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HOPF BIFURCATION IN A DIFFUSIVE
PREDATOR-PREY MODEL WITH HERD
BEHAVIOR AND PREY HARVESTING*

Heping Jiang™? and Xiaosong Tang®{

Abstract In this paper, the dynamics of a diffusive delayed predator-prey
model with herd behavior and prey harvesting subject to the homogeneous
Neumann boundary condition is considered. Firstly, choosing the harvesting
term as a bifurcation parameter, then we obtain the existence and the stability
of the equilibrium by analyzing the distribution of the roots of associated
characteristic equation. Secondly, time delay is regarding as a bifurcation
parameter, and the use of the normal form theory and center manifold theorem,
the existence, stability and direction of bifurcating periodic solutions are all
demonstrated detailly. Finally, summarizing some numerical simulations to
illustrate the theoretical analysis.

Keywords Hopf bifurcation, predator-prey model, herd behavior, prey har-
vesting, delay.
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1. Introduction

Predator-prey model has revealed some ordinary biological phenomenons and spe-
cial relationship about biology in the real world, which can plays an very important
role in problems about mathematics, and in many aspects, it has been totally accept-
ed by many researchers. The Lotka-Volterra model is considered to be the simplest
one, it has been modified in many different ways since 1920s the time when it was
born. Especially, Rosenzweig and MacArthur improved its realism by introducing
new factors prey dependent growth and the other is a nonlinear saturating uptake
of prey by the predator (functional response). Nowadays, many models are mainly
based on the Rosenzweig-MacArthur framework, but they are all amended by em-
phasizing some specific and real factors, such as the prey’s autonomous inducible
defenses or predator’s adaptive foraging. As for population dynamics, the function

Tthe corresponding author. Email address: tangxs40@126.com(X. Tang)

ISchool of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai
200240, China

2School of Mathematics and Statistics, Huangshan University, 245041, China

3School of Mathematics and Physics, Jinggangshan University, Ji’an 343009,
China

*The authors were supported by the National Natural Science Foundation of
China (No. 11701208, No. 11761038), the Postdoctoral Science Foundation of
China (No.2018M632093), the key project of Provincial Excellent Talents in
University of Anhui Province (No.gxyqZD2018077), and the Natural Science
Foundation of Huangshan University (No.2017xkjq001).


http://jaac.ijournal.cn
http://dx.doi.org/10.11948/2156-907X.20180142

672 H. Jiang & X. Tang

response of predator to prey is embodied in the change in the density, which means
that if the density of prey changes and the density of predator will changes too.

In more recent time, a new study that is aimed at making interaction be a more
elaborated social is running, in which the individuals of one population gather
together with the other one shows a much more individualistic behavior [1,2,19-23,
30]. the authors who work on this field have thought out a new kind of predator-
prey model with the fact that the predator-prey interactions usually occur mainly
through the perimeter of the herd [2], and the new model can be vividly described
by the following ordinary differential equations

ax@ _, (1 _ %) X(t) — a/X ()Y (1),

DU = —sY (1) + car/XOY (1),

X (t) is the prey density and Y'(¢) is the predator density, the parameter r is viewed
as the growth rate of the prey, K is its carrying capacity, and s denotes the death
rate of the predator in the absence of prey, the parameter « is viewed as the search
efficiency of Y (¢t) for X(t), the parameter ¢ is biomass conversion or consumption
rate. This model is usually also known as the predator-prey model along with herb
behavior, and it has already been proved that there is the existence of the possibility
of sustained limit cycles and more surprising founding is that the solution behavior
near the origin is much more subtle and interesting than the classical one.

In terms of human survival needs, the use of biological resources and harvest-
ing of populations are common in fishery, forestry, and wildlife management. At
the same time, there is also a wide range of interests in using the biological eco-
nomic models to detailly understand the scientific management of same renewable
resources which has a close relation with the optimal management of these renew-
able resources. It is known to us all that a harvesting in preys can have a indirect
but great influence on the predators’ population, because of the sharp reduction of
food population in the area. There are three different and basic types of harvesting
being reported in the literature: (a) Constant harvesting, h(z) = h, which means
that there is a fixed number of individuals per unit of time [4]. (b) Proportional
harvesting h(x) = Ex. (¢) Holling type II harvesting h(z) = %, the z is
represented as the population of harvesting (prey or predator). For example, the au-
thors worked with a model with Holling type II harvesting in prey in [7,8,12,28,29]
and with Holling type IT harvesting in predator in [9, 10, 31].

