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WELL-POSEDNESS FOR THE COUPLED BBM
SYSTEMS

Honggiu Chen®' and Cristina A. Haidau?

Abstract Consideration is given to initial value problem for systems of two
evolution equations of generalized BBM-type coupled through nonlinearity
described in (1.3). It is shown that the problem is always locally well-posed in
the Lp-based Sobolev spaces H®(R) x H*(R) for s > 0. Under exact conditions
on A, -, F, the local well-posedness theory extends globally, and bounds for
the growth in time of relevant norms of solutions corresponding to very general
auxiliary data are derived.
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1. Introduction

It is well known that the regularized long wave of small amplitude equation, aka,
BBM equation

Nt + Ne — Mozt + MMz = 0, (11)

where 1 = n(z,t) is a real-valued function defined for (z,t) € R x RT, is globally
well posed if the initial condition n(z,0) lies in Sobolev space H® = H?*(R) for
any s > 0, see Benjamin etc [1], Bona and Tzvetkov [8], Bona and Chen [2], Bona
etc [3], [4] and Chen [9]. However, if 7 is considered to be complex-valued function,
write it in real part and imaginary part as n = u+1iv, then (1.1) can be represented
as the following system of equations,

1 1
Up + Uy — Ugqr + (§u2 — 51;2)96 =0,

Ut + Vg — Vgt + (), = 0.

(1.2)

Our preliminary numerical results show that solutions of (1.2) blow up in finite
time very quickly for small Gaussian initial data. Of course, if the minus sign — in
front %02 is replaced with plus +, it is two BBM equations of dependent variables
u + v and u — v. In other words, the system can be decoupled. Hence the problem
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is globally well posed in H® x H® for all s > 0. This leads us to a more general
system of equations
Ug 4 Uy — Ut + (Au® + Buv + Cv?), =0,
Vp + Vg — Vgpt + (Du2 + Euv + FUQ)I =0, (1.3)
u(z,0) =up(z), v(z,0)=wv(x)
for consideration, where A, B,C.D,E and F are real numbers. The aim of the
current work is to understand a wide range of condition on A, --- | F which makes

the system globally well posed.
It is worth pointing out that the KdV-KdV system
Ug + Uy + (Au? + Buv + Cv?), = 0,
Ut 4 Ve + (DU? + Buv 4+ Fv?), =0

’u(l', O) = UO(x)a U(I’O) = UO(x)

(1.4)

)

was introduced and studied by Bona, Cohen and Wang [6]. They show that for any
s> —%, if the initial data

ug(x), vo(x) € H*(R), (1.5)

then (1.4) is well-posed locally in time. That is to say, (1.4) has a unique solution
(u,v) € C([0,T); H*(R) x H*(R)) for some finite number 7" > 0. Moreover, they
show that system (1.4) is globally well-posed if the system of linear equations

2B E —2A)b—4Dc =0,
{ a+ ( ) c 16)

ACa + (2F — B)b— 2Ec =0

has a nontrivial solution (a,b,c) such that 4ac — b*> > 0, i.e. the solution u,v €
C([0,00); H*(R) x H*R)). In more recent paper [5], Bona, Chen and Karakashian
pointed out that global well-posedness holds true as well when 4ac — b? = 0.

In this current work, we like to bring the theory for (1.3) closely into line with
that appearing in Bona etc [6]. What we show is that system (1.3) is locally well-
posed if ug, vy € H*(R) for any s > 0. Moreover, we show that the length of time T
only depends on Ly(R)-norms of the initial data |[uol|z,®) and [|vollz,(r)- If (1.6)
has one non-trivial solution (a, b, ¢) with property 4ac—b? > 0, then the time interval
for the solution can be extended to [0, 00). Moreover, we have bound growth in time
of lu(, )| m=r), lo(-, )| e (r) for any s > 0.

Unlike a single KdV equation, system (1.3) does not have infinite number of
invariants, hence, when global well-posedness occurs, except s = 1, we do not ex-
pect Sobolev norms ||(u(-, ), v(-,t))|| s (re)x 7+ (r) Of solutions (u, v) to be uniformly
bounded for ¢ € [0, c0).

Here is our main results in a rough statement.

Theorem 1.1. If algebraic equations (1.6) has a non zero solution (a,b,c) such
that 4ac — b*> > 0, then (1.3) is globally well-posed in H® x H* for any s > 0.
However, the bounds structure is different as follows.

(e, 8), 00, ) laresrrs < es(1+8)FEDFRELD 5 >

L 1
[(u(- ), v( ) mexms < Cs,lecst if —<s<l1,

4
2 .
(), v(, ) | mesms < cspet  if 0<s<

N
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where ¢s and cs1 are constants which depend only on the corresponding Sobolev
norms of the initial data.

Theorem 1.2. If system of algebraic equations (1.6) has a non zero solution (a, b, c)
such that 4ac — b? = 0, then (1.3) is globally well-posed in H® x H* for any s > 0.
Here is the bound structure based on segment where s lies:

||(u('7t)vv('vt))”H3><H5 S Cs,lecﬁ’zt ’Lf S 2 ]_,

(), 0 (o)) e < cspe®™

s,2t2

ot

1
if Z<S<1’

e . 1
|(u(,t),v(-, )| moxms < cs1€° if 0<s< T

where cg 1, cs,2 are constants dependent only on the corresponding Sobolev norms of
the initial data ||uol g, ||vollm--

Remark. For s < 0, the problem is not expected to be locally well posed since a
single BBM equation was shown not to be well posed, see Bona and Tzvetkov [§]
and Bona and Dai [7].

Remark. The single KdV-equation has infinite number of invariants, so the upper
bounds for norms of the solution in Sobolev spaces H* can be shown to be uniformly
bounded in time for s > 0 being integers. However, the single BBM-equation has
only three invariants, one of them is useful to show H! norm of the solution to be
uniformly bounded. For s > 1, the current techniques cannot show the uniform
boundedness of H® norm of the solution. On the other hand, numerical evidences
suggested that H® norm of the solution is uniformly bounded. For time being,
it is not expected that the results for system (1.3) better than that of the single
BBM-equation.

