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1. Introduction

We consider the three-order neutral differential equations with multiple deviating
arguments of the form

p(t) = 2" (t) + cx” (t — 1) + az(t)x” (t) + a1 (t)x' (t) + ao(t)x(t)

+Zﬁi(t)gi(x(t—n(t))). (1.1)

where |c| < 1, 7 is a constant, as(t), ai(t), ao(t), 7(t), Bi(t) (i = 1,2,...,n)
and p(t) are real continuous functions defined on R with positive period T and
gi(z) (i=1,2,...,n) are real continuous functions defined on R.

Recently, the existence of periodic solutions for differential equations have arouse
extensive attention. Most of the results obtained in literature are about the periodic
solutions on delay differential equations. Only a small portion of the results [1,2,
5,8,18,19,21] concern the periodic solutions on neutral differential equations. For
the detailed basic theory, we would like to recommend interested readers to refer
to [3,6,10-15,17,20,22-24]. This note is inspired by [7] and [9] which discuss the
existence of multiple periodic solutions for neutral differential equations with one
and two order, and now we study the existence of periodic solutions for neutral
differential equations (1.1) by applying two diverse methods.

The following note will be described in these aspects. In Section 2, using Kra-
noselskii fixed point theorem to reveal that (1.1) exists periodic solutions. In Section
3, we state that Mawhin’s continuation theorem is used for proving the existence
of periodic solutions for (1.1).
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2. Existence of periodic solutions (I)

For the integrity of this note, we first suggest that the reader refer to appendix
about Theorem A ( Kranoselskii fixed point theorem) and Theorem B (Mawhin’s
continuation theorem )(see [4]).

Throughout this paper, to establish our main result, we assume the following
conditions hold.

M, = > = 1 — 1 .
(V1) M tg[l%]ak(t)_mk tg[lgg]ak(t)>0(/€ 0,1,2);

() BZ = max Bi(t) > Bi(t) > BV = inf Bi(t) >0 (i =1,2,...,n);

te[0,T] te[0,T)
(Vs) M < (F)%
(Vi) 2ToMoM; — C* > 0 and (2ToMyM, — C*)A* — B*D* > 0, where

T M, T2 T M,

A =1 = TR - M) L B = =
= (

(M= ma) () el

M, + ToMy)[M; + To(My —mg + 7)),

(M1 + TO’Mo)[Ml + TO'(MO + mo + ’}/)]
and y= > Bi@)ri will be given in Theorem 3.1.

i=1
For the sake of convenience, let

Wy — 2M1 +TO'M() o M()+T0'M1
R V- T A
i i
and
= e Bax z; gi(x @)l + max |p(®),
where kK = M, T o= C%T and Ky will be given in Theorem 2.1
N QSini\/MilT, - AMi%T 1 0 8 o
2 e —

Theorem 2.1. Let assumptions (V1) — (V3) be satisfied. Assume there exists a
constant Ko > 0 such that

hQ[MQKQ + (M1 — ml)Kl + hg] < [1 — 2|C| — hQ(M() — mo) — |C|l€h2M1]K0, (21)

where
K- hidyMs + dyds
P a1 2lef — hy(My — my)) — hido My’
Ky — da(h1dy Mo + dyds) n %
d3(d3(1—2|0| —hl(Ml —ml)) —hldgMg) d3’
e o (da My + d3My)(hids Mo + dyds) ds Mo Ko+ hsds+ds Mo
3 d3(1—‘C|)[d3(1—2|c‘—h1<M1—ml))—hldgMg] (1— |C‘)d3 ’

here

dy = hi[(Mo — mo) + |c|M1k] Ko + hihs,
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dy — (Mohl + K)(Ml — ml) + My
2 = )
M,
d _ Ml — 2|C‘M1 — Mg(thO + H)
3= A
and
3
[hl(MO —m0)+H]M0+|C|I€(h1MOM1 +M12) hiMy + Kk
dy = i Ky + i hs.
1 1

Then (1.1) has a nontrivial T-periodic solution.

For the sake of testifying Theorem 2.1, we first need to assume
X: = {z]|zr € C}(R,R),z(t + T) = x(t), for each t € R}

and (% (t) = z(t) and define the following norm on X.