Based on the work of [7,8] and [19,20] , we propose a new model as following

00X (x, X(z,t EX(x,
() _ (1 _ X f)) X(x,t) — ay/X(@, Y (v,t) — XD

+ d AX (3, 1), (1.1)
D) — Y (2,1) + car/X (@, DY (2, 1) + d2AY (2, 1).
By setting
u—iX 'U_LY t=rt, &=z
K ) ’]"\/E b b

and dropping the bars for the sake of simplicity, then the system (1.1) can be
transformed into

Qulet) — (1 — u(w, 1) ulw, t) — /ulx, oz, t) — 2D 4 dy Au(z, 1),
2ol — (e, 1) (=B + Vaulw, 1)) + dzAv(a, 1),

(1.2)
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where

1 s qF m1FE

=, =, h: B = .
cavVK g cavV'K ma " mo K

The system (1.2) with homogeneous Neumann boundary conditions is as follows

@) — (1 —u(z, b)) u(z, t) — /ulz, Doz, t) — 22804 g Az, t),

ntu(w,t)
av(“)—’yvxt ( B+ u a:t)+d2AUa:t)
Uz (0,1) = up(m,t) = v5(0,) = vy(m,t) =0, >0,
(e, 1) = 6z, 0), v(a, 1) = (1) > 0,2 € [0,71],

where u(t) and v(t) are the representations of the prey and predator densities,
respectively, at time ¢. (7 is viewed as the death rate of the predator in the absence
of prey, v is thought of as the conversion or the consumption rate of prey to predator.

Time delay plays an quite important roles in the realistic model. The consump-
tion of prey will affect the number of predators to some extent in the later time.
Initially, differential equations which are come with time delays are all elaborated
in ordinary differential equations [14,28]. In more recent years, authors pay more
attention to partial differential system, this kind of diffusion is taken into consider-
ation [13,15-17,21-24,26,27,30]. The most of those authors mainly concentrated
on studying the delay effect of the reaction-diffusion system, and seriousing inves-
tigate the stability /instability of the coexistence equilibrium and associated with
Hopf bifurcation [3,12,16,19,20,29]. Hence, we will continue to study the dynamics
of following system

M = (1 —u(z, b)) u(z,t) — \Ju(z, t)v(z,t) — TQE:(E;?&) + d1Au(z, t),

Mf'yvxt(ﬁ—i—\/ xt—T)—i—dgAvxt)
Uz (0,t) = ug(m,t) = v,(0,t) = v (m,t) =0, >0,
u(z,t) = ¢(x,t),v(z, t) = Y(x,t) > 0,z € [0,7] x [—T,0],

(1.4)

where the parameter 7 is nonnegative, and represent the delay effect.

This paper is mainly aimed at considering the delay-induced Hopf bifurcation for
the system (1.4) with the use of the normal form and the center manifold theory.
The paper is going to be conclued as follows. In Section 2, the parameter h is
regarded as a bifurcation parameter, and we consider about the Hopf bifurcation of
the local system of (1.3). In Section 3, we firstly start at investigating the existence
of the delay-induce Hopf bifurcation for the widely diffusive predator-prey model.
Secondly, we carefully calculate the normal form on the center manifold just in
order to further discuss the dynamical behavior around the delay-induced Hopf
bifurcation value. Thirdly, we presented some accurate numerical simulations to
precisely illustrate and expand our theoretical results. In Section 4, we end this
paper with some discussions.
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2. Stability and bifurcation analysis

2.1. Stability and bifurcation analysis for the system (1.3) with-
out diffusion

In order to further study the complex dynamics of the system (1.3), we firstly begin
with discussing the dynamics of system (1.3) without diffusion as following

20— (1 — (b)) u(t) — y/alDo(t) — L0
dz(tt) = you(t) (-/3 + \/@) '

Proposition 2.1. For the system (2.1),

(a) The trivial equilibrium point Eq(0,0);

(b) When 2v/h —1 < n < min{1,h}, the semi-trivial equilibrium point Ey (uq,0)

. _ ,\/i

exists, where uqp = (=) (127’)2 Ahm) ;

(¢c) When 2vh — 1 < n < min{1,h} or h < 1, the semi-trivial equilibrium point
. /===

Es (u9,0) exsits, where ug = (L-m)+ (1277)2 k=) ;

(d) When h < (1 — 52) (7) + 62), the unique positive equilibrium point E* (u*,v*)

exsits, where u* = 5%, v* = 3 (1 - 52) - n_’iﬂ@z-

(2.1)

The linearization of (2.1) is

dqu(tt) u(t) [ auar

dqél(tt) v(t) a21 Q22

where the matrix A is indeterminate at Ey(0, 0).
The characteristic equaion is

N+ ToA+ Do = 0, (2.2)

where
To = —(a11 + a22), Do = ar1a22 — a12a9:1.
At the equilibria Fj, j = 1,2,
uj (1 —n—2uy)

o= , a1y = —\/Uj, ag1 =0, agy =7 (—f+ /u3) (u; >0).
J

If
(1= —2u;) (=B + /i) <0,
then Dy > 0, the equilibria F; is unstable.
If
(1 =n—2uy) (=B + ;) >0,
then Dy < 0, the equilibria E; is locally asymptotically stable if 75 > 0, and the

equilibria £} is unstable if Ty < 0.
According to above the series of discussion, we can obtain the results as follows.
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Proposition 2.2. For the system (2.1),

(a) Ey (u1,0) is unstable;

(b) Es (u2,0) is locally asymptotically stable if h < n(1+ %) — 2 (1 - 5?), and
E; (u3,0) is a saddle point if h > n (14 %) — g2 (1 — ?).

