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INFINITELY MANY SOLUTIONS FOR
NON-AUTONOMOUS SECOND-ORDER
SYSTEMS WITH IMPULSIVE EFFECTS*

Chun Li"f, Lin Li? and He Yang®

Abstract In this paper, we establish the existence of infinitely many so-
lutions for a class of non-autonomous second-order systems with impulsive
effects. Our technique is based on the Fountain Theorem of Bartsch and the
Symmetric Mountain Pass Lemma due to Kajikiya.
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1. Introduction and main results

We consider the existence of infinitely many periodic solutions for the following
second-order Hamiltonian systems with impulsive effects

i(t) + V(t)u(t) + VIV (t,u(t)) =0, a.e. t €1[0,7],

Aa'(ty)) = a'(t]) —a'(ty) = Lij(w'(ty), i =1,2,--- \N,j =1,2,--- 1, (1.1)

w(0) — u(T) = u(0) — w(T) = 0,
where T > 0, V(¢) is an N x N symmetric matrix, continuous and T-periodic in
toout) = (ul(t),u?t), - ,ulN(t)), tj, 5 = 1,2,--- 1, are the instants where the
impulses occur and 0 =ty < t1 < ta < -+ <G < tyy1 =T, L; R > R =

1,2,---,N,j = 1,2,--- 1) are continuous and W (t,z) : [0,7] x RN — R is T-
periodic in ¢ for all z € RY and satisfies the following assumption:

(A) W (t,r) is measurable in ¢ for each x € RY and continuously differential in
for a.e.t € [0,T] and there exist a € C(RT,RT), b € L*(0,T;R™) such that

(W(t,o)| < a([z))b(t),  [VW(E,2)| < allz])b(?)
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for all z € RY and a.e.t € [0,7], where VW (¢,z) denotes the gradient of
W (t,z) in .

As a special case of dynamical systems, Hamiltonian systems are very important
in the various applications in mechanics, electronics, economics and so on. In 1978,
Rabinowitz [20] published his pioneer paper for the existence of periodic solutions
for Hamiltonian systems via the critical point theory. From then on, there has been
a vast literature on the study of existence and multiplicity of periodic solutions for
Hamiltonian systems, see [4,8,13,14,21,24,25] and the references therein.

In recent years, some classical methods and techniques such as the coincidence
degree theory, upper and lower solutions method, iterative technique, fixed point
theory have been applied to study the impulsive differential equations by many
researchers, due to its widely application in various problems of technology and
science, see [3,7,9,10,12,16,17,22,23,26,28-30] and the references therein. Espe-
cially, Nieto and O’Regan [16] presented a new approach via variational methods
and critical point theory to study the existence of solutions to impulsive problems.

In the present paper, we are interested in the existence of infinitely many so-
lutions of problem (1.1) under some new conditions. With the aid of variational
methods, we get the multiplicity results for both superquadratic and subquadratic
cases, which generalize and sharply improve the results in [7,23]. Moreover, our
proofs are much simpler.

1.1. The superquadratic case

By applying a variant of Fountain Theorem (see [31]), Sun, Chen and Nieto [23]
proved the existence of infinitely many solutions for system (1.1), where W (¢, ) is
even in x. The following theorem was obtained.

Theorem 1.1 (Theorem 1.1, [23]). Assume the following conditions hold:
(V1) V(t) = (vi;(t)) is a symmetric matric with v;; € L>([0,T]) for everyt € [0,T].

(Va) There ezists a positive constant v such that V (t)u-u > v|u|? for every u € RN
and a.e. in [0,T).

(Ho) Lij (i =1,2,--- ,N,j=1,2,---,1) are odd and satisfy
/ Ii(t)dt >0 for all s € R.
0

(H1) S
2/ Lij(t)dt — I;;(s)s >0 for all s € R.

0
(H2) There exist constants a;j, bijj > 0 and ~;; € [0,1) such that

‘IZJ(S” < Qij + bij|8 Vig fOT’ s e R.

(H3) lim % = +oo uniformly for t € [0,T].

|z|—+o00
(Ha) W(t,0)=0,0 < W(t,x) = o(|x]?) as |z| — 0 uniformly for t € [0,T].
(Hs) There exist constantsa > 1,1 < <1+ “7_17 ¢, cg > 0 and L > 0 such that
(VW (t,x),x) — 2W (t,z) > c1]z]®, |[VW(t,x)| < 02|x|5
for every t € [0,T] and x € RN with |x| > L.
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(He) W(t,—x) = W (t,z) for allz € RN and a.e. t € [0,T].
Then problem (1.1) has infinitely many solutions.

