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Abstract The aim of this paper is to study the multiplicity of solutions for
a Kirchhoff singular problem involving the fractional p-Laplacian operator.
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1. Introduction

In this project, we are motivated to study the existence of multiple weak solutions
for the following Kirchhoff problem containing singular term

M (fo Mt ) (-, ua) = Mt 07 in ),
u=0 in 09,

(Py)

where Q@ C R™, n > 2 is a bounded smooth domain, 1 <p < ¢+ 1< p*, s € (0,1)
and 0 < a < 1 while M is a continuous function and the fractional p-Laplacian
operator (A)s is given by

(—Ap)su(a:) — 92 lim IU(JJ) — u(y)‘p—Q(u(x) — u(y))

dy, for xr € R™.
e—0 R\ B, () ‘.’E - y|"+5p

Before giving our results, let us briefly recall literature concerning related prob-
lem (Py).

Equations and variational problems involving the fractional and non local op-
erators have captured a special attention in the recent last years. Indeed, there
are some physical phenomena which can be modeled by such kind of equations. In
this context, many results have been obtained on this kind of problems, specially
in finance, thin obstacle problem, optimization, quasi-geostrophic flow, geomorpho-
logical, electrorheological fluids [2,9,15,18,19,28,34].

Problems of Type (P,) are called a nonlocal problems due to the term M,
which implies that these equations are no longer a pointwise equation. This causes
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some mathematical difficulties which gives particularly interesting for the study
of these problems. Note that these equations (nonlocal differential equations) are
investigated in the following form

0%u P 9%u

Por g T 2L | 2 gz =0
which extends the classical Alembert’s wave equation.

Up to these days, a great deal of results have been obtained for solutions to
equations related to the Kirchhoff problem. Precisely, in the past decade, many
people have extensively studied the nonlinear boundary value problems involving
this kind of equations. We will only state in this introduction those results that are
related to the ones we address in this paper.

At 1978, Lions [22], proposed an abstract framework for the Kirchhoff type
equations. Of course, we do not forget the contributions of Simon [29] and Berestycki
and Brezis [6] which appeared in this period and they have studied the non local
boundary conditions. Later Corréa and all. studied the Kirchhoff problem.

Recently, the studies of Kirchhoff Dirichlet problems have been considered by
variational methods, In this case we find the Kirchhoff equation involving p-Laplacian
operator and operators in divergence form [3,10,23,30].

Problem involving fractional power of the Laplace operator have been studied
in a large number of works. Caffarelli and Silvestre [7] investigated the fractional
Laplacian through extension theory. The existence, non existence and uniqueness
of positive solution for the fractional laplacian was treated by Chen and all in [8].
Moreover they obtained a symmetry property of solutions for equations involving
the fractional Laplacian.

Using the Nahari manifold, Ghanmi and Saoudi [17] studied the multiplicity of
weak positive solutions for a semi linear problem involving the fractional Laplace
operator.

The existence and multiplicity results of weak solutions for Singular elliptic
problems have been studied by Crandall [12], [11], Liao [21] in the case of Laplace
operator and Qin Li and all [20] in the case of the Kirchhoff p-laplacian opera-
tor. Precisely, by means of the concentration compactness principle and Ekeland’s
variational principle, Qin and all proved the existence of multiple solution for the
following problem

M (||ullP) Apu(z) = AP + p(x)u™ in Q,
u =0 in 092,

where M(t) = a+bt* and 0 <y <1 < p.
In [16], Ghanmi studied the following problem

M (/2 Alz, Vu)da:) div(a(e, Vu)) = /\h(a:)g—i(a:,u), inQu=0 indQ.

Using variational arguments and the theory of variable exponent Sobolev spaces,
the author proved the existence of non trivial weak solutions for some A < Ag.

