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EXISTENCE OF TIME PERIODIC SOLUTIONS
FOR THE 3-D VISCOUS PRIMITIVE
EQUATIONS OF LARGE-SCALE DRY

ATMOSPHERE*

Wei Luo®" and Xianyun Du'

Abstract In this paper, we consider the existence of time periodic solutions
of the 3-D viscous primitive equations of large-scale dry atmosphere. We used
the Galerkin method. Firstly, by Leray-Schauder fixed point theorem, we
prove the existence of approximate solutions of the primitive equations, then
we show the convergence of the approximate solutions, and we also get the
uniqueness to the primitive equations.
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1. Introduction

The atmospheric primitive equations have been studied since the last century, and
they are derived from the Navier-Stokes equations. Refer literature [21], we know
the primitive atmospheric equations which including hydrodynamic, thermodynam-
ic, state equation with the Coriolis force, it was first introduced by Richardson
in 1922. In 1992, Lions, Temam and Wang in [17] got a new expression of the
primitive equations of dry atmosphere by the introduction of viscosity and some
technical treatment. In 1997, Chou Jifan and Li Jianping in [18] researched asymp-
totic behavior of solutions for the initial boundary value problem of the dry and
moist atmosphere equations. From 2006 to 2011, Guo Bolin and Huang Daiwen
in [6-9,12] continue discussed the initial boundary value problem of the new ex-
pression of primitive equations. They proved the existence of weak solutions and
trajectory attractors for the dry and moist atmospheric equations in geophysics;
show the existence, uniqueness and long-time behavior of global strong solutions
and got the global existence of the smooth solutions for the problem. In 2015, Hi-
rotada Honda and Atusi Tani in [14] showed some boundedness of solutions for the
primitive equations of the atmosphere and the ocean. In the same year, Chongsheng
Cao, Slim Ibrahim, Kenji Nakanishi and Edriss S. Titi in [1] proved the finite-time
blowup for the inviscid primitive equations of oceanic and atmospheric dynamics.
In 2017, Hong Mingli in [13] proved the global well-posedness of the 3-D viscous

Tthe corresponding author. Email address:luo1102@foxmail.com(W. Luo)
LCollege of mathematics, Chengdu university of information technology,
610225 Chengdu, China

*The authors were supported by the Applied Basic Research Programs of
Sichuan Province (Grant No: 18YYJC0990).


http://jaac.ijournal.cn
http://dx.doi.org/10.11948/2156-907X.20180143

692 W. Luo & X. Du

primitive equations of the large-scale ocean, the 3-D viscous primitive equations of
the large-scale ocean are similar to the 3-D viscous primitive equations of large-scale
dry atmosphere.

The purpose of writing this article is to survey the existence of time period-
ic solutions of the 3-D viscous primitive equations of large-scale dry atmosphere.
Our main results are Theorem 5.1 and Theorem 5.2. To prove the time period-
ic solutions of the primitive equations, we use the well-known Galerkin method
which used to prove the existence of time periodic solutions and weak solutions
for many systems, such as Navier-Stokes equations, Schrédinger-Boussinesq equa-
tion, quantum equation and pseudo-parabolic equation. So motivated by the ideas
in [4,5,10,11,15,16,19,20], we can accomplished this paper.

The paper is made as follows. In section 2, we are divided into three parts,
in the first part we introduced the 3-D viscous primitive equations of large-scale
dry atmosphere in the pressure coordinate system, the second part we presented
some function spaces, the last part we gave some useful lemmas. In section 3, we
proved the existence of approximate solutions. In section 4, in order to show the
convergence of the approximate solution, we made a series of estimates. In last
section, we proved the existence and uniqueness of time periodic solutions.

2. Preliminaries

2.1. The 3-D viscous primitive equations of large-scale dry
atmosphere

The non-dimensional form of three-dimensional viscous primitive equations of large-
scale dry atmosphere in the pressure coordinate system are

2?+Vm?+wgg+]§okxﬁ+grad<b—RlelAU—RlngZZ:O, (2.1)
div + g—z =0, (2.2)

2—? + %T =0, (2.3)
%f+ng+wg§—lfw—;hAT—};t28;§:Qh (2.4)

where ¥ = (vg, v,,) is the horizontal velocity, w is the vertical velocity in p-coordinate
system, ® is the geopotential, T is the temperature, and v,w,®,T are all the
unknown functions, f = 2cosf, Ry is Rossby number, k is vertical unit vector,
Req, Res; are the positive constants which stand for the horizontal and vertical
Reynolds numbers, Rtq, Rts are the products obtained by multiplying the horizon-
tal and vertical Prandtl numbers by Reynolds numbers respectively, P stand for an
approximate value of pressure at the surface of the earth, pg is pressure of the upper
atmosphere and py > 0, the variable £ satisfying p = (P—pg){+po(0 < po < p < P),
Q1 is given functions on S? x (0, 1), b is a positive constant. The definitions of V57,
Av, AT, VzT, divd, grad® will be given in later.
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The space domain of (2.1)-(2.4) is Q = 52 x (0,1), S? is two-dimensional unit
sphere. The boundary value conditions are given by

ov oT

f:l(p:P):3—E:O,w:O7a—£:as(®—T), (2.5)
ov oT
sz(p:PO):a—g:(),w:O,a—g:O, (2.6)

where «; is a positive constant, © is the given temperature on the surface of the
earth. For simplicity and without loss generality, we assume that © = 0.
Integrating (2.2) and using (2.5) we have

1
w<a9,¢7a>::J£ divi(t:0, . €')de'. (2.7)

By wl|e=o = 0, we obtain
1
/ divdd¢ = 0. (2.8)
0

Suppose that ®, is a certain unknown function at the isobaric surface £ = 1. Inte-
grating (2.3), we get

Lyp
@@a%azmwa@+épﬂw. (2.9)

Thus, (2.1)-(2.4) can be rewritten as

- 1 "
il + Vv + / divode’ ov + ik X ¥+ grad®
" ¢ % (2.10)
1 2 — .
bP 1 1 0%
—gradTdf — — AV — —— =
—F/5 ) gradT'd¢ e, U Re, 082 0,
or ! or P ([ [ 1 1 9°T
= T divid¢’ | — — — divide’ | — — AT — ——— = Qq,
8t+v +</g 1VU§)af p(/§ 1vv§> R iy 08 Q1
(2.11)
1
/ divdde = 0, (2.12)
0
boundary value conditions of equations (2.10)-(2.12) are
ov or
=1: 22 =0, o2 = —a,T, 2.1
£ a€ 0, a€ o (2.13)
ov or
=0: 5, =0, = 2.14
£=0: 5 =0.5 =0, (214)

and equations (2.10)—(2.14) are described in references [12].