At the equilibrium E*,

1 3, hn h3?
= - f - + a2 = B,
W=y T Tae ey 2T (2.3
O G- _
a21—2(1 B n+ﬂ2>,a22—0-

Since

_ 1_%2_ hn h3? _’Yﬁ(_ 2 h )
= (2 2" un+ﬁ%2+2m+5%>’D”‘z P EE)

In order to better study the stability of the positive equilibrium E* for system
(2.1), we present the mathmatical relation between the parameters h and S that
appearing in the known equations. Denote

(n+5%)° (1—38%)
n(l—p2)—p*

ho(naﬁ) = > 0,

then TO(T}a ﬁ7 ho(nvﬁ)) =0.
In the following content, we analyze the existence of Hopf bifurcation at the

interior equilibrium E* by choosing the parameter h as the bifurcation parameter.
In fact, h can also be regarded as the harvesting rate of prey, and plays an important
role in determining the stability of the interior equilibrium and influencing the
existence of Hopf bifurcation.

If we choose to consider h as a bifurcation parameter, then (2.2) has a pair of
opposite purely imaginary eigenvalues w = 4+/Dy when the value of h is h = hqg.
Therefore, the system (2.1) has a very small amplitude nonconstant periodic solution
which is bifurcated from the positive E* when the parameter h crosses through hg
if the transversal condition is satisfied.

Let A(h) = a(h) + iw(h) be the root of (2.2), then

MMz%%@LMMz—%W@dM—ﬁm)

Hence, a(hg) =0 and
n(1— ) - 8t
2(n + 52)° 1-p2

Which we can imply that the sysytem (2.1) will undergo Hopf bifurcation at E* as
the parameter h passes through the hg, when the transversal condition (2.4) holds.

o/ (ho) = 40, n# (2.4)

Proposition 2.3. Ifh < (1 - 62) (77 + ﬁQ) and the parameters v, n, B are all pos-
itive. Then for the system (2.1),
(a) The positive equilibrium point E* (u*,v*) is locally asymptotically stable when

2\2 (1 _ap2 2\2(1_ap2
h> hg = %, and E* (u*,v*) is unstable when h < ho%;
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(b) The system (2.1) undergoes a Hopf bifurcation at the positive equilibrium E*(u’v™)
hen h = hy = (02°)(1-36%)

when v ="o = "a=p-pr -

For the system (2.1), we can obtain the Hopf bifurcation line Hy : hy =

2\2(1_ap2
%7 and the stability region D = {(5, R)|lho < h < (1 — 52) (77 + ﬁ2)}

of the positive equilibrium E* (u*,v*). Fixed v = 2, we depict the stability re-
gions for the positive equilibrium E* in the 8 — h plane, (4) : n = 0.5 < 1 and
(B) : n=1.2 > 1, which is showed Fig.1.

w B )

Figure 1. The stability region in the 8 — h plane, (A): n =05 < 1; (B): n =1.2 > 1.

Next, we will continue to study the delay-include Hopf bifurcation for the diffu-
sive predator-prey model.

2.2. Spatial-temporal dynamics for the diffusive model

Let
FD(u,0) = (1= ule, 1) ulz, t) — V/ulz, Doz, ) — _hu(z,t)
) ) ) ) ) n T u(l‘7 t) R
FO(u,0) = qu(e,t) (=8 + Vale,t=1)).
The linearization of (1.4) at the positive equilibrium E* is
o u(a, 1 (e, 1) wert— 1)
ot = DA + A + Ay : (2.5)
%?t) ’U(x’t) U(J:,t) U(l‘,t — 7')
with
diA 0 a1 G12 00
DA = ’ 0= ) 1 — s
0 dgA 0 a9 a1 0

where a11, aj2, as1, age are given in (2.3).
Hence, the characteristic equation of (2.5) is

det (A — My, — Ag — Aje™>7) =0, (2.6)



Hopf bifurcation in a diffusive predator-prey. .. 677

where [ is the 2 x 2 identity matrix and M, = —k?diag{dy,d>},k € Ny, which
imply that

N2+ [(dr+da)k?—(a11+a22)] A+ drdok? — (ar1da+asady ) K>+ (ar1a20—a12a21€ ) = 0.

(2.7)
When 7 =0,
N 4+ T\ + Dy =0, (2.8)
where
Ty = (di + d2)k* — (a1 + as2),

Dy, = didok* — (a11d2 + asady) k* + (a11a22 — ar2a21) - (2.9)

So, we obtain a long series of Hopf bifurcation lines Hy,

2
+ 5%)
hi = [2(dy + d2)k* 4 (1 — 352 @5 E=1,2,3,---.
k= [2(d1 + do)k* + ( Sﬁ)]n(l—,BQ)—ﬂ‘“ 12,3,

Obviously, the value of hy increases as k increases when the value of 1 > %, this
isimplythat ho <hi <hg <hg<---.

