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ESTIMATE FOR EVOLUTIONARY SURFACES
OF PRESCRIBED MEAN CURVATURE AND
THE CONVERGENCE*

Peihe Wang!! and Xinyu Gao'

Abstract In the paper, we will discuss the gradient estimate for the evolu-
tionary surfaces of prescribed mean curvature with Neumann boundary value
under the condition fr > —k, which is the same as the one in the interior
estimate by K. Ecker and generalizes the condition f. > 0 studied by Ger-
hardt etc. Also, based on the elliptic result obtained recently, we will show
the longtime behavior of surfaces moving by the velocity being equal to the
mean curvature.
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1. Introduction

Let Q be a smooth bounded domain in R™ and u be a smooth function defined
on it. As it is known to us, the mean curvature of the graph of u is

Du
W). (1.1)

This is no doubt one of the most important geometrical quantities of submanifolds
and lots of references have appeared to study it and the quasilinear equations con-
cerned, for instance, one can refer to [1,3,6,14,15,17,22-24,28-35] and the references
therein.

Parallel with the elliptic case, the parabolic case which was historically named as
the “mean curvature flow” is also an important and interesting subject in geometric
analysis and partial differential equations. It usually includes two equations, one is

H = div(

ot /T+ [Dul? (1.2)

and the other is

ou Du
— = /1 + |Du|?div(——). .
g = VI D) 13)
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For the first one, it describes that a set of graphs of u(:, t), denoted by M;, move
at the speed of the mean curvature along the z"*! direction. While for the second
case, a series of graphs move at the speed of its mean curvature vector. Both of
the flows attract the interest of many mathematicians and lots of interesting results
have been deduced, one can refer to the references of this paper.

In this paper, we focus on a class of equations concerned with the first flow (1.2)
which can be expressed as follows

Ou _ div(iDu
ot 1+ |Dul?

where f(x, 7) is defined on © x R. It is important both on the fundamental theory
of parabolic differential equations and on the geometrical applications.

For this known equation, Gerhardt ( [5]) proved the C? estimates of u, |%7;| and
an interior gradient bound under the condition

)-f(l’, u)» (].4)

o >0, (1.5

which is an analogue to the one for capillary surfaces given by Concus and Finn

(13-
In 1982, Ecker ( [4]) derived the interior estimate of (1.4) under the weaker
condition

A (1.6)

where k is a nonnegative constant. What he has proved is the following generaliza-
tion of Gerhardt ( [5]).

Lemma 1.1 (Lemma 1, [5]). Assume Q is a domain in R™, n > 2. Let u(z, t) be
the solution to the parabolic equation

ot = (i) ~ S Wi 20, 1) (1.7

u(z,0) = up(x) on €,

where f(x, T) satisfies that % > —k with k > 0. Then for xg € Q and t € [0, T)
we have the estimate

|Duo, £)] < C, (1.8)

where C' = C(n, T, dist(xq,09Q), K, | flcoqxr, |Deflco@))-

Besides the interior gradient bound, Ecker in the same paper also derived the
global gradient estimate for solutions of the Dirichlet problem to (1.7) as follows
with % > —K

u=q on o0 x [0, T7, (1.9)

and also some Hélder continuity of the solutions under several kinds of boundary
conditions was derived.
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However, in many researches including Guan ( [8,9]) and Xu ( [36]), concerned
with the second mean curvature flow (1.3) with the following form and Neumann
boundary data or prescribed contact angle boundary value,

% = VTFDuldiv(25—) — f(a, w)in 2% (0, 7),
u(z,0) = up(x) on £,

(1.10)

the condition % > 0 is crucial during the proof of the long time existence and the
convergence. Remark that in the capillary surfaces problems

Du

W) = f(z, u), (1.11)

the sign of % describes one of the characters of the gravitational field. It then
naturally arises the question whether we can get the long time existence, namely
the gradient estimate of (1.7) with some kind of boundary data under the same
condition as Ecker’s in the interior estimate.