= t (¢ "¢ e
||| tgﬁﬁlx()I+tg3§]\x()l+t33§]lw ()|+tgg§]|w ®)l,
and set
Y: = {yly € C(R,R),y(t +T) = y(t),for each t € R}.

We define the norm on Y as follow ||yllo = rrf(?)%] ly(t)|. Therefore both (X, || - ||)
telo,

and (Y, || - ||) are Banach spaces.
Meanwhile if z € X, then 2(?(0) = ()(T) (i = 0,1,2). For the convenience of
our proof , the following Lemma (see [17]) is used by us.

Lemma 2.1. Let M be a positive number with 0 < M < (%)2 Then for any
function ¢ defined in [0,T], the following equation

2 () + Ma(t) = p(t)
x(0) = x(T), 2/(0) = 2/(T)

has a unique solution

T
o) = [ Glt.s)eleds,

where
wt—3s), (k—1DT<s<t<kT
G(t,s) =
wT+t—s), (E-1)T<t<s<kT, (keN),
ot :cosoz(.t—T%),
2asin %5~
a=vVM and

T 1
max/o |G(t,s)|ds:M.

t€[0,T]
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From (1.1) and Lemma 2.1, we have

T
(1) = / U(t, 8)[—ca (s — 7) — ag(s)a"(s) — ao(s)x(s) + p(s)

(2.2)
- Zﬁi 8)gi(x(s — 7i(s))) + (M — ai(s))a’(s)]ds,
where
wi(t—t1), (k—1)T <t <t<kT,
Wit ty) = (23
wl(T—i—t—tl), (k—l)TStStlng, (k‘EN),
T
wi(t) = — oalt ~ ),
2cv; sin &
a1 = v/ M1 and
T
1
WU(s,t t1 = —. 2.4
max [ (sl = 57 (24)
From (2.2), by applying a method of constant variation we get
Mo k r /
o) = (7= 1) [ 0(t) [ B t)lpt) + (M - a(0)a'(0)
0 0
—ag(t)z" (t1) — e’ (t1 — 7) Zﬁl t1)gi(x(ty — 7(t1)))]dt1ds
My ¢ M, T
(T 1)/ ()3 2 (5) —/ W(s, t)ao () z(t )dti]ds
0 1 0
- T (2.5)
+ / ot s) / (s, 1) [plt) + (My — aa(00))a’ (1) — azltr)a” (1)
0 0
" ( Zﬁz (t1)gi(z(ts — 7i(t1)))ldtrds
T M, T
—|—/ D(t, 8)[—x(s) —/ U(s,t1)ag(tr)x(tr)dt1]ds,
0 My 0
here N
o (s—1)
®(t,s) = Mo ) (2.6)
eM” —1
Mgy
e M1
and .
¢ My(1— e ™t M
/ <I>(t7s)d‘9: 1( Moe : ) < Mol .
0 Mo(e™m ™ —1)  My(emn ™ —1)

Now we give the proof of Theorem 2.1.
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Proof. For each z € X, define the operators U : X — X and S : X — X as
follows:

(Uz)(t) = —ca(t — ) (2.7)
and
Mo t T
(S2)(t) = (37 — 1) / B(t, 5) / (s, 1) [p(tr) + (My — ar (02)2 (1)

- az(tl)l'//(tl) - Cl‘m(tl - T) - Z Bi(tl)gi(l'(tl — Ti(t1)))]dt1d$

J%)Tf t s %xs — ' s, t1)a T S
T 1) ool - [ B tna(en)inld s

+/0 O(t, S)/O (s, t1)[p(t1) + (My — ay(t1))a' (t1)

—ax(t1)z" (t1) — ' (ty — 7) — Z Bi(t1)gi(x(ty — 7i(t1)))]dt 1 ds

i=1

T M. T
+/0 @(t,s)[ﬁ?x(s)—/o W(s, t)ao(t)z(t)dtlds + ca(t — 7).

Thus the fixed point of U + S is a T-periodic solution of (1.1).
To prove that U and S satisfy the conditions of Theorem A. Set

G={reX:la(t)] <Ko, [2/(t)] < Ky, [2" ()] < K, |27 (1) < K},

here K; (i =0,1,2,3) are as in the statement of Theorem 2.1. Then G is a bounded,
convex and closed subset of X.

