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EXACT SOLUTIONS FOR A DIRAC-TYPE
EQUATION WITH N-FOLD DARBOUX
TRANSFORMATION*
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Abstract Based on matrix spectral problems associated with the real special
orthogonal Lie algebra so(3,R), a Dirac-type equation is derived by virtue of
the zero-curvature equation. Further, an N-fold Darboux transformation for
the Dirac-type equation is constructed by means of the gauge transformation.
Finally, as its application, some exact solutions and their figures are obtained
via symbolic computation software (Maple).
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1. Introduction

Nonlinear evolution equations is a research focus in the domains of physics and non-
linear sciences such as quantum mechanics, fluid mechanics, fiber-optics, oceanog-
raphy, astronomy, meteorology and communication. Numerous integrable equa-
tions [38] in solitary theory like the AKNS equation, the BPT equation, and the
WKI equation have been researched. At present, with the rapid progress of com-
puter softwares, all kinds of approaches to solving soliton equations have developed
which include the homogenous balance method [39,40], the tanh method [17,35],
the Jacobi elliptic function method [20], the extended-tanh-function method [8,28],
the transformed rational function method [31,49], the exp-function method [12,13],
the tanh-coth method [42], the F-expansion method [55], the Hirota bilinear method
[14], the Lie symmetry analysis [3,4,7] and the multiple exp-function method [30],
etc. By means of these abundant methods, various exact solutions are obtained
which contain traveling wave solutions, soliton solutions, rational solutions, periodic
solutions, lump solutions [6, 33,34, 41,46], lump-kink solutions [50,51], interaction
solutions [21,22], algebro-geometric solutions [15,23], complexiton solutions [24,49],
the solutions of algebraic Rossby solitary waves [11,45] and so on. Besides the meth-
ods mentioned above, the Darboux transformation [9,10,25,32,44,53] is a powerful
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way for solving soliton equations by finding a gauge transformation between cor-
responding Lax pairs. Due to its effectiveness and uniqueness, it is widely used
in continuous and discrete integrable systems [5,47,52]. As a result, one-soliton
solutions, two-soliton solutions, even N-soliton solutions can be obtained.

It is well-known that the Dirac equation is a significant research subject which
can be used to describe the interactions of relativistic fermions, the dynamics of
elementary molecules, and the gap solitons in optics, etc. In respect of the Dirac
hierarchy, a generalized Dirac soliton hierarchy with bi-Hamiltonian structure and
its integrable couplings have been generated [43,48]. In respect of the Dirac equa-
tion, it has been researched with various approaches such as the tridiagonal matrix
representation approach [1], Krylov subspace methods [2], Bosonic symmetries [37],
etc.

In the Ref [26], a Dirac-type hierarchy is resulted from the real special orthogonal
Lie algebra so(3,R). Its bi-Hamiltonian structure and Liouville integrability are
presented. When taking n=2 in the Dirac-type hierarchy into account, we have the
Dirac-type equation [26]

Pt = —Gaz — 5P°q — 3¢°,
(1.1)
q, = Pax + 30° + 3047,
where p = p(x,t), ¢ = q(z,t) are two functions with regard to two variables x
and t. For the Dirac-type equation, solvability of Dirac-type equations have been
studied [16]. In this paper, we aim mainly at exploring exact solutions of the Dirac-
type equation by using Darboux transformation.

The paper is organized as follows. In section 2, based on the spectral problems
associated with so(3,R), the gauge transformation is introduced so as to construct
an N-fold Darboux transformation. In section 3, some explicit solutions of the
Dirac-type equation are obtained by applying Darboux transformation. Then, the
figures are plotted with the assistance of Maple. At last, in section 4, this paper is
summarized.

2. An N-fold Darboux transformation

Tt is well-known that the real special orthogonal Lie algebra so(3,R) has a basis,

001 000 010
e1=1000|,e=[00-1|,e=|-100]" (2.1)
~100 010 000

In the section, we shall generate a Darboux transformation for Eq. (1.1). The
matrix spectral problems are presented as follows,

1
Gx=Ud, o= | ¢o |, U= Ae1 + pea + ges, (2.2)
¢3

1 1
b =Vo, V=_(-\+ 5292 + §q2)61 + (—pA — qo)ea + (—gA +po)es,  (2.3)
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where
0 g A 0 —qA +pe —N + 3P + 3¢
U=]|—-q0-p|, V= g\ — po 0 PA+ Qs ;
-Ap 0 M—1p?—1¢® —pA—q, 0

p=p(x,t), ¢=q(x,t) are two potentials, X is a spectral parameter. Through the
zero-curvature equation, Uy — V,, 4+ [U, V] = 0, the Dirac-type equation Eq. (1.1)
can be proved by direct computation.