The plan of the remainder of the paper is as follows. In Section 3, the initial
value problem (1.3) is converted into an equivalent system of integral equations.
Then local well-posedness is first deduced for the Lo x Lo case by applying the
contraction-mapping principle and then extended to H*(R) x H*(R) for s > 0
by bootstrapping. Section 4 is concerned with global well-posedness. Conserved
quantities are introduced at the beginning of the section and the conditions on the
coefficients A, B,--- , F under which the invariants exist are determined. These
will be used to derive a priori bounds that lead to global well-posedness. Following
the idea in Chen [9], the growth bounds of relative norms of solutions in time are
obtained for the case H® x H® separately when s > 1 and 0 < s < 1, which also
conclude the proof of the global well-posedness for these cases as well.

2. Notation

The notational conventions and function-space designations used in this paper are
set out here. Cy = C4(R) is a Banach space of uniformly bounded and continuous
functions defined on the real number line R with the standard norm. For 1 <
p < o0, L, = L,(R) connotes the p-power Lebesque-integrable functions with
the usual modification for the case p = co. The norm of a function f € L, with
1 < r < oo is written | f|, while the L, X L.-norm of a pair (f,g) of such functions
is written |(f, 9)|z, xr, = |flr + |g|-. In general, if X and Y are Banach spaces, then
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their Cartesian product X x Y is a Banach space with a product norm defined by

1 Dlx <y = 1Fllx + llglly-
The Sobolev class H®* = H*(R) for s > 0 is the class of measurable functions

o~

f whose Fourier transform f(£) is a measurable function, square integrable with
respect to the measure (1 + 52)%5d§, where

o0
o= [ e i
—0o0
We will simply use H® rather than H*®(R) unless emphasis on the domain of def-

U
inition of the functions is needed. A pair of functions (u,v) or is denoted

v
a bold-faced letter v some time. When v € H® x H?, its norm is defined as
IVllsxs = ||(w,0)||mgsxms = ||ulls + ||v|ls- In special case s = 0, so H® = Lo, we
simply write the corresponding norm as ||v]| = ||(u,v)| = ||u]| + ||v|. If X is any

Banach space and T' > 0 given, C'(0,7; X) is the class of continuous maps from
[0,T] into X with its usual norm

llullcgo,rx) = tSIéP llu(t)]x-

)

The subspace C1(0,T; X) of the elements of C(0,7T; X) for which the limit

W (t) = }llli% u(t + hf)L — u(t)

exists in C(0,T; X), is also a Banach space with the obvious norm. For k € N the
spaces CF(0,T; X) are defined inductively and by analogy. For convenience and
when there couldn’t be any confusion created,

/00 f(x)dz is replaced by /f(x) dz.

3. Local Well-posedness

The analysis for (1.3) begins with local well-posedness in a reasonably broad set of
functional classes. To accomplish this, the given system is converted to an equivalent
system of integral equations.

Let the bold faced letter v denote the vector

of dependent variables v and v, v the vector

uo
Vo =
Vo
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of initial data and G the vector of non-linearities
P(u,v) Au? + Buv + Cv?
Q(u,v) Du? + Buv + Fv?

Then the system (1.3) can be written as

Vi + Ve — Vg + Gz =0,
y ' (3.1)
v(z,0) = vo(z).
Rearranging the equation as
Vi = Vagt = —Vg — GI)
or
(I —9*)vi=—0.(v+G).
Inverting the operator (I — 92) subject to boundness at +oo leads to
vi(z,t) = —(I — 812.)71(9@c [v(x,t) + G(v(x,t))]
(3.2)

— [ Ko=)Vt + Gv0)] do
where the kernel K is applied to the vectors v and G(v) componentwise and
_ g
14
In (3.2), integrating with respect to ¢ leads to the integral equations

1 ~
K(z) = isgn(ac)e*“:| whose Fourier transform is K (§)

v(z, 1) = vo(z) + /0 t / K-y [vw.0) + G(v(y.0)] dydt. (3.0
Define an operator K as
Kf@) = K+ 1) = [ K1) f(0)dy, (3.5)
then (3.4) can be written as,
v(z,t) = vo(x) + /ot K {v + G(v)} (z,t) dt. (3.6)
Or, what is the same,

¢
u(z,t) =ug(z) + / K(u+ Au® + Buv + Cv?)(z,t) dt
0

(3.7)
t
v(z,t) =vo(z) + / K(v+ Du* + Fuv + Fv?)(x,t) dt.
0
Write the integral expression in terms of operator form,
t
v(z,t) = Av(x,t) := vo(x) —|—/ K[v+ G(W)](z, t)dt, (3.8)
0

a solution to system (3.7) becomes a fixed-point of the operator 4. Hence, it is
sufficient to show that A is a contraction mapping on a complete metric space.
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Proposition 3.1. The operator K maps H® to H**' continuously. However, for
fog € H®, if0 < s <1 then K(fg) € H*t2=¢ N Cy for any e > 0; if $ <s<3,
then K(fg) € H'.

Proof. That the operator K maps H*® to H*T! continuously is obvious since

—Zf

el O < (3.9)

A2,y = / (1+ )]

Ifo<s< i, H? is not an algebra, when f,g € H?, the product fg is not

necessarily in H*, so K(fg) is not expected to be in H**!. However, it is smoother
than both f and g. Let r < % + s, then

Jaserika©ri= [a+er|ialifaere
= [y 2epg |Feate) P de
Since [€* < € — n* + [nl?*,
€ 173 = 6P [ 176~ matP dn
< [1e=nP1fe = maenan+ [ W17 - gl dn

< £ gl + LF I g1l

It follows that
JaseriRTa@r < ey as (1R + 17 1gl2).

The fact that r < 3 + s implies that the integral ¢ = [(1 + £2)"2|¢[272¢ d¢ < oo,
that is to say, K(fg) € H2T5=¢ C H* for any € > 0 with

Koy ame < ([ @042 dg) (IflLlgl +171gll).  (3.10)
By Young’s inequality,

IK(f9)loo = K 5 (f9)loo < Kool fglt < £l (3.11)

it implies that K(fg) € Cy. Hence, the second part of the proposition is established.
It remains to show the last part.