When 7 # 0, Assume that A = iw, and then substitute iw into (2.7), we can
obtain

— w? + Z[(dl + dg)k2 — (an + agg)]w + d1d2k4 — (a11d2 + a22d1)]€2

Cior (2.10)
+ (a11a22 — arzaze ) =0.
Separating the real parts and imaginary parts, we have
—w? + d1d2k4 — (Cblldg + a22d1>k2 4+ a11a92 — a12a91 coswT = 0, (2 11)
[(dl + dg)k2 — (au + CLQQ)] w + ai2a21 sinwt = 0, '
which is equivalent to
w + Pow? + Qp =0, (2.12)

where 5 9
P, = [d1k2 — a11] + [d2k2 - a22} )

Qr = Dy, [d1d2k4 — (a11ds + agodh) K + (a11 + 022)} .
For 0 < k < Ny, there is an unique positive root wy of (2.12) is

\/—Pk-i-\/sz—ﬁle (2 13)
5 . .

WE =

By (2.11), we can obtain

; 21y
'r,g = T,S +—
Wk

o 1 —w? + dydok* — (a11ds + agady)k? + arags
, T = — arccos

(2.14)
Wk 12021

for k € {0,1,2,--- , N1 }.
Lemma 2.1. Assume that h < (1 — 52) (17 + ﬂQ) hold, then

J J J J J
TN ZTh1 2T 22T 2T

for j € Np.
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Lemma 2.2. If the condition h < (1 — 52) (77 + 52) holds. Jy, < 0, Dy > 0 for any
k € No. Then (2.6) has a pair has a pair of purely imaginary roots iwy for each
k€ {0,1,2,--- , N1} and at the same time (2.6) has no purely imaginary roots for
k>N + 1.

Let A(7) = a(7) + id(7) be the roots of (2.6) near 7 = Tg satisfying « (Tg)

0,0 (Té) = wg. Then we can have the following transversality condition.

Lemma 2.3. For k€ {0,1,2,--- N1} and J € Ny, dRe(A) i > 0.

dr |‘r:‘rk

Proof. Differentiating two sides of (2.6), we get

Re (‘M>_1 = Re [W - T] .

E 7(1120,21)\ A

Thus, by (2.11) and (2.13), we have

dA\ @A+ Tp)eM 7
Re ((dr) ) lr—ri = Re [W\ = 5| b=

. j -
2iwy, + T )e™s Tk T)
— Re ( : ) -k
—1a12a921WE TWE
_ Typsinwgt) — 2wy coswiT,  wi 4 Py >0
= = 5 )
a12021Wk (ar2a21)

Clearly,

O = min 7 b, k€{0,1,2,--- N
Tk }2}5}0{7-]@}’ {7 ) 4y B 1}a

and from Lemma 2.1, we alrealy know that 7§ = min {TIZ :0< k< Ny, je€ No}.
Denote 7, = 7. Let A(7) = a(7)+id(7) be the pair of roots of (2.6) near 7 = T,Z sat-
isfying « (Tg ) =0and (T,ﬁ ) = wg. Then we can have the following transversality

condition.

Theorem 2.1. Assume that the condition the parameter h < (1 — 62) (77+52)
hold. wy, and 7j is defined by (2.13) and (2.14), respectively. Denote the minimum

value of the critical values of delay by 7. = miny, ; {T,ﬁ }
(a) The positive equilibrium E* (u*,v*) of system (1.4) is asymptotically stable for
7 € (0,7%) and unstable for (i, +00);

(b) System (1.4) undergoes Hopf bifurcations near the positive equilibrium E* (u*,v*)
at 7 for k € {0,1,2,--- , N1} and j € Ny.
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3. Normal form of Hopf bifurcation for the diffusive
model

3.1. Normal form of the harvesting rate-induce Hopf bifurca-
tion for a diffusive model

For Uy = (u1,v1)",Us = (u2,v2)" € X, define the inner product
[Ulv UQ] = / (U1U2 + Uﬂ)z)dm,
0

where X = {(u,v) € W?2(0,7)|%% = %2 =0 at z =0,7}.
We denote h* = h; and then introduce a new parameter ¢ € R by setting
h = h* + ¢ such that € = 0 is obviously being the bifurcation value. Rewrite the

positive equilibrium as a parameter-dependent form E? (u*(¢),v*(g)) with

* 2 * 2 (h* + 5) ﬂ
g)=p%v'=0(1- e
W) =g v =p(1-p) -
Setting (., t) = u(.,t)—u*(e),o(.,t) = v(.,t)—v*(e), U(t) = (a(.,t),5(.,t)) and then
dropping the tides for the simplification of notation, system (1.3) can be written
just as the equation

dU(t
% = DAU + Lo(U) + f(U,¢),
where
dlAu a1 a12v
DAU = s L()(U) = )
doAv 21U G2V
COEIDIN v = (150,52
itj+i>2
with f]z = w,n =1,2, and

f(l)(u,v,e) =(1—(u+u"(€)) (u+u(e) — Vu+u(e) (v+v*(e))
(M te)(utur(e)
n+ (u+u*(e))

FP(u,v,e) =~ (v+v*(e ( B+ Vu+ u( ) (3.1)

By a direct computation, we obtain fgo0 = f120 = foso = 0.