In [5], the authors dealt with the singular Kirchhoff problem involving the p(z)-
Laplacian operator

M (/ 1|Vup(”)dm) Apu(z) = g(x)u™ "™ — Af(z,u), inQ, u=0, indQ,
o p(z)
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where M (t) is a positive continuous function on (0, 00) which is L(0,T) for some
T>0.
In [4], the authors were interested with the singular Dirichlet problem

(—AYu=Af(z)u"+MuP, v >0in Q, u=0in 99,

where M >0, 0<s<1,y>0,A>0,1<p<2*—land f € L™(Q),m > 1lisanon
negative function. The authors studied the existence of the regularized problems
with singular term u~7 replaced by the sequence (u + %)_7. Note that the critical
singular problem (case p = 2% — 1) is studied in [26], where the multiplicity results
are obtained using the Nehari manifold method.

There are many papers which are devoted to the study of p-fractional laplacian
with polynomial type nonlinearities, where they study the subcritical problems using
Nehari manifold and fibering maps, in this way, we cite [7,24,27] and the reference
therein. In [25], Brezis-Nirenberg type critical exponent equation was investigated.

Inspired by the above results, we study the singular kirchhoff problem (P))
involving the p-fractional laplacian, which generalizes, improves and extends the
above mentioned references under suitable other conditions. This gives and makes
importance and significance to this project. Note that we need the concentration
compactness principle and Ekeland’s variational principle to obtain two positive
weak solutions.

This paper is divided into four sections. In the next part, we introduce necessary
notations, fundamental hypothesis and the spaces on which we work. We introduce
also the main result. In the third section, we explore the Nehari manifold and
Fibering maps. Note that we give some elementary results which will be useful to
the proof of our principal Theorem, that is the object of section 4.

2. Preliminaries and Main results

In this section, we introduce some preliminary results which will be needed in the
proof of the main result. For all 1 < r < oo, we denote || - ||, the norm of the space
L™(£2). In addition, if 0 < s < 1 < p < oo are real numbers, the fractional critical

exponent is defined by
. np

ps:n—sp'

Due to the non-localness of the operator fractional p-Laplacian, we introduce the
functional space E by

E = {u:R" = R, is measurable, u;q € LP(2) and M € LP(X)},
x—y| P

where X = R?"\ (R™\ Q x R"\ Q).
The Gagliardo semi-norm for any measurable function u : R™ — R is given by

_ |u(z) — u(y)[” v
[uls,p = (/Rz" o — gt dxdy)
and the fractional Sobolev space W*P(R") is defined by

WP(R™) = {u € LP(R™) measurable and [u], , < oo}.
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The space W*P(R"™) is endowed with the norm

<=

lullsp := (llullp + [ul2,)

Our basic space on which we shall work is
E= {u € W¥P(R"), u(z) =0 a.e. in R™\ Q}

It’s well known that E can be equivalently renormed by setting || - || = [-]s,,. More-
over, (E,]| -||) is a Banach space which is uniformly convex and the embedding
E — L9(Q) is continuous for all 1 < ¢ < p¥ and compact in the case 1 < g < p?.
The dual space of (E,|| - ||) is denoted by (E*,|| - ||«) and < -,- > represents the
duality product between E and E*. Finally, for 1 < ¢ < p¥ we denote by S the best
Sobolev constant for the operator E < L()), that is

Sllully < flul”. (2.1)

Definition 2.1. A function u € E is termed a positive weak solution of (Py) if
u > 0 and

M(”qu) /Rzn lu(z) — u(y)|P~2((u(z) — u(y)) (v(z) — v(y)))da:dy

|z —y|"tep
- /Q(U(x)_“ + Au(z)?)v(z)dz. (2.2)

We will associate to the problem (Py) the functional Jy : E — R defined as
follow

1~ 1 . A
Ia(u) = ];M(Hu”p) - m/@ Ju(a)|* ™ “da — 44/ u(a)|"* dz, (2.3)

where
M(t) = /0 M (s)ds.

Throughout, this paper we suppose that M : (0, 4+00) — (0,400) is a continuous
function defined by
M(s) =as™, a>0, (2.4)

where ¢ +1 > p(m + 1). Under the assumption (2.4) needed on the function M,
our fundamental result can be described as follow.