If % <s<1, f,g € H® implies fg € Ly due to H® is embedded in L, continu-
ously, hence K(fg) € H! with

1K < [ fgll < sl fllslglls (3.12)

where £ is an embedding constant from H*® to L,.
The proof is complete.
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Theorem 3.1. (Local well posedness in Lo X Lo) If vg € Lo X Lo, then there is a
positive number T' = T(||vo||) such that the operator A has a fized point, v say, in
C(0,T; L) x C(0;T; Ly). Moreover,

wW=vV—vp (3.13)

lies in C(0,T; H" N Cy) NC(0,T; H" x Cy) for any r < % and
Zz=v—vy—tK x (Vo + G(VQ)) (3.14)

lies in C(0,T; H') x C(0,T; H').

Proof. From the last proposition regarding properties of the operator K, if v €
1 1

Ly x Lo, then Kv € H' x H! and K(G(v)) € H27¢ x Hz"¢ for any € > 0

with |[K(G(v))[[1_c < c|v] for some constant c. Hence, the operator A maps

C(0,T; Ly) x C(0,T; Lg) to itself for any T > 0. Choose

1
T = , (3.15)
2(1 + 3 max{|A], 5| B, 5|C|, 31D, 5| E[, |[F}) [[voll

an elementary calculation shows that A is a contraction mapping on the complete
metric space

Xr ={(w,v) s u,v € C(0,T; La), max |[(ul,1),v(£))] < 2[vall}-

The same is to say that integral equation (3.4), (3.6), (3.7) or (3.8) has a unique
solution v in Xp. The first part of the theorem is established.
To show the second part, reorganize equation (3.8) as follows,

W%ﬂw@)mfﬁﬁ+Gﬁﬂ@ﬁﬁ~

Since v € C(0,T; La) x C(0,T; La), and the two components of G(v) are quadratic
form of v, the proposition 3.1 shows that

K [v + G(v)] e C(0,T; H" N Cy) x C(0,T; H' N Cy)
for any r < 1. Hence, w = v — v lies in C(0,T; H" N Cy) x C(0,T; H" N Cy).
Estimate (3.13) is established.
Substitute v(x,t) with w(z,t) + vo(x) in (3.6), it obtains

w(z,t) =tK * (VO(UC) + G(Vo(l’)))

t Py, (ug,vo) Py(uo,vo)
+ [ Kx*|w+ w+ G(w) |(z,t)dt.
/(; |: Qu(UOaUO) QU(U07UO) ( ):|

(3.16)

Since Py (ug,vo), Py(uo,v0), Qu(uo,ve) and Q,(up,vp) are linear combinations of
ug and vg, the fact that w(-,¢) € H” x H" N C}, x C} implies that the terms in the
square bracket belongs to Ly x Lo, hence the integrant is a member of C'(0,T; H') x
C(0,T; H'). Namely the expression in (3.14) lies in C(0,T; H') x C(0,T; H').
The theorem is established. O
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Theorem 3.2. (Local well posedness in H® x H*® for any s > 0.) For any given
s >0, if the initial condition vo = (ug,vo) € H® x H?®, the solution v = (u,v)
obtained in Theorem 3.1 lies in C(0,T; H®) x C(0,T; H®) where T only depends on
Ivoll-

Proof. We commence with the result of Theorem 3.1 that system (1.3) has a
unique distributional solution v € C(0,T;Ls) x C(0,T; Ly) where T is given in
(3.15) and

v — vo — tK (vo v G(vo)) € 0(0,T; HY) x C(0,T; HY).
What is same, in terms of its two components,

U — Uy — th(uo + P(uo,v0)> € C(0,T; HY),

v — v — tK (vo n Q(uo,vo)> e 00, T; HY).
When 0 < s < %, by Proposition 3.1,
K (o + Pluo,vo) ), K (w0 + QUuo, v0)) € C(0, T3 A5
for any small € > 0. It follows immediately that

U — Uy = {u —ug — th(uO + P(up, vo))} + th(uo + P(up, vo))

and
v— v = {v — vy — th(vo + Q(uo,vo))} + th(uo + P(uo,vo))

belong to C(0,T; H+t2~¢). Therefore,
v=(v—-vg)+veeC0,T;H®) xC0,T;H*).

When % < s<1,G(vg) € Ly x Ly due to H* C Ly continuously. The smoothing
property of IC, stated in Proposition 3.1, asserts that IC(VO + G(VO)) € H' x H.
Hence v —vo € C(0,T; H' x H'), therefore,

v=(v—vg)+voeC(0,T;H*) x C(0,T; H®).

If s> 1, then v=(v—vg)+vo€ H!x H. So
¢
V—V():/ lC(v—i—G(v)) dt
0
lies in C(0,T; H?) x C(0,T; H?). Inductively,
¢
v vy = / zc(v + G(v)) dt € C(0,T; HI*)+1) x (0, T; HSI+).
0
Therefore,
t
v =vp —|—/ IC(V—l—G(V)) dt € C(0,T; H®) x C(0,T; H®).
0

The theorem is asserted. O
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4. Global well-posedness under 4ac — b*> > 0.

Throughout this section, it is assumed that (1.6) has a non-trivial solution (a, b, c)
such that 4ac — b2 > 0.

4.1. Invariants

System (1.3) is locally well posed for all constant coefficients A, --- | F. To pass to
a global theory, the technique here demands a priori information on growth bound
in time of solutions in relevant spatial norms. Following steps in Bona etc [6], we
look for sufficient conditions on A, B,--- , F' which provide helpful information in
order to build global well-posedness.

In Bona etc [6], it is shown that (1.4) alway has a Hamiltonian structure, the
similar calculation shows it is true for (1.3). Here are two important invariants

Qu,v) = / (au? + buv 4 cv? + au? + buyv, + cv?) dz (4.1)
and
O(u,v) = / (aui + buyv, + cv? — R(u, v)) dx, (4.2)
where
1 1 )
R(u,v) = %uB + §BUQU + ifyuv2 + gv?’, (4.3)

(a,b,c) is a non-trivial solution of (1.6) and, «, 3,7, ¢ are given by
a=2aA+bD, 8 =0A+2cD,v=2aC + bF, 6 = bC + 2¢F. (4.4)

B and -y can be also represented in terms of B and E as

1 1
B8=aB+ §bE’ v = §bB +cE. (4.5)
Notice that,
2a b 2a b P(u,v)
G((v) = = VR(u,v). (4.6)
b 2c b 2c) \Q(u,v)

4.2. Global well-posedness under 4ac — b > 0.

Theorem 4.1. If system of algebraic equations (1.6) has a non zero solution (a, b, c)
such that 4ac —b* > 0 and the initial condition vo € H® x H® where s > 1, then the
distributional solution v = (u,v) in Theorem 3.2 has the following growth bound in
time t:

V() loxs < €s(1+ 1) DH5(=1s]), (4.7)

where cs is a constant which depends on ||ug||s and ||vo||s. Therefore, (1.3) is well
posed globally in time, v(-,t) € C(0,00; H® x H?).
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Proof. We begin with s > 1 being an integer. Without loss of generality, demand
a,c > 0, hence the matrix

2% b
N=|[" (4.8)
b 2¢

is positive definite. Multiply (3.1) by A, it leads to that
01 — 0z ) NV + Nv, + 9, VR(u,v) =0, (4.9)

where R is defined in (4.3) and V is gradient of the cubic polynomial R with resepect
to u and v.