(1) For every z,y € G, we need to show that

|Uy + Sz| < Ko, (2.9)
L1y + (s < K, (2.10)
|d2[(Uy)(t;t;r (Sw)(t>]| < K, (2.11)
and 3
|d [(Uy)(tc)lt: (Sw)(t)]| < Ks. (2.12)
It follows form (2.7) that
d ,
S U2)(0)] = —ca'(t = 7), (2.13)
Pl Uz))]
and 3
M = —cx”/(t —T). (2.15)

dt3
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Note that
T T
/ U(t,s)x" (s — 7)ds = M, / U, (t, s)x(s — 7)ds, (2.16)
0 0
where
wit—s), (k—1)T<s<t<EkT,
Wy(t,s) =
wT+t—s), (k—1DT<t<s<kT, (keN),
and
oo _sinal(t -1
28111%

It follows from Lemma 2.1 that

T
/ U(t,s)z" (s — 1)ds
0

beosar(t—s—%) T cosan(t—s "
:/O ( )d[sc (s—T)]+/t ( le )d[a? (s —7)]

201 sin Tal 201 sin

tsinoy(t—s — l
s ) apt(s - )

cosaq(t —s — T
ol - [
0

B 2alslnTo‘1 Tg‘l
cosap(t—s+ L Tsno(t—s+ L
1(. T 2)37//(5_7”?_041/ 1(. T Q)d[x’(s—r)]
201 sin 5 t 20y sin =51
sinoq(t—s—1) | sinoq(t—s+ 1) T
= —« (s —7 (s —1
i s R vy s R
T T T
cosai(t —s— 3) / cosay(t —s+ 3)
dlx(s—T1)] + dlx(s—T
rapy [ el T dlels =+ [ et - )
T t o T
5 cosa(t—s—3) . / sinag (t —s— 3)
=« (s —7)|g — « x(s —T1)ds
i 2alsin—T‘2"1 ( Jlo ! 0 20ry sin L1 ( Jds}
T T o T
Cos (1 s+ sinaq(t—s+ 5
a%{ (¢~ T )x(57)|?a1/ ( — 2>z(s—7’)d5}
2arp sin =t t 2a sin =5+
T
:Ml/ U, (t, s)x(s — 7)ds.
0
(2.17)

Thus (2.16) holds.
From (2.1), (2.7), (2.8) and (2.16), we have

(Uy)(t) + (S2)(1)] < 2Jel Ko + %j +To>[Mi1(M2K2 +lIpllo + llgllo
Ky)

My —m (2.18)

+ (M1 —ma)Kq) + (Tlo + [e])

SK()a x,yGX
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According to Lemma 2.1 and (2.8), we can have

d[(Sz)(t)]
dt

My g " /
=2+ ETU)/O U(s,t1)[—az(t)z" (t1) + (M1 — ar(t1))z’(t1)

n - (2.19)
+p(t1) — ZB (t1)gi(z(tr — 7i(t1)))]ds */0 (s, t1)ao(tr)z(t1)ds
x(t1) |c|/ (t1,8)x" (s — T)ds + |c|2'(t — T),
d?[(Sz)(t)]
2
T
_ (21\]‘4410 N J\Ajf To) /O U(s, 1) [—as(t)2" (t1) + (M — a1 (1)) (1)

T
Zﬁz t1)gi(x tl—n(tl)))]ds—/o W (s, t1)ao(t)x(t:)ds

T
Jrfx (t1) c|/ (t1,8)z"( ds+/0 Uy (t, s)[—as(t1)z" (1)) (2.20)

+ (My —my)a' (t1) + p(t1) Zﬂzhgl (t1 — 7i(t1)))]

T M , T
_/0 Wt s)an(t)a(t) + 3 (tl)—|c|M1/0 Uy (b1, 8)a(s — 7)ds

+ |c|z” (t — T)
and
d*[(Sx)(t)]
dts
=p(t) —ca”(t = 7) — az(t)2” (t) — a1 (t)2'(t) — ao(t)z(t) (2.21)
- Zﬁi(t)gz‘(x(t —7i(t))),
where
W) {E;’(t —s), (k=0T <s<t<kT,
W (T+t—s), (k—1)T<t<s<kT, (keN)
and
-, aqcosaq(t— L)
YT 2sin ul