In present paper, the problem we considered is as follows. Let the given function
(1 be periodic in t with the period W, then we try to prove the existence and
uniqueness of time periodic solutions of the three-dimensional viscous primitive
equations of large-scale dry atmosphere (2.1)-(2.4) with the same period W, under
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the critical smallness assumption, i.e., K = sup Q1| L~ (o) is sufficiently small.
0<t<

Since we simplified (2.1)-(2.4) to (2.10)-(2.14) , so under the above assumption, we
just need to prove the solutions U of equations (2.10)-(2.11) are periodic with W,
ie.,

Ut+W) = (0(x, t+ W), T(z,t+W)) = (§(z), T(x)) = U(t) =€ Q,t€ R (2.15)

2.2. Some function spaces

Now we introduce some function spaces and operator we need and define our working
spaces for the problem(2.10)-(2.15).

For a two-dimensional unit sphere the position vector of arbitrary point with
coordinates (6, ¢) is R = sinf cos i+ sin @ sin ¢j 4 cos 0k. Let eg, €4, €¢ be the unit
vectors in 0, ¢, £ directions of the space domain 2 respectively,

0 1 0 0

€y = %,6@: @%’65:675

1

Lr(Q {h;h : Q@ = R, [, |h|P < +oo} with the norm |h|, = <f9|h|de)p,

) =
1 < p < co. And we define [, -dQ and [, -dS? as [, and [, - respectively.
L*(TQ|TS?) is the first two components of L? vector fields on {2 with the norm

2

|t]2 = (fQ(v92 + vﬁ)) , where ¥ = (vg,v,) : Q@ = T'S?. C*°(S?) is the function

spaces for all smooth functions from S? — R. C*°(Q) is the function spaces for
all smooth functions from Q — R. C°°(TQ|TS?) is the first two components of
smooth vector fields on Q. C§°(Q) := {h;h € C™(Q), supph is a compact subset
in Q}. CL(TQTS?) = {#;7 € C(TQ|TS?), supp? is a compact subset in Q}.
H™(Q) is the Sobolev space of functions which are in L?(£2), together with all their
covariant derivatives with respect to eg,e,,e¢ of order up to m, with the norm
1Allm = (JoC 32 2. Vi, - Vi h[?))?, where Vi = V,, V2 = V.,
1<k<m i;=1,2,355=1,....k

Vs = Ve, = ¢ H™(TQITS?) = {T;7 = (vg,v,) : Q@ = TS?, 09,0, € H™(Q)},
which norm is similar to H™ (), that is, in the above formula of norm, let h =
(vg,vy) = vg€s + Vypey.

Then we introduce some function space consisting of W-periodic functions. Let
X be a Banach space. We denote by C*(W, X) the set of X-valued W-periodic
functions on R' with continuous derivatives up to order k, and let us define the
norm

k
.x) = Ssu DIQ(t .
|Q|ck(W,X) ogtgpw{; |D;Q(t)]x }

We denote by LP(W, X) (1 < p < o) the set of W-periodic X-valued measurable
functions Q on Ry such that

w
|Q\LP<W;X>=</ QR < 400 (1<p< o),
0

|QlLew:x) = sup [Q|x < +oo.
0<t<W
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We denote by W¥*P?(W; X) the set of functions @ which belong to LP(W; X) to-
gether with their derivatives up to order k, and in particular we write H*(W; X) =
W¥2(W; X) when X is a Hilbert space.

Next we introduce some operators, div is the horizontal divergence, V = grad
is the horizontal gradient, V3 is the horizontal covariant derivative and A is the
horizontal Laplace-Beltrami operator. By direct computation we can obtain

1 O(vgsinb) n vy

oo _ 91
divt’ = div(vees + vyey,) sinH( 50 s )s (2.16)
oT 1 aT

T = d7 = 2.1

v g 0 Y sin 6 &p (2.17)
0P 1 99,
gradfbs = W@Q @%etp, (218)
L Ouig | wy Ouig
Vit =(vg 20 " snd oy VU1, cOt B)eg
(2.19)
+ (v Qg | Ve Ouiy + v, 19 cot B)e
00 " sing 9p | ¢V #
oT v, 0T

g1 = L 2.2

Vil =5 T ng oy (2.20)
1.0 or 1 0°T
AT = di T _— 21
div(gradT) = 0[89(Sln989)+sin98¢2]’ (2.21)
. 2cos 6 dv 2 cos 6 Jug

AT = (A’Ue S 9 8; COt2 0 Ug)ea + (A’Uw + W% — COt2 9U¢)€Lp, (222)

where T = vgeg + vp€y, U1 = Vigey + Vip€y € C®(TQITS?), T € C*(Q), &, €
C>(S?).

Then we only give the calculation process of (2.22). ey and e, are unit vectors,
thus ey and e, are both covariant basis and inverting basis, and we know

R 0 L 0 sin o7 — sin 0 1 OR in o7t s
€9 = — = cos 8 cos i + cosfsin ] — sin e, = — = —sin i + cos ¢j.
0 20 ' ®J ) © T Sno 9o ¥ ®J
Since Iy, = e;; - ek, where ¢; ; = %‘3?' (i,4,k =0 or ¢ ), we obtain
dey Oeg
20 = Pogoes + L'ogpe, = 0, % = Tgpgeg + Lgppe, = cotbe,,
de de
87; = nggeg + Ftpesﬂetp =0, 67; = prgeg + FWSOSPGSO = — cot fey,

then we can get

O(veeg + vype,) te O0(vgeg + vype,)

Vi =eg 50 » 5
_ 5”09 8% 1 v 1 o,
=eo(—5, 89 89 o) te (51 0 0y 69+cot0v96@+ 0 Oy e@ cot fv,eq).
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1 31}9
sinf dyp

1 81)99
sinf dp

8[66(%69+%6¢)+6¢( eg+cot fvge, +
00

)
8[69(%69+f;§’ ep)+ey (511119%12’ eg+cot Quge,+ -
+eyp - P

e, —cot fv,eq)]

=€y *

v,
sinf d¢p

2 e,—cot fu,eq)]

82’09 8

g v 1 0% 2cosf Oy
=20 eq+ 502 2 e,+cot 0—— 0 cotcot§—=2e ot 0 0

00 30 ¢ 5?0 0p? cot sin?6 Oy e
1 82% 2 cos 0 Ovy, 2
— ey — cot” 0
sin? 6 0p? “0 T Gin? 0 Oy o T oL TlpCe
2 cos 0 Ov,,

sin?6 Op

— cot? Qugeg +

2cosf Dug
sin?6 Oy
We complete the computation process of (2.22).

Last we define our working spaces, let

=(Avg — — cot? Oug)eg + (Av, + — cot? Ovy, e, .

ov v !
Ceo(TQTS? =0,-=|e=1 =0 dividé =0
{7+ T € CF(TOITS?), Jlemo = 0. Flen ,]Q ivide = 0},
oT or

O {T:T e C(N), =—le=0 =0, =—|e=1 = —asT}.