Starting with estimating H' x H! norm of v by taking Lo x Lo inner product
of (4.9) with v as follows,

(0y(I — Oy )NV, V) + Ny, v) + (0. VR(u,v),v) = 0,

apparently, the last two inner products are equal to zero, that is to say,

LS UNIR + IV )
== (au? + buv + cv® + au? + buyv, + cv?) dx (4.10)
=0.
It readily follows that
IN2V[2 4 W2 v |2 = IV 2 vo 2 + V2 v |12 (4.11)
The strict positive definite property of N implies
V(O = INTENE V] S AN Ev] = AN v 1, (4.12)
and
Ve Bl = INTEA RV > AN V] = AV Evolls, (4.13)

where \,,\* > 0 depend only on a,b and c. That is to say, the H' x H'-norm
of the solution v = (u,v) is equivalent to that of N/ %v, hence uniformly bounded.
Estimate (4.7) is true for s = 1.

Take Ly X Lo inner product of (4.9) with —vyy,

(O4(I — O )NV, —Vxx) + NV, —Vix) + (0. VR(u,v), —vxx) = 0.
A simple calculation shows < Nv,, —vy, >= 0, whence,

1d
2 dt

d
=7 /(aui + bugvy + cv? + au?, + bugper + cv)) do

:/ (umawRu(u, V) 4 Vg2 00 Ry (1, v)) dx

1 1
IV Zva [* + IV 2 vaq )

1 1
:/ (ux:z(Oé’U/Q + fuv + 57”2)1 + Uxm(iBUQ +yuv + 5U2)ZD) da.



900 H. Chen & C.A. Haidau

Following idea in Chen [9], integrations by parts a few times, upon simplification,
it yields that

14
2dt
3, 3,0 3 2 3
=— (auw + iﬁuwvw + —yugvy + 5%) dx

2
=— B/R(ux,vx) dx

INEVL[[2 + [NV 2 v ?)

3. 3
<max {|af, 518l 5171, 18]} (aloo + [valoo) (llual|* + [lvz]I)

<maxc{Ja, 2181, 21 101} Qe + e (el 2 + 1)
This together with (4.12) and (4.13) implies that
d 12 1 2 12 1 2y 1
SN2 Vall® + N2 vee |°) < en (IVE Ve |* + IV Ve 7)1,
where ¢ is a constant only dependent on ||vo|;. Solving this inequality yields,
(W Eval? + Vv ) < (Nl )
This with (4.12) and (4.13) indicates
V(B2 < ea(1+1)3. (4.14)
Suppose that the estimate (4.7) is true for j = 3,4,--- ,s — 1, ie.
V(o8 < i1+ 83070 (4.15)
where constant ¢; only depends on ||vol|;. Then, take Ly x Lo inner product of (4.9)
with (—1)*=102¢ Vv (z, ), it obtains
1d
SP7AL
:% / (a(a;—lu)2 005 ud N + ¢(02 1) + a(03u)? + bOSudSv + c(a;v)2) dz
=(-1)° / (83(5_1)u8IRu(u,v) + 3;_1vRv(u,v)) dx

V205 v + IV 2 052

1
:(—1)3/(a(uQ)w(’)i(s_l)u—I—B(uv)w(ﬂi(s—l)u—i— §B(u2)$8§(s_1)v

1
+ Zy(v%) 02 Dy 4 4 (uw) 02 Vo + (5(v2)x6§(s_1)v) dx.

2
Integrations by parts s — 1 times, it transpires that
1d
5 IVFOT VP + IV R0V )

1
—_ a/@;(ug)(?;_ludx - 5,3/ (28;(uv)$8;_1u + a;(u2)a;—1v) dx

- %7 / (920205 4 203 ()90 — 5 / 0° (v2)5 L dx.
(4.16)
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To analyze the a-term, apply the Leibnitz formula, it follows

[ ooz

s—1
_ / 2ud5udy ude + Y <s> / PIuds~uds tudx

=1 M
s—2 s
= /uQE 95 ) da + () /8gu8;_ju8;_1udx+2s/um(8;_1u)2 dx
J
j=2
=25 —1) [ ug(d3 " u)? dx + <S,)/8£u3;ju8;1udx
s [ Z ]

| /3;(u2)8;71u dz|
5 — s— S j s—7 S—
<(25 — Dlua( 1) ool 1u<-,t>||2+2j_§(j)|a;u<-,t>|m||az Sl 1192 u( )]

1 1 —
<(2s = Dlluall? luws |2 105 ull?

s— S . 1 : 1 s—17 S—
+35 (J> [oFull> 107 ull2 1037wl )10~ ul-, -
By inductive assumption (4.15), the first term in the last two lines is bounded by a
constant multiplying (1 +¢)3 (1 + )32 = (1 —|— #)35=% and for j = 2, - -2,
j-terms are bounded by a constant times (1 + ¢)30=1(1 + )39 (14 1)3 (5 1= J)(l +
£)3(s=2) — (1 4¢)3°3 as well, whence,

|/a;(u2)a;*1ud;c| <c(l+8)3°75, (4.17)

where ¢ is constants independent of .
For the 8-term in (4.16),

/ (28;(uv)$8;_1u + 8;(u2)8;_1v) dx
3 (;”) / (200u0; 700, u+ Oudy Tu0;v) do
§=0
_ / (2005005 u + 200500V + 2005003 0) da
s—1
n z; (j) / (2a;ua;—fva;—1u n agua;—jua;—lu) dw
=