We assume that there do exist a k € Ny such that A, = 0 with h = h* has a pair
of purely imaginary roots +iwy and the remaining roots of characteristic equation
(2.8) will have nonzero real parts, where

_ 13 I g2 By n
wk—\/d1d2k4—d2(2‘252‘2<n+ﬁ2>2+2<n+52>> w3 (o m)

)
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In term of Mypr = iwrpr and /\/lqu = iwkqr, we choose pr and ¢ such that
<qg,pk> = 1, where

1 1
= ) , k=D [ ) ;
iwpg+dik“—aqq iwgt+dik“—aq
a2 a1

(iwp+dik?—a11)’ -t

a12a21

with D = [1 +

By (3.1) and a very direct computation, we get
1 1, 1.
Efz(Uv ) = fiorue + forive + §f020U + friouv + §f020’U )
Then
1 1
§f2(z7 01 6) :§f2(q)k27k(x)a 0)
=f101 (Pr121€ + Pr122€) Vi (x) + for1 (Praz1€ + Dr2zeg) Yi(T)
1
t3 (Ak202] + Apr12122 + Apo2z3) Vi (),
where

Ak20 = faoopis + 2f110Pk1Pk2, Aoz = Akao,
Ag11 = 2f200(pr1 > + 4 f110 Re{prapra}-

Thus, we obtain

1 1 1 ) 1 Bklzls
792(25076) = 7Pr0.]KerM1f2 (27()’8) = )
2 2 2 B

k122€

where By1 = ¢ (fio1pk1 + fo11Pk2)-
The calculation of Projsfi(z,0,0).

™ 1
= k=0
4 ) )
r)dr =< ™
/0 () {;;,k:séo,
it is easy to verify that

2
1 Bro12iz2

a0 Pr0j5f31 (2,0,0) =

> 2
Bio121 z5

where

b2tk =0,
Bror =47,
Ebk217 k # 07

with bra1 = q (fs00pk1|Pe1]? + f210 (PR1Pk2 + 2Dk2|Pi1]?))-
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The calculation of Projs [(D.f3) (z,0,0)U3(z,0)].

f21(Z, 0, 0) = \Ifk (A}Cg()Z% + Ak112122 + Akogzg) / ’)/2($>d$,
0
There is a straightforward calculation which shows that

U (2,0) = (M3) ™" £}(2,0,0)
_ foﬂ Y(x)dx a4 (Ak202% — Apn1z122 — %Akogzg)

b

s aF (3 Ak2027 + Ap112122 — Apo2?3)
and then
1 Cr2123 22
|PTOJS [(sz21) U21] (Z,0,0) = _ 5
3 Ck212122
3
with
1
G Ck21, k=0,
Chror =3 °
0,k £0,
where

) 2
Cho1 = ka <(QZ:AIC2O) (af Ak11) — |Q£Ak11’2 —3 ’%{Akoz‘z) :
The calculation of Projg [(Duwf3) (2,0,0)U3(z,0)].

. Dy2123 22
|PTOJS ( wf2> (Z,0,0)(h) = 5

3! 2 2
Dk212’12’2

with
Cro1 = ﬁE(Om? £=0,
ﬁE(k’O) + ﬁE(k,zk), k#0,

where, for j = 0, 2k,
E@.5 Zq/{((fzoopm + f11opk2)h§€1j)11 + (fiiopk1 + f020pk2)h;(€§)11
+ (f200Pr1 + f11015k2)h§€1j)20 + (fi10Dk1 + fozoﬁkz)hgj)go)-
In order to obtain Dy21, we compute A jo0 and hyj11 as follow:
hoo20 = ﬁ(%wb — Mo) ™t (Aoz0 — ad Aoz20po — @4 Aoz0P0) 5
hoo20 = T (Ao11 — ¢5 Ao11po — G5 Ao11po) , k = 0,5 =0,

and
{hkao = cpj(2iwly — Mg) ™ Apao,

hoo20 = —ckjAoi1, k #0,5 = 0,2k,
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Thus, the normal form on the center manifold for the critical values h* of Hopf
bifurcations has the following form

. Bklzle BkQZ%ZQ 9 4
i=DBrz+ | +1 + O (Jz]e* + [27])
Bklzgz’:‘ Bkgzlz%

where

1 1 1
5-b021 + 4-Co21 + 55 =F0,0,k =0
27 4 T W) ’
Bia = Bya1 + 5 (Ck21 + D) = {7 1 T 1
EkaI + ﬁE(k,O) + TmE(ka)a k #0,

which can be written down in real coordinates w through the change of variables
z1 = wi — fws, 23 = wy + twy. Then transforming to polar coordinates w; =
pcos&, wy = psiné, this normal form becomes

{/) = vp1pe + vi2p® + O (2p + [(p,€)|*)
£ = —wr + 0(|(p,9))),

with Vi1 = Re(Bkl), VEo = Re(Bkz).