In this paper, we come to estimate the gradient of the solution of (1.4) under
the conditions as Ecker’s with Neumann boundary value conditions. Finally, we
will reach the following results.

div(

Theorem 1.1. Let Q be a bounded domain in R® and 02 € C3, n > 2. v is the
inner unit normal. Suppose f,p are functions defined on 2 x R and € respectively.
Let u(x, t) be the solution to the parabolic equation

Gu :div(\/ﬁ) — f(z, u)in Qx[0, 7Y,
u(z,0) = uo(z) on (1.12)

g—z = () on 90 x [0, T,

where f(x, 7) satisfies that 2L > —k with k > 0 and [oleaqy < L. Then for

T

t €0, T| we have the estimate
|Dyu(, t) <C (1.13)

in ﬁ; where C' = C(TL, T, L, w, |f|CO(Q><R)7 ‘Dwf|CO(Q))

Joint with the bounds of v and % we will derive in Section 3, one can easily
get the long time existence of the equation with Neumann boundary value.

Corollary 1.1. Under the same conditions as described in Theorem 1.1, the parabol-

1c equation

&= diV(\/ﬁ) — flx, uw)in Qx [0, +00),
u(z,0) = uo(x) on €, (1.14)

% = () on 09 x [0, +00)

has a smooth solution u = u(zx, t).
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In [23], for the second mean curvature flow (1.3), they got the long time existence
and the convergence which showed that the solution will converge to a translating
solution with constant speed. In the same paper, they also derived a compatible
result for the mean curvature equation as follows.

Lemma 1.2 (Lemma 2, [23]). Let Q be a strictly convex bounded domain in R"
with smooth boundary. For any ¢ € C>* (), there exists a unique Ao € R and a
function w € C(Q) solving

D
v —L ) = Ao in €,
V14 |Dul? (1.15)
u, =p(x)  on 09,
where v is an inward unit normal vector to 9. Moreover, the solution w is unique
up to a constant.

Based on this lemma and Theorem 1.1, we can describe the convergence result
of the mean curvature flow (1.2) with Neumann boundary data.

Theorem 1.2. Assume ) is strictly convexr bounded domain in R™, n > 2. Let
u(x, t) be the solution to the mean curvature flow

9u — Jiv(—=L2%—) in Q x [0, +00),

o = o
w(z,0) = uo(x) on €, (1.16)
% = () on 90 x [0, +00),

where (uo), = ¢(z) and |¢|cs g, is bounded. Then u(z, t) will converge to a trans-
lating solution as Aot + w, where w is a suitable solution to equation (1.15).

For the arrangement we proceed as below. In section 2, we list the notations
and the preliminaries used during the process of the proof. In section 3, we will
give the bound of u; and it then follows the C estimate of the solution. In section
4, the gradient estimate near boundary of the solution will be deduced and then we
can conclude the longtime existence of the parabolic equation by combining with
the interior estimate already derived by Ecker. In the last section, we will draw
out the convergence result of the evolutionary surfaces moving with velocity being
equals to its mean curvature.

2. Notations and preliminaries

As an important preparation, we list here some properties of the distance func-
tion to the boundary of the domain.

Let d(z) be the distance from the point  to 9 and v be the inner unit normal
along 0. Denoted by

Q, ={z € Qd(z) < pn}.

We can know from [24] that there exists a u; > 0 such that d(z) € C3(€,,)
and in this annular domain we can take Dd as the extension of v, denoted by v as
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before. It follows that in €2,

|Dv| +|D*v| < C(n, Q);

2.1
lv| =1, Dvlv, D,v =0. 21)

We also note the following facts. When € is a strictly convex smooth domain,
there exists a smooth defining function h for 2 such that h < 0in Q and h = 0
on 0, {h;;j} > ko{d;;} for a constant kg > 0 and supg |[Dh| < 1, h, = —1 and
|Dh| = 1 on 0. Because of the strict convexity of the domain, we may assume
that the curvature matrix of 9 satisfies {;j }1<i j<n—1 > k1{di; }1<i j<n—1, where
k1 > 0 is the minimum principal curvature of the boundary.

Remark that we will use the notation O(z) to indicate that |O(z)| < C|z| as z
is large enough, C' is a universal constant dependent upon some prescribed factors.
This type of notations will be adopted frequently during the whole paper.

3. Estimate of u; and the C° estimate of u

For convenience we change the parabolic equation (1.12) into the following form

a n
8—1; = lzl Aij (DU)U” - f(xa 'LL)7 (31)
i,j=

here we denote A;; to be 1(5;; — T11pa) and v = /1 + [Duf? for convenience.
Derivative with parameter ¢t on both sides we then get

au n n
5 = 2 Ay(Du)(u)y + D7 Air(Duyu(u)y — fr(e, wur (3.2)
ij=1 i,j,k=1
Therefore,
(e "tuy) = k - e
thz Ay (Du)(e tut)ijfz Ay i (Du)uij (e tuy), 53
i,j=1 i,5,k=1 .