Theorem 2.1. Assume that (2.1), (2.4) and 0 <a<l<p<pm+1)<qg+1<
p* — 1 are fulfilled. Then, problem (P\) has at least two positive solutions for all
A€ (0,Ty,a), where

(l—a) ’fl+1*P(7”+1)

a+gq
T o= ABqrmFh+a—-1 9 p('HL+1)+u71)
)

q

a+tq

—_ — p(m+1)+a—1

A(p(m+1)+a 1> and B(q+1 p(m—i—l)) .
q+1—p(m+1) (¢+a)
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3. Nehari manifold and fibering maps

It’s well known that the singular term leads to the fact that functional J) ¢
CtW'P(Q),R). Nevertheless, we get the multiplicity of solutions for the prob-
lem (Py) by investigating suitable minimization problems for the functional Jy.

Notice that any solution u of the problem (Py) must be positive and satisfies
the equation

M)l = [ @) =ede=a [ u@rtar=o. @

Therefore, any weak solution must be in the Nehari manifold defined as follow

Ny = {ue B, M (Jlull) fulp - /Q ()= d — /\/Q ju()|+7dz = 0}.

To obtain the multiplicity of solutions, we decompose N, into three parts corre-
sponding to local minima, local maxima and points of inflection, are measurable
sets defined as follows:

Ny =N] UNFUNT,

where

A% = {u € A, alp(m -+ 1) +a = a0 = Xg+) [ fule)*dz =0},
Q

NT = {u eNy, alpim+1)+a— 1)Hu||p(m+1) - Mg+ a) |u(x)\1+q dz > O},
Q

and
N5 = {u e A alplm+ 1)+ a = D™D < Mg+ a) [ fu(@)1de < 0},
Q

Finally, we prove that a minimizer of Jy on N, (and in N respectively) is a
positive solution of (2.2).
Our first preliminary result deals with the coercivity of the functional J).

Lemma 3.1. J is coercive and bounded below on Ny.

Proof. The proof is immediately deduced from (2.1) and the definition of the set
N. 0O

Lemma 3.2. Under the assumptions (2.1), (2.4) and 0 < a <1 <p <p(m+1) <
q+1 < p*—1). Then, for all X € (0,T, ), there exist t§ andty such thattiu € N;
and tou e Ny .

Proof. Let us introduce the function
O(t) = aHu||P(m+1)tP(m+1)*qfl _ t*afq/ |’UJ($)|170‘ de.
Q

It’s an easy task to see that ®’(t) = 0 if and only if

=t~ ( (00 +9) J lu()] > da >m
— e N+ 1= plm -+ 1) a0 |
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A Straightforward calculation gives as :

p(m+1)—g—1

p(m+1)(at+ ) p(m+1)Ffa—1
P(timar) = A.B. QT T ||| PO a1 (/ lu(z)|' dx> , (3.2)
Q

where

_(pmtDta-1\ (g4l p(m 1)
<q+1—p(m+1)) ¢ v ( (q+a) ) B

In view of assumption (2.1) we obtain :

P(m+1)(a+q)
gH—p(m+1) ||’LL|| p(m+1)Ffo—

@(tmax)—)\/ lu(z)|'tdz> ABS( ~ ) stmrhra—1
“ [l

= At
(1—o) Lozplmtl)

That is

+1—p(m+

®(tmaz) — /|u WHde > ABS9 iaahta=t o'+ — Alful|'+9
and then
P(tmaz) — /lu WHde > (Tya — M) |Jul|*T9 >0, forall A € (0,T,4). (3.4)
Hence, there exist 0 < ta’ < tmax <ty satisfying
B(t5) = A [ Ju@)[1de = 2(67)
and
P(td) <0 < ¥'(ty).

Therefore, tu € Ny and tyu € Ny, as required. O

Lemma 3.3. Suppose that A € (0,7, ), then the sets Nf are non empty and
NY ={0}. In addition, Ny is a closed set in E-topology.

