∈ H1
0 (TΩ|TS2)|

∫ 1

0

div~vdξ = 0}.

Lemma 2.2. Let ~v = (vθ, vϕ), ~v1 = (v1θ, v1ϕ) ∈ C∞(TΩ|TS2) and p ∈ C∞(S2),
then ∫

S2

div~v = −
∫
S2

∇p · ~v, (2.23)
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in particular, ∫
S2

div~v = 0; (2.24)∫
Ω

(−4~v · ~v1) =

∫
Ω

(∇eθ~v · ∇eθ~v1 +∇eϕ~v · ∇eϕ~v1). (2.25)

Proof. By using (2.16), (2.17) and Stokes Theorem we can get (2.23)(we can refer
literature [23, 24]). From (2.19) and (2.22), by direct computation, we can obtain
(2.25).

Lemma 2.3 (see [12]). For any h ∈ C∞(S2), ~v ∈ C∞(TΩ|TS2), we have∫
S2

∇~vh+

∫
S2

hdiv~v =

∫
S2

div(h~v) = 0.

Lemma 2.4 (see [17]). Let ~v,~v1 ∈ V1, T ∈ V2. Then∫
Ω

(
∇~v~v1 +

(∫ 1

ξ

div~vdξ′
)
∂~v1

∂ξ

)
~v1 = 0, (2.26)

∫
Ω

(
∇~vT +

(∫ 1

ξ

div~vdξ′
)
∂T

∂ξ

)
T = 0, (2.27)

∫
Ω

(∫ 1

ξ

bP

p
gradTdξ′ · ~v − bP

p

(∫ 1

ξ

div~vdξ′
)
· T
)

= 0. (2.28)

Lemma 2.5 (Gagliardo-Nirenberg Inequality, see [22]). Let Ω be an open, bounded
domain of the Lipschitz class in Rn. Assume that 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, 1 ≤ r,
0 ≤ θ ≤ 1, and let k− n

p ≤ θ(m−
n
q ) + (1− θ)nr , Then the following inequality hold

‖Dku‖Lp(Ω) ≤ c(Ω)‖u‖θWm,q(Ω)‖u‖
1−θ
Lr(Ω).

Lemma 2.6 (Minkowski Inequality). Let (X,µ),(Y, ν) be two measurable spaces
and f(x, y) be a measurable function about µ × ν on X × Y . If for a.e. y ∈ Y ,
f(·, y) ∈ Lp(X,µ), 1 ≤ p ≤ ∞, and

∫
Y
‖f(·, y)‖Lp(X,µ)dν(y) <∞, then

‖
∫
Y

f(·, y)dν(y)‖Lp(X,µ) ≤
∫
Y

‖f(·, y)‖Lp(X,µ)dν(y).

3. Approximate Solutions

In this section, we will prove the existence of approximate solution of (2.10)-(2.15).
Now we let wk be the completely orthonormal system in L2(Ω) consisting of the
eigenfunctions of the Stokes operator A, and denote the form of the approximate
solution U(~vn, Tn) of the problem (2.10)-(2.15) as follows

~vn = (

n∑
k=1

akn(t)wk,

n∑
k=1

bkn(t)wk) = (vnθ, vnϕ) = vnθeθ + vnϕeϕ,

Tn =

n∑
k=1

ckn(t)wk.
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We consider the system of nonlinear differential equations,

(
∂~vn
∂t

+∇~vn~vn + (

∫ 1

ξ

div~vndξ
′)
∂~vn
∂ξ

+
f

R0
k × ~vn + gradΦs

+

∫ 1

ξ

bP

p
gradTndξ

′ − 1

Re1
∆~vn −

1

Re2

∂2~vn
∂ξ2

, wk) = 0,

(3.1)

(
∂Tn
∂t

+∇~vnTn + (

∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ
− bP

p
(

∫ 1

ξ

div~vndξ
′)

− 1

Rt1
4Tn −

1

Rt2

∂2Tn
∂ξ2

, wk) = (Q1, wk),

(3.2)

Un(t+W ) = (~vn(x, t+W ), Tn(x, t+W )) = (~vn(x), Tn(x)) = Un(t). (3.3)

Let W ′n be the subspace of L2(Ω) spanned by w1, w2, · · ·wn. we know that for
any Vn = (~un, Cn) ∈ C1(W,W ′n), there exists a unique W-periodic solution Un =
(~vn, Tn) ∈ C1(W,W ′n) of the linear equations

(
∂~vn
∂t

+
f

R0
k × ~vn + gradΦs −

1

Re1
∆~vn −

1

Re2

∂2~vn
∂ξ2

, wk)

=(−∇~un~un − (

∫ 1

ξ

div~undξ
′)
∂~un
∂ξ
−
∫ 1

ξ

bP

p
gradCndξ

′, wk),

(3.4)

(
∂Tn
∂t
− 1

Rt1
4Tn −

1

Rt2

∂2Tn
∂ξ2

, wk)

=(−∇~unCn − (

∫ 1

ξ

div~undξ
′)
∂Cn
∂ξ

+
bP

p
(

∫ 1

ξ

div~undξ
′) +Q1, wk).

(3.5)

So we can see the mapping F : Vn → Un is continuous and compact in C1(W,W ′(n))
Thus, we shall prove the existence of the solution of (3.1)-(3.3) by applying the
Leray-schauder fixed point theorem. To apply the fixed point theorem it is only
need to show the boundedness

sup
0≤t≤W

(|~vn(t)|22 + |Tn(t)|22) ≤ C, (3.6)

for all possible solutions of (3.1)-(3.3) replaced by

λ

(
∇~vn~vn +

(∫ 1

ξ

div~vndξ
′
)
∂~vn
∂ξ

+

∫ 1

ξ

bP

p
gradTndξ

′
)

and

λ

(
∇~vnTn +

(∫ 1

ξ

div~vndξ
′
)
∂Tn
∂ξ
− bP

p

(∫ 1

ξ

div~vndξ
′
))

instead of nonlinear terms

∇~vn~vn +

(∫ 1

ξ

div~vndξ
′
)
∂~vn
∂ξ

+

∫ 1

ξ

bP

p
gradTndξ

′

and

∇~vnTn +

(∫ 1

ξ

div~vndξ
′
)
∂Tn
∂ξ
− bP

p

(∫ 1

ξ

div~vndξ
′
)
,
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where C is a constant which independent of λ(0 ≤ λ ≤ 1).
Actually, multiplying (3.1) by akn(t)eθ, bkn(t)eϕ and summing up over k respec-

tively, we can get two equations, then add the two equations, we obtain

(~vnt +
f

R0
k × ~vn + gradΦs −

1

Re1
∆~vn −

1

Re2

∂2~vn
∂ξ2

, ~vn)

=(−λ∇~vn~vn − λ(

∫ 1

ξ

div~vndξ
′)
∂~vn
∂ξ
− λ

∫ 1

ξ

bP

p
gradTndξ

′, ~vn),

(3.7)

using integration by parts, Lemma 2.1, Lemma 2.2 and Lemma 2.4, we have

1

2

d

dt
|~vn|22 +

1

Re1

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) +
1

Re2

∫
Ω

∣∣∣∣∂~vn∂ξ
∣∣∣∣2

=− λ
∫

Ω

(

∫ 1

ξ

bP

p
gradTndξ

′) · ~vn.
(3.8)

Multiplying (3.2) by cnk(t) and summing up over k, using integration by parts and
Lemma 2.4, we find

1

2

d

dt
|Tn|22 +

1

Rt1

∫
Ω

|∇Tn|2 +
1

Rt2

∫
Ω

∣∣∣∣∂Tn∂ξ
∣∣∣∣2 +

αs
Rt2
|Tn|ξ=1|22

=λ

∫
Ω

bP

p
Tn(

∫ 1

ξ

div~vndξ
′) +

∫
Ω

Q1Tn.