In [7], Chen and He established the following result for system (1.1), which
improves Theorem 1.1.

Theorem 1.2 (Theorem 1.4, [7]). Suppose that (V1), (Ho), (Hz2), (Hs), (He) hold.
Assume the following conditions hold:

(V) There exists v/ > 0 such that V(t)u-u > —v'|u|? for every u € RY and a.e.
in [0,T).

(H}) There exists Lo > 0 such that

2/ Iij(t)dt — Iij(s)s > 0 for |s| > Lo.
0

(Hi) There exist constants A > 2, p > X\ — 2 such that

(VW (t,x),x) — 2W (t, ) >0

and

lim sup 3
|x] =400 “’E|

uniformly for a.e. t € [0,T).
Then problem (1.1) has infinitely many solutions.

Here, applying the Fountain Theorem due to Bartsch (see [2, Theorem 2.5]
and [27, Theorem 3.6]), we obtain the existence of infinitely many solutions for
problem (1.1) with some more general conditions, which generalizes and improves
upon the results mentioned above. The following theorem is established.

Theorem 1.3. Assume that conditions (Ho), (H}), (Hz2), (Hs), (He) hold and
W(t,x) satisfies the following condition:

(Hz) There exist constants a1 > 0 and Ly > Lo such that

(VW (t,z),z) — 2W (t, ) > |%W(t,w)

for all z € RN with |z| > Ly and a.e. t € [0, 7).

Then problem (1.1) has infinitely many solutions.

Remark 1.1. Clearly, condition (H7) is weaker than (Hs) and (#5). Moreover,
conditions (V1), (Va), (V3) and (H4) are removed. So, our Theorem 1.3 extends
Theorem 1.1 and Theorem 1.2. There are functions W (¢, z) satisfying our assump-
tions of Theorem 1.3 and not satisfying the conditions of Theorem 1.1 and Theorem
1.2. For example, set

W(t,2) = |2[* In(1 + |2]*) + sin(|2]*) — In(1 + |2f?)

for all z € RY and a.e. t € [0,T]. Then, W does not satisfy the result mentioned
above. But W satisfies Theorem 1.3 with aq = 1.
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1.2. The subquadratic case

Sun, Chen and Nieto studied systems (1.1) that are asymptotically case and sub-
quadratic case. Applying the minimax technique, they obtained the two following
theorems.

Theorem 1.4 (Theorem 1.2, [23]). Assume that the following conditions are satis-

fied:

(S1) Lij(t = 1,2,--- \N,j = 1,2,--- 1) are odd and satisfy I;j(s)s > 0 for all
seR.

(S2) There exist constant b;; > 0 and ~y;; € [0,1) such that

|T;;(s)| < bij|s|"  for s € R.

(S3) W(t,z) = §|z|* + F(t,x), where F(t,z) is even in x, p is a positive constant
and not a spectrum point of —% +V and F(t,0) = 0.

(84) There exist (517 by € [1,2) with 1 < minlSiSNJSjSl{fy’ij} + 1 and dq, do >0
such that
dile|™ < F(t,x), |VF(t,)] < daful*™

for all (t,u) € [0,T] x RV,
Then problem (1.1) has infinitely many solutions.

Theorem 1.5 (Theorem 1.3, [23]). Suppose that (S1), (S2) and (He) hold. Assume
that W satisfies (A) and the following conditions:

(J1) W(t,0) =0 for any t € [0,T).

(J2) There are constants ki > 0 and ¢; € [1,2) with ¢; < mini<;<n,1<j<i{7Vi;} +1
such that
W(t,x) > ki|z|*  for any (t,z) € [0,T] x RY.

(Js) There exist constants ko > 0 and (3 € [1,2) such that
VW (t,2)| < ko|z|~Y  for any (t,z) € [0,T] x RY.
Then problem (1.1) has infinitely many solutions.

Here, by means of the new version of the Symmetric Mountain Pass Lemma
established in [11], we obtain the following theorem, which unifies and significantly
improves upon Theorems 1.4 and 1.5.