- /mm;*lua;*vda:+vz(82’1U)2) dz,

’ X_: G) / (200u0; 9003 u + Oudy Tu0yv).
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Hence,
|”/n(28;(uv)13;71u‘+—3;(u2)8;’10> da|
<t 05 05 0] + [ oo 0l
s—1
2 (j) (210%uloo 037011103 ull + |0uloc |03 ull 0301
j=1
<2fue1* g | 2105 ull 105 0 + lfoz| oz | 205 ull?
s—1
2 () (2002ul13 102 ull# 105~ ll10; ullHlull? 04 ull# 057wl 95~ ).
=1 ™
Again, by inductive assumption (4.15),
\/(%ﬁwmgﬁ”u+8ﬂu%%_%)mﬂgdl+ﬂ%“%, (4.18)

where ¢ is constants independent of .
Similarly, for v, d-terms,

| / (8;(U2)8;_1u + 28;(uv)8;_1v) dx|

1 1 — — 1 1 5—
<o ol 10501103l + et [ 0520
k
S . 1 : 1 i _ ; 1 1 1 i —
#30(3) (2loul 1oz ol ooz oI+l o5 ol oz ol 05wl
j=1

<c(1+1)3%73

(4.19)
and
|/8 )20 v dx|
<(25 = Dlloz | [[oa |2 1957 0],
(4.20)
+35- §< )||3”U||2|5”+1U||2||8S To( )10z ()
<e(1+1)3°7 3,
Combination of (4.16), (4.17) through (4.20) leads to
S L UNE P W o)
<o 1(1+1)30-DHEHF (1= +3(-2) (4.21)

=co_1(1+ )75

where ¢;_1 is a constant only dependent on ||vg||s—1. Integrate with respect to ¢, it
gives,

INE: V|2 + [N 205V < [N 285 tvol|? + IN25v, 1% + con (1 +1)367D.
(4.22)
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This together with (4.11) shows that
IV(B)lls < es(1 413670, (4.23)

where ¢, is a constant only dependent on ||vgl|/s. The theorem has been proved for
s being a positive integer.

Consideration remains to the case that s > 1 is non-integer. Denote n = |s]
and 0 = s — n, so that n > 1 is an integer and 0 < o < 1. Reorganize in (1.3) as

follows,
Upzt = Ut + Uy + (Au? + Buv + Cv?),,

Vgt = V¢ + Uy + (Du2 + Buv + FvQ)w,
u(z,0) = uo(x), wv(z,0)=wvo(z),
integrate with respect to ¢, it obtains the following two relations

Oz (u(, t) — ug(z)) = u(w,t) — ug(z) + /0 (u + Au? + Buv + Cv?), dt

Ove (v(,t) — vo(2)) = v(z,t) —vo(z) + /Ot(v + Du® 4+ Euv + Fv?), dt.

It is a simple observation that u — ug,v — vg are one order smoother than wu,v
in spatial variable x. As we just showed that uw,v € C(0,00; H"), and u — uy,
v — vy € C(0,00; H*M1), take derivative with respect to  n — 1 times, it yields
following forms

Ot (u(z, t) — ug(z)) = 02 (u(z, t) — uo(x / " (u+ Au? + Buv + Cv?) dt

on+l (v(z,t) —vo(z)) = on—t (v(z,t) — vo(x / (v + Du? + Euv + Fv?) dt.
We immediately have estimates below
107 (u, 1) = uo ()| < 1057 (ul-£) — uo()) |
+ /Ot |02 (u + Au® + Buv + Cv?)|| dt,
107 (v (1) = wo )l < 11057 (v ) — w0 (1))

t
+/ 102 (v + Du? + Euv + Fo?)|| dt.
0

(4.24)

A little more detailed estimates on ||07u?||, |07 (uv)|| and ||07v?|| are needed:

07 (uv |—||Z( )aﬂ Wy
n—1

<ludol] + odn] + 3 (]) ||

j=1

n—1
<l + plactzul + X () @l o0l
Jj=1
n—1
<tz + pluctzal + X () 10ul 105l 0z .

j=1



904 H. Chen & C.A. Haidau

Making use of (4.23), we have,
182 (uo)|| < en(14+ 850D 4e, (1465771 < e, (1443,
Take u = v, we have )
195 ()| < ea(1 +1)30
and ,
185 ()] < en(1+ )Y
Substitute these last three estimates into (4.24), it gets
[0 (u 1) = wo ()| < en(l+1)5m 5
and .
1037 (0(,8) = vo()) I < en(1 +1)5"F5.
Since |lu(-,t)||x and |Jv(-,t)||1 are uniformly bounded for ¢ > 0, we have

2

[u( ) = wo()llns1 < en(L+8)3"F5
and .

[o(,t) = vo()llnt1 < el +1)5"F5.
By interpolation theorem,

Ju(-,t) = wo()llnto < ult) —uo()lln Ml t) —uo()ll57 11
1+ t)%(l—ff)("—l)(l + t)U(%"-‘r%)
1 +t)%(n+a—1)+%a
1 +t)§(871)+%(8ﬂ8])’
and similarly, , .
[0(-,) = v0(lnto < ca(l+ )3T,

As s =n + o, it follows immediately that
(s )lls < lluolls + [ul,t) — uo(-)ls < es(1+ )3 DFE(=1sD

and
oG Dl < eolls + (-, 8) = vo()llnsr < es(1+ 1) 3ETDFIE1D,
These two estimates are exactly that of (4.7).
The theorem has been established. O
It remains to investigate global well-posedness for the case where 0 < s < 1,
where regularity of data is below the energy level.