(3.9)

From (3.8)-(3.9) and Lemma 2.4, we have

1

2

d

dt
(|~vn|22 + |Tn|22) +

1

Re1

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) +
1

Re2

∫
Ω

|∂~vn
∂ξ
|2

+
1

Rt1

∫
Ω

|∇Tn|2 +
1

Rt2

∫
Ω

|∂Tn
∂ξ
|2 +

αs
Rt2
|Tn|ξ=1|22 =

∫
Ω

Q1Tn,

(3.10)

using Young inequality, we obtain∣∣∣∣∫
Ω

Q1Tn

∣∣∣∣ ≤ c|Q1|22 + ε|Tn|22, (3.11)

and then by

Tn(t, θ, ϕ, ξ) = −
∫ 1

ξ

∂Tn
∂ξ′

dξ′ + Tn|ξ=1,

we obtain∫
Ω

T 2
n(t, θ, ϕ, ξ) =

∫
Ω

(−
∫ 1

ξ

∂Tn
∂ξ′

dξ′ + Tn|ξ=1)2 ≤ 2|∂Tn
∂ξ
|22 + 2|Tn|ξ=1|22, (3.12)

thus, from (3.10)–(3.12) we have

d

dt
(|~vn|22 + |Tn|22) + c1‖~vn‖2 + c2‖Tn‖2 +

2αs
Rt2
|Tn|ξ=1|22 ≤ cK2, (3.13)

where c1 = min{ 2
Re1

, 2
Re2
}, c2 = min{ 2

Rt1
, 2−2ε
Rt2
}, ε is a small enough positive

constant.
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Then using the periodicity of ~vn, Tn, integrating (3.13) over [0,W ] we get∫ W

0

(‖~vn‖2 + ‖Tn‖2 + |Tn|ξ=1|22) ≤ cWK2. (3.14)

So by the first mean value theorems for definite integrals and (3.14), there exists
t∗ ∈ [0,W ] such that

‖~vn(t∗)‖2 + ‖Tn(t∗)‖2 + |Tn(t∗)|ξ=1|22 ≤ cK2, (3.15)

poincaré inequality give that

|~vn|22 ≤ µ−1
1 ‖~vn‖2, |Tn|22 ≤ µ−1

2 ‖Tn‖2,

integrating (3.13) again over [t∗, t+W ](t ∈ [0,W ]), we obtain

|~vn|22 + |Tn|22 ≤ c(t+W − t∗)|Q1|22 + |~vn(t∗)|22 + |Tn(t∗)|22 +

∣∣∣∣∫ W

0

(‖~vn‖2 + ‖Tn‖2)

∣∣∣∣
≤ c(µ−1

1 + µ−1
2 + 2W )K2,

thus
sup

0≤t≤W
(|~vn|22 + |Tn|22) ≤ c(µ−1

1 + µ−1
2 + 2W )K2 = M1, (3.16)

where M1 is independent of n and λ. So we proved the Un = (~vn, Tn) ∈ C1(W,W ′n)
is the approximate solutions of (3.1)-(3.3).

4. Priori estimates

In this section, we will show the convergence of the approximate solutions. Our
main result are Theorem 4.1, Theorem 4.2 and Theorem 4.3. First we should prove
the following lemma.

Lemma 4.1. Let (~vn(t), Tn(t)) be the solutions of (3.1)-(3.3) given above. Set

K1 ≡
∫ W

0

|Q1|33dt,K2 ≡
∫ W

0

|Q1|44dt,

then we have

sup
t
|Tn|33 ≤ (µ−1

2 + 2W )C(M1,K,K1) = M2,

sup
t
|Tn|44 ≤ (µ−1

2 + 2W )C(M2,K,K2) = M3,

sup
t
|~vn|33 ≤ (µ−1

1 + 2W )C(M1,K) = M4,

sup
t
|~vn|44 ≤ (µ−1

1 + 2W )C(M4,K) = M5,

where Mi(i = 2, 3, 4, 5) is independent of n.

Proof. Multiplying (3.2) by cnk(t) and summing up over k, we have

(Tnt −
1

Rt1
4Tn −

1

Rt2

∂2Tn
∂ξ2

, Tn)

=(−∇~vnTn − (

∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ

+
bP

p
(

∫ 1

ξ

div~vndξ
′) +Q1, Tn),

(4.1)
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then multiplying (4.1) by |Tn| and using integration by parts, we obtain

d|Tn|33
dt

+
2

Rt1

∫
Ω

|∇Tn|2|Tn|+
2

Rt2

∫
Ω

|∂Tn
∂ξ
|2|Tn|+

αs
Rt2
|Tn|ξ=1|33

=−
∫

Ω

[∇~vnTn + (

∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ

]|Tn|Tn +

∫
Ω

Q1|Tn|Tn

+

∫
Ω

bP

p
(

∫ 1

ξ

div~vndξ
′)|Tn|Tn,

(4.2)

with the method which get the (2.27), we find∫
Ω

[∇~vnTn + (

∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ

]|Tn|Tn = 0, (4.3)

by applying Hölder inequality, Young inequality and Lemma 2.5, we have∫
Ω

bP

p
(

∫ 1

ξ

div~vndξ
′)|Tn|Tn ≤ c|div~vn|22 + c|Tn|22‖Tn‖2

≤ c
∫

Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + c|Tn|22‖Tn‖2,
(4.4)

|
∫

Ω

Q1|Tn|Tn| ≤ |Q1|3|Tn|23 ≤ c|Q1|33 + c|Tn|62 + c‖Tn‖2, (4.5)

so from (4.2)-(4.5), we get

d|Tn|33
dt

+
2

Rt1

∫
Ω

|∇Tn|2|Tn|+
2

Rt2

∫
Ω

|∂Tn
∂ξ
|2|Tn|+

αs
Rt2
|Tn|ξ=1|33

≤c
∫

Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + c(|Tn|22 + 1)‖Tn‖2 + c|Q1|33 + c|Tn|62.
(4.6)

Integrating (4.6) over [0,W], using the periodicity of Tn, (3.14) and (3.16), we obtain∫ W

0

(
2

Rt1

∫
Ω

|∇Tn|2|Tn|+
2

Rt2

∫
Ω

|∂Tn
∂ξ
|2|Tn|+

αs
Rt2
|Tn|ξ=1|33)

≤C(M1,K,K1)W,

(4.7)

so by (4.7), there exists t∗ ∈ [0,W ] such that

2

Rt1

∫
Ω

|∇Tn(t∗)|2|Tn(t∗)|+ 2

Rt2

∫
Ω

|∂Tn(t∗)