Proof. Due to the Lemma 3.2, we obtain N # 0, for any A € (0,7,,,). Let us
argue by contradiction that MY = {0} and suppose that there exits v # 0 in the set
N?. Then,

a(p(m +1) +a = 1)[[o]P" D — A(g + a)/ [v(@)["*dz = 0
Q

and

all|P(m+Y) —/ lo(z)|* = dz — )\/ lv(z)|" T dz = 0.
Q Q

Consequently, we obtain

e do = HEEEERE R e, 5)
Q
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Combining equations (3.2) and (3.5), we get

0 <®(tpas) — )\/ ()| da
Q

p(m+1)(f¥+11)

:A.BaP<"I'+OZ17J§Q+“*1 o]t )‘/ lv(x |1+qdaj

q+1— p(m+1)

(f |v |1 adx) p(m+D+a—1

p(7n+1)(0¢+q)
A B % ||UH p(m+1)+a—
— . .ar m+1)+a—1

a(g+1—p(m+1)) 1)\ DAt
(S | |ptm+ )
a(p(m+1)+a-1) ||UHp(m+1) =0,

(q+a)

where A and B are defined in (3.3), which is a contradiction. Hence, N'? = {0}, for
all X € (0,Ty,a) as required. Now let us consider a sequence (u,) C N, such that
(un) = w in E. From the definition of the set N, we get

(3.6)

al(p(m+1)+ o — 1)||un||p(m+1) — Mg+ a)/ [t ()M T dx < 0 (3.7)
Q

and

al|u, [P f/ |t ()1 daz — A/ |t ()7 dz = 0.
Q Q

Consequently,
a(p(m + 1) + o — D)JulP™ D — A(g + a)/ )+ dz < 0
Q

and

al PO —/ ()= dr — )\/ ()[4 d = 0.
Q Q

Thus u € Ny UNY. If u € N, then u = 0. By equation (3.7) we obtain

p(m+1)+a—1} 0

R v

(3.8)

It’s in contradiction with the fact that « = 0. Therefore u € N, for all A € (0,T5.4)
and the proof is completed. O

Lemma 3.4. Given u € N, (respectively N;) with w > 0, for oll v € E with
v > 0, there exist € > 0 and a continuous function h such that for oll 5 € R with
|8] < & we have

h(0) =1 and h(B)(u+ Bv) € Ny (respectively NyF).

Proof. We introduce the function ¢ : R x R — R define by:
(t, B) = at? DT (it Bu) [P0 da - / (lut-Bol' =2 = At 9t o]+ ) da
Q

Hence,

Ye(t, B) =a(p(m + 1) + a — 1)tp(m+1)+°‘_2||(u + Bv)Hp(mH) dz
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~Aar et [ fu gof e,
Q
is continuous on R x R. Since u € Ny C Ny, we have 1(1,0) = 0 and
(1,0) = alplm -+ 1)+ o~ Dl da ~ Na k) [ a0 <0
Q

Therefore, applying the implicit function theorem to the function 1 at the point
(1,0) we obtain a § > 0 and a positive continuous function h satisfying

R(0) =1, h(s)(u+ Bv) € N\, VB ER, || <.
Hence, taking € > 0 possibly smaller enough, we get
h(B)(u+ pv) e Ny, VB R, |B] <e.

The case u € N, ; . may be obtained in the same way. This completes the proof of
the Lemma 3.4. O

4. Proof of the main result

For any u € Ny, we have Jy(u) = Jx(|u]), then we can assume without loose any
generalities that all functions of the set Ay are non negative. Using Lemma 3.2 and
3.3, we can denote

mT = inf Jy(u) and m~ = inf Jy(u). (4.1)
ueNY ueNy

Proposition 4.1. Let A € (0,7, ). Then, m* = infue/\/j Jx(u) < 0.