2
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Through (2.1), (2.10) — (2.12) and (2.19) — (2.21), we get

SO + (s2)(0)]
M,
< 2l¢|Ky + (2+ ﬁ?TU)[Ml (MyKy + (My — my) Ky (2.22)
+ (Mo — mo) Ko + [Ipllo + llgllo)] + (2 + %TU)MKKO
< Kj,

PlUY(E) + (Sz)(1)
| dt? |

2My, Mg
< 2|c|K. To My K. M; — K
|C| 2+(M1+M2 )[Ml( 2 2+( 1 ml) 1
K
+ (Mo = mo) Ko + 1plo + llglo) + |elwKo] + - D (223
KM M,
+ (M = m) K+ lgllo + l1plo) + 520 Ko + 3 2K + lelwy/ M Ko
M,y M,y
< Ky
and
dP[(Uy)(t) + (Sz)(t
LD EDON < sty + M + M+ Moo+ llglo + ol g0

< K.
From (2.18) and (2.18) — (2.24), we have Uz + Sy € G if z,y € G.
(2) U is a contraction mapping.

Let z,y € G. It follows from (2.7) that

Uz = Uyl
= tIEr[l(?}T(“ lex(t — 1) — cy(t — 7)| + Hf{?)}] lex'(t —7) — ey (t — 7)|

t _ t— " _ _
+ s ea” (£ = 7) = ey (£ = 7)| + mae fea”"(t = 7) — et/ (t = 7)

= Jell mas [a(t —7) — y(t = )| + max [o'(¢ ~7) — /(¢ —7)

b ‘— " " —
—s—tg%éné lz"(t — 1) —y"(t —7)| + 16%3)% |z (t — 1) —y"(t = 7)]]

= lclllz =yl
Thus U is a contraction mapping for |¢| < 1.
(3) S is completely continuous.

From the continuity of a(t), p(t) and g(t,xz(t—71(t)), x(t—72(t))..., z(t—7,(t)))
for t € [0,T], « € G, we can gain the continuity of S. Actually, if z; € G and
|z — s|]] — 0 as k — +o0, then z € G since G is closed convex subset of X.
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Thus

|S(Ek - Sx\

- | / (t, 5) / (s, 1) {—as(t) () (t1) — (1)) + (M)
= 2 (1)) (@ (1) — 2/ (1)) — clall (b — 7) — 2" (1 — 7)]

Zﬂz tl 9i mk(tl —T; tl Zﬂl tl gz tl - Tl(tl)))}}dtld‘s

=1
T M T
+ [ ool ) ~as) - / Wt )ao(tr) (on(t)
. : T ) 2.25
— w(t))dtds + (T —1)/0 @(t,s)/o U(s, tr){—as(t2) (2 (1) (2.25)

—a”(t1)) + (My — ay (t1)) (2, (t1) — 2/ (t1)) — clay (ts — 7)

—.’L‘”/(t ZB% tl 9i l’k( 1—T; tl Zﬁz tl gz

i=1

My k M,
= 7i(t1)))}dtrds + (™7 — 1)/0 o(t, 5)[M1( k(s) —a(s))
T
- /0 U(s,t1)ag(tr)(xk(t1) — x(t1))dt1]ds + clzk(t — 7) — x(t — 7)]|.