∂ξ
|2|Tn(t∗)|+ αs

Rt2
|Tn(t∗)|ξ=1|33

≤C(M1,K,K1),

(4.8)

then, using poincaré inequality, we obtain∫
Ω

|T (t∗)|3 = ||T (t∗)| 32 |22 ≤ µ−1
2 ‖|T (t∗)| 32 ‖2

=
4

9
µ−1

2

∫
Ω

(|∇Tn(t∗)|2|Tn(t∗)|+ |∂Tn(t∗)

∂ξ
|2|Tn(t∗)|),

(4.9)
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thus integrating (4.6) again over [t∗, t+W ](t ∈ [0,W ]), by (4.7)-(4.9) we have

sup
t
|Tn|33 ≤ (µ−1

2 + 2W )C(M1,K,K1) = M2. (4.10)

Multiplying (4.1) by |Tn|2, applying integration by parts, we have

d|Tn|44
dt

+
3

Rt1

∫
Ω

|∇Tn|2|Tn|2 +
3

Rt2

∫
Ω

|∂Tn
∂ξ
|2|Tn|2 +

αs
Rt2
|Tn|ξ=1|44

=−
∫

Ω

[∇~vnTn + (

∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ

]|Tn|2Tn +

∫
Ω

Q1|Tn|2Tn

+

∫
Ω

bP

p
(

∫ 1

ξ

div~vndξ
′)|Tn|2Tn,

(4.11)

similarly, with the method of getting the (2.27), we get∫
Ω

[∇~vnTn + (

∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ

]|Tn|2Tn = 0, (4.12)

by using Hölder inequality, Young inequality and Lemma 2.5, we obtain∫
Ω

bP

p
(

∫ 1

ξ

div~vndξ
′)|Tn|2Tn ≤ c|div~vn|22 + c|Tn|66

≤ c
∫

Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + c|Tn|43‖Tn‖2,
(4.13)

∣∣∣∣∫
Ω

Q1|Tn|2Tn
∣∣∣∣ ≤ |Q1|4|Tn|34 ≤ c|Q1|44 + c|Tn|23‖Tn‖2, (4.14)

from (4.11)-(4.14), we get

d|Tn|44
dt

+
3

Rt1

∫
Ω

|∇Tn|2|Tn|2 +
3

Rt2

∫
Ω

|∂Tn
∂ξ
|2|Tn|2 +

αs
Rt2
|Tn|ξ=1|44

≤c
∫

Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + c(|Tn|23 + |Tn|43)‖Tn‖2 + c|Q1|44.
(4.15)

Using the periodicity of Tn, (3.14), (3.16) and (4.10), integrating (4.15) over [0,W],
we obtain∫ W

0

(
3

Rt1

∫
Ω

|∇Tn|2|Tn|2 +
3

Rt2

∫
Ω

|∂Tn
∂ξ
|2|Tn|2 +

αs
Rt2
|Tn|ξ=1|44)

≤C(M2,K,K2)W,

(4.16)

so by (4.16), there exists t∗ ∈ [0,W ] such that

3

Rt1

∫
Ω

|∇Tn(t∗)|2|Tn(t∗)|2 +
3

Rt2

∫
Ω

|∂Tn(t∗)

∂ξ
|2|Tn(t∗)|2 +

αs
Rt2
|Tn(t∗)|ξ=1|44

≤C(M2,K,K2),

(4.17)
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using poincaré inequality, we obtain∫
Ω

|T (t∗)|4 = ||T (t∗)|2|22 ≤ µ−1
2 ‖|T (t∗)|2‖2

=
1

4
µ−1

2

∫
Ω

[|∇Tn(t∗)|2|Tn(t∗)|2 + |∂Tn(t∗)

∂ξ
|2|Tn(t∗)|2],

(4.18)

thus integrating (4.15) again over [t∗, t+W ](t ∈ [0,W ]), by (4.16)-(4.18) we have

sup
t
|Tn|44 ≤ (µ−1

2 + 2W )C(M2,K,K2) = M3. (4.19)

Multiplying (3.1) by akn(t)eθ, bkn(t)eϕ and summing up over k respectively, then
summing up them, we get

(~vnt +
f

R0
k × ~vn + gradΦs −

1

Re1
∆~vn −

1

Re2

∂2~vn
∂ξ2

, ~vn)

=(−∇~vn~vn −
(∫ 1

ξ

div~vndξ
′
)
∂~vn
∂ξ
−
∫ 1

ξ

bP

p
gradTndξ

′, ~vn),

(4.20)

furthermore, multiplying (4.20) with |~vn|, using integration by parts, we have

1

3

d|~vn|33
dt

+
1

Re1

∫
Ω

[(|∇eθ~vn|2 + |∇eϕ~vn|2)|~vn|+
4

9
|∇eθ |~vn|

3
2 |2

+
4

9
|∇eϕ |~vn|

3
2 |2] +

1

Re2

∫
Ω

(|~vnξ|2|~vn|+
4

9
|∂ξ|~vn|

3
2 |2)

=−
∫

Ω

[∇~vn~vn + (

∫ 1

ξ

div~vndξ
′)]|~vn|~vn −

∫
Ω

bP

p
(

∫ 1

ξ

gradTndξ
′)|~vn|~vn.

(4.21)

Hölder inequality, Young inequality, Lemma 2.4 and Lemma 2.5 give that

1

3

d|~vn|33
dt

+
1

Re1

∫
Ω

[(|∇eθ~vn|2 + |∇eϕ~vn|2)|~vn|+
4

9
|∇eθ |~vn|

3
2 |2

+
4

9
|∇eϕ |~vn|

3
2 |2] +

1

Re2

∫
Ω

(|~vnξ|2|~vn|+
4

9
|∂ξ|~vn|

3
2 |2)

≤|∇Tn|22 + |~vn|22‖~vn‖2.

(4.22)

Using the periodicity of ~vn, (3.14) and (3.16), integrating (4.22) over [0,W] we get∫ W

0

(
1

Re1

∫
Ω

[(|∇eθ~vn|2 + |∇eϕ~vn|2)|~vn|+
4

9
|∇eθ |~vn|

3
2 |2

+
4

9
|∇eϕ |~vn|

3
2 |2] +

1

Re2

∫
Ω

(|~vnξ|2|~vn|+
4

9
|∂ξ|~vn|

3
2 |2))

≤C(M1,K)W,

so there exists t∗ ∈ [0,W ] such that

1

Re1

∫
Ω

[(|∇eθ~vn(t∗)|2 + |∇eϕ~vn(t∗)|2)|~vn(t∗)|+ 4

9
|∇eθ |~vn(t∗)| 32 |2

+
4

9
|∇eϕ |~vn(t∗)| 32 |2] +

1

Re2

∫
Ω

(|~vnξ(t∗)|2|~vn(t∗)|+ 4

9
|∂ξ|~vn(t∗)| 32 |2)

≤C(M1,K),

(4.23)
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integrating (4.22) again over [t∗, t + W ](t ∈ [0,W ]), using poincaré inequality, we
have

sup
t
|~vn|33 ≤ (µ−1

1 + 2W )C(M1,K) = M4. (4.24)

Multiplying (4.20) with |~vn|2, we find

1

4

d|~vn|44
dt

+
1

Re1

∫
Ω

[(|∇eθ~vn|2 + |∇eϕ~vn|2)|~vn|2 +
1

2
|∇eθ |~vn|2|2

+
1

2
|∇eϕ |~vn|2|2] +

1

Re2

∫
Ω

(|~vnξ|2|~vn|2 +
1

2
|∂ξ|~vn|2|2)

=−
∫

Ω

[∇~vn~vn + (

∫ 1

ξ

div~vndξ
′)]|~vn|2~vn −

∫
Ω

bP

p
(

∫ 1

ξ

gradTndξ
′)|~vn|2~vn.