Proof. Recall that for v € /\/';r7 we have
a(p(m +1) 4+ a — 1)|Jul[PC ) — X(q + a)/ lu(z)|* T dx > 0.
Q
Due to the fact that 0 < a < 1 and p(m + 1) < ¢ + 1, we obtain

a qua
J e p(m+1) 4 / lad
Aw) = eyl T A et Tg

1+a—p(m+1) pim+1)+a-1 [P+
p(m+1)(1 — ) (¢g+1)(1+ )

- a(l - a(l_p((:; = 1)) (qur 1 p(m1+ 1))||u||p(m+1) <0

||u||p(m+1) +

Consequently,

mt = inf Jy(u) <0, forall A€ (0,T,.q)-
ueNy

O
We divide two steps to complete the proof of Theorem 1.1.

First Step Applying Ekeland’s variational principle to this minimization problem.
There exists a sequence (u,) C N, ;‘ satisfying these properties:
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i) Ja(un) <mt+ 21
i) m™ > Jx(up) — Llu — u, |, for all u € Ny

Due to the fact that Jy(u) = Jx(Ju|), we can assume that u,(x) > 0. Using the
coercivity of the functional Jy on Ny, we deduce that {u,} is a bounded sequence
in E. There exists a sub-sequence denoted again by {u,}, there exists ug > 0 such
that u, — wug, weakly in E, u, — wup, strongly in L(Q), for 1 < ¢ < p*, and
un(x) = uo(z), a.e. in Q, as n — co. Now, from (4.1) and using the weak lower
semi-continuity of the norm, we get Jy(ug) < liminf Jy(u,) = /ifngJA, we see that

A

ug # 0 in Q. Moreover, we have
Proposition 4.2. ug(z) >0, a.e. in Q.

Proof. Applying Hoélder’s inequality, we obtain, as n — oo,

/ui_adx §/ u(lfadx—i—/ | Up — ug |7 dz
Q Q Q

§/ uy”*dx + C' || un — uo ||1L§(QQ)

2

ug”dz 4 o(1).

I
S~

In addition,

S~
S
°T

Q
o,
g
IA
S~

ul~%dx +/Q |t — ug |7 dz

< / ug~*da + C || up, — ug ||L2(Q
Q
:/u}l_adx—&—o(l).
Q
/u}l_adm:/ué_o‘dx—&—o(l). (4.2)
Q Q

/u}fqda: = / ug Tz + o(1). (4.3)
Q Q

Due to (4.2), (4.3) and the weakly lower semi continuity of the norm, we get
a 1 A
Ia(ug) = —||u p(m“)—i/uxl_“dx—i/uxq+1dx
) =~ = [ (@) e o)
1
< liminf {Luunnp(mm —7/ | ()|~ da
p( L—a/g

/ |t (2 |q+1d:1:}
Cl+g

n— 00 1)
= hmlan)\ (un) < 0.

Consequently,

Similarly, we have

Hence, ug # 0 on Q. In the sequel we prove that ug > 0.
Since u,, € Ny, we get

a(p(m+1)+a— 1)Hun\|p(m+1) - Mg+ a) / |un(x)|1+q dz > 0. (4.4)
Q
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Thus we can claim that up to a subsequence w,, (still denoted by w,,), there exists
a constant ¢; > 0 such that

a(p(m +1) + a — 1)||Ju, [P — Mg+ a) /Q [y ()| T da > . (4.5)

That is

(p(m-i—l)—l—oz—l)/Q |y, () dx—)\(q—i-l—p(m—{—l))/Q [t ()72 d2 > 0. (4.6)
Passing to the limit as n — co, we obtain

plm+1)+a=1) [ Juo(@) = de=Na+1=p(m+1) [ fuofa)]'* o > 0. (47)
Next, we argue by contradiction that

(p(m+1)+a—1) /Q ug(z)|1 da:—)\(q—i-l—p(m—l—l))/Q lug(x)[* T2 dz > 0. (4.8)
To prove that assume

(pm+1)+a=1) [ Juo@)* do=Mg+1-p(m+1) [ Jua(o)1dz =0. (49

Since,
al|uy P — A/ |t (2)|1 9 da _/ |t ()|}~ daz = 0 (4.10)
Q Q

and using the weakly semi-continuity of the norm, we get

0> afju|P™ ) — A / o ()19 dx — / Juo () [~ e

= a0 = T [ g (o))!
q m
= aluol} " fﬁj SATCIED
m o —

In view of (3.3) and (3.6)
a+1—p(m+1)