Combing Lebesgue dominated convergence theorem, with (2.19)—(2.21) and (2.25),
we have
lim ||Sz, — Sz| = 0.
k——+oo

Then S is continuous.
We first demonstrate that Sz is relatively compact. It suffices to show that
the family of functions {Sz : x € G} is uniformly bounded and equicontinuous
n [0,7]. From (2.8) and (2.19) — (2.21), it is easy to see that {Sz : x € G} is
uniformly bounded and equicontinuous. S is completely continuous since S is not
only continuous but also relatively compact. We get a fixed point x of U + .S based
on Theorem A (Kranoselskii fixed point theorem). Thus a T-periodic solution of
(1.1) is «. O

3. Existence of periodic solutions (II)

Theorem 3.1. Suppose that (V1) — (V4) hold and let

lim sup 2 < py (6= 1,2, ) (3.1)
|| =00 x
and
| I‘Hn sgn(x)g;(z) = +oo. (3.2)
T|—00

Then (1.1) possesses at least one T-periodic solution.
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Now, let
Z: = {z|z € C3(R,R), x(t +T) = z(t), for each t € R}
and z(®) = z(¢) and define the following norm on Z

o]l = maxc{ mecx [2(t)], max [2/(1)], max 2”()], max " (1)]}.
t

€[0,7] te[0,T) te[0,T] te[0,T)
Let
Y: = {ylye C(R,R), y(t+T) =y(t), for each t € R}.
We define the norm on Y as ||y|lo = II%SL)%] ly(t)]. Both (Z, || - ||) and (Y, || - |lo) are
telo,

Banach spaces. Moreover, if z € Z, then 2V (0) = z)(T)(i = 0,1,2).
Define the operators L: Z — Y and N : Z — Y as following

Lx(t)=2"(t), te R (3.3)
and
Nz(t) = —cz”'(t — 1) — az(t)2” (t) — a1 (t)2' () — ao(t)x(t)
" 3.4
=3 BBaalt — 7)) + plt), £ < R &)
i=1
Then
KerL={x € Z:z(t) =ce R} (3.5)
and
T
ImL={yeY: / y(t)dt = 0} (3.6)
0
is closed in Y. So L is a Fredholm mapping of index zero.
Consider P: Z — Z and @ : Y — Y/Im(L) with
1 (T
Pa(t) = / 2(t)dt = 2(0), t € R, (3.7)
0
for x = x(t) € X and
1 T
Quit) =7 [ wnd, ter (38)
0

for y = y(t) € Y. Then ImP = KerL and ImL = Ker@ = Im(I — Q). It follows that
Lipow Lkes P 1 (I = P)Z — ImL has an inverse which will be denoted by K.

Let Q be an open and bounded subset of Z, we have QN () is bounded and
K,(I — Q)N(Q) is compact. Then the mapping N is L-compact on 2. We have the
following result.

Lemma 3.1. Let L, N, P and Q be definded by (3.3),(3.4), (3.7) and (3.8) respec-
tively. Then L is a Fredholm mapping of index zero and N is L-compact on §2,
where ) is any open and bounded subset of Z.

In order to prove Theorem 3.1, we need the following Lemma (see [16]).
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Lemma 3.2. Let z(t) € C™(R,R) N Cr. Then

. 1 /T
@]jo < 5/ 2 (s)|ds, i =1,2,...,n—1,
0

where n > 2 and Cp: = {z|z € C(R,R), z(t+T) = x(t), for each t € R}.

Now, consider the following equation

() = N—cx'(t — 1) — az(t)2" (t) — a1 ()2’ (t) — ao(t)x(t)

- Zﬂi gila(t —7(t) + p(t)],

where 0 < A < 1.

Lemma 3.3. Suppose that conditions of Theorem 3.1 are satisfied. If x(t) is a
T-periodic solution of (3.9), then there are positive constants D; (j = 0,1), which

are independent of A, such that
|z o < Dy, t€10,T], j=0,1.
Proof. If z(t) is a T-periodic solution of (3.9), set

1 M1 —TU(Mo—mo) B

625[ To

y (3.1), there exists a M > 0 such that

lgs(2(t — 7)) < (s + ﬁnx(t — (), [a(t)] > M (i =1,2,....n).