(4.25)

Use the similar way, we can easily get

sup
t
|~vn|44 ≤ (µ−1

1 + 2W )C(M4,K) = M5. (4.26)

This completes the proof of Lemma 4.1.

Theorem 4.1. Let (~vn(t), Tn(t)) be the solutions of (3.1)-(3.3) given above. Set

K3 ≡
∫ W

0

|Q1ξ|22dt,

we have

sup
t
|~vnξ(t)|22 ≤ (µ−1

1 + 2W )C(M1) = M6,

sup
t
|Tnξ(t)|22 ≤ (µ−1

2 + 2W )C(M1,M3,M5,M6,K,K3) = M7,

where Mi(i = 6, 7) is independent of n.

Proof. Taking the derivative with respect to ξ of (4.20), we have

(
∂~vnξ
∂t

+
f

R0
k × ~vnξ −

1

Re1
∆~vnξ −

1

Re2

∂2~vnξ
∂ξ2

, ~vnξ)

=(−∇~vn~vnξ −∇~vnξ~vn −
(∫ 1

ξ

div~vndξ
′
)
∂~vnξ
∂ξ

+ (div~vn)
∂~vn
∂ξ

+
bP

p
gradTn, ~vnξ),

(4.27)

applying integration by parts and Lemma 2.1 to Lemma 2.4, we get

1

2

d

dt
|~vnξ|22 +

1

Re1

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2) +
1

Re2

∫
Ω

∣∣∣∣∂~vnξ∂ξ

∣∣∣∣2
=−

∫
Ω

[∇~vnξ~vn − (div~vn)
∂~vn
∂ξ

]~vnξ +

∫
Ω

(
bP

p
gradTn)~vnξ,

(4.28)

by using integration by parts, Young inequality, Hölder inequality, Poincaré inequal-
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ity, Lemma 2.4 and Lemma 2.5 continue, we have

−
∫

Ω

[∇~vnξ~vn − (div~vn)
∂~vn
∂ξ

]~vnξ

≤c
∫

Ω

|~vn||~vnξ|(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)
1
2

≤c|~vn|4|~vnξ|
1
4
2 ‖~vnξ‖

3
4 (

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2))
1
2

≤c|~vn|84‖~vnξ‖2 + ε‖~vnξ‖2,

(4.29)

∫
Ω

(
bP

p
gradTn)~vnξ = −

∫
Ω

bP

p
Tndiv~vnξ ≤ c|Tn|22 + ε‖~vnξ‖2, (4.30)

let ε enough small, from (4.28)-(4.30), by (3.16) and Lemma 4.1, seeing that
C(M5) < 1, we have

d

dt
|~vnξ|22 + ‖~vnξ‖2 ≤ C(M5)‖~vnξ‖2 + C(M1) ≤ C(M1). (4.31)

Using the periodicity of ~vn, by a similar discussion we can find∫ W

0

‖~vnξ‖2 ≤ C(M1)W. (4.32)

sup
t
|~vnξ(t)|22 ≤ (µ−1

1 + 2W )C(M1) = M6. (4.33)

Taking the derivative with respect to ξ of (4.1), we have

(
∂Tnξ
∂t
− 1

Rt1
4Tnξ −

1

Rt2

∂2Tnξ
∂ξ2

, Tnξ)

=(−∇~vnTnξ −∇~vnξTn −
(∫ 1

ξ

div~vndξ
′
)
∂Tnξ
∂ξ

+ (div~vn)
∂Tn
∂ξ

− bP (P − p0)

p2

(∫ 1

ξ

div~vndξ
′
)
− bP

p
div~vn +Q1ξ, Tnξ),

(4.34)

using integration by parts, we find

1

2

d

dt
|Tnξ|22 +

1

Rt1

∫
Ω

|∇Tnξ|2 +
1

Rt2

∫
Ω

∣∣∣∣∂Tnξ∂ξ

∣∣∣∣2− 1

Rt2

∫
S2

(Tξ|ξ=1 · Tξξ|ξ=1)

=−
∫

Ω

[∇~vnTnξ + (

∫ 1

ξ

div~vndξ
′)
∂Tnξ
∂ξ

]Tnξ −
∫

Ω

[∇~vnξTn − (div~vn)
∂Tn
∂ξ

]Tnξ

−
∫

Ω

[
bP

p
div~vn +

bP (P − p0)

p2
(

∫ 1

ξ

div~vndξ
′)]Tnξ +

∫
Ω

Q1ξTnξ.

(4.35)

By using Hölder inequality, Young inequality, poincaré inequality and Lemma 2.5,
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we obtain∣∣∣∣ ∫
Ω

[∇~vnξTn − (div~vn)
∂Tn
∂ξ

]Tnξ

∣∣∣∣
≤c
∫

Ω

[(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)
1
2 |Tn||Tnξ|+ |~vnξ||Tn||∇Tnξ|+ |~vn||Tnξ||∇Tnξ|]

≤ε(|Tnξξ|22 + |∇Tnξ|22) + c|~vnξξ|22 + c

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2) + c|Tn|84|~vnξ|22

+ cµ−1
2 (|Tn|84 + |~vn|84)‖Tnξ‖2,

(4.36)∣∣∣∣ ∫
Ω

[
bP

p
div~vn +

bP (P − p0)

p2
(

∫ 1

ξ

div~vndξ
′)]Tnξ

∣∣∣∣
≤
∫

Ω

bP

p
|~vn||∇Tnξ|+

∫
Ω

|bP (P − p0)

p2
||
∫ 1

ξ

div~vndξ
′||Tnξ|

≤ε|∇Tnξ|22 + εµ−1
2 ‖Tnξ‖2 + c‖~vn‖2.

(4.37)

Taking the trace on ξ = 1 of equation (3.2), we have

Tnξξ|ξ=1 =
∂Tn|ξ=1

∂t
+ (∇~vnTn)|ξ=1 −4Tn|ξ=1 −Q1|ξ=1, (4.38)

by boundary value conditions and (4.38), we find

− 1

Rt2

∫
S2

(Tnξ|ξ=1Tnξξ|ξ=1)

=
αs
Rt2

∫
S2

Tn|ξ=1[
∂Tn|ξ=1

∂t
+ (∇~vnTn)|ξ=1 −4Tn|ξ=1 −Q1|ξ=1]

=
αs
Rt2

(
1

2

d|Tn(ξ = 1)|22
dt

+ |∇Tn(ξ = 1)|22) +
αs
Rt2

∫
S2

Tn|ξ=1[(∇~vnTn)|ξ=1 −Q1|ξ=1],

(4.39)

integration by parts give that

− αs
Rt2

∫
S2

Tn|ξ=1[(∇~vnTn)|ξ=1 −Q1|ξ=1]

≤c|Tn(ξ = 1)|44 + c‖~vnξ‖2 + c‖~vn‖2 + c|Tn(ξ = 1)|22 + c|Q1(ξ = 1)|22.
(4.40)

From (4.35)-(4.40), let ε enough small, seeing that Lemma 4.1 and C(M3,M5) < 1,
we have

1

2

d(|Tnξ|22 + αs
Rt2
|Tn(ξ = 1)|22)

dt
+ c‖Tnξ‖2 +

αs
Rt2
|∇Tn(ξ = 1)|22

≤C(M3,M5)‖Tnξ‖2 + c|Tn|84|~vnξ|22 + c‖~vnξ‖2 + c‖~vn‖2 + c|Tn(ξ = 1)|44
+ c|Tn(ξ = 1)|22 + c|Q1(ξ = 1)|22 + c|Q1ξ|22

≤c|Tn|84|~vnξ|22 + c‖~vnξ‖2 + c‖~vn‖2 + c|Tn(ξ = 1)|44 + c|Tn(ξ = 1)|22
+ c|Q1(ξ = 1)|22 + c|Q1ξ|22.