— (fr(z, uw) + K)e "uy.

So, according to maximum principle, if the nonnegative maximal value achieves
at the point (xo, to), then only one of the following three cases would possibly occur:

(1) t() = 0;

(2) to >0 and e "tu; is a constant(thus must be u.(z,0)) on Q x [0, tol;

(3) to > 0 and xg € 990.

For the third case, thanks to Hopf lemma we have u;, < 0. But on the other
hand, by the boundary value, u;, = ¢y = 0, this is a contradiction.

For the two cases remained, we can deduce that

ug(x, t) < max{sup e u;(x, 0), 0}. (3.4)
€N

Similarly, we can get the lower bound

ug(x, t) > min{grel}“2 e u(x, 0), 0}. (3.5)
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Based on the discussion about wu;, we then immediately get the C© estimate of
u. In fact, by the mean value theorem, we have

lu(z, t) — uo(z)| < Cte™, (3.6)
where C' = sup,cq |ut(z, 0)| is determined by ug, f.

Remark 3.1. For the mean curvature flow (1.2), it is obvious that k = 0 and we
can get the estimate of u; as follows which is independent upon t.

i < < .
inf wil®, 0) < wi(z, 1) < sup uy(z, 0) (3.7)

4. C' estimate of u

In this section, we set out to prove Theorem 1.1. The technique and the idea
are mainly from [22,23], but at the same time the main difference is the choice of
the auxiliary function.

Proof. Based on Lemma 1.1, we only need to bound the gradient of u near the
boundary 0. Let w = u — ¢(x)d and set

@ = log(e M Dul’) +ad, @ €0y, (4.1)

where pg is a small positive constant less than @1 and only depends on n, €, f, ¢
Both of a, A are positive constants determined later.

Set A = |Dw|? for convenience. We assume that ® reaches its maximum at a
point (zg, tg) where xo € ﬁuo. In the following, we split the whole proof into three
cases.

Case 1: xo € 08, N Q.

If this case occurs, we then immediately get the gradient estimate by Lemma
1.1.

Case 2: z(y € 0f). By an observation we easily get that % = 0 which equiva-
lently states that Dw|aq is a tangent vector field along 9. Let D’ be the connection
of 0 induced by D.

In this case, we can deduce that

po(ay 2 D(DulY

i=1

ov - A o
QZwkwikl/i
__bk=t i,k=1 +a
A
_2 <D(a ), D >—Z Dy(vwy, | +a 4.2
A 8 “ i,k= 1u)Z k ()
_2 <D(a ), D >—Z Dp(Wwy | +
A v 7Y 2““” k(e | +a




Estimate for evolutionary surfaces of prescribed mean curvature 1925

which will cause a contradiction if we choose a to be a large constant determined
by the geometry of 92, for instance, o = 2k + 1, where k is the maximum of the
principal curvature. It indicates that this case will not occur at all.

Case 3: xp € .

Under this assumption, if ¢y = 0, the proof is done. So in the following, we
assume without loss of generality that ¢y > 0. Remark that all the calculations
will be done at the fixed point (zg, tg), and at this point a special coordinate is
chosen such that u; = [Du|, u; =0(i = 2,--- ,n) and u;;(2 < i,j < n) is diagonal.
Obviously, if we change the equation into the following form

n
0
Z U5 — 1138—1: = f(x, u)v3, v =1/1+|Dul?,

where a;; = (14 |Dul?)d;; — u;u;. At this point we have
aii zlvaii:1+u%a Z:27 , .

In the following, we come to control | Du| at this point and thus obtain the whole
gradient bound near the boundary. Also, we remark that if |Du| is large enough,
then |Du|, v, wy, |Dw| are equivalent with each other.

We obviously have

| Dw|?;

0 i 1

Therefore,

- Ad;
3wy (wy — Gry) = -2 > (4.4)
=1

where we denoted by G(z) = ¢(x)d(z) for simplicity.