___oata 1 plmFD a1 L
0 <A.B.qptmFita=1 / lup ()"~ dx - )\/ |uo ()[4 da
Q Q

PV Y i
=AB.qrmTD+ae—T1 0

a(g+1—p(m+1)) m+1 %
(@l Loplntd)) g pOn1))
a(pim+1) +a—1)

(¢+a)

which is a contradiction. Therefore, our claim holds true.

Now, let us consider the function ¢ € E, with ) > 0. From Lemma 3.4 with u =
Uy, there exits a sequence of continuous functions h,, = hy(t) such that h, (¢)(u, +
ty) € Ny and h,(0) = 1. Hence,

Jluo [P+ = 0,

R0 -+ 007D =) [ () + 00/
Q
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R0 [ fuala) + 10l =0,
Q
Due to (4.10), we obtain
0=a (R () — 1) un + wnpw“+a<||un+w||p<m“>fHu om0
A0 /|un Y-t 1T dz— (Lo /|un )4t dx
- /Q (Tt () +£8)2 — i ()]~ — A /Q (Tt () + 48]+ — ()| )
<alhE D () — 1) + P 4 affun + EB[PD iy [P
CABEY(1) — 1) / (It (1) + 1740 — g ()] H) dt
Q
— (W) - 1) / (n () + 1)1
Q

Dividing the above quantity by ¢t > 0 and passing to the limit as ¢ — 0, we get

0 <11, (0) [ap(m-+1) g [P0 = (1-a) /Q<un<x>>1*adm<1+q> /Q () 1]

() = i () =21 () — 0 () (4 (2) — ()
+p(m+1) /Rzn |x_y‘n+sp dxdy
=H,0)[alplm + 1) = g = )P + (g ) [ (wn(2)! -]
() = 10 () 2 (1 () — 0 () (4 (2) = 0(3)
+p(m+1) /RQH 7 — [ dzdy,

where h/,(0) € [—o00,00] denotes the right derivative of h,(t) at zero and since
uy, € N, h.,(0) # —o0. To simplify, we suppose that the right derivative of h,, at
t = 0 exists. Moreover, from (4.9) h/,(0) is uniformly bounded from below. Now,
using the condition (ii), we get

) = 11+ 28 ()2 > () = i )+ 10)
e e NI TUEY
ap((?;r;;rr 11))(+a a)l WP (1) [ +tw”1)(m+1
i
P [l P4 P70 4 (0= D)l
A e 4 ()4 87 (=) | (o401,

If we divide the last inequality by ¢ > 0 and we pass to limit as ¢ — 0, we get

[, (O) 1w ()] + ([

n
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i i
2hn(o) { q+a / (1 ()1~ — ap(m +1)+a—1 [P0+

I—al(g+1) (1-a)
(m+1)+a L Jun(z) = un(y) P72 (un (@) —un () ($(2) —9(y)))
K = o=yl o
q+a q
(I-a)(g+1) /l tn ‘H dr.

Due to (4.9), there exists a positive constant C' > 0 such that

LI D @y = D (- de - > 0

(4.11)
Combining (4.9) and (4.11), A, (0) is uniformly bounded from above. Consequently,

h!,(0) is uniformly bounded for n large enough. (4.12)

Hence condition (ii) implies that for ¢ > 0 small enough,
Ia(un) < I\ (hn(8)(un + 1)) + *llh (t) (un + 1) — . (4.13)
Therefore,
% (1hn () = Ulfunll + thn @O)][¥1])
Z% 172 () (un + ) = unll = Ix(un) — Jx (hn(t) (un + t9)))

m—+1 —
_ a(hfl( i )(t) — 1) ”u ||p(m+1) + h’}L a<t) -1 / ul_o‘d:r
p(m +1) " l -« a "