(4.41)
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Because of the periodicity of Tn, (3.14), (4.16), Lemma 4.1 and (4.32)-(4.33), we
obtain

sup
t
|Tnξ(t)|22 ≤ (µ−1

2 + 2W )C(M1,M3,M5,M6,K,K3) = M7. (4.42)

Lemma 4.2. Let (~vn(t), Tn(t)) be the solutions of (3.1)-(3.3) given above. We have

sup
t
|~vnξ(t)|33 ≤ (µ−1

1 + 2W )C(M1,M3,M5,M6) = M8,

sup
t
|~vnξ(t)|44 ≤ (µ−1

1 + 2W )C(M1,M3,M5,M8) = M9,

sup
t
|Tnξ(t)|33 ≤ (µ−1

2 + 2W )C(M1,M3,M5,M6,M7,M9,K3) = M10,

sup
t
|Tnξ(t)|44 ≤ (µ−1

2 + 2W )C(M1,M3,M5,M6,M7,M8,M10,K,K3) = M11,

where Mi(i = 8, 9, 10, 11) is independent of n.

Proof. Multiplying (4.27) with ~vnξ, applying integration by parts we have

1

3

d

dt
|~vnξ|33 +

1

Re1

∫
Ω

[(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)|~vnξ|+
4

9
|∇eθ |~vnξ|

2
3 |2

+
4

9
|∇eϕ |~vnξ|

2
3 |2] +

1

Re2

∫
Ω

(|∂~vnξ
∂ξ
|2|~vnξ|2 +

4

9
|∂ξ|~vnξ|

2
3 |2)

=−
∫

Ω

[∇~vnξ~vn − (div~vn)
∂~vn
∂ξ

]|~vnξ|~vnξ +

∫
Ω

(
bP

p
gradTn)|~vnξ|~vnξ.

(4.43)

Making use of Lemma 2.5, Hölder and Young inequality, we obtain

−
∫

Ω

(∇~vnξ~vn − (div~vn)
∂~vn
∂ξ

)|~vnξ|~vnξ

≤c
∫

Ω

|~vn||~vnξ|2(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)
1
2

≤c|~vn|4||~vnξ|
3
2 |4[

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)|~vnξ|]
1
2

≤c|~vn|4(

∫
Ω

|~vnξ|3)
1
8 ‖|~vnξ|

3
2 ‖ 3

4 [

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)|~vnξ|]
1
2

≤ε[‖|~vnξ|
3
2 ‖2 +

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)|~vnξ|] + c|~vn|84(|~vnξ|62 + ‖~vn‖2),

(4.44)

∫
Ω

(
bP

p
gradTn)|~vnξ|~vnξ ≤ c|Tn|44+c|~vnξ|22+ε

∫
Ω

(|∇eθ~vnξ|2+|∇eϕ~vnξ|2)|~vnξ|. (4.45)

From (4.43)-(4.45), let ε enough small, we have

1

3

d

dt
|~vnξ|33 +

1

Re1

∫
Ω

[(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)|~vnξ|+
4

9
|∇eθ |~vnξ|

2
3 |2

+
4

9
|∇eϕ |~vnξ|

2
3 |2] +

1

Re2

∫
Ω

(|∂~vnξ
∂ξ
|2|~vnξ|+

4

9
|∂ξ|~vnξ|

2
3 |2)

≤c|~vn|84(|~vnξ|62 + c‖~vnξ‖2) + c|Tn|44 + c|~vnξ|22.

(4.46)
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Using the periodicity of ~vn, (4.32), Lemma 4.1, Theorem 4.1, we get

sup
t
|~vnξ(t)|33 ≤ (µ−1

1 + 2W )C(M1,M3,M5,M6) = M8. (4.47)

Similarly, multiplying (4.27) with |~vn|2, applying integration by parts, Hölder
inequality, Young inequality and Lemma 2.1 to Lemma 2.5 we have

1

4

d

dt
|~vnξ|44 +

1

Re1

∫
Ω

[(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)|~vnξ|2 +
1

2
|∇eθ |~vnξ|2|2

+
1

2
|∇eϕ |~vnξ|2|2] +

1

Re2

∫
Ω

(|∂~vnξ
∂ξ
|2|~vnξ|2 +

1

2
|∂ξ|~vnξ|2|2)

≤c(1 + |~vn|84)|~vnξ|23‖~vnξ‖2 + c|Tn|44,

(4.48)

so using the periodicity of ~vn, (4.32), (4.47) and Lemma 4.1, we can get

sup
t
|~vnξ(t)|44 ≤ (µ−1

1 + 2W )C(M1,M3,M5,M8) = M9. (4.49)

Multiplying (4.34) with |Tnξ|, using integration by parts, we have

1

3

d|Tnξ|33
dt

+
2

Rt1

∫
Ω

|∇Tnξ|2|Tnξ|+
2

Rt2

∫
Ω

|∂Tnξ
∂ξ
|2|Tnξ|

− 1

Rt2

∫
S2

[(Tnξ|Tnξ|)|ξ=1Tnξξ|ξ=1]

=−
∫

Ω

[∇~vnTnξ + (

∫ 1

ξ

div~vndξ
′)
∂Tnξ
∂ξ

]Tnξ|Tnξ|

−
∫

Ω

[∇~vnξTn − (div~vn)
∂Tn
∂ξ

]Tnξ|Tnξ|+
∫

Ω

Q1ξTnξ|Tnξ|

−
∫

Ω

[
bP

p
div~vn +

bP (P − p0)

p2
(

∫ 1

ξ

div~vndξ
′)]Tnξ|Tnξ|.

(4.50)

Using integration by parts, Hölder inequality, Minkowski inequality, poincaré in-
equality, Young inequality and Lemma 2.1 from Lemma 2.5, we have

1

3

d(|Tnξ|33 +
α2
s

Rt2
|Tn(ξ = 1)|33)

dt
+

2

Rt1

∫
Ω

|∇Tnξ|2|Tnξ|

+
2

Rt2

∫
Ω

|∂Tnξ
∂ξ
|2|Tnξ|+

α2
s

Rt2

∫
S2

(|∇Tn|2|Tn|)|ξ=1

≤c(1 + |~vn|84)|Tnξ|
3
2
2 ‖Tnξ‖

3
2 + |Tnξ|

10
3

2 + |~vnξ|24‖Tn‖2 + c|Q1ξ|32 + c|~vn|24|Tnξ|2
+ c‖~vnξ‖2 + c‖~vn‖2 + c|Tn(ξ = 1)|66 + c|Tn(ξ = 1)|44 + c|Q1ξ(ξ = 1)|22.