It is well know to us that the sign of vgivge determines the direction of the
bifurcation (supercritical if vgivke < 0, subcritical vgivge > 0),and the sign of v
determines the stability of the nontrivial periodic orbits (stable if vxo < 0, unstable
if vgo > 0)

3.2. Normal form of the delay-induce Hopf bifurcation for a
diffusive model

In this subsection, we shall study on the directions, stability and the period of
bifurcating periodic solutions by moderately applying the normal formal theory
and the center manifold theory of partial functional differential equations which
are presented in [5,06,18,25]. Fixed j € No,0 < k < Ny, we denote 7* = 77, and
introduce a new parameter € € R by setting € = 7 — 7% such that € = 0 is the Hopf
bifurcation value obviously.

Setting a(.,t) = u(.,7t) — u*,9(.,t) = v(.,7t) —v*,U{t) = (a(.,t),0(.,7t))
and C = C([-1,0], X), then dropping the tides for simplification of notation, then
system (1.4) can be written as follows

dU (t =
di ) = 2D AU(t) + L)) + B0 7), ¢ = (o1, 02)"
where
diAu a11p1(0) a12p2(0
DoAU = ! , L(t)p = 191(0) ar22(0) )
doAv az21¢1(—1) a22¢2(0)
Foey—r 1) [ Zirrnize il A 000 D

FO(r) Y jaize i fi 21 (06 (00 (—1)
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. (n) N 8i+j+lf<")(u*,’u*,u* .
with fl-jl = RIREIEEI ),n =1,2, and

h(u+ u*)

FD (u, v, w) = (u+u* —u—u")—vut+u(v+0v) - —————
P (u,0,0) = (w4 u”) (1 )~ Vutur (vrn) -

f@ (u,v,w) =7 (v+0v%) (—B +Vw + u*) .

By direct computation, we can obtain fyoo = fo10 = fi20 = fozo = 0.
Setting 7 = 7* + &, Ag = {—iT*w*, iT*w*},

%ﬁt) = 7*DoAU(t) + L(7*)(Uy),
%:Et) = TDoAU(t) + L(r)(U)) + F(Us,e), ¢ = (p1,92)"

F(Uy,€) = eDoAg(0) + L(e) () + f(io.7" + ), for p €C.
The eigenvalues of 7*DA on X are pi = —d;7*k*,i = 1,2,k € Ny.

(x 0
ﬁ]i: ’Yk( ) ) 513: ) ’yk(x):ﬂv k€N0~
0 (@) || cos kz||2,2

B, = span{< v(), 8L > Bilvel,i= 1,2} ,2¢(0) € C = C([—l,O],RQ),

1
2T(6) (5’“) € By.
B

Then linear PDE restricted on By, is equivalent to the FDE on C=C([-1, 0], R?),

1o
s = [0 ) ) + L) ).
0 pf

When 7 = 7%, define n(0) € BV ([-1,0], R), such that
0
ppl0) + L )p = [ dn@)(0),
and the adjiont bilnear form on C* x C,C* = C ([0,1], R**) as follows
0 0
<0(9),000) = 6(000) ~ [ [ wle - dn@)oe)az.
-1Jo

(I)k _ <peuu T 97ﬁe—zw T 9) 7‘Ilk — col <qTe—uu T s7qT61w T s)’

where < @, Uy >= I, and

D1 1 ) 1
p= = oo™y k2 4= =D o™ +dy 2 e ’
ww 1R —ai1 w 1R —a11 LW T
p2 ai2 q2 az1 ¢
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N -1
.k 27(1 elw T
with D = (1 7t (i + dik? — ayy) + G ) ) .
. Aklzle AkQZ%ZQ 9 4
Z=DBz+ | +1 + O(|z|e* + |2]),
Aklzgf-: Akgzlzg
where
A = —k? (diqupy + dagep2) + iw* g’ p,
and
i , 1 D\ 1
A = o ByaoBri1 — 2B | — §|Bk02| t3 (Bk21 + Dg21) s
with
T;— (Cﬂh + 02Q2) ) k= Oa T;— (C3q1 + c4q2) ) k= Oa
Brao =3¢ V™ Bri =3 V"
0, k0, 0, k0.
L;(HQ1 +072q2)a k:Oa 2057 k:O7
Broz =3 V" Brar =4, .
’ k 7é 07 ﬁclf’a k 7£ 0.