Theorem 1.6. Assume that the following conditions hold:

USINLIXI S

that
[Lij (s)| < biz|s|" and  Ijj(—s) = —1i;(s)
for|s| <ds5,i=1,2,--- ,N,j=1,2,--- L
(Hg) W(t,—x) = W (t,x) for a.e. t €[0,T] and z € RN with |z| < 53.
(Hg) W(t,0) =0 for a.e. t €[0,T) and
W(t,x)

ols0 22

=400 uniformly for a.e. t € [0,T].

Then problem (1.1) possesses infinitely many solutions.
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2. Proof of main results

Let us consider the functional ¢ on H} given by

o= [ taa ) [ v [ W(t,u)dwii/ou

j=11i=1

“(ty)
I;(t)dt

for any u € Hi., where

Hp={u:[0,T] - RY | u is absolutely continuous,u(0)=u(T), @€ L*(0,T;R")}
is a Hilbert space with the norm defined by

T T %
||u||=</0 () Pt + / |u<t>2dt> .

It follows from assumption (A) that the functional ¢ is continuously differentiable
on HZ.. Moreover, one has

! N

T
<<P’(U)7U>=/O ((i,0) = (V(D)u,0) = (VW (t,u),0)dt + Y Y 1w (t)0' (1))

j=1i=1

for all u,v € H}. It is well known that the solutions of problem (1.1) correspond to
the critical points of . Since the embedding H} < C(0,T;RY) is compact, which
implies that

[ulloc < Clull (2.1)

for some C' > 0 and all u € H}., where ||ulls = maxyepo 7] |u(t)| (see [14]). Letting

T
g(u) = / (1/2)(af* — (V(£)u, u))dt,

one has that

T
q(u) =(1/2)]|ul* ~ (1/2)/0 (V) + Du, u)dt
=(1/2)((I = K)u, u),
where K : H} — HZ is the linear self-adjoint operator defined, applying Riesz
representation theorem, by
T
/ (V1) + Dyu,0)dt = (Ku,v),  Vu,v € H-.
0
The compact imbedding of H} into C(0,T; RY) (see [14]) implies that K is compact.
Using classical spectral theory, the following decomposition holds
H}=H oH o HT,
where H? = N(I — K), H~ and HT are such that, for some § > 0,
q(u) < —(8/2)||ul* if we H™,
q(u) > (6/2)||ul®* if we HT. (2.2)

Let X be a reflexive and separable Banach space. It is well known that there
exist {wn }nen C X, {Wn}neny C X* such that
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(1) (¥n, Wm) = Xn,m, Where Xy m = 1 for n =m and xp,m = 0 for n # m.
(2) span{w,|n € N} = X, span* {¢n|n € N} = X*.
Let X; = Rwj, then X = ®;>:X;. We define

Vi =0h ., X;, Zr =07, X;.

Definition 2.1 (Palais-Smale condition, [14,15,18]). Let X be a Bananch space,
¢ € CYH(X,R). The function ¢ satisfies the Palais-Smale condition if any sequence
{un} C X such that

{p(un)} is bounded, ¢'(u,) — 0 asn — oo,

has a convergent subsequence.

Definition 2.2 (Cerami condition, [6,15,19]). Let X be a Bananch space, ¢ €
C'(X,R). The function ¢ satisfies the Cerami condition if any sequence {u,} C X
such that

{p(un)} is bounded, ¢’ (up)(1+ |lun|]) =0 asn — oo,

has a convergent subsequence.

Definition 2.3 ((PS). condition, [5,14,15,27]). Let X be a Bananch space, ¢ €
Cl(X,R) and ¢ € R. The function ¢ satisfies the (PS). condition if any sequence
{u,} C X such that

o(ug) = ¢, ¢ (up) =0 asn — oo,

has a convergent subsequence.

Palais-Smale condition (PS-condition) was introduced by Palais and Smale in
[18]. This condition and some of its variants have been essential in the development
of critical point theory on Banach spaces or Banach manifolds, and are referred as
Palais-Smale-type conditions. It is clear that the PS-condition implies the (PS),
condition for each ¢ € R. Cerami condition (condition (C)) was given by Cerami [6].
It is well known that condition (C) is weaker than PS-condition. In [2], Bartsch
established the Fountain Theorem (Theorem 2.5 in [2], Theorem 3.6 in [27]) under
the (PS). condition. As shown in [1,15,19], the deformation lemma can be proved
with the weaker condition (C) replacing the usual PS-condition, and it turns out
that the Fountain Theorem is true under the condition (C). So, we have the following
Fountain Theorem.