(4.51)

Similarly, multiplying (4.34) with |Tnξ|2, we have

1

4

d(|Tnξ|44 +
α3
s

Rt2
|Tn(ξ = 1)|44)

dt
+

2

Rt1

∫
Ω

|∇Tnξ|2|Tnξ|2

+
2

Rt2

∫
Ω

|∂Tnξ
∂ξ
|2|Tnξ|2 +

α3
s

Rt2

∫
S2

(|∇Tn|2|Tn|2)|ξ=1

≤c(1 + |~vn|84)|Tnξ|23‖Tnξ‖2 + ‖Tn‖2 + |~vnξ|
20
3

4 + ‖|~vnξ|2‖2

+ ‖Tnξ‖2|Tnξ|58
2 + c|Q1ξ|42 + c|~vn|44 + c‖~vnξ‖2 + c‖~vn‖2

+ c|Tn(ξ = 1)|88 + c|Tn(ξ = 1)|66 + c|Q1ξ(ξ = 1)|22.

(4.52)
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Thus using the periodicity of Tn, (3.14), (3.16), (4.32), Lemma 4.1 and Theorem
4.1, we easily get:

sup
t
|Tnξ(t)|33 ≤ (µ−1

2 + 2W )C(M1,M3,M5,M6,M7,M9,K3) = M10,

sup
t
|Tnξ(t)|44 ≤ (µ−1

2 + 2W )C(M1,M3,M5,M6,M7,M8,M10,K,K0,K3) = M11,

where we also use
∫W

0
|Tn(ξ = 1)|66 ≤ c,

∫W
0
|Tn(ξ = 1)|88 ≤ c. We can get them

by making L6, L8 estimates about T like Lemma 4.1. This completes the proof of
Lemma 4.2.

Theorem 4.2. Let (~vn(t), Tn(t)) be the solutions of (3.1)-(3.3) given above. We
have

sup
t

(|∇eθ~vn|22 + |∇eϕ~vn|22 + |∇Tn|22)

≤(µ−2
1 + µ−2

2 + 2W )C(M1,M5,M9,M11,K) = M12,

where M12 is independent of n.

Proof. Considering (3.1) we see,

(
∂~vn
∂t

+∇~vn~vn +

(∫ 1

ξ

div~vndξ
′
)
∂~vn
∂ξ

+
f

R0
k × ~vn + gradΦs

+

∫ 1

ξ

bP

p
gradTndξ

′ − 1

Re1
∆~vn −

1

Re2

∂2~vn
∂ξ2

,−4~vn) = 0,

(4.53)

using integration by parts, we get

1

2

d
∫

Ω
(|∇eθ~vn|2 + |∇eϕ~vn|2)

dt
+

1

Re1

∫
Ω

|4~vn|2 +
1

Re2

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)

=

∫
Ω

(∇~vn~vn + (

∫ 1

ξ

div~vn)
∂~vn
∂ξ

) · 4~vn +

∫
Ω

(

∫ 1

ξ

bP

p
gradTndξ

′) · 4~vn

+

∫
Ω

(
f

R0

~k × ~vn + gradΦs) · 4~vn,

(4.54)

applying Hölder inequality, Young inequality, Lemma 2.5, we find

|
∫

Ω

∇~vn~vn · 4~vn| ≤
∫

Ω

|~vn|(|∇eθ~vn|2 + |∇eϕ~vn|2)
1
2 |4~vn|

≤c(
∫

Ω

|~vn|4)
1
2 (

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2)2)
1
2 + ε|4~vn|22

≤c|~vn|24(

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2))
1
4 (

∫
Ω

(|4~vn|2 + |∇eθ~vnξ|2

+ |∇eϕ~vnξ|2))
3
4 + ε|4~vn|22

≤c|~vn|84
∫

Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + ε

∫
Ω

(|4~vn|2 + |∇eθ~vnξ|2

+ |∇eϕ~vnξ|2) + ε|4~vn|22,
(4.55)
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using Hölder inequality, Minkowski inequality, Young inequality and Lemma 2.5,
we have

|
∫

Ω

(

∫ 1

ξ

div~vndξ
′)
∂~vn
∂ξ
· 4~vn|

≤
∫
S2

[

∫ 1

0

(|∇eθ~vn|2 + |∇eϕ~vn|2)
1
2 dξ

∫ 1

0

|~vnξ||4~vndξ|]

≤
∫
S2

[(

∫ 1

0

(|∇eθ~vn|2 + |∇eϕ~vn|2)dξ)
1
2 (

∫ 1

0

|~vnξ|2dξ)
1
2 (

∫ 1

0

|4~vn|2dξ)
1
2 ]

≤[

∫
S2

(

∫ 1

0

(|∇eθ~vn|2 + |∇eϕ~vn|2)dξ)2]
1
4 |~vnξ|4|4~vn|2

≤|~vnξ|24[

∫
S2

(

∫ 1

0

(|∇eθ~vn|2 + |∇eϕ~vn|2)dξ)2]
1
2 + ε|4~vn|22

≤|~vnξ|24(

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2))
1
4 (

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2 + |4~vn|2))
3
4 + ε|4~vn|22

≤|~vnξ|44
∫

Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + ε

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2 + |4~vn|2) + ε|4~vn|22,

(4.56)

|
∫

Ω

(

∫ 1

ξ

bP

p
gradTndξ

′) · 4~vn| ≤
∫
S2

[

∫ 1

0

|∇Tn|dξ
∫ 1

0

|4~vn|dξ]

≤ (

∫
S2

(

∫ 1

0

|∇Tn|dξ)2)
1
2 (

∫
S2

(

∫ 1

0

|4~vn|dξ)2)
1
2

≤ c|∇Tn|22 + ε|4~vn|22.
(4.57)

From (4.54)-(4.57), let ε enough small, we have

1

2

d
∫

Ω
(|∇eθ~vn|2 + |∇eϕ~vn|2)

dt
+

1

Re1

∫
Ω

|4~vn|2

+
1

Re2

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)

≤c(|~vn|84 + |~vnξ|44)

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + c|∇Tn|22.