2 { 0()85‘50 ag'&l «Q }
V1 = the closure of ©1 with respect to the norm || - ||1, Vo = the closure of ©2 with
respect to the norm || - ||, H; = the closure of ©; with respect to the norm | - |a,

V =Vi x Vo, H = H; x L?(Q2). Inner products and norm in V; and V5 are denoted
by:

ov o 1
(Mﬂvl:/ (V6917~V69171+V T Ve, U1+ ! ”1), |51 = (9,9)3,, VU,v1 € Vi,
Q ¢ 0¢

0T 0T
T, T = T- T
250 = [ (st g, 2

(Ua Ul)H = (U97U19) + (Ugovvlgo) (Ta T1)7 (Ua Ul)V = (’U U1 ) (T Tl)Vzv
1 1
\U||=U,U), U= (UU)E, VU= @T)U =(,T1)€eV.

1
)nmzmm@ VI T, € Vs

(-,-) represent the L? inner products in H; and L?(Q).

2.3. Some lemmas

Lemma 2.1 (see [17]). Let Hi- be the orthogonal complement of Hy in L?(TQ|TS?).
Then

Hi- = {7 € LX(TQ|TS?)|v = gradl,l € H' (5%},

1
Hy ={v¢€ L2(TQ\T52)|/ diviid¢ = 0},
0
1
i={ve H&(TQ|T52)|/ diviid¢ = 0}.
0

Lemma 2.2. Let ¥ = (vg,vy,), 01 = (v1g,015) € C®(TQ|TS?) and p € C*>(5?),
then

divy = — Vp - 7, (2.23)
52 52
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i particular,

/ divt’ = 0; (2.24)
S2

/(—Aﬁoﬁl) :/(veea.veeﬁl+v%5.v%61). (2.25)
Q Q

Proof. By using (2.16), (2.17) and Stokes Theorem we can get (2.23)(we can refer
literature [23,24]). From (2.19) and (2.22), by direct computation, we can obtain
(2.25). O

Lemma 2.3 (see [12]). For any h € C*°(S?),7 € C>(TQ|TS?), we have

/ Vih + / hdivi = / div(h#) = 0.
S2 S2 S2

Lemma 2.4 (sce [17]). Let 0,9y € Vi, T € Va. Then

— ! Y 8171 -
/Q <V5v1 + </§ divodg ) 85)1)1 =0, (2.26)
oo \oT
/Q(VQT—F (/5 dlvvd§> 5§>T 0, (2.27)
1 1
/Q ( /5 %Pgradeg’-ﬁ— bj:( /: divﬁdg’) -T> = 0. (2.28)

Lemma 2.5 (Gagliardo-Nirenberg Inequality, see [22]). Let Q be an open, bounded
domain of the Lipschitz class in R™. Assume that 1 <p <oo,1 <qg<oo,1<r,
0<6<1, and let k— % < O(m— %) + (1 —=0)%, Then the following inequality hold

[ D*ul| o) < () ||“||?/VWQ(Q) HUH};?Q)

Lemma 2.6 (Minkowski Inequality). Let (X, u),(Y,v) be two measurable spaces
and f(x,y) be a measurable function about p X v on X x Y. If for a.e. y €Y,
f(ay) € Lp(Xv /.t), 1<p< oo, and fY Hf(7y)||L’)(X,H)dV(y) < 00, then

||/f v (y |mﬂ></\|f o e di(y).

3. Approximate Solutions

In this section, we will prove the existence of approximate solution of (2.10)-(2.15).
Now we let wy, be the completely orthonormal system in L2(Q) consisting of the
eigenfunctions of the Stokes operator A, and denote the form of the approximate
solution U (¥, T,,) of the problem (2.10)-(2.15) as follows

§ ak:n ’LUk;, § bkn wk Un@a ’Ump) = Ungeg + Unp€yp,

= Z Clen, (t)wk

k=1
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We consider the system of nonlinear differential equations,

1
(aaitn + Vs, 00 + (/ div @, d¢’ )8—§ + ik X Uy, + grad®,
3
(3.1)
Lop 1 9%
—gradT,d '——A*n———", =0,
+/§ ’ gra '3 R U e, 062 W)
T, ! oT, P
(8 + Vs, T, —l—(/ div, d¢")—= b (/ dive,d¢’)
g LPT
Rtl n Rt 852 , W) = 1, Wk ),

Ut + W) = (Op(x,t + W), Ty (2,8 + W)) = (T (x), Tn(x)) = Uyn(2). (3.3)
Let W/ be the subspace of L?(Q) spanned by wi,ws, - w,. we know that for
any V,, = (ii,,Cy,) € CH(W, W), there exists a unique W-periodic solution U,, =
(Tn, Tp) € CH(W, W) of the linear equations

ov, f 1 . 1 9%v,
Ta. 71{3 n dq)s - 5 n - 5 )
(at +RO X Uy, + grad®, Rel U Re, 082 wy)
=(—Va, i — ( / divid, de') “” / 2 eradCyde’, wy),
¢
(aTn 1 1 92T, )
— AT — 5 Wk
ot Rt Rty 9€2°
1 2 f (3.5)

=(-Vgz,Cp — / dlvu”df) /dlvundg)—l—Ql,wk)

So we can see the mapping F : V,, — U, is continuous and compact in C1(W, W’ (n))
Thus, we shall prove the existence of the solution of (3.1)-(3.3) by applying the
Leray-schauder fixed point theorem. To apply the fixed point theorem it is only
need to show the boundedness

sup (|7, ()13 + [Ta(8)[3) < C, (3.6)
0<t<W

for all possible solutions of (3.1)-(3.3) replaced by

1
)\(Vgnﬁn + < / divﬁnd§’> 0% / > gradT, dg)
13
)\(V{,‘nTn + (/ divﬁnd§’> Q — b— (/ divﬁndg’))
¢ 9  p \Je
instead of nonlinear terms

1
Vi, G + ( / divﬁndf’> O / 22 oradT, e’
3
1 1
Vi, Ty + ( / divﬁnd§’> oL, _ P ( / divﬁndf’)
¢ 9 p \Je

and

and



Existence of time periodic solutions. . . 699

where C is a constant which independent of A(0 < A < 1).
Actually, multiplying (3.1) by awn(t)es, bin(t)e, and summing up over k respec-
tively, we can get two equations, then add the two equations, we obtain

I A Lag L 20
't - —k X U, d®, — —A7, — ) Un
(0 t—i—RO X Up, + gra Rer 0 Rey 06 )
1 oV, (37>
=(—=AVy, Uy — )\(/ divd,d¢’) —n - )\/ —gradT,d¢', v,),
1
using integration by parts, Lemma 2.1, Lemma 2.2 and Lemma 2.4, we have
1d 1 1 o, |?
0, ve _'n 2 ve _in 2 7/ —
2 dt| ‘2 6’1 A(| ev ‘ + ‘ <pv | )+ R€2 Q 8€ (3 8)

1
=— )\/ (/ EglradTnalf’) - Uy
QJeg P

Multiplying (3.2) by ¢, () and summing up over k, using integration by parts and
Lemma 2.4, we find