Theorem 4.2. If system of algebraic equations (1.6) has a non zero solution (a, b, c)
such that 4ac—b* > 0, then (1.3) is globally well-posed in H® x H® for any 0 < s < 1.
The growth bounds of relative norms of solutions in time is given below.
cst - 1
V() |lsxs < cspe® if 1 <s<l1,

(4.25)

cot? . 1

||v('at)||s><s S Cs,le s Zf 0 S S S 17

where cs,cs1 are constants only dependent on the corresponding Sobolev norms of
the initial data ||vo|s-
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Proof. The local well-posedness is guaranteed by Theorem 3.2, and moreover, by
Theroem 3.1,

1
w=v—-vyeC0,T;H")x C(0,T;H") for 1<s5<L
and

1
Zz=v—vg—tK* <VO+G(VO)) € C(0,T; H) x C(0,T; H') for 0<s< T
where T = T'(||vo]||) is only dependent on Ly X Lo-norm of the initial data. It is
sufficient to establish a prior bounds (4.25).
1

For the case ; < s < 1, w = v — v satisfies the integral equation (3.16),

repeated here for readers’ convenience:
w(z,t) =tK * (vo + G(vo)> (x)

¢ Py (ug,v0) Py(uo,vo)
+ | Kx*|w+ w+ G(w) |(z,t)dt.
/0 [ Qu(ug,v0) Qu(uo,vo) ( )}

As the matrix A defined in (4.8) is positive definite and remember the relation (4.6)
between N and G, (3.16) is equivalent to

Nw(z,t) =tK x (Nvo +NG(V0))(x)

t
—|—/ K [J\/w + Buu(uo, vo) Ru(uo, vo) w + VR(W):|(&C,t) dt,
0 Ruu(anUO) R’UU(UO7UO)
(4.26)

where R is a cubic polynomial function given in (4.3). It is same as

(1 — Oy ) Nwy(z,t) = =0, (/\/Vo(m) + VR(V()(CL')))

Ruu (UO; UO) Ruv (u07 UO)

— 0, [Nw+ W—i—VR(w)}(x,t)

Ry (uo,v0) Ryy(uo,vo)

with initial condition w(z,0) = (0,0). Take Ly X Lo-inner product with w, it gets
1d 1 1
L L NEWC DI + N Ewa ()
Ryu(uo,v0) Ryw(uo, v
:—<8w<./\/'v0+VR(vo)),w>—<8w[./\/'w+ (1o, vo) (10, vo) w},w>

Ryu(uo,v0) Ryy(uo,vo)

— (0;VR(w),w).

Since
(O Nw,w) = (0, VR(w),w) =0,
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and notice that ||VR(vo)]|| is bounded by a number times ||vo||? due to that H® is
continuously embedded in L4. It follows immediately

. dtwvzw( )3
<[Nvo + VR(o)[[lwall + 2max{|al, 1], 1], 18]} (ol + lvo]l)[w]oo [we |
< (IVvoll + IV R(vo) ) I1wall + 2max{lal, 18], 171, 61} (luoll + lvoll) wi3
<y (N2 w( 1)l + IV 2w (-, )]3),

where c¢s = ¢(||vo|ls) is a constant only dependent on ||vol|[s. Solving the last in-
equality yields

INFw (-, t)[ly < et —1. (4.27)
In consequence,

IVCBlls < w0l + [Volls < A IN 2w, 1)1+ [[volls, < es1e™ (4.28)

where A\* is given in (4.12). The first part of (4.23) is established. It remains to
show the second estimate, namely 0 < s < %.

Denote vy = ’C(Vo + G(vo)). By Proposition 3.1, it lies in Hzts—¢ x Ha+s—en
Cy x (Y for any € > 0 with

il ome < Ivoll +2(f 420 11eP 2 dg) " ol
(4.29)

1_
[Viloo < [Ivoll + 3E[voll*,

where the constant ¢ = 6 max{|A|, |B|,---,|F|}.
Write z defined in (3.14) as

Zz=v—vy—tK % <V0+G(V0)) =w —tvy.
System (3.16) can be rewritten in terms of variable vector z as

Py (uo,vo) Py(ug,vo)
Qu(ug, UO) Qo (uo, UO)

t vo +tv v +tv
/ K*[ Py(vo 1) Pu(vo 1)
0 Qu(vo +1tvy) Qu(vo +tvy)

z(x,t) :/OtK* [z—i—tvl—&— (z—l—tvl)—i—G(z—i—tvl)} (x,t)dt

+G(2)] (@, ) at

P,(v Vo)

vl}(x) +isk e @)
Qu Qv VO) 3

1
+ t2K* v1+(

It is sufficient to estimate a prior bound ||z(-,%)||;.
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Notice that its equivalent differential equations are

P,(vog+tvy) Py(vg+tv
Zt+Zx_wat+axG(Z)+ax ( ’ 1) ( 0 1) zZ

Qu(vo+tvy) Qy(vo +tvy)

+ 10, {vi + Fulvo) F(vo) Vi |+ t20,G(v) = 0 (4.30)
Qu(VO) Qv(uo) 0
0
z(x,0) =
0

Multiply the system by the matrix N, and use the relation (4.6) between N and
G, it follows

Ruu (VO + tvl) Ruv (VO + tvl)

(1—020)N2zt + 02 [J\fz +
Rvu (VO + tvl) va (VO + tvl)

z+ VR(Z)]
uv (U07 UO)

R )R
Ry (ug,v0) Ryy(ug,vo)

uu (u07 Vo

+ tam{/\/v1 + vl} +120,VR(v1) =

0

Take the Ly x Lo inner product with z, use the property that < 9,Nz,z >= 0 and
< 0;VR(z),z >= 0, then after integrations by parts, we have

1d 1 - - -
§§”N2Z”§ < allvortvi ||zl i+ (Ivall+Ivolllvileo izl i+ ([[vill[vilee) ) 2] 1,

where ¢1, ¢o and ¢3 are constants only dependent on a, b, c and «, - - - , §. The estimate
(4.29) with positive definiteness of the matrix N implies that

1d

1 1 1 1
5 V22l < el + DIV Z 2 + ot |N 2 z]l1 + est?|[N 2 2]l

where ¢1,c2 and c3 are constants only depend on ||vgl|. Solving the differential
inequality, it follows that

t
INZz||; < e (t+3t) / (car + c3m2)e~ (37 g,
0

Let ¢4 = fOOO(CQT + 0372)6_01(T+%72) dr, then
INEz]|; < cqect T3 < gpezcrent’
Since N2 is a positive definite matrix, |N2z||; is equivalent to ||z||;. Thus

2
VGOl < llzC Ol + lIvolls + tlvalls < es1e

for some constants ¢y ; and ¢s which only depend on |vo|s. The second part of
(4.23) is demonstrated, and the theorem is complete. O
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4.3. Global well-posedness under 4ac — b* = 0