(4.58)

Considering (3.2) we see,

(
∂Tn
∂t

+∇~vnTn +

(∫ 1

ξ

div~vndξ
′
)
∂Tn
∂ξ
− bP

p

(∫ 1

ξ

div~vndξ
′
)

− 1

Rt1
4Tn −

1

Rt2

∂2Tn
∂ξ2

,−4Tn) = (Q1,−4Tn),

(4.59)

using integration by parts, we get

1

2

d|∇Tn|22
dt

+
1

Rt1
|4Tn|22 +

1

Rt2
(|∇Tnξ|22 + αs|∇Tn(ξ = 1)|22)

=

∫
Ω

(∇~vnTn +

(∫ 1

ξ

div~vndξ
′
)
∂Tn
∂ξ

)4Tn −
∫

Ω

bP

p

(∫ 1

ξ

div~vndξ
′
)
4Tn
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−
∫

Ω

Q14Tn. (4.60)

Similar to (4.58) we have

1

2

d|∇Tn|22
dt

+
1

Rt1
|4Tn|22 +

1

Rt2
(|∇Tnξ|22 + αs|∇Tn(ξ = 1)|22)

≤c(|~vn|84 + |Tnξ|44)|∇Tn|22 +

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + c|Q1|22,
(4.61)

merging (4.58) and (4.61), we find

1

2

d[
∫

Ω
(|∇eθ~vn|2 + |∇eϕ~vn|2) + |∇Tn|22]

dt
+

1

Re1
|4~vn|22 +

1

Rt1
|4Tn|22

+
1

Re2

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2) +
1

Rt2
(|∇Tnξ|22 + αs|∇Tn(ξ = 1)|22)

≤c(1 + |~vn|84 + |~vnξ|44)

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2)

+ c(1 + |~vn|84 + |Tnξ|44)|∇Tn|22 + c|Q1|22.

(4.62)

Hence, with the periodicity of ~vn, Tn, (3.14), Lemma 4.1 and Lemma 4.2, we obtain∫ W

0

[
1

Re1
|4~vn|22 +

1

Re2

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2)

+
1

Rt1
|4Tn|22 +

1

Rt2
(|∇Tnξ|22 + αs|∇Tn(ξ = 1)|22)]

≤C(M1,M5,M9,M11,K)W,

(4.63)

sup
t

(|∇eθ~vn|22 + |∇eϕ~vn|22 + |∇Tn|22)

≤(µ−2
1 + µ−2

2 + 2W )C(M1,M5,M9,M11,K) = M12.
(4.64)

Theorem 4.3. Let (~v
n
, Tn(t)) be the solutions of (3.1)-(3.3) given above. Set

K4 ≡
∫ W

0

|Q1t|22dt,

we have

sup
t

(|~vnt(t)|22 + |Tnt(t)|22) ≤ (µ−1
1 + µ−1

2 + 2W )C(M1,M3,M5,M9,M11,K,K4).

Proof. Considering (3.1) we see,

(
∂~vn
∂t

+∇~vn~vn +

(∫ 1

ξ

div~vndξ
′
)
∂~vn
∂ξ

+
f

R0
k × ~vn + gradΦs

+

∫ 1

ξ

bP

p
gradTndξ

′ − 1

Re1
∆~vn −

1

Re2

∂2~vn
∂ξ2

, ~vnt) = 0,

(4.65)
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similar to (4.58), using integration by parts, Hölder inequality, Minkowski inequality,
Young inequality and Lemma 2.5, we obtain

|~vnt|22 +
1

Re1

d

dt

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) +
1

Re2

d

dt

∫
Ω

|∂~vn
∂ξ
|2

≤c(|~vn|84 + |~vnξ|84)

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + |∇Tn|22

+ c

∫
Ω

(|∇eθ~vnξ|2 + |∇eϕ~vnξ|2 + |4~vn|2),

(4.66)

similarly to (4.66), we also can get

|Tnt|22 +
1

Rt1

d

dt

∫
Ω

|∇Tn|2 +
1

Rt2

d

dt

∫
Ω

|∂Tn
∂ξ
|2 +

αs
Rt2

d

dt
|Tn|ξ=1|22

≤c(|~vn|84 + |Tnξ|84)|∇Tn|22 + c

∫
Ω

(|4Tn|2 + |∇Tnξ|)

+ c

∫
Ω

(|∇eθ~vn|2 + |∇eϕ~vn|2) + |Q1|22,

(4.67)

thus, adding (4.66) and (4.67), using the periodicity of ~vn, Tn, integrating it over
[0,W ] we have ∫ W

0

(|~vnt|22 + |Tnt|22) ≤ C(M1,M3,M5,M9,M11,K). (4.68)

Taking the derivative with respect to t of (4.20), applying integration by parts,
we obtain

1

2

d

dt
|~vnt|22 +

1

Re1

∫
Ω

(|∇eθ~vnt|2 + |∇eϕ~vnt|2) +
1

Re2

∫
Ω

|∂~vnt
∂ξ
|2

=−
∫

Ω

(∇~vnt~vn + (

∫ 1

ξ

div~vntdξ
′)
∂~vn
∂ξ

)~vnt −
∫

Ω

(

∫ 1

ξ

bP

p
gradTntdξ

′)~vnt,

(4.69)

employing integration by parts, Hölder inequality, Young inequality and Lemma
2.5, we have

−
∫

Ω

(∇~vnt~vn + (

∫ 1

ξ

div~vntdξ
′)
∂~vn
∂ξ

)~vnt

≤c
∫

Ω

(|~vn|+ |~vnξ|)|~vnt|(|∇eθ~vnt|2 + |∇eϕ~vnt|2)
1
2

≤ε‖~vnt‖2 + c(|~vn|84 + |~vnξ|84)|~vnt|22,

(4.70)

−
∫

Ω

(

∫ 1

ξ

bP

p
gradTntdξ

′)~vnt ≤ ε
∫

Ω

(|∇eθ~vnt|2 + |∇eϕ~vnt|2) + |Tnt|22, (4.71)

So from (4.69)-(4.71), we get

d|~vnt|22
dt

+ ‖~vnt‖2

≤c(|~vn|84 + |~vnξ|84)|~vnt|22 + |Tnt|22 + ε‖~vnt‖2 + ε

∫
Ω

(|∇eθ~vnt|2 + |∇eϕ~vnt|2).

(4.72)
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Taking the derivative with respect to t of (4.1), similarly, we obtain

d|Tnt|22
dt

+ ‖Tnt‖2

≤c(1 + |Tn|84 + |Tnξ|84)|Tnt|22 + c|Tn|84|~vnt|22 + c|Q1t|22 + ε‖Tnt‖2 + ε‖~vnt‖2,
(4.73)

note that (4.72) and (4.73), let ε enough small, we have

d

dt
(|~vnt|22 + |Tnt|22) + ‖~vnt‖2 + ‖Tnt‖2

≤c(1 + |~vn|84 + |~vnξ|84 + |Tn|84)|~vnt|22 + c(1 + |Tn|84 + |Tnξ|84)|Tnt|22 + c|Q1t|22.
(4.74)

Therefore, using the periodicity of ~vn, Tn, Lemma 4.1, Lemma 4.2 and (4.68) we
obtain

sup
t

(|~vnt(t)|22 + |Tnt(t)|22)

≤(µ−1
1 + µ−1

2 + 2W )C(M1,M3,M5,M9,M11,K,K4).
(4.75)

5. W-periodic solutions

Theorem 5.1. Let Q1 ∈ L∞(W,H1(Ω))(W > 0), there exists a constant C0 =
C0(N) > 0(N = 1, 2...), if

K ≡ sup
0≤t≤W

‖Q1‖LN (Ω) ≤ C0,

the problem(2.10)-(2.15) has W-periodic solution (~v, T ), it satisfies

(~v, T ) ∈ L∞(W ;V ) ∩H1(W,H).