Theorem 2.1 (Fountain Theorem, [2,27]). Assume that ¢ € C1(X,R) satisfies the
condition (C), o(—u) = p(u). If for almost every k € N, there exist pp > r > 0
such that

(A1)

ar = max  ¢(u) <0,
wEYk,|lull=pk

(A2)

by = inf p(u) = 0o, k — oo,

UE Zy, ||u||l=rk

then ¢ has an unbounded sequence of critical values.
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To prove Theorem 1.6, we need the following Symmetric Mountain Pass Theorem
due to Kajikiya (see [11]). Before stating it, we first recall the definition of genus.
Let X be a Banach space and let A be a subset of X. A is said to be symmetric if
u € A implies that —u € A. For a closed symmetric set A, which does not contain
the origin, we define a genus v(A) of A by the smallest integer k& such that there
exists an odd continuous mapping from A to R¥\{0}. If such a k does not exist, we
define y(A) = co. Moreover, we set v(#) = 0. Let 'y denote the family of closed
symmetric subsets A of X such that 0 ¢ A and y(A) > k. For the convenience of
the readers, we summarize the property of genus that will be used in the proof of
Theorem 1.6. We refer the readers to [21, proposition 7.5] for the proof of the next
proposition.

Proposition 2.1. Let A and B be closed symmetric subsets of X that do not
contain the origin. Then the following hold.

(i) If there exists an odd continuous mapping from A to B, then v(A) < ~(B).
(it) If A C B, then v(A) < ~(B).

(iii) If A is compact, then v(A) < +oo and v(Ns(A)) = v(A) for 6 > 0 small
enough, where N5(A) = {z € X : ||z — A|| < §}.

(iv) The n-dimensional sphere S™ has a genus of n+1 by the Borsuk-Ulam theorem.

We now state the Symmetric Mountain Pass Lemma.

Theorem 2.2 (Theorem 1, [11]). Let X be an infinite-dimensional Banach space
and let o € C*(X,R) satisfy the following conditions.

(1) p(u) is even, bounded from below, ¢(0) =0 and ¢ satisfies the PS-condition.
(2) For each k € N, there exists an Ay € 'y such that sup,,¢ 4, ©(u) <O0.

Then, ¢ possesses a sequence of critical points {ug} such that p(ur) < 0, up # 0
and limy_, oo up = 0.

Now, we can demonstrate the proof of our results.

Proof of Theorem 1.3. First of all, we will prove that ¢ satisfies condition (C).
Let {u,} be a sequence in H} such that

{¢(un)} is bounded and (1 + ||uy,|)||¢’ (un)|| — 0 as n — oo.
Then there exists a positive constant M, such that
lo(un)l < Mo, (1 + [Junl) ¢ (ua)|| < Mo. (2.3)

By a standard argument, we only need to prove that {u,} is a bounded sequence
in H}. Otherwise, we can assume that |ju,| — 400 as n — co. Let v, = Tl one

then has ||v,|| = 1. Going if necessary to a subsequence, we can suppose that

v, — v weakly in H},

v, — v strongly in C(0,T;R") (2.4)

as n — o0.
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By (Hz2), (2.3) and (2.4), we obtain

‘ T w(t,un) 1‘
a2 2
u'(t;)
lp(un)| 1 /T S Sy Jo L (8t
< = V(t) + I)vp, v,)dt 2.5
Sl 3 fy VOF Do et fual? 29
ijt+1
My 1 ) Z 127, 1(@ij[|un lloo + bijl|un )
<5 + 5 (Bo+ DT |loa 1% + == ;
[uall* 2 [[wnll?
where By is a constant such that
|(V(t)x,z)| < Bolz|*> Vo eRY. (2.6)

Here, we claim that v # 0. Otherwise, if v =0, by (2.5), we have

T
fm [ W) g L (2.7)

n=o0 Jo  uall? 2
From (H3), there exists a positive constant Lo > Ly such that
Wi(t,z) >0 (2.8)

for all x € RY with |z| > Ly and a.e. t € [0,T]. By assumption (A), one has

W (t,z)| < ab(t), VW (t,2)| < a2b(t) (2.9)
for all z € RY with |z| < Ly and a.e. t € [0,T], where ay = [ max a(s). Hence, we
Ssx b2

get from (2.8) and (2.9) that
W(t,x) > —asb(t) (2.10)

for all z € RN and a.e. t € [0, T].
It follows from (#H}) that there exist positive constant By such that