2

Denote that
B = {t]t € 0,7, |2(t)| > 1},
(Z) = o, T]\E(i)
and
pi = max |g;(z)|
|z|<M

From (3.12) — (3.15) and Lemma 3.1, we get

max |z (t)]

te[0,T7]
< max ea”"(t = )]+ Nlaz (2" ()] + Man ()2/(6)
+ Alao(t) |+)\|Zﬂz Ygilz(t — 7:(6))] + Mp(t)|}

< " M M /t
ICIQ%]IHJ )] + 2tg[lgg>;}lw () + 1tg[1§g>;}lfc()l

+ Mo ax, lz(t)] + e, lp(t)] + ;él;x) |81 () g1 (x(t — 11(2)))]

+ max |61 (t)gr(x(t =71 (t)))] + ... + max, |Bn (£)gn (x(t = 7a ()]

zGE

(3.10)

(3.11)

(3.12)

(3.13)
(3.14)

(3.15)

(3.16)
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+ max, |Bn (1) gn (x(t — 1o(1)))]
zeE,

s

< le| max [2"(t)] + My max |2"(£)] + Mill2'[lo + Mollz]lo
te[0,T] te[0,T

+ (v +e)lzlo+p+pllo
T My T
< e "y M (= 2 e
< fel mase |2 ()] + =5 mae |2 (8)] + M (5)? max [2"(0)

My +To(My + mo + )
+
2T

)

lzllo + C,

— n
where C'= p+ ||pllo and p = > p;. Furthermore, for ¢ € [0,T], we obtain that
i=1

max |$N/(t)‘ S (A*)fl[Ml + TU(MO + mo + 7)

te[0,T7] o |lzllo + C1. (3.17)

On the other hand, it follows from (3.9) and Lemma 2.1 that

T
a'(t) = / Gr(t, t)A[(My — ay(t1))' (t1) + p(tr) — ea”'(t1 — 7)
0 (3.18)

- Zﬂi(tl)gi(z(tl —7i(t1))) — ao(t1)z(t1)]dt,

where
wl(t—tl), (/ﬂ—l)TgtlStSkT

Gi(t,t1) = (3.19)
wl(T—I—t—tl), (k‘—l)TStStlSk’T, (k’EN),

cosay (t — L)

f) = 2" 5) 3.20
wilt) 201 sin (“QT ( )
o] =/ )\Ml and
T
1
t,ty)|dty = ——. 21
max [ (Gt lin = (321)
From (3.18), we have
a(t)

M,

= (eﬁ(fT - 1)/0 AD(t, s)/o G1(s,t1)[p(t1) + (M1 — a1 (t1))2' (t1)
- ag(tl)it//(tl) — c;v”’(tl - 7') — Zﬁz(tl)gz(x(tl — Tl(tl)))]dtlds
i=1

Mg t T
+(eWT—1)/O @(t,s)[%x@)—/o AG1(s,t1)ag(tr)z(tr)dt]ds  (3.22)

T T
+/0 )\@(f, S)/O Gl(s,t - ].)[p(tl) + (M1 - al(tl))m (tl)

- ag(tl)l‘”(tl) - CZL'W(tl - T) — Zﬂl(tl)gz(x(tl - Ti(tl)))]dtlds

i=1
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T T
+ /0 B, s)[]\]\/ﬁ (s) - /0 AGa (5, t1)ao () z(t )dta1ds,

here ®(t, s) is as in the statement of (2.6).
According to (3.22) and Lemma 3.2, we have

Izl
TU 1 " " /
< G 5 el + el ma [ (8)] + Malla” o + (M = ) |2

+ (Mo — mo)llzllo + m[%XT][/E§1> 1B1(t1) g1 (z(ty — 71(t1)))|dty

/E“) |B1(t1)g1(x(ty — 71(t1)))|d1] + ... + max [/Ei) 1B (t1) gn (x(t1

t1€[0,T] (3.23)
= rtldt + [ 1Bt (el = ) )
2
< (G 3p){el max |« (0] + Ma(5) max 1« (0)] + (O
= ma)(5)? s (o (2)] + (Mo = o)l + 3+ 2) el + O
By (3.23), we obtain
2T o (ToMy + M,)[B* e |2 (t)| + C]
lzllo < 2To MMy — (ToMy + My)[My + To(My — mg + )] (3:24)
Combining (3.17) and (3.24), we have
2ToMyM, — C* 4+ D*)C
e [ (O] < (2Efo—MOJ\O41 - C*)A:L— B)*D* (3.25)
— Dy
and
2To(ToMy + M), (2ToMoM, — C* + D*)B*C  —
lelo < S Fanont, — ¢+ \(2Todphty — A" — B D" T C (3.26)
— D
According to Lemma 3.2, (3.25) and (3.26) we get
l2@|o < D; (i =0,1). (3.27)
The proof of Lemma 3.3 is complete. O