1 1 2 %t 2 _
e = S0+ 2fSpipa, o = fipPe? + 212 pipae :

e = Floblpi* + 2f (0 Redpipa}, o = figdlm ? + 2f (0 Re {pipe ™},
cs =ar(Fitmaloal* + 30 (72 + 2001 Pre) ) + o (Ao e 7

+ S5 (P 4 2l ),

and
EO7 k= 0,
Dio1 = v
Eo+ %5 Eor, k#0,
20t Fihgih (0) + Fihgg(0) + Fohi'y (0) + Fahiy (0)

Bi== M o Re) @ () 1+ 72
F3hj11(_1) + F3hj20(_1> + F4hj11(0) + F4hj20(0)

)

where
F = f2((1)2Jp1 + fﬁ%pz, = fﬁ()ﬂ?l, Fs = féﬂpz + fé§;p17 Fy= féf%mfw*ﬁ

)

where hyoo(6) and hy11(6) are both determined by the following equations

: , Bi2o . B
hkgo(e)—Qlw*T*hkgo(e):(I)k(a) _ s hk11(9)22¢k(9) _ 5
Bkgo Bkll

hku(O)—L(T*)(hku):QT*C,W-C) ,

Pur20(0) — L(7*) (hy20) :T*ij< Zl ) ;



Hopf bifurcation in a diffusive predator-prey. .. 685

with

L, j=k=0,
1 .
N2 J = 07 k 7& 07

ij = \C )
Vo’ J = 2k # Oa
0, otherwise.

Through the change of variables z1 = w; — iws,29 = wi + iws and wy; =

p1CO8 P, wy = p1 sin ¢, then the normal form becomes the follows polar coordinate
system

{p = kr1ap + kkap® + O (®p + |(p, @)[*)
¢ =—w*t" +O(|(p,a))),

where ki1 = ReAg1, kg2 = ReAys. Thus, from [18], we can know the results that
the sign of kp1kKe determines the direction of the bifurcation and the sign of kgo
determines the stability of the nontrivial periodic orbits and we have following
results.

Theorem 3.1. (a) When kg1kx2 < 0, it comes out that the Hopf bifurcation that the
system undergoes at the critical value T = T* is showed a supercritical bifurcation.
Moreover, if ko < 0, then the bifurcating periodic solution is stable; if kia > 0,
then the bifurcating periodic solution will be unstable.

(b) When ki1kk2 > 0, the Hopf bifurcation that the system undergoes at the critical
value T = 7% is a subcritical bifurcation. Moreover, if kxa < 0, then the bifurcating
periodic solution is showed to be stable; if kxa > 0, then the bifurcating periodic
solution is showed to be unstable.

Next, we will present some exact numerical simulations and dynamical analysis
for Hopf bifurcation of the systems (1.3), (1.4) and (2.1).

4. Numerical Simulations

In this section, by using a kind of mathematical software named Matlab, we give
out some numerical simulations to support and extend our analytical results.

4.1. Harvesting rate-induce Hopf bifurcation

For the system (2.1), choosing v = 2,7 = 0.5 < 1,8 = 0.55, according to the
simple calculation, we can obtain the Hopf bifurcation value hy = 0.3016. Which
implied that a stable periodic orbit is created around E* when the parameter h
cross through the critical value 0.3016, which are depicted by Fig.2 and Fig.3.

For the system (1.3), choosing d; = 0.02,ds = 1,7 = 2,7 = 0.5 < 1,8 = 0.55,
and according to simple calculation, we can obtain the Hopf bifurcation value hg =
0.3016. So, we also get the values kr; = 0.0767, ki = —0.2785. This implies
that a familily stable spatially homogenous periodic solutions will bifurcate from
the positive equilibrium E* when the parameter h cross through the critical value
0.3016, which are depicted by Fig.4 and Fig.5.
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Figure 2. The trajectory graphs and phase portrait of (2.1), which shows the positive equilibrium

(u™,v™) is asymptotically stable when h = 0.38 > 0.3016. Here we set some parameter values v = 2,7 =
0.5, 8 = 0.55, and the initial value is ug = 0, 6, v9 = 0.4.
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Figure 3. The trajectory graphs and phase portrait of (2.1), there exists a stable periodic orbit that

bifurcating from the positive equilibrium (u*,v*) when the parameter h = 0.28 < 0.3016. Here we set
these parameter values v = 2,7 = 0.5, 8 = 0.55, and the initial value is ug = 0,6, v9 = 0.4.
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Figure 4. The positive equilibrium (u*,v*) of (1.3) is asymptotically stable when the value of the
parameteris h = 0.38 > 0.3016. Here we set these parameter values d; = 0.02,ds = 1,7 = 2,7 =
0.5, 8 = 0.55, and the initial values is u(z,0) = «* 4+ 0.05cos z, v(z, 0) = v* 4 0.05 cos z.
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Figure 5. There exists stable spatially homogenous periodic solutions that bifurcating from the positive
equilibrium (u™,v™) of (1.3) when h = 0.28 < 0.3016. Here we set parameter values d; = 0.02,d2 =
1,7 =2,n7=0.5,8 = 0.55, and the initial values is u(z,0) = u* + 0.05 cos z, v(z,0) = v™ + 0.05 cos z.
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4.2. Delay-induce Hopf bifurcation