2/ Ilj(t)dt — Iij(S)S > 7Bl for s € R.
0
We deduce from (Hr) and (2.9) that

W(t, u,
/ Wt wn)l 4y
(llun @)=L} |Unl

Safl / (VW (t,un), un) — 2W (¢, uy,))dt
{tllun(t)[=L1}

—ap /T((VW(t,un),un) — W (¢, up))dt

ot (W (8, ), 0n) — 2 ()t
{tllun(t)|<L1}
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<aT (20(tn) — (@' (n), un)) + ar (L1 + 2) / axb(t)dt
{t]|un (t)|<L1}
L ) ) ut(t;)
+ ;; (Iz'j(u (tj))u'(t;) — 2/0 Il-j(t)dt)
1

<ay ' (2¢(un) = (¢ (un), un)) +ay (L1 + 2)az||b]| o1 +INBy
<3a7' Moy + a7 (L1 + 2)ag||b||pr + INB;.

Then, we obtain

W t,up) T |W(t,up)]
T W= e
[[wn | o llunll

W(t, un W(t, un
:/ \ (’u2)|dt+/ \ (u2)|dt
(lun@®|>L:3  uall {tun®) <L} unl]

{tllun(6)|>L1} [l ]|

W(t,u, b
<l [ | (?nmazn s
(tllun(@®)]>L1)  [Unl [[wn|

< ol (3a7 Mo + a7 * (L1 + 2)as|[bll 2 + INBy) +

az||b|| 11
[l |2

— 0

as n — 0o, which is a contradiction to (2.7). So, v # 0. Now, letting Q@ = {t €
[0,T] : |v(t)] > 0}, one has |Q| > 0. Since ||u,|| — +o0, one gets |u,| — +oo as
n — oo for a.e. t € Q. From (Hs), one sees

L Wt ()

i RO = +o00 a.e.on S

We conclude from (2.10) and Fatou Lemma, one has

T
t
lim inf Wi ’u”)dt
n—oo [ ||un||2
W (t, up
>liminf< (7’1;)|vn|2dt— a2 . / b(t)dt)
n—o00 0 ‘Un| ||“nH 0,7\
> timint ([ W EUn), 2g, a2l
Tnoee g ful2 " e
i, Un
— lim inf M\%th
n— oo Q |un|2
=+ 00,

which contradicts to (2.5). So, ||uy,]| is bounded. And, the condition (C') holds.
Let {e;}jen be a basis for H}. and define Yj, and Zj, as in Theorem 2.1. Since
dim(Y}y) < oo, all the norms are equivalent. For each u € Y}, there exists constant
C > 0 such that
[ull < Crllul L2 (2.11)
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From condition (#H3), there exists Lg > 0 such that
W (t,z) > (1 + Bo)C%|z|? (2.12)
for all |x| > Lg and a.e. t € [0,T]. From assumption (A), one gets
W (t,z)| < agb(t) (2.13)

for all z € RY with |z| < L3 and a.e. t € [0,T], where ag = max a(s). Hence, we

0<s<Ls
obtain from (2.12) and (2.13) that
W(t,2) > (1+ Bo)C2(Ja? — 12) — asb(t) (2.14)

for all z € RY and a.e. t € [0, T].
Then, for u € Yy, it follows from (2.6), (2.11) and (2.14) that

T T T
o(u) :%/ |u|2dtf%/0 (V(t)u,u)dtf/o W (t,u)dt

1H(t)
+Z /

Jj=11i=1
. B
sf||u||%2 + Slullfe = (0 + Bo)CE(lulfz — L3T) + asllb] o
! N
ZZ (aijlulloo + bigllul25)
e
L Bo 2 = (14 Bo)C2{lul2 + (1 + Bo)CRIET + as]b]
2 0)Ck||U| L2 0)CLig as Lt
N
ZZ(aijnuHm + bl ™)
1+ 2 2712
< — Z 2|2 + (1 + Bo)C2LAT + as|b||
l N
+ 573 (ay Cllul| + b€t a7+,
j=1i=1

which implies that
p(u) > —oco as |u|| = oo, in Y.