Now we give the proof of Theorem 3.1.
Proof. Let x(t) be a T-periodic solution of (3.9). Then by Lemma 3.3, we have
positive constants D; (i = 0,1,2,3) which are independent of A such that (3.10) is
true. By (3.2), we know that exist a M > 0, such that

1 —
sgn(x)gi(z) > Wllpllo, z(t)] > M. (3.28)
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For any positive constant D > orgaé(s{Di} + M.
717

Let
Q: ={zeX, |z| <D}

Then L is a Fredholm mapping of index zero and N is L-compact on Q (see [2]).
In terms of valuation of bounds of period solutions in Lemma 3.3 for any x €
00 N Dom(L) and A € (0,1), Lz # ANz. For any = € QN Ker(L), = = D or
x = —D. It follows from (3.2), (3.4), (3.8) and (3.28), we have

(QNa) = /[p 2t — 7) — as(£)2" (1) — ax (£)2 (2)

— ag(t Zﬁz )gi(x(t — 7i(t)))]dt
# 0.
In particular, we have
I & _
7T/ lao()D + Y Bi(1)g:(D) — p(t)]dt < 0

and

Thus, for each x € KerL N 9N and 7 € [0, 1], we get

zH(z,n)
. T
= —nz? — T(l -n) /0 [—p(t) +cx” (t — ) + az(t)x”" (t) + a1 (t)2'(t)

+ao(t +Zﬁz gi(a(t = i(1)))dt
£0.

Hence, H(x,n) is a homotopy. This shows that

deg{QN,Q N Ker(L),0}

T
~ deg{— = /0 (—p(t) + cx’ (t — ) + as ()2 (£) + ar ()2 (¢)

+a0 +Z/Bz gz t_TZ( )))}dt,QﬂKer(L),O}

£0.

By Theorem B, the equation Lz = Nz has at least a solution in Dom(L) N, then
there exists a T-periodic solution of (1.1). This completes the proof. O

Similarly, we can prove Theorem 3.2. Details are so omitted here and left to the
readers.
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Theorem 3.2. Suppose (V1) — (Vi) hold and also assume

. gi(x) ;
] 9\ =12, 3.29
Jm a2 <= 12,m) 3:29)
and
lim  sgn(x)g;(z) = 0. (3.30)
|z]—0+

Then (1.1) possesses at least one T-periodic solution.
Appendix

Theorem A (Kranoselskii fixed point theorem). Let  be a Banach space
and X be a bounded, conver and closed subset of Q. If U, S : X — Q satisfy the
following conditions:

(1) Uzx+ Sy e X for every x,y € X
(2) U is a contraction mapping
(3) S is completely continuous,

then U + S has a fized point in X.

Theorem B (Mawhin’s continuation tlleorem). Let L be a Fredholm mapping
of index zero, and let N be L-compact on Q). Suppose that

(1) Lx # ANz, where A € (0,1) and x € 052, and
(2) QNxz #0 and deg(QN, Q2N Ker(L),0) # 0, where x € 00 N Ker(L),

then the equation Lx = Nx has at least one solution in QN D(L).

Notation. Let X and Y be two Banach spaces. Suppose that L : DomL C X — Y
is a linear mapping and N : X — Y is a continuous mapping. Then the mapping
L is said to be a Fredholm mapping of index zero if dim KerL = codim ImZL < +o0,
and ImLZ is closed in Y.

Let L is a Fredholm mapping of index zero. Then there exist continuous pro-
jectors P : X — X and @ : Y — Y such that ImP = KerL and ImL =
Ker@ = Im(I — Q). Thus L|powm Lrxe p : (I — P)X — ImL has an inverse which
will be denoted by K,. Suppose that 2 is an open and bounded subset of X.
Then the mapping N is said to be L-compact on  if QN () is bounded and

K,(I —Q)N(Q) is compact. For ImQ is isomorphic to KerL, there exists an iso-
morphism J : Im@Q) — KerL.
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