+ (1) / ((un + th)t T — u}fa) dx
Q

h’zr)b(erl)(t)

p(m+1)

l1—«
(/ (PO = Yy +twllp(m+l))dx)
Q
A

A
h1+q / o+t I+q _ g 1+ag hita) —1 / 1+a ..
) (o )l T (0 1) [t

Passing to the limit ¢ — 0 after dividing by ¢ > 0, we get

(1B 0) sl + 1)

> = b 0) a0+ [ iode s [ ubroas]
Q Q
+ /\/uzwdx_a”un”pm/ |un(x)_un(y)|p72((un(x)_un(y))(¢(x)_w(y)))dzdy
) R2n

o=yl

1 t l-a _ ,,1—«
+ lim inf / <(Un + 1Y) Un dm)
t—0+ 1—a Jq t

and so

(1B, ) sl + 51
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_ m [ [un(@) = un(y) P2 ((un(2) —un(y) (P (2) =¥ (y)))
o [ugde—alun [ Ll drdy
-« l—a
+limint g i a /Q ((un ) - - dx) ‘ (4.14)

Consequently,

l-a _ 11—«
lim inf 1 / ((un + 1Y) Un dx)
Q

t

<

(IR O] fam ) + 41]) — A / Wb
Q
+N%Wm4%wam—uawp(wum—uawwmm—wwnmmy

o =y

(4.15)

Using the fact that
(U +tp) ™% —ul™] >0, Ve, Vt>0

and applying Fatou’s Lemma we get

1 " t l-a _ ,1-«
/u;“wdwgliminf /<(u )T — b )dx'
Q t—ot 1 —a Jo n

In view of (4.15), we obtain

[ an <aluntpr [ 1)t )t V)0 o,

o=y

w, for n large. (4.16)

A / wlypde + 1, (0)
Q
Using (4.12) and applying Fatou’s Lemma again, to conclude that ug(z) > 0 a.e.
in . In addition
— p—2 — —
N R el O RO U ET P
R2n

o =y

2/ uaawdx—i—)\/ udpde, (4.17)
) Q

for all ¢ € E, with ¢ > 0. Now, we prove that ug € N for all A € (0,7, ). Then,
choosing 1 = ug in (4.16), we obtain

al|uol P+ Z/u(lfo‘dx—l—)\/u(l)Jrqdm.
Q Q

On the other hand, from (4.10) we get
aljuo [P+ < / ug “ dr + /\/ udpdzr.
Q Q

Hence, for ¢ = ug we obtain

al|ug P+ :/Qu(l)_“ dac—l—)\/guéﬂdx. (4.18)
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Therefore, ua' e N, ;\" as required. In addition, we have

a lim_ [Ju,|[P0" ) = /(uar)l_o‘ dx+)\/(u6r)1+qu.
Q Q

n—00

Due to (4.10) and (4.18), we get by the limit as n — oo
a(p(m + 1) + a — 1)|Jue|[P 1 — g + a)/ |ug ()T dz > 0.
Q

It’s the required inequality, proving that ug € N, )\+ .

Second step. wug is a solution of problem (Py). Our proof is inspired by SUN
and SW [31]. Let ¢ € E and € > 0. We define ¢ € E by ¢ := (ug + €)™, where
(uo + €¢)T = max{ug + €¢,0}. It follows by using equation (4.17)

osamuwném1”“”‘W@W”<$§?H£?@»wuo—w@m
/uaawdx—/\/uowdx
pm [ |uo(z )P~ ((uo(@) — uo(y))((uo + €¢)(x) — (uo + €9)(y)))
=l | ol

—/uao‘(uo—l—eqb)dx—)\/ug(u0+e¢)daz
Q Q

where K = {(z,y),uo + €¢ > 0};