We first introduce a gauge transformation for the spectral problems Eqs. (2.2)
and (2.3),

T1y Th2 Ths
¢=T¢, T = | Toy Tos Tos | » (2.4)
T3 T32 T3
suppose

N-=1 . N1 o
T =AY+ 3 AN T = 30 AN
=0 =0

N @)y
T13 = Z A13>\2,
=0

&)y &)y
Toy = Y Ag{NE Tog = AN + 3 Agg N,
1=0 1=0

N6y
Toz = Y A\,
1=0

ESWION ESITOIY
Ts= ) Agi N, Tio= 3 Ay N,
=0 N1 " =0
Tss = AN + > AN
i=0

N is a natural number and Ag,?n(m,n =1,2,3,0 < i < N — 1) are the functions
of = and ¢, which are determined later. We can easily see that the determinant
of the matrix T is a 3Nth-order polynomial of A by calculation. As a result,

3N
detT = [] (A= );), where A = X;(1 < j < 3N) are the roots of detT. Let

j=1
¥ = (Y1,%2,93)", ¢ = (p1,92,03)", X = (X1,X2,X3)" are three basic solutions
of the spectral problems Eqgs. (2.2) and (2.3), which are linearly dependent. With
the aid of the gauge transformation Eq. (2.4), we can get (L/J,gb,f() =T, e, X)
(1)

are linearly dependent as A = A;(1 < j < 3N). We introduce constants a; ’ and
oz§-2) to obtain the following linear algebraic systems,

N 40 L A0 4 @ 40 N

Z% Ay +a; Ayg +a; Ay = =N,

N-1 . , .

) AS) + iV A% + ol Af) = ANalD, (2.5)

N-1
i 1 i 2 i 2
5 4G + AR + o Al = X,

2
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with

1
O Yo +'YJ(' )

P2 + W;Q)Xz Q@ _ VY3 + 7](-1)%73 + WJ(-Q)X?)
J v+ "/J('l)ﬁpl + 7;2)X1 ’

T Mo +4PX

(1<j<3N). (26)

Under the gauge transformation Eq. (2.4), Egs. (2.2) and (2.3) are transformed
into a new spectral problem

Q?)a::

Q)

(ﬁ7QaA) Ql qg)t = V(ﬁv qAa A) ¢7 (27)

where A A
U= (T, +TU)T ", V= (T, + TV)T*. (2.8)

The gauge transformation Eq. (2.4) is called the Darboux transformation if the
new spectral problem Eq. (2.7) is the same form as Eq. (2.2).
Proposition 2.1. The matrix U defined by Eq. (2.8) has the same type as U, in
which the transformation relation between old potentials and new ones is presented
by
p=p+AYY, G=q+ A5V, (2.9)

Proof. Assume 77! = -L_ and
detT

Bi1(X\) Bia(N) Bis(N)
(T, + TU)T* = | By (A) Baz(N) Bas(A) | (2.10)

Bs1(A) Bs2(A) Bss(A)
obviously, Bg(A;)(1 < s,1 <3,1<j <3N)=0. In addition, By3(\) and Bs;(\)
are (3N + 1)th-order polynomials of A\. Bja()), Ba2i()\), B23(A) and Bsa(\) are
(3N)th-order polynomials of A\. By1(\), Baa(A), Bssz(\) are (3N — 1)th-order poly-

nomials of \. Thus through calculation, we can prove that Bj; = By = Bz = 0
and Eq. (2.10) is rewritten in the following form

(T, + TU)T* = (detT)C(N), (2.11)
with
ay oy oo
oy ooy |
A Y
where C’if)(s,l =1,2,3,k = 0,1) are independent of A. By comparing the coeffi-
cients of A in Eq. (2.11), we have
6 —0, €Y — - A3 =g ) 1. Y
00 = —q— AR =g, O =0, € =AY —p=
e = 1, o =0, ¢ = pr AL =5, 00 =0

It is easy to see U= C(A), which means U has the same type with U. The proof is
completed. O
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Proposition 2.2. The matrix V defined by Eq. (2.8) has the same type as V by
means of the transformation Eq. (2.9).
Proof. Let

G11(A) Gi2(N) Gis
(T, + TV)T* = | Gor(A) Gaa()) Gas
G31(A) G32(X) G33(N)

A)

) Gus(
) Gas(\) | (2.12)

obviously, Gg(A;)(1 <s,1 <3,1 <j <3N)=0. In addition, G13(\) and Gs1(\)
are (3N + 2)th-order polynomials of A. Gia2(\), Ga1(A), Ga3(A) and Gsa(A) are
(BN + 1)th-order polynomials of A\. G11(A), G22(X), G33(A) are (3N — 1)th-order
polynomials of A\. Thus through calculation, we can prove that G1; = Gos = G33 =
0 and Eq. (2.12) is rewritten in the following form

(T, + TV)T* = (detT)D()), (2.13)
with
DY DA+ DY) DN+ DY)+ DY
DA+ DY D) DA+ D) ,
D2 + DSVA+ DY DA + DY DY

where Dgf)(s,l =1,2,3,k =0,1,2) are independent of A\. By comparing the coeffi-
cients of A in Eq. (2.13), we arrive at

DWW =0, D) =—g+ a0V =—g DY =p,, DY =—1, DY =0,
Dy = §5* + 3% Dy = q+ A%V =4, DY) = —p., D) =0,
N— N ~
Dé;l’,) :7A( 1)+p:p7 DéB) :(IIaDézl) :17 D;g,ll) :7%p27%q27 Dé?) :Oa
N-— ~ ~
D32 - A( 1 —pP=Dp Di(’,g) = —dQx, Di())?’,) =Y
which completes the proof. O

Proposition 2.3. Under the Darboux transformation Eqs. (2.4) and (2.9), ev-
ery solution (p,q) can be turned into a new solution (p,q), where T is uniquely
determined by the linear algebraic system Eq. (2.5).