1d,. ., 1 o
3T+ g [vme - [|5
P
—)\/ b (/ divd,d¢’) /Q1
QP

From (3.8)-(3.9) and Lemma 2.4, we have

S
\ Tole=1l3

1d 1 an
(B + 1T, |2>+R—/<\v59vn|2+|vew )+ g |15

1 oT, ;
= | IVTul® + ?| iTnZQZ/ Tn,
i LIV g [1GEE+ Tl = [ @

using Young inequality, we obtain

[

Tn(ta 07 5075) = -

(3.10)

< Qi3 + el T3, (3.11)

and then by
Lor,

o¢’

dé- +T |E 1

we obtain

Lo,
[ 22000 = [(- [ Gorde 4 Tl <252 B4 2T e (312)
Q o Je 0§

thus, from (3.10)—(3.12) we have

d . 2a
(T3 +1T0l3) + a9 ]” + 2| T ” + 22 R, nle= 13 < eK?, (3.13)
where ¢; = min{ 32617%32}’ co = min{2- R th €1, ¢ is a small enough positive

constant.
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Then using the periodicity of ¥, T,,, integrating (3.13) over [0, W] we get
w
| U3 1Tl + Tl ) < W R, (314)

So by the first mean value theorems for definite integrals and (3.14), there exists
t* € [0, W] such that
[T (NP + 1T () + | Ta(8) =113 < K2, (3.15)
poincaré inequality give that
1Tal3 < 1 1Tal?, 1 T0l3 < w3 1T,

integrating (3.13) again over [t*,¢ + W](¢ € [0, W]), we obtain

w
|03 + [ T0f3 < c(t + W = t)|Qu3 + |5, (t)I3 + | T ()13 + ‘/O (17l + 1T 11%)

<elpyt +pyt +2W)K?,
thus

sup (|03 + [Tnl3) < clpy '+ py ' +2W)K? = My, (3.16)
0<t<W

where M is independent of n and \. So we proved the U,, = (¥,,T,) € C*(W, W)
is the approximate solutions of (3.1)-(3.3).

4. Priori estimates

In this section, we will show the convergence of the approximate solutions. Our
main result are Theorem 4.1, Theorem 4.2 and Theorem 4.3. First we should prove
the following lemma.

Lemma 4.1. Let (U, (t), T),(t)) be the solutions of (3.1)-(5.8) given above. Set

w w
K, = / Q1 3dt, Ky = / Qu 4,
0 0

then we have

sup | Tuls < (" +2W)C(M, K, K1) = My,

sup [Tl < (" +2W)O(Ma, K, Ks) = Ms,

Sp [taf§ < " + 2W)C(My, K) = M,

sup [fai < (1" +2W)0(Ms, K) = M,
where M;(i = 2,3,4,5) is independent of n.

Proof. Multiplying (3.2) by ¢,k (t) and summing up over k, we have

1 1 8°T, )
Rti " Rty 0€2°°"

1 1
~(-V0,L— ([ divide) G2 + 2 [ diviag) +Qu T,
3 13

(Tnt -
(4.1)

o p
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then multiplying (4.1) by |7, | and using integration by parts, we obtain
diTufs |
T, 7T,
dt Rt/'leRt/'
1
—/[VgnTn—i—(/ dlvvndg) |T | T, —|—/ Q1T | T (4.2)
Q 13
vP (!
+/ —(/ divd, d€")| T, | Ty,
QP Je
with the method which get the (2.27), we find
/[VUHT + / dlvvndf) ]\T |T,, =0, (4.3)
by applying Holder inequality, Young inequality and Lemma 2.5, we have
P [t o . 52 2 2
— ([ divo,d&")|T,|T, < c|diviy,|5 + c|Tn 51| Tl
a P Je (4.4)
¢ [ (Vestl? + 19, ) + T I
|/ QUTa|To| < |Q1l3|T0l3 < cl@ul3 + e|Tl3 + cl| T, (4.5)
Q
so from (4.2)-(4.5), we get
d|T, |3 2 O
St [ VTP g [IGEPIT + e Talecald
dt | Rb Jq Rts (46)

SC/QOVeegnF + |ve¢6n‘2) + C(|Tn|2 + 1)HTn”2 + C‘Ql‘g + C|Tn|g~

Integrating (4.6) over [0,W], using the periodicity of T;,, (3.14) and (3.16), we obtain

[ o VTP e [ 1P 4 e
o RtiJo 7T Rty Rty = ™71 (4.7)

SO(MlyKvKI)W7
so by (4.7), there exists ¢* € [0, W] such that

VI (E)PITa ()] + &, 2T, (¢ t)e=1l3

[ IVEPITLe) (+) =1l g
<C(M, K, Ky),
then, using poincaré inequality, we obtain
* 3
[ @R =)t < izel e
@ (4.9)

o KX GIREAT 9N +12 ( Inll) 21, (4o,
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thus integrating (4.6) again over [t*, ¢ + W](t € [0, W]), by (4.7)-(4.9) we have

sup [T, |3 < (ug ' 4 2W)CO(My, K, K1) = M. (4.10)
t

Multiplying (4.1) by |T,|?, applying integration by parts, we have

d|T, |4 T

|dt|4+i/ |VTn|2‘Tn|2+7 ‘2|Tn|2+ o
/[V~ T, + / dlvvndf) ]|T I*T;, —I—/ Q:1|T, | T, (4.11)
Q

+/7(/ divgndg/)‘TnFTna
QP Je

similarly, with the method of getting the (2.27), we get

/Q[V T, + / dlvvndf)

by using Holder inequality, Young inequality and Lemma 2.5, we obtain

]|T 1°T,, =0, (4.12)

bP
/ (/ div, d&)| T, P Ty < c|divi, |2 + ¢|T),|8
Q P Je

(4.13)
c /quegﬁnﬁ + Ve, Tal?) + el To T2,
‘ /Q QT PTo| < 1QuaITul} < @it + el T2 T, (4.14)
from (4.11)-(4.14), we get
d|T;, 4 3
Idtl4 +ﬁ/ VTP IT P + o / WP+ o X T et
1Ja 2 (4.15)

SC/ (IVeo@al® + Ve, 0al?) + c(|Taf3 + [Tal3) | Tl + | Q1 3.
Q

Using the periodicity of T),, (3.14), (3.16) and (4.10), integrating (4.15) over [0,W],
we obtain

VT, |*| T + T.* + wle=tli
|G /| P+ g | |G I + S g
<C(M2,K Ko)W,
so by (4.16), there exists t* € [0, W] such that
T T 2 T, t* 2 o " Yo 4
[ ITOPIE IR + g [T TP + e T e

<c( MQ,K K>),
(4.17)
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using poincaré inequality, we obtain