:a||un||7””/ luo () — o (y) [P~ 2 ((uo(2) — uo(y))((uo + €0) () — (uo + €9)(y)))

o=yl

—/uaa(uo—i—e@dm—)\/ug(uo—i—egb)dﬂc
Q Q

:a||un||p(m+1)—/9u(1fadaz—)\ i q+1d:c—/ﬂ(uao‘q§+)\ugq§)dac

+ ealjun |[P™ /R% luo(2) — uo(y) [P~ ((uo(x) — uo(y))(d(x) — ¢(y)))dmdy

o =yl

—aljun ||

m/ \UO(w)*Uo(y)lp*Z((Uo(x)*UO(y))((UOH(Jﬁ)(ﬂS)*(UO+6¢)(y)))dxdy
H

o=yl

— / ug “(uo + €9) + Aud (uo + €9))dx
{(E’y)’u0+5¢§0}

where H = {(z,y),uo + ¢p < 0};

—eal|un|[P™ /Rzn luo(z) — uo(y) P72 ((uo(z) — uo(y))(o(x) — qs(y)))dxdy

o =y

—€ /Q(Uaa(b + Audo)dx
— al|un ||P™ |uo () —uo (y)[P~ ((uo(x) —uo(y)) ((uo+e¢) (x) — (uo+€4) ()))
H

o=yl

dxdy
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76/ ug “(up + €¢) d;vf)\/ ud(uo + €d)dx.
{®,u0+ep<0} Q

On the other hand, the measure of the set {z : ug+e¢ < 0} tends to zero as e — 0F.
Then if € — 07, we get

/ |uo () — uo(y) [P~ ((uo (=) — uo(y))((uo + €¢)(x) — (uo +€)(y)))
H

o=yl

dxdy — 0.

Passing to the limit as e — 0T after dividing by € > 0, we obtain

o [ J00(@) — w0 ()P ((uo(x) — uo(®)($(2) = 6(v)))
allual™ [

o =yl

—/ugo‘d)dx—)\/uggﬁdwzo.
Q Q

Note that the equality holds true if we replace ¢ by —¢ implying that ug is a positive
solution of problem (Py).

Step 2: In this step, we show that problem (P)) possesses a positive solution in
N, . The needed tool is similar to the first step. Precisely, we apply Ekeland’s

variational principle to the minimization problem m~ = irj\f[ Jy(w) there exists a
weN

sequence {wy} C N \ satisfying

i) Ja(w,) <mt+ L

i) Jx(w) > Jx(wp) — [jw — wy |, for all w € Ny~
Since Jx(w) = Jx(|w]), we may assume that w,(x) > 0. Consequently, as Jy is
coercive on Ny, {wy,} is a bounded sequence in E, going to a sub-sequence denoted
by {w,}, and wy > 0 such that w, — wy, weakly in F, w,, — wy, strongly in
L'=%(Q), and LP(Q2), for 1 < p < p*, and w,(r) — wo(x), a.e. in Q, as n —
oo. Now, from (4.1) and using the weak lower semi-continuity of norm Jy(wg) <
liminf Jy (wy,) = }\Iflf])\, we see that wy # 0 in . Now, we prove that wo(z) > 0

a.e. in €. Similarly to the arguments in Claim 1, we start by observing that, since
wy, € Ny, one has

a(p(m+1) + a — 1) Jw, P+ — X(qg + a)/Q lwy, ()| T4 dz < 0.
Analogous Calculation gives us

a(p(m+ 1) + a — 1) we P — X(g + 04)/Q lwo(2)|* T4 dz < 0.
After that we consider the function v € FE, with ¥ > 0 and using Lemma 3.4
with w = w,,, there exits a sequence of continuous functions h,, = h,(t) such that

o (t) (wy, +ty) € Ny and h,(0) = 1. Repeating the same argument as in the claim
1, we obtain first that A/(0) is uniformly bounded for n large enough and we get

o [ lwo(z) — wo) 2 (o) — wo()(6(x) ~ 9())
0 <l [ o

—/w(jaqbdx—k/w(q)(bdx,
Q Q




Multiplicity results for a Kirchhoff singular 899

for all function ¢ € E. The last step is similar to the second step, in which we prove
that wy € Ny is also a positive solution to the problem (Py). Therefore, we obtain
at least two positive weak solutions as required. O
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