Now we turn our attention to the case 4ac — b* = 0, the quadratic form Q(u,v) is
lack of strict positivity. The method in the last section fails. However, the system
(1.3) can be reduced to a single BBM equation and a perturbed BBM equation.
Apparently a,c cannot be both zero, otherwise b = 0 and (a,b,c¢) = (0,0,0)

would be a trivial solution of (1.6). Without loss of generality, we may assume
a = 1 and introduce a new variable a(z,t) = u(z,t) + (b/2)v(z,t), then (1.3) is
rewritten as follows

at + ﬂ/a: - ’awajt + (14’112)93 = 07

Vs + Vg — Vs + (DU + Biw + Fv?), =0, (4.31)

(x,0) = ao(x), wv(x,0)=ve(x),

where A = 24+ bD,E = E —bD,F = D — 5E + F and iy = ug + Svo. Drop
tildes, it obtains
U + Uy — Uyt + (AuQ)a: = 07
V4 Vg — Vot + (Du? + Euv + Fv?), =0, (4.32)
u(z,0) = uo(x), v(x,0)=wvo(x).
It is a special case of system (1.3) where P(u,v) = Au?, namely, one way coupled
BBM equation. Here is our results of global well-posedness for (4.32).
Theorem 4.3. System (4.32) is well posed globally in time in H® x H® for any
s > 1. i.e the distributional solution v = (u,v) lies in C(0,00; H® x H®). Moreover,
u(-, )]s < e(1 + ¢)36-DHs6-Lsh), (4.33)
||U('7t)Hs < Cs,lecs'2t~ (434)

Proof. It is a known fact that the first equation, i.e. u-equation, is globally well-
posed in H*® for any s > 1, and |lu(-,t)||1 = ||uoll1 is a constant, the estimate (4.33)
can be derived from Theorem 4.1, or see Chen [9].

To estimate (4.34), we start with calculating ||v(-,t)|1. In (4.32), multiply the
second equation by v and integrate over R with respect to x, upon integration by
parts and simplifications, it follows that

Sl Dl = /(Duzvx + Euvv,) dz < | Dl[[ullI[[oll + [B][[u]l1]|v]12,
or what is the same,

d
Fillvll < ezl +lvf),

where ¢; 5 is a constant only dependent on D, E and ||ug|l;. Grownwall inequality
yields the following

lo( )l < (X + [lvoll)e™*" — 1 < (1+[|voll1)e™>". (4.35)

Estimate (4.34) is true for s = 1.
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Our attention turns to estimate a priori bound of |[v(-,t)||s for s > 1. We use
mathematical induction. First consider that s is a positive integer and assume that
the estimate (4.34) is true for

lo(, O)]l; < cjae“2t for j=2,---,s—1. (4.36)
Rewrite the v-equation of (4.32) as follows,

Vgt = V¢ + Uy + (Du2 + Buv + F”uz)m.

Integrate with respect to ¢ over interva [0, t], it follows
t
Opa(V(z,t) —vo(2)) = v(x,t)fvo(x)+/ 9 (v+Du? + Euwv+ Fv?) (z, 1) dr. (4.37)
0
Taking the Lo norm yields
! 2 2
Ham(v(-,t)—vo)llg||v(-,t)—v0||+/0 (ol +[Dll[uli+ [ Elllullloll+F[lol1)(, ) dr,

applying [|u(-,t)||1 = |Juo]||1, it transpires that,
1020 (v (-, t) — vo)| < e1,1e2!

where ¢11 and ¢ 2 are constants dependent only on |ugll1 and |lvg|lr. In (4.34),
take derivative with respect to z s — 2 times, it yields

92 (v(x, 1) — vo())
=052 (v(x,t) — vo(x)) + / o (v + Du? + Buv + FU2)> (z,7)dr

=052 (v(w,t) — vo(x /85 Yo(z,7)

+

umm
|
—

<S ) / (Da; 05\ u+ Edlu a;**jv+Fa;'va;*1*ju)(x,7) dr.
J

(4.38)
Take Lo(R) norm in the above expression,

105wl ) — vo)
<1105 (w(1 1) — v \|+/ 185 o, 7) | dr

s—1
" Z (S j ) /0 |DOIud;~u + Edjudy ™ v+ Fojwdy™ v||(-,7) dr

<o) = vllca [ Totelecrar

+ 5 / (Il P2y + Dl Pl loCs Pl + o DI, ) dr
(4.39)
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where k is a constant only dependent on D, E and F'. As the integrants increasing

no faster than exponential, see (4.33) and inductive assumption (4.36), it is seen

that there are constants ¢ 1,¢s 2 dependent on only |lugl|s an ||vgl|s such that
[o(-t)lls < 5162 (4.40)

It indicates that (4.34) holds true for s to be a positive integer. What remains
is to show the estimates is true for s > 1 to be non-integer. Denote |s] = n, so
v € C(0,00; H") and |[v(-,t)]|,, is bounded by an exponential function, ¢, €2t
say, with constants ¢, 1 and ¢, 2 dependent only on ||ugl|, and |lvos.

Observe (4.34) again to see that v(-,t)—wvg lies in C(0, 0o; H™*1). Take derivative
with respect to z n — 1 times in (4.34), it yields

O+ (w(i, 1)~ o)) =00 (0(, £) — v ()
—I—/O 8£(U+DU, + Euv+ Fuv ))(x,r)dT
—05 " (w(a, 1) — o)) + / joro(-, 1) dr

n t
+ E , DI udy I u+EJLudy v+ Folvdy T v) (x, T)dT.

(4.41)
Take Lo(R) norm in the above expression,

1057 (v (-, ) —wo) | /105~ (v (-, t) — vo) | + /O 107 v(, 7)|| dr

n t
(5 [Ipou 7t pogudz v+ Fojuon o] )

§j=0
(4.42)
The same argument as that in the case where s > 1 is integer concludes
[0(-,8) = vollns1 < cn1em2"

It follows readily that

v, s > [|Volls v, —V|ln+1 = cs,le,S’ .

(- B)lls < volls + [l ) = vollnar < €516
The estimate in (4.34) is shown, and the theorem is established. O

Theorem 4.4. The problem (4.32) is well posed globally in time in H* x H® for
any 0 < s < 1. Furthermore, the growth bounds of the H®-norm in time is

u(-,t)s < csﬁlelAHIuoHt

- for — <s<1, (4.43)
[o(-, )]s < cspe™ 4
(u( 8]l < eopecent’ 1

e gt? for 0<s< 7 (4.44)

[o(,8)lls < cs1e”

where cs,1,Cs2 are constants dependent only on the corresponding Sobolev norms of
the initial data |Juglls, ||volls-
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Proof. Since the general system (1.3) is well posed locally in time in H® x H*, to
show that time interval can be extended to infinity, it is sufficient to estimate the
upper bound of ||v(+,t)||s so that it does not blow up in any finite time.