Thus, for ¢ =1,
aAd; "Ly
— — — o1 4.5
U1l 2w, 15:2 w1u11+ (1), (4.5)
and for 7 > 1,
aAd;  w
= — L Zu+0(1 4.6
u 2or w it (1) (4.6)

aAd " w aAd w
Uy = — 1Zwi( lwlu”+o(1))+0(1)
=2

2w, 2wy 1
(4.7)
aAdy " aAwd, "Ly 2
= — I O 1 .
2wy i ; 2w, i ; wq we+0(1)

On the other hand, according to the classical differential geometry we have

Z Qi Ui5 = HUS, (48)

i,7=1

therefore,
2

U1 U11 =
Au:Herv—Qun, HU:?+;UU. (4.9)
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It is a direct calculation that

V3P, :% ~
203 Zn: Wit
12/11 -\
203 i wi(H — f(z,u));
= = 2 -
:% (20 < Dw, DH > —2v® < Dw, D, f > —20° f, < Dw, Du>—\v*|Dw|?) .
(4.10)
According to (4.3), we can deduce that
| Dwl|?, .
d,; = T” — o?d;dj + ad,;. (4.11)

Setting A = 2(k + 1), then we have at the point concerned

= P
0 Z Z aij‘bij — ’1)387

ot
1,j=1
< 2
4zlaij|Dw‘ ij n n
,]= 2 j : j :
:f — aijdidj—I—oz aijdij
2,j=1 1,7=1

1
-1 (21)3 < Dw,DH > —2v® < Dw, D, f > —2v3f, < Dw, Du > —)\U3|Dw|2)

n

1
ZZ Z al-j|Dw|2ij —20® < Dw,DH > | +v*
i,j=1
203 < Dw, D, - -
v j:’ f > — a2 Z aijdidera Z aijdij
i,j=1 i,j=1
=TI+ 1T+ 1I1I.
(4.12)
It is an observation that
IIT = O(v?). (4.13)

In the following, we come to settle the remaining term I.

1 - 2 3
1= Z aij|Dwl*;; = 2v* < Dw, DH >
i,j=1
1 n n
:Z 2 Z wkaij(uijk — Gijk) +2 Z Qi Wik Wik — 22}3 < Dw,DH >

ij k=1 ij k=1
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1 n n
:Z 2 4 Z Wk Qi Uik — 03 < Dw,DH > | +2 4 Z a;jwipwik | + O(’U)
i,,k=1 i,5,k=1
L+ 1
DL o). (4.14)

A

For the first term 17, joining with (4.8) and (4.9), we have

n
=2 Z W Q5 Uijk — 113 < Dw,DH >
1,5,k=1

I

Ul

n n n
=2 Zwk( Z aq;juq;j)k — Z W Qjj, kW5 — V3 < Dw,DH >
k=1

ij=1 ij.k=1

=2 < Dw, D(H’U3) > —2 Z wk(2uluk15ij — 2uikuj)uij — 2’()3 < Dw,DH >

4,5,k =1

=u1(6Hv — 4Au) Z w1k + 4uq Z WU LU
k=1 i k=1

1
=up (2Hv — 2 u11) E Wik + 4ug g WE U UL;

k=1 ik=1
=111 + Iio.
(4.15)
For I 1, by (4.4) and (4.7),
u11 - 4uy 2 -
Ihh=w (2| — + Zull - —5un Zwkulk
v 1=2 v k=1
S 2 — duy? -
=uy <2Zu” + 21U11) Zwkulk
1=2 v k=1
~ 2 — 4uy aAdy aAwd, wy
=uy <22uu + 5 (— S Z 52 Z — | uy +0O(1)
1=2 1=2 1=2
A
x (—“ d —|—O(v)>
2
=0(v") + > _ 0" uy. (4.16)

For I3, by (4.4), (4.6) and (4.7),

n
I =4uy E WE Ui U1
i k=1

OtAdl aAd1 - aAwldl - wy 2
:4U1 < 9 JrO(U)) < 21111 +Z 2’(1}12 +Z (wl> ull+O(1)>

=2 =2
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+duy Z ( “’;‘dl + o@)) ( oAy Ly + 0<1>)

1=2
n

vt) + Z O(v*)uy.

=2

Therefore, combining (4.15), (4.16) and (4.17) we then have

For the term I,
IQ :2aijwikwjk = 2aijuikujk — 4aijuiijk + QaijGiijk
=121 + Io2 + I3,

and we deal with these terms one by one.
Direct calculation shows that

n n n
2 2 2 2 2
I :2aijuikujk =2 E U’ + 2v E uy” + 2v E uyg
k=1 =2 =2

n n
:2U112 + 2(1 + 1]2) Z uUZ + 202 Z u”2.
=2 =2

For the second term,

n

Iyg = — dazjuin Gy, = —4up Gry — 40° ZullGll — 4> Gy
1=2 1=2

= —4uy1G11 — 4(1 +0?) Z up Gy — 4v* Z upGy.