3. Exact solutions of the Dirac-type equation

In the section, we shall utilize the Darboux transformation Eqgs. (2.4) and (2.9) to
gain new solutions of Eq. (1.1). In order to calculate conveniently, we choose N=1
in Egs. (2.4), (2.5) and (2.6) which are shown as follows,

A+ A A Aiz
<Z) = T¢7 T= Agl A+ A22 A23 s (31)
A31 A32 )\ + Ads
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and
An + Oégl)Au + a§2)A13 ==X
Ao + a;—l)Agz + agz)Agg = —)\jagl), (3.2)
Azr + CV;UA32 + Oz§2)z433 = _)\jaf),

with

1 2 1 2
Q) _ o +7§ )902 +7§ X, O 3 +7§ )SD3 +7§ X3

(1) J (1)

_ G 1<j<3). (3.3)
Y1+ e+ 7§2)X1 Y1+ o1+ 752)X1

From Eq. (3.2), we can make use of Cramer law to obtain

A, A

Arp = N Aoz = N (3.4)
with
1 agl) 0452) 1-X\ 0452) 1 agl) f)\lagl)
A=[1a) o |, Ar=[1-Xa |, Ao =]1a) —xalV|. (3.5)
1 ozgl) aff) 1 -3 agz) 1 agl) —)xgaél)
Hence, Eq.(2.9) is rewritten as
ﬁ=p+%,d=q+%- (3.6)

It should be noted that we should make sure A # 0 with selecting suitable
constants )\j,’yj(-l)(j =1,2,3,1=1,2).

Above all, we select the seed solutions p = 0, ¢ = 0. Then the Lax pairs Egs.
(2.2) and (2.3) can be simplified down to

D1z = A3, P30 = — A1,

(3.7)
bre = —A’¢3, d3r = —\2¢1.
Hence we can figure out three basic solutions, that is,
sin(A\?t — A\z) cos(A\2t — \x) 0
() = 0 , p(A) = 0 XN =1 (38)
—cos(A\?t — \x) sin(A%t — A\z) 0
From Egs. (3.3) and (3.8), we have
m _ 7
Q" = = T 9
J sin(A2t—Az)+7 " cos(A\2t—Ax) (3.9)
2 - COS()\2t7>\I)+"/§1) sin(A%t—\z) :
&= sin(Aztf)\:v)Jr'y](vl)cos()\ztf)\a:) )

For example, we substitute Ay = Ay = 1, Az3= —1, %2) = 0, 751) = 'y?(,2) =

) 751) = 752) = fyél) = —1, into Egs. (3.5) and (3.9), then we arrive at an exact
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real solution by using Eq. (3.6). The plots of p and ¢ of Eq. (1.1) are presented
respectively in Figs. 1 and 2.
In addition, we can get another three basic solutions according to Eq. (3.7),

ei(/\2t—)\ac) iei()wc—/\zt) 0
Y(A) = 0 , p(A) = 0 ; X(A)=11]. (3.10)
_iei(AQt—)\w) _ei(Aa:—)\2t) 0

Choosing A= i, A= —i, A= 0,791 = 9= —i, 4 =i, 7{¥ = f? =4V =1

for obtaining an another explicit complex solution.

L

10

15

Figure 1. Plots of the intensity distribution p and the solution p at t = 0 of Eq. (1.1) with A1 = Xy =

2 1 2 1 2 1
Las= -1, 12 =0, 1V =4 =1, 4V =4 =4V = -1.

Figure 2. Plots of the intensity distribution ¢ and the solution ¢ at t = 0 of Eq. (1.1) with Ay = Xy =

2 1 2 1 2 1
1L da=—1, 4P =0, oV = =1, Y =P =4fY = 1.
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4. Concluding Remarks

In this paper, we have researched the Darboux transformation of the Dirac-type
equation Eq. (1.1) based on matrix spectral problems associated with so(3,R).
With the help of Maple, some explicit solutions, for example, real solutions and
complex solutions have been obtained which are in accord with physical phenomena.
It is noteworthy that many integrable soliton hierarchies can be derived from the
the real special orthogonal Lie algebra so(3,R) such as AKNS type, KN type and
WKI type [36]. Further consideration, super integrable hierarchies with super-
Hamiltonian structures [29] can be thoroughly studied in order to apply the Darboux
transformation to generated soliton equations. According to the above analysis, the
Darboux transformation will leave us wide research space. In addition, the binary
nonlinearization [18,19,27,54] of the Dirac-type equation is worth studying.

Acknowledgements. The authors are grateful to the anonymous referees for their
useful suggestions which improve the contents of this article.
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