/Q|T<t Lo TR < T P
. (4.18)
=1t [1vnae P + 2 e e

thus integrating (4.15) again over [t*,¢ + W]|(t € [0, W]), by (4.16)-(4.18) we have

sup Tul} < (i3 +2W)C(Ms, K, K) = Ms. (4.19)
t

Multiplying (3.1) by axn(t)eq, bin(t)e, and summing up over k respectively, then
summing up them, we get

1 . 1 0%v, _ )
Un — , Un
R€1 R62 852

1
= (—Vy, T — ( / divﬁndg’) O / 2 eradT,de', 7).
§

furthermore, multiplying (4.20) with ||, using integration by parts, we have

(Tt + Rik X U, + grad®, —
0 (4.20)

ld\ﬁn|3 1 . . . 4 L .3
3 dt3 Riel Q[(|Veevn|2+|vewvn|2)|vn‘+§‘vee|vn‘2|2
4 L 39 1 L 94 4 L 29
+ 51V B+ i [ (e + 510el 1) (4.21)

1 bP 1
- / (Vo T + ( / div i, de )| — / b2, / erad ), de’)| 7, 7.
Q ¢ QP Je

Holder inequality, Young inequality, Lemma 2.4 and Lemma 2.5 give that

1d|,|3 1 . e 4 s
3 dtS E [(|veevn‘2+‘ve¢vn|2)‘vn|+*|ves‘vn|2‘2
4.22
SVl ]+ i [ (el + G106l 1) 22

<|VT,f3 + Ivn\zllvnllz-
Using the periodicity of ,, (3.14) and (3.16), integrating (4.22) over [0,W] we get

[ [ 09l + 192, 5l + 2190 Tl
o R€1 0 eg Un e, Un n 9 ep|Un

4 L 39 1 S 2= 40520

a e n o n n 78 n|?

+ 51V P+ e [ (el + 510e17 )
SC(MlaK)VVa

so there exists t* € [0, W] such that

1
R@l

4 — *\ 122 1 - *\ (2|~ * 4 - *\ 1212

a e nt 2 o nt nt a nt 2
+ 51Vl EMER) + g [ (et I + Gloelne) )
SO(MlyK)a

= % % % 4 TN
Q[(Weevn(t )P+ Ve, 0 () )]0 (¢7)] + g/ VeolUnlt )z
(4.23)
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integrating (4.22) again over [t*,¢ + W](t € [0, W]), using poincaré inequality, we
have
sup |7, |3 < (uyt +2W)O(My, K) = My. (4.24)
t

Multiplying (4.20) with |#,|?, we find

1d|T, 3 1 = 12 R NERTI. = 12)2

z — Ve, Un Ve Un n —| Ve, |Un

o [T+ 19 Gl + 519 )

T e / (2172 + (067 2) (4.25)
2 @ R€2 Q 2 )

1 1
bP
_ / Va0 + (/ divi,de')] 5,25, — / 7(/ grad T, de') |5, 5,
Q 13 QP Je
Use the similar way, we can easily get
sup |7, |1 < (uy* +2W)O(My, K) = Ms. (4.26)
t

This completes the proof of Lemma 4.1. O
Theorem 4.1. Let (U,(t), T, (t)) be the solutions of (3.1)-(3.3) given above. Set

w
KgE/ |Q1el3dt,
0
we have
sup |One (85 < (' 4 2W)C(My) = Mg,
blip |Tn€(t)‘§ S (:u2_1 + QW)C(M17M37M5aM67Ka K3) = M77

where M;(i = 6,7) is independent of n.

Proof. Taking the derivative with respect to & of (4.20), we have

OUp¢ f . 1 .. 1 0%Tpe
- 7k: X n& = 5 nE T . Qeo 2 Yn
ot TR T R A0 T ey a2 )
1 S, "
o ov, bP .
=(=V4,Une — Vi, Un — (/g divﬁndgl) ;; 4 (diVﬁ")()Lf + ?gradTn,Ung),
(4.27)
applying integration by parts and Lemma 2.1 to Lemma 2.4, we get
1d, . o 1 o b 1/6%2
a 7. 1Y B ve . ve . B
511l + e [ (Veotial? + Ve, el + e | |2 .

o bP
=— Vi, Un — (diviy, 15, —|—/ —gradT},)Une,
/Q[ = (vt G+ [ e

by using integration by parts, Young inequality, Holder inequality, Poincaré inequal-
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ity, Lemma 2.4 and Lemma 2.5 continue, we have

—

- . 00,
_ /Q[Vgngvn — (divd, ) —— o€ ]vng

— — N - 1
<e / Gl [T (Vg T 2 + [V e )
Q

(4.29)
JEN — i — 3 — 2 N 2\
Sc\vnl4lvng|2anfll“(/g(\veevngl + Ve, Unel%))?
Sc‘ﬁnﬁHUnf”Q + EHUnfnza
bP bP
/(—gradTn){;’nE = —/ — T, divi,e < c|Tn\§ + 5||17n§||2, (4.30)
Q P QP

let € enough small, from (4.28)-(4.30), by (3.16) and Lemma 4.1, seeing that
C(Ms) < 1, we have

d, . -
2 1Tnel3 + el < C(Ms) [ e |” + C(My) < C(M). (4.31)
Using the periodicity of #,, by a similar discussion we can find

w
| 15l < conw: (1.3
0

Sup [T ()13 < (17" + 2W)C(M1) = M. (4.33)

Taking the derivative with respect to £ of (4.1), we have

e _ L pp 1 BT
ot Rty "™ Rty 92 ™
1
o, oT,
==V, Tug = Vi, T — | [ diviidg’ ) 525 + (dive,) 5
(=V5,The = Vi, </€ v f) o€ +(1vv)aE (4.34)
_ 1
- L(Pz o) </ divUndé’> - Edivﬁmt(a?ls,Tns),
p 13 p

using integration by parts, we find
1

" Tl —_— Tele—1 - Teelem
2dt| els + R /|V ¢l + /‘ th/s2( ele=1 - Teele=1)

b ,aTn 0T,
_/Q[V%Tng—i—(/é divi,dg’) 8§€]Tn£_/[vU”§T (dlvvn)a—ﬁ}Tng (4.35)

bP bP(P —
—/[—divz‘fn—i—w(/ diva, de")] n§+/ Q1eThe.
Q P p 13 Q

OT e |

By using Holder inequality, Young inequality, poincaré inequality and Lemma 2.5,
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we obtain

oT,
‘/ e ) — (divd, ) —— ¢ The

SC/vaeeUnd + |V6¢Un5‘2)§|Tn||Tn£| + |17n§”TnHVTnE‘ + |77n”Tn§HVTn£|]

<e(|Tneel3 + [VTnel3) + clUneels + C/Q(Iveeﬁms\2 + Ve, Onel?) + | Tal3]ne |5

+opiy (Tl + T2 DI Toel
(4.36)

‘ / °2 give, + M( /E ' dive, de")| T

bP(P — p 4.37
/ |vn||VTng|+/|7°u/dwvndguTna (4.37)

<e|VThgl3 + ey 1 Tngl? + cl|Fall*.