=2 =2

So,

Iy + I *’Uzzull +2(u1; — Gi1)? + 2(1 + 02 Z Uy — Gll —2G,?
1—2

=2

+ v? Z (u” — QG”)Z — 2(1 + UZ) Z G112 — 40? Z G”2
=2

1=2 1=2
n
>v? Zullz + O(v?).
1=2

For the term I3,
123 = 2aijGiijk = O(UZ).

Combining (4.19), (4.22) and (4.23) we conclude that

Iy > v? ZU”2 + O(’UQ).

=2

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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Now we can derive by (4.14), (4.18) and (4.24) that

1> % <v2§u”2 +§O(v3)ull+0(v4)> > O(Z ) = 0(v?), (4.25)

where we have used the fact that at® + bt > —% for a > 0.
We finally get

n
0P
0> ijzzjl CLij(I)ij — USE > ’U3+O(U2), (426)
which forces v to be bounded at this point.

After the discussion of the three cases we get the gradient estimate of u near
the boundary and thus finish the whole proof of Theorem 1.1.

O

5. Convergence of evolutionary surfaces moving by
mean curvature

In this section, we come to prove Theorem 1.2.

Based on the long time existence result in Corollary 1.1, we need to prove a
prior uniform gradient estimate being independent of the ||u||co, for the solution
to (1.16). This is the crucial step in establishing the infinite time convergence of
solutions. In this step we will make strong use of the strict convexity of the domain.

Theorem 5.1. Let Q) be a smooth strictly convex bounded domain in R™ and n > 2.
Suppose that u(z,t) € C32(Q x [0, T)) is a solution to (1.16). Then there exists a
constant Co = Co(n, Q, ug, p(x)) > 0 such that

sup |Du| < Cy.
Qx[0, T)

Proof. Also, the idea of the proof of this lemma mainly follows [23]. To reach
the conclusion of the lemma, we only need to prove that [Du| can be bounded on
Q x [0, T'] uniformly in 7" € [0, T7.

Let
®(z, t) = log |Dwl|* + f(h),
where
w=u+p@h, f=ah,
and « can be determined later. For convenience we denote by G = —p(x)h.

We firstly show the maximum of ®(z, t) on Q x [0,7”] can not be achieved at
the boundary 09 x [0,T"].

Let n denote the unit inner normal vector and 1 < ¢ < n—1 denote the tangential
derivative. D denotes the derivative in R™. By the boundary condition, w, = 0 on
0, which means that Dwlgq is a tangent vector along 9Q. If ®(x, t) attains its
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maximum at (zg, %) € 90 x [0,7"], then at (xo,to), we have

|Dwlz
0>, = Do’
n—1
2 Z kaknw
k=1

= —«
| Dw|?

9 n—1 n—1 (5 1)
:W Z W Wnk + Z WEWikk | — ’
k=1 ik=1

n—1
2 > wpwikik
_ k=1 N
| Dwl?
22]€1 — .

By taking 0 < o < 2k, the maximum of ® can only be achieved in Q x [0,7"].
Now, only the following two cases are left to be discussed.
Case 1: ® attains its maximum (z9,0) €  x {0}, then there exists a constant
C = C(up) > 0 such that
~max v <C. (5.2)
Qx[0, T7]
Case 2: ® attains its maximum at (xg,to) € Q x (0,77].
As in section 4, at this point a special coordinate is chosen such that u; =
|Dul, u; =0(: =2,--- ,n) and u;;(2 <14,j <n) is diagonal. It is obvious that

2 .
an =1l,a;; =14+uj, i=2,---,n.

Denoted A to be |Dw|?, we have at (zg,t)

Dw|?
@, = Pulr, (5.3)
and Dul?
0=, = W + ah;. (5.4)
Therefore,
o (o _IDul |DuBiDu
Z](IO) 0)_|Dw|2 - |D'LU|4 +a (¥
\Dwl? (5.5)
= |Dw|2j Oéhl'j — Oé2hihj.
Thus at (xg, to) we have
n ‘Z_:laij(|Dw|2)ij — 0’| Dwl?
0> Z a;;®;; — v30, =1 T
i,j=1
n n (5.6)
— 0[2 Z aijhih]’ + « Z aijhij
i,j=1 ij=1

AT+ T+ II1.
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From (5.4), we deduce that for i =1,2,--- |n,
; wiw; = ; wywy; + ; WGy = —=~hi + O(