We begin with 1 < s < 1,s0 w =v — vy € C(0,T; H' x H') satisfies (3.16), or
its alternative form as follows,

(1 — Ope)We(a,t) =0, (vo(x) + G(vo(a:))

_a, [w+ Py (uo,v0) Py(ug,vo) Wt P(w) (2,1),

Qu(ug,v0) Qu(uo,vo) Q(w)

P
where G = and P(u,v) = Au?, Q(u,v) = Du® + Euv + Fv?. Let two
Q
components of the vector w be w; and ws, then the last system can be written
component-wise as follows,

Wit + Wix — Wigat + (Aw%)x + QA(U()wl)IE + (UO + Aug)ﬂc =0,

Wat + W2y — W2grt + F(wg)x + ((Q’U(UO) UO) + Ewl)w2>
@ (4.45)

+ (Qu(uo,vo)uh + Dw% +vo + Q(U()»UO)) =0,

wy(z,0) =0, wa(z,0)=0.
Take the Lo inner product of w; equation with w;, after integrations by parts and
simplification, it yields
1d 9 9
§a||wl(-,t)||1 = (2Au0w1w1x + (uo + Auo)w1m> dx
<|Allfuo [[lw1 (-, 1)1 + lluo + Aug|lf|wra (-, 1)1
<|Allfuo|[[lws (-, )1 + (luoll + £l Al Juoll) lwis (-, )1,

(4.46)

where k is an embedding constant of H® C L4. Solve this inequality, it obtains,
lu(-t) = uolls = [lwr (- )]l1 < eg el (4.47)
where ¢, 1 is a constant dependent only on ||ugl|s. It transpires that
[u(, B)lls < flul-;t) — uollr + lluolls.

The first estiamte in (4.43) follows.
Take the Lo inner product of wy equation with ws, similar calculations as above
leads to

1d
5@”“’2('775)”%

< @u(wo, v0)+ Bwn) [ lwa (-, )13+ | Qu(ato, v )n + D+ + Quo, vo) |z -, 1) s

SC(HVOHE + |E|CS,1€‘A|H1‘0”t> ||w2(-,t)||%+c(||v0||§ + [[volls + e2|A|Hu0|lt> llwa (-, )|l1
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where ¢ is a constant only dependent on |lug||s. What is the same,

d
Sl 1)

< c(Ivoll? + |Eles e Nl uwn (-, ) |1 + e([[voll2 + [[vo | + e24ll).

It follows readily that

ecs,Zt

lv(-,t) —vo)ll1 = lwa (-, t)[[1 < cs1e (4.48)

This finishes off (4.43).
The attention is now turned to 0 < s < i. By Theorem 3.1, there is T > 0
dependent on |lug|| and ||vg|| such that

Z=v—vy—tK x (vo—l—G(Vo))
lies in C(0,T; H! x H') and satisfy equations (4.30), i.e.

P,(vg +tvy) P,(vg+tv
Zt + 2y — Zayat + 0. G(2) + Oy (vo 1) Bulvo v z

Qu(VO + tVl) QU(UO + tVl)

P,(vo) P,(v (4.49)
+ t@x{vl L [ Ftvo) Polvo) vl} +129,G(v1) = 0,
Qu(uO) Qv(VO>
z(x,0) = 0,
Uy
where the vector vi = is given as
U1
ug+P(ug, v K % (ug + Au?
Vi :K*(VO+G(VO>):K* 0 ( 0 0) _ ( 0 0)
v+ Q(uo, Vo) K * (vo + Du + Eugvg + Fvd)

Let € and 1 be two components of vector z i.e.

=u—ug — tK * (ug + Au?),
3 0 (uo ;)) . (4.50)
n=v—wvg—tK *x (vg + Dug + Eugvg + Fvg),

then they both lie in C'(0,T; H') and satisfy the following
&+ & — Eopar + A(E%)z + 2A((up + tur)€), + (t(ur + 2Auguy) + At2u?)l =0,
e+ = Nzt + F )z + ((Quluto + tur, vo + tor) + EE)n)

+ (Qu(uo + tug, vo + tvy )€ + D§2>

x

x

+ t{m + Qu(uo, vo)ur + Qv(uo7U0)U1}$ +2Q(uy,v1), =0,
§(z,0) =n(z,0) =0.

(4.51)
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The same tedious calculations as those for w; and wsy provide the following
estimates:

1-

5 SEC I = 12A4( o+ tun)lIIEC IR + [Joun -+ 24uomr) + 4243 (-, 1)

Since vy € Ly N Cy, see (4.29), we have

d
G DI < er @+ DNEC Dl + eat(L + 1),

where constants ¢; and ¢y depend only on ||ug||. Solving the inequality, we have

t
€, t)[[1 < e1(+3) 4 gpeer(t+3t%) / e e (1 4 )T
0

o0
1 2 1 — 1.2
< ezfteart +6262cl/ e~ 2T (1 4 7)d 7 et
0

= KR1€

in which k; = €3¢ 4 cpe2 fooo e’cl(TJr%Tz)T(l + 7)d 7 is a constant. And

S 01 <[ @u(wo + tur, w0+ 100) + BE) I DI

+ HQu ug + tuy, v + tvg)€ + DE? HHU )N

]|+ Qu o, vo)us + Qu(uto, vo)ui (-, )
+ 21QGur, v (- 1)

Upon simplification and making use of the last property of ||£(-,¢)||1,

Lm0 <(1Qu(wo + tur,vo -+ to1) |+ [Blsae® )t )l
+ |Qu(uo + tug,vo + tv1)||/<cleclt2 + |D|I€16201t2
+ th + Qu(uo, vo)u1 + Qv(u07UO)U1H
+ 21 Q(ur, v1)]-

Solving it, we get

cs t2

[n(, 81 < Koe (4.52)

From definition (4.50),

[uC, O)lls < NEC s + luo + turlls < [1EC, D)1 + [luo + tur s,
and
o Olls < lInC s + llvo + turlls < In(, O + llvo + to|[s.

They imply the estimate (4.44).
The theorem is complete. O
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