Taking the trace on & = 1 of equation (3.2), we have

0T |e=
Tucclemr = P00 4 (Ve T)lems — ATdeor ~ Qulemr, (439

by boundary value conditions and (4.38), we find

1
— — | (Toelem1 Toeele—
R /52( ele=1Tneele=1)

P 0T, |e=
= /2 Tn|5:1[¢ + (Va, Tn)le=1 — AT |e=1 — Q1]e=1]
S

Ri, ot
Ld|T,(€=1)[3 Qs /
= (e T,&=1 Thle= o Ln)le=1 — =1/,
Rt2(2 o + VT (€= 1D)3) + Rt s le=1[(Va, Tn)le=1 — Qule=1]
(4.39)
integration by parts give that
i [ Taleal(95,T)lems - Qulea]
Rtg o n|{=1 Tpdn)lE=1 1{¢é=1 (440)

< Tn(€ = DIi + cllTnell? + clTall® + ¢ Tu (€ = 1)[5 + c|Q1(6 = I3

From (4.35)-(4.40), let £ enough small, seeing that Lemma 4.1 and C(M3, M5) < 1
we have

n(€=1)

1d(Tuel3 + 75
B W€ =1

<C(Ms, Ms)||Tuell® + | T |31Tnel5 + cllTnell” + cllTall® + el T (€ = D3
+ T (6 = D)5+ c|Q1(6 = D5 + c|Quel5

ATl 3[Tne |3 + cllTne|I? + cllTnl® + | T (€ = 1)I + ¢l Tu(§ = 13
+c|Q1(€ = V)5 + ¢|Quel3.

+ || Te||? +

(4.41)
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Because of the periodicity of T,,, (3.14), (4.16), Lemma 4.1 and (4.32)-(4.33), we
obtain

up [Tne (B3 < (15" +2W)C(My, Ma, Ms, Mo, K, Ka) = My, (4.42)
O
Lemma 4.2. Let (0, (t), T, (t)) be the solutions of (3.1)-(3.8) given above. We have
Slz.p [Tne (B3 < (uy "+ 2W)C(My, M3, M5, Mg) = Ms,
sup |Gng ()3 < (g +2W)C(My, M3, Ms, Ms) = My,
Sltlp |Tn§(t)| < (pg ™ +2W)C(My, M3, M5, Mg, M7, My, K3) = My,
sup |Toe()]1 < (5" + 2W)C(My, M3, Ms, Mg, My, Mg, Mo, K, K3) = M1,

where M;(i = 8,9,10,11) is independent of n.
Proof. Multiplying (4.27) with @,¢, applying integration by parts we have

1d 1 o el A e
51T+ [ (Vesel +1Ve, e >|vns\+§|veg|vng\s|
2 1 ov, 2
*Ve _’n §2 - n£ n 2 a _»'n, 32 443
+ 51V el P+ o [ (T Plonl? + 5 0elne ) (143

—

. . o\ OUpy L o bP .
= _ / [Vgngvn — (divUy,) — ]| Ung|Une + / (—gradT},)|Ung|Une.
) 23 Q P
Making use of Lemma 2.5, Holder and Young inequality, we obtain
[ (T, = (@ivi) G el
— E — (divdy, Une |Un,
Q n& ag 5 5
. - - 1
SC/Q [T [T | (IV e U |* + | Ve Tne|*) =
R | - - Lol
S|t 4| One |2 |4[/Q(|V€9vn5|2 + Ve, Tnel*) el (4.44)
. . 1o (3,3 . . |
S6|vn|4(/Q |G |*) % [[1ne | 21| % [/Q(IVEGWIZ + Ve, Une ) |One ]2
L3 - - - - - -
<e[lllnel2|1* + /Q(Iveevns\Q + Ve, Tng ) Tnel] + clal3(1nel3 + 17a11%),

bP LS . . . .
[ CreradT)lelne < ciTult+eitnelire [ (1esTueP Vet Pligl. (445)
Q Q

From (4.43)-(4.45), let € enough small, we have

1d, ., 1 ., . . 4 L2
galvndg * R /Q[(lveevn§|2 + Ve, Unel ) Tne | + §|Vee|vn5\3 2
(4.46)

4 2 1 or, 2
7ve _'n§2 > P Un a—»n§2
+ 51V e B+ i [ 155 Pl + 5l0cmelf )

<clTal3(|Tng 3 + cllTne]|*) + CITn\4 + clUnel3-
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Using the periodicity of ¥, (4.32), Lemma 4.1, Theorem 4.1, we get
sup |Tne ()3 < (uy "+ 2W)C(My, M3, Ms, Mg) = Ms. (4.47)

Similarly, multiplying (4.27) with |v,,|?, applying integration by parts, Holder
inequality, Young inequality and Lemma 2.1 to Lemma 2.5 we have

1d 1 . - - 1 _,
MﬁmuiM/mew+WMMWMﬁ+;mmm%

. oS . 4.48
+ 51V lne P+ i [ ISPl + 5 10ele P (49

<e(1 + a3 Tng 3| TeI* + C\Tnl47

so using the periodicity of i, (4.32), (4.47) and Lemma 4.1, we can get

sup |Tne (D)]3 < (gt + 2W)C(My, M3, Ms, Mg) = M. (4.49)
Multiplying (4.34) with |Tn5|7 using integration by parts, we have

1d|TnE‘3 / / aTnE

= VTl |Th T,

s—a T wo ) el §|+Rt |2 P Te

1
= ﬁ/ [(Tog|Thnele=1Tneele=1]
/[vvnTnﬁ‘F / dlvvndg) § ]Tn§|Tn§| (4.50)

0
— [ 190, T — (@ivt) G TelTiel + | QueTrelTi
Q 3

bP bP(P —
- [ vy, + 0 / div i, dg') Tre Tl
Q P p 13

Using integration by parts, Holder inequality, Minkowski inequality, poincaré in-
equality, Young inequality and Lemma 2.1 from Lemma 2.5, we have

1 d(\Tnglg + ETSIT €=1)I3)

6T 2 ,
7 |15 e R A (151)

10
SC(l (33 T | Tl + ITnslzs + [ng G| Tnll” + €| Qrel3 + cldn] 3| T 2
+ cl[Gagll? + cllFall® + ¢l T (€ = 11§ + e|Tn(€ = 11+ c|@Qie(€ = D).