So, (A1) of Theorem 2.1 is satisfied for every pi > 0 large enough.
Let us define

Be= s |ufu,
u€Zy[lul=1

then
Br — 0 as k — oo.

Obviously, one has 0 < Biy1 < Bk, which yields 8y — 8* as k — oco. For each k > 0,
there exists uy € Z such that |jug| = 1 and |Jug||eo > 52—’“ Since uy € Zy, one sees



Infinitely many solutions for second-order systems 437

ur, — 0 in HL:. By (2.1), we obtain u; — 0 in C([0,T],RY). Hence, it follows that
B* =0.

Set ri = B,:l, one has
T — 00 as k — oo. (2.15)

Thus, for k large enough such that Z, C HT and 7} > 46 'a4||b||z1, where ay =

Orgaé(la(s). Then, for v € Zj with ||u|]| = 7%, one sees ||u]lw < 1. So, by (Ho) and
_s_

(2.2), we have

1T, 1 (T T
o(u) 77/0 || dtfi/o (V(t)u,u)dtf/o W (t,u)dt

2
LN rui(ty)
+ZZ/ L (t)dt
j=1i=1"70
K} 2 T
> llul —/ W (¢, u)dt
2 0
Slu|?
Z% — ayl|b][ 1

i 4 .
Therefore, it follows from (2.15) and the above expression that

inf o(u) = 00, k — oo.
uEZp,|lull=rk

And, relation (As) is proved. Hence, the proof is completed by using the Fountain
theorem. (]

Proof of Theorem 1.6. We consider the following truncated functional

1 1 (T 1 (T T
o) =3l =) (3 [ Par+ 3 [ @ues [ Wi
2 2 Jo 2 Jo 0
LN pui(ty)
_ ZZ/ Iij(t)dt)
j=1i=1"0
for any u € H1, where h : R* — [0,1] is a non-increasing C! function such that
1, 0<s<d3/(20),
h(t) = <s<43/(20)
07 s> 53/0
Obviously, ¢ € C*(H#+,R) and 1(0) = 0. Since
p(u) =9(u)  for luf <d3/(20).

Hence, if we can get that ¢ possesses a sequence of critical points {uy} such that

PY(ug) <0, up#0 and wux —0 as k — oo,
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then for the k large enough, the critical points of ¥ satisfying ||ug| < d3/(2C) are
just critical points of ¢. So, the conclusion of Theorem 1.6 holds.
By (2.1), if |Ju|| < é3/C, we have

lu(®)] < [Jullos < Cllul| <ds  Vt€[0,T].
It follows from (S5) and (Hs) that
P(—u) = P(u) (2.16)
for u € H} with |Ju]| < §3/C. When |Ju|| > §3/C, one has

d(u) = gl (217)
Combining this with (2.16) implies
Y(—u) =¢(u)  forall ue€ H.
On the other hand, expression (2.17) yields
Y(u) = +oo as |lul]| = oc.

Hence, 1 is bounded from below and satisfies the P.S-condition.
From condition (Hg), there exists d4 > 0 such that

W (t,xz) > (1 + Bo)C#|z|? (2.18)

for all || < d4 and a.e. t € [0, T], where By refers to (2.6). So, for u € Y}, with

1 1 vl
||UH :9}6 = 2m1n{1,53/(20),§4/0,( 7 j\_[BO - 1) }7
4Zj:1 2 im1 biyCrist

it follows from (S5) and (2.18) that

o(u) :%/0 |u|2dt—%/0 (V(t)mu)dt—/O W (t,u)dt

1590 DY R AT
j=1i=1"0
l N
1+ By
B0 (4 Bl + 303 byl
j=11i=1
1+ B I N
0 N
< - 5 ||uH2 + Zzbijc’h]-‘rlnu”%rﬂ
J=1i=1
l N
1+ By . *
< 5 ||UH2 +ZZbijC’Yu+1”u”’Y +1
j=1i=1
1+ By 2
< _ - =0
< LBy,
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which implies

{ue Y| lul =6} {ueH%

Now, taking

1+ B
Ay = {u € Hh: p(u) < — +4 09,3},
by Proposition 2.1 one sees that
V(Ak) = Y{u € Yilllull = 6x}) = k.

So, we get A € 'y, and

1+ By

sup (u) < 03 < 0.

u€Ay 4
Then, Theorem 1.6 follows from Theorem 2.2 and the proof is complete. ([
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