For the system (1.4) without diffusion, we choose the set parameter values y = 2,9 =
0.5,8=0.7,h = 0.3 and (ug, v9) = (0.3,0.2). Then, a series of accurate calculations
show that (u*,v*) = (0.49,0.1449) and 7, = 1.7348. Hence, (0.49,0.1449) is locally
stable when the value of 7 € [0, 7). When 7 crosses through the critical value 7y,
(0.49,0.1449) will loses its stability and at the same time Hopf bifurcation occurs,
a family of stable periodic solutions are bifurcating from (0.49,0.1449), which are
depicted by Fig.6 and Fig.7.
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Figure 6. The trajectory graphs and phase portrait of (1.4) without diffusion. The positive equilibrium
(u*,v™) is asymptotically stable when the parameter 7 = 1.68 < 1.7348. Here we set parameter values
v=2,n1=0.5,8=0.7,h = 0.3 and the initial value is uo = 0.3, vg = 0.2.
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Figure 7. The trajectory graphs and phase portrait of (1.4) without diffusion. There exists a stable
periodic orbit that bifurcating from the positive equilibrium (u*,v*) when the parameter 7+ = 1.8 >
1.7348. Here we set parameter values v = 2,7 = 0.5,8 = 0.7, h = 0.3 and the initial value is uo =
0.3,v9 = 0.2.

For the system (1.4), we choose to set the values d; = 0.02,dy = 1,7 =
2,m = 05,8 = 0.7,h = 0.3. Then, a series of exact calculations show that
(u*,v*) = (0.49,0.1449), and the values 7, = 1.7348, k1 = 0.0880, ko = —9.4706.
Hence, (0.49,0.1449) is locally stable when the parameter 7 € [0,7.). When 7
crosses through the critical value 7., (0.49,0.1449) will loses its stability and Hopf
bifurcation will occurs, a family of stable spatially homogenous periodic solutions
are bifurcating from (0.49,0.1449), which are depicted by Fig.8 and Fig.9.

5. Discussion and conclusion

In this paper, we mainly propose a delayed diffusive predator-prey model with the
herd behavior and the prey harvesting subject to the homogeneous Neumann bound-
ary conditions.This model shows pretty rich and varied dynamics. We mainly study
about the dynamics of model with nonlinear harvesting in prey, and investigate the
special effect of time delay on the model.

In order to detaily investigate the influence of harvesting rate, we choose to
make harvesting term as a bifurcation parameter, and we conclude the existence
of periodic solutions which are near positive constant equilibrium, this conclusions
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Figure 8. The positive equilibrium (u*,v*) of (1.4) is asymptotically stable when 7 = 1.68 < 1.7348.
Here we choose parameter values di = 0.02,d2 = 1,7 = 2,7 = 0.5,8 = 0.7, h = 0.3 and set the initial
values u(z,0) = u™ 4+ 0.01cosz, v(xz,0) = v* 4 0.01 cos .
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Figure 9. There exists stable spatially homogenous periodic solutions which are bifurcating from
the positive equilibrium (u*,v*) of (1.4) when 7 = 1.8 > 1.7348. Here we choose parameter val-
ues di = 0.02,ds = 1,y = 2,7 = 0.5, = 0.7,h = 0.3 and set the initial values is u(z,0) =
u* + 0.01 cos z, v(x,0) = v* + 0.01 cos z.

shows us that proper harvesting rate can create the periodic changes of prey and
predator, which is really one of the most exciting features in the ecosystem. Es-
pecially, we obtain a critical values for the Hopf bifurcation, and we present the
following interesting conclusions, as for the system (2.1), a positive constant equi-
librium is given alreadly, which is locally asymptotically stable when the parameter
h > hg, and a stable periodic solutions will bifurcate from the constant equilibri-
um E*, when the harvesting term h decreasing crosses through the critical value
ho. For the system (1.4), our results present the fact that delay can induce very
complex dynamics, and a positive constant equilibrium E* is showed to be locally
asymptotically stable when the parameter 7 is less than the critical value 7., and a
stable periodic solutions will bifurcate from the constant equilibrium E*, when the
delay term 7 increase and it crosses through the critical value 7., which means that
a stable and spatially homogeneous periodic solutions will occur at the critical value
of time delay 7,. These conclusions show us that the critical value can greatly affect
the stability of the positive constant equilibrium, some other numerical simulations
are carried out to accurately depict our theoretical analysis.
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