2
— | VT IT,
2 | 9T

Similarly, multiplying (4.34) with |T;,¢|, we have

3
LT FEC =)
t e
1.JQ

( TLE 2 H‘z / 2 2

20

=C "7n 4 n& (3|4 ng n 17n£ 4 ﬁn&

< (1+| | )IT 1 Tell® + 1Tl + [Tnel s+ ll1Gnel?1?
+ T lP|Te]3° + el Quelz + et + cl|Tne|* + ]|l
+ | To(€ = DIg + e|Tn (€ = D§ + ¢ Que(€ = D5
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Thus using the periodicity of T,,, (3.14), (3.16), (4.32), Lemma 4.1 and Theorem
4.1, we easily get:

sup | The()]3 < (u5 "+ 2W)C(My, M3, Ms, Mg, M7, Mg, K3) = Mg,

Sup |The()|1 < (u5 "+ 2W)C(My, M3, Ms, Mg, M7, Mg, Mo, K, Ko, K3) = M1,

where we also use fOW IT.(6 = 1)|§ < ¢, fOW IT,,(¢€ = 1)]8 < c. We can get them
by making L%, L® estimates about T' like Lemma 4.1. This completes the proof of
Lemma 4.2. O

Theorem 4.2. Let (0,(t), T, (t)) be the solutions of (3.1)-(3.3) given above. We
have

Sltlp(|vee77n|§ + |ve¢ﬁn|§ + |VTn|§)
<(p1? + py? + 2W)C(My, Ms, My, My, K) = Mo,
where Mo is independent of n.

Proof. Considering (3.1) we see,

(aavtn + V’unvn (/ le'Undg > T + ik X Un + gra‘d@s

1,
R€2 852 ’

(4.53)

/ —gradT,,d¢’ —R— Avy, —
el

—At,) =0,
using integration by parts, we get

1d [,([VeyUnl? + Ve Un| . .
2 e dt Re /|A Un|? + /(|Vesvn5|2+|vewvn5|2)

:/Q(vﬁnﬁﬁ(/:divan)aag).mn //—gradT dg') - A

+ / (i/_c' X Up + grad®y) - AT,
o Ro

(4.54)
applying Holder inequality, Young inequality, Lemma 2.5, we find
| /Q Vi, T - D] < / 5[V Bal? + [V, Tl AT
<l / RO / (VeyTal? + Ve, 5al2)2)F + | AT 2
<cll2( /Q (V eyl + Ve, B D H( /Q (ATl? + Ve e
+ Ve, Tng ) + €| AT, 13

<} [ (9l + 1V, 5l?) & [ (AT + Ve, ol
Q Q

+ |ve¢77n5|2) + 6‘Aﬁ7l‘§a
(4.55)
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using Holder inequality, Minkowski inequality, Young inequality and Lemma 2.5,
we have

| / / dlvvndf - AUy |
5
< [ el + 19yt [ el At
1

< [ 09l + 19 a0 ([ el ([ 1o, ragk)

S2 0 0 0

1
<UL T + Ve, 5 P)a0 el A7
1

<Pl (Vertl + 19,5 )RS + el
<Iuel3 [ (1Tesal + 19, EPNA [ (e Toel 419, Togl? + 167, ) + el 7,

<[inet / (Ve Tnl? + [V, Tul?) + / (Ve Buel? + Ve, Tuel? + [ AT,[2) + | AT, 2,

(4.56)
| /Q ( /E 1 2 rad L de') - O < L / VT lde / |7 e

//|VT 1d€)2) / /|Avn|d§ )b

< VT, |5 + e| AT, 3.

(4.57)
From (4.54)-(4.57), let € enough small, we have
LUVl £ Vl) | 1
2 dt R€1 "
1 - -
+ g [ (Vertugl + Ve el (159)
<Cl(fuli + [Tnelt) [ (Vs + Ve, 5uf2) + VT, 3
Considering (3.2) we see,
oT, ! oT, bP [ [!
(G + Vo, T+ ( / divﬁnd£’> 5 ( / divﬁndg’)
¢ P \Je (4.59)

2
g AP
Rty Rty 02

= (Qla _ATn)a

using integration by parts, we get

1d|VT,[3
2 dt

1 1
:/(VﬁnTn + (/ divﬁndg') Ty )AT / E (/ divﬁndg') AT,
Q 13 03 QP 13

1 1
+ ATl + 3 (VThel} + 0| V(€ = D)
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- / Q1AT,. (4.60)
Q
Similar to (4.58) we have
1d|VT, 2 1 1
S IR AT+ e (VTacld + 00 VTl = D)
(4.61)
<ellfuli + Tl DIVT B+ [ (Verl + 1V, l?) + cluf,
merging (4.58) and (4.61), we find
1d[[o(IVeoUnl? + Ve, Un]?) + VT3] 1 | )
- ° AT 2+ —|AT,
3 at t R [P0nl2 + ATl
1 S 12 - 2 1 2 2
. eg Un. e, Un. Tz Tn s VTn =1
+ oy (Feauel + Ve Bocl®) + VTl + ol V(e = D), o

<e(1+ [5a[8 + [Tal?) / (IVey 7?4 Ve 7ul?)
Q
+ (L + [0n + |Tnel DI VTnl3 + Q13

Hence, with the periodicity of ¥y, T),, (3.14), Lemma 4.1 and Lemma 4.2, we obtain

LS|
/0 (17 |2+—/ Ve Gul? + Ve T )

4.63)
+ AT B+ 2 (VT + | VT(€ = DB) (
<C(My, M5, My, M1, K)W,
SUP(IVesﬁng + |ve¢ﬁn|§ + |VTn|§)
t (4.64)
S(MIQ + M52 + 2W)C<M1a M5) M97 M117K) = M12'
O

Theorem 4.3. Let (¥,,T,(t)) be the solutions of (3.1)-(3.3) given above. Set

w
K4 E/ |Q1t|§dt,
0

we have

SL;P(Wnt(t)@ F[Tu(t)]3) < (uy '+ pz '+ 2W)C(My, My, Ms, Mg, M1, K, Ky).
Proof. Considering (3.1) we see,

1

(%ﬁ Vi T+ ( / divﬁnd§’> 66%" + ik X T, + grad®,
13

4.65

/ 2 oradT, e’ — —A* L Ot e

 Rey 9€27 Bne) =0,
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similar to (4.58), using integration by parts, Hélder inequality, Minkowski inequality,
Young inequality and Lemma 2.5, we obtain

1 d o,
2 2 n
il + gy [ Vel + Ve, 5P)+ 5 [ 150

<c(|Tnl + |17n5|§)/(\ve917n|2 + Ve, Tal?) + VTl (4.66)
Q
¢ [ (Vg + Ve, fucl? + A7),
similarly to (4.66), we also can get

Tn2 'n,2 - 2 T
[Ttz + tht/'v |+tht/| 2 tht| le=l3

<c(|TalS + T [V T2 + / (IAT, 2 + [VTe)) (4.67)

¢ / (VesBul® + Ve, 5ul?) + Q12

thus, adding (4.66) and (4.67), using the periodicity of ¥,, T}, integrating it over
[0, W] we have

w
|l + [Toal) < €My, My, M, Mo, My, ). (4.68)
0
Taking the derivative with respect to t of (4.20), applying integration by parts,

we obtain

1d Ot |9
55108+ e [ (el + 1V, 7o) + = [ 1552

= /Q(Vamﬁn + (/51 div, d¢) ; YUt /Q(/5 ?gradTntdf/)ﬁm,

employing integration by parts, Holder inequality, Young inequality and Lemma

2.5, we have
_/( 7., 0n + / div @, d¢’ )avn)
Q 73

- R R R . 1
SC‘/ (|th] + |UHED|UM|(|V89UM|2 + ‘vewvnt|2)2
Q

(4.69)