Proof. In section 4, we get the ~vn, Tn estimate in H1 and ~vnt, Tnt estimate in L2,
use of compactness theorem, we know there exists a subsequence (~vn, Tn) lending
to (~v, T ) in such a way

(~vn, Tn)→ (~v, T ) weakly∗ in L∞(W ;V ),

(~vn, Tn)→ (~v, T ) strongly in L∞(W ;H),

(~vnt, Tnt)→ (~vt, Tt) weakly∗ in L∞(W ;H).

By the above estimate we know that the nonliner terms are well defined. If n→∞,
uniformly in t, we have

|∇~vn~vn −∇~v~v|2 ≤ |(~vn − ~v)∇~vn|2 + |(∇~vn −∇~v)~v|2
≤ |(~vn − ~v)|4|∇~vn|4 + |(∇~vn −∇~v)|4|~v|4

≤ |(~vn − ~v)|4|∇~vn|4 + |(∇~vn −∇~v)|
1
4
2 ‖(∇~vn −∇~v)‖ 3

4 |~v|4
→ 0,
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|(
∫ 1

ξ

div~vndξ
′)
∂~vn
∂ξ
− (

∫ 1

ξ

div~vdξ′)
∂~v

∂ξ
|2

≤ |(
∫ 1

ξ

(div~vn − div~v)dξ′)
∂~vn
∂ξ
|2 + |(

∫ 1

ξ

div~vdξ′)(
∂~vn
∂ξ
− ∂~v

∂ξ
)|2

≤ |∇eθ~vn +∇eϕ~vn −∇eθ~v −∇eϕ~v|
1
4
2 ‖∇eθ~vn +∇eϕ~vn −∇eθ~v −∇eϕ~v‖

3
4 |∂~vn
∂ξ
|4

+ |∂~vn
∂ξ
− ∂~v

∂ξ
|4|
∫ 1

ξ

div~vdξ′|4

→ 0,

|
∫ 1

ξ

bP

p
gradTndξ

′ −
∫ 1

ξ

bP

p
gradTdξ′|2 → 0.

Similarly, we get
|∇~vnTn −∇~vT |2 → 0,

|(
∫ 1

ξ

div~vndξ
′)
∂Tn
∂ξ
− (

∫ 1

ξ

div~vdξ′)
∂T

∂ξ
|2 → 0,

|bP
p

∫ 1

ξ

div~vndξ
′ − bP

p

∫ 1

ξ

div~vdξ′|2 → 0.

Consequently, we see that

(
∂~v

∂t
+∇~v~v +

(∫ 1

ξ

div~vdξ′
)
∂~v

∂ξ
+

f

R0
k × ~v + gradΦs

+

∫ 1

ξ

bP

p
gradTdξ′ − 1

Re1
∆~v − 1

Re2

∂2~v

∂ξ2
, wj) = 0,

(
∂T

∂t
+∇~vT+

(∫ 1

ξ

div~vdξ′
)
∂T

∂ξ
−bP
p

(∫ 1

ξ

div~vdξ′
)
− 1

Rt1
4T− 1

Rt2

∂2T

∂ξ2
, wj)=(Q1, wj).

So we get

∂~v

∂t
+∇~v~v +

(∫ 1

ξ

div~vdξ′
)
∂~v

∂ξ
+

f

R0
k × ~v + gradΦs

+

∫ 1

ξ

bP

p
gradTdξ′ − 1

Re1
∆~v − 1

Re2

∂2~v

∂ξ2
= 0,

∂T

∂t
+∇~vT +

(∫ 1

ξ

div~vdξ′
)
∂T

∂ξ
− bP

p

(∫ 1

ξ

div~vdξ′
)
− 1

Rt1
4T − 1

Rt2

∂2T

∂ξ2
= Q1.

Thus, the proof of Theorem 5.1 is complete.

Theorem 5.2. The solution of (2.10)-(2.15) given in theorem5.1 is unique.

Proof. Let (~v1, ~v1) and (~v2, ~v2) be two W-periodic solutions of problem (2.10)-
(2.15) with corresponding geopotentials Φ1s,Φ2s respectively. Define ~v = ~v1 − ~v2,
T = T1 − T2, Φs = Φs1 − Φs2, then ~v, T,Φs satisfy the following system

∂~v

∂t
+∇~v1~v +∇~v~v2 +

(∫ 1

ξ

div~v1dξ
′
)
∂~v

∂ξ
+

(∫ 1

ξ

div~vdξ′
)
∂~v2

∂ξ
+

f

R0
k × ~v

+ gradΦs +

∫ 1

ξ

bP

p
gradTdξ′ − 1

Re1
∆~v − 1

Re2

∂2~v

∂ξ2
= 0,

(5.1)
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∂T

∂t
+∇~v1T +∇~vT2 +

(∫ 1

ξ

div~v1dξ
′
)
∂T

∂ξ
+

(∫ 1

ξ

div~vdξ′
)
∂T2

∂ξ

− bP

p

(∫ 1

ξ

div~vdξ′
)
− 1

Rt1
4T − 1

Rt2

∂2T

∂ξ2
= 0,

(5.2)

ξ = 1 :
∂~v

∂ξ
= 0,

∂T

∂ξ
= −αsT, ξ = 0 :

∂~v

∂ξ
= 0,

∂T

∂ξ
= 0. (5.3)

Taking the inner product of (5.1) with ~v, using integration by parts, Hölder in-
equality, Young inequality and Minkowski inequality, Lemma 2.1 to Lemma 2.5, we
have

1

2

d|~v|22
dt

+
1

Re1

∫
Ω

(|∇eθ~v|2 + |∇eϕ~v|2) +
1

Re2

∫
Ω

|~vξ|2

≤ε‖~v‖2 + c(|~v2|84 + |~v2ξ|84)|~v|22 −
∫

Ω

(

∫ 1

ξ

bP

p
gradTdξ′) · ~v.

(5.4)

Taking the inner product of (5.2) with T , similarly, we get

1

2

d|T |22
dt

+
1

Rt1

∫
Ω

|∇T |2 +
1

Rt2

∫
Ω

|Tξ|2 +
αs
Rt2
|T (ξ = 1)|22

≤ε‖~v‖2 + ε‖T‖2 + c(|T |22 + |~v|22)|T2|84 + c|T2ξ|84|T |22 +

∫
Ω

bP

p
(

∫ 1

ξ

div~vdξ′)T.

(5.5)

Choosing ε small enough, we obtain

d(|~v|22 + |T |22)

dt
+ ‖~v‖2 + ‖T‖2

≤c(|~v2|84 + |~v2ξ|84 + |T2|84)|~v|22 + +c(|T2ξ|84 + |T2|84)|T |22,
(5.6)

poincaré inequality can give that

d(|~v|22 + |T |22)

dt
≤ (C(M3,M5,M9,M11)− 1)µ(|~v|22 + |T |22), (5.7)

since C(M3,M5,M9,M11) < 1, it follows

|~v|22 + |T |22 ≤ (|~v|22 + |T |22)(0) exp(−Lt), t ∈ (0,∞).

Because (~v, T ) is W-periodic in t, so for any positive integer N and for any t ≥ 0,
we have

(|~v|22 + |T |22)(t) = (|~v|22 + |T |22)(t+NW ).

Hence, it follows

|~v|22 + |T |22 ≤ (|~v|22 + |T |22)(0) exp(−LNt),

which implies |~v|22 + |T |22 = 0. The proof of theorem 5.2 is complete.
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