(4.70)
<el|Tnel|® + c(|Talf + [Tne D) |Tne 3,

1
bP
—/(/ —gradT 1€ ) Uy SE/(IVEGEnt|2+ Ve, Unt]?) + | Trel3,  (4.71)
QJe P Q
So from (4.69)-(4.71), we get

dwnt |%
dt

SC(WMZ + |77n£|§1)|17nt|§ + |Tnt|§ + Ellﬁntll2 + 6/ (‘Veeﬁnt|2 + ‘V%ﬁ"tlQ)-
Q

+ eI

(4.72)
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Taking the derivative with respect to t of (4.1), similarly, we obtain

lent@ 2
Ty
i Tl (4.73)
<c(1+|Tnlf + |Tn6‘§1)|Tnt|§ + | T |31Tel3 + | Quel3 + el| Tel|* + €|,
note that (4.72) and (4.73), let € enough small, we have
O al3 + 1Toal3) + 1512+ 1T
dt (4.74)

<e(L+ [Tal3 + [Tngld + [ TalDITnel3 + e+ | Tald + [ Tgl )| Tue 3 + clQuel3.

Therefore, using the periodicity of ¥,,T,, Lemma 4.1, Lemma 4.2 and (4.68) we

obtain
sup(|ne () [5 + [Tt (£)13)
t (4.75)
<(uit 4 pyt 4 2W)C(My, M3, Ms, Mg, M1, K, Ky).

O

5. W-periodic solutions

Theorem 5.1. Let Q; € L>®(W,HY(Q))(W > 0), there ezists a constant Cy =
Co(N) > 0(N = 1,2...), if

K= sup ||Q1]lr~(£2) < Cy,
0<t<w

the problem(2.10)-(2.15) has W-periodic solution (U,T), it satisfies
(0,T) € L®(W; V)N H" (W, H).

Proof. In section 4, we get the ¥,, T}, estimate in H' and @y, T estimate in L2,
use of compactness theorem, we know there exists a subsequence (,,T,) lending
to (¢,T) in such a way

(0,T) weakly™ in L>®(W;V),
(U,T) strongly in L>°(W; H),
(U, Ty) weakly™ in L°(W; H).

3
3
Ly

By the above estimate we know that the nonliner terms are well defined. If n — oo,
uniformly in t, we have

|V, Un — Vgtle < (T, — 0)VTy|2 + |(VU, — VI)V|2

( v

(T — D)4 Vala + (VT — V)|a|7]4

< NG — D) Vnla + (YT, — VO3V, — V)| |54
0
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I(/ldwﬁndﬁ’)aﬁn - (/1 diviae) 22,

¢ 23 o€

< |(/;(divvn dwv)dﬁ)—lzﬂ(/ dideﬁ’)(%,%g”

< |Vey@n + Ve, Bn — Voo — Vo 013 | Vey B + Ve, T — Ve, 7 — Ve § |8vn .
53;? |4| / divide')s

— 0,

1 1
bP bP
|/ ?gradTndﬁ/ 7/ ?grade§’|2 — 0.
3 3

Similarly, we get
|anT —ViT|2 — 0,

/dlvvnd§ /d vode! —|2—>0

P bp 1
\—/ divd,d¢’ — —/ divde’ |3 — 0.
D Je D Je

Consequently, we see that

ov o f
(6 —|—V~U+(/ dlvvdf)ag—&—kxv—&—grad@

I
Res 0627

o . \OoT bP . 1 T
(aﬁV*ﬂ(/ aiv dg)_(/ av dg) 7 ST Ry oe ) = Qi)

So we get

/ —gradT'd¢’ — —A" w;) =0,

v ! N\ov  f
— + V0 v — + = D,
8t+ vv—|—</£ dlvvd£)8§+ k x v+ grad

Lpp 1 8%
P adTde — L ag— L 90 _
+ / gradlde” — o~ Rep 062

or 0 1 02T
(,T—FV T—I—(/ dlvvd§>—(/ dlvvd£> Rt1 ET@_QL

Thus, the proof of Theorem 5.1 is complete. O
Theorem 5.2. The solution of (2.10)-(2.15) given in theorem5.1 is unique.

Proof. Let (¢,¢1) and (Ua,72) be two W-periodic solutions of problem (2.10)-
(2.15) with corresponding geopotentials @14, Po, respectively. Define ¢ = ¥ — ¥,
T=T —T5, &; = &y — 9, then v, T, P, satisfy the following system

a rd = ! _» 1 e gl 81}2 f
at-FVvlv—i—ngz—i—(/ d1vv1d§)ag (/ 1vvd§)a£+k><v

1 2 —
bP 1 0°v
do, —gradTd, ’——A"———zo,
+ grav +/g » gra 3 Res U Re, 0€2

(5.1)
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aT ! oT T
E*V T+VaTQ+(/ dlvvldf) 5 </ div dg)a5

(5.2)
G 1 1 0°T
p(/5 le’Udg)RtlATRtéaé_QO,
ov or ov or
E=1:5e =05 =—aT, §=0:5:=075:=0 (5.3)

Taking the inner product of (5.1) with ¥, using integration by parts, Holder in-
equality, Young inequality and Minkowski inequality, Lemma 2.1 to Lemma 2.5, we
have

1d|v]3 1 2 ~2 1 / 12
5 dt Re, Q(|Vegv| + Ve, U )+ - [ || -
<ell? + c(lalt + el - | / " radrag') -
Taking the inner product of (5.2) with 7', similarly, we get
1d|T| 1 !
3ot VTP + g [T+ T = 1
1 2 Ja (5.5)
. B P '
el + €l + T + T + el + [ 2R [ v
Choosing ¢ small enough, we obtain
d(|o)3 + |T3) 2 2
_ = Ul T
e Gy 56
<c(|Ua]f + [Gae]§ + [Tl D)|T15 + (| Toel§ + [T2[3)|T13,
poincaré inequality can give that
d(|512 + |T|? .
WEVR) o (s, My, Mo My) — DB +ITR), (5.7)

dt
since C' (M3, Ms, Mgy, M11) < 1, it follows
715 + |T15 < (|75 + [T[3)(0) exp(—Lt), ¢ € (0,00).

Because (¢, T) is W-periodic in t, so for any positive integer N and for any ¢ > 0,
we have

(175 + 1T13)(t) = (175 + |TI3)(t + NW).
Hence, it follows
|75 + |T[5 < (|17]5 + [T[3)(0) exp(—LNt),
which implies |#]3 + |T'|3 = 0. The proof of theorem 5.2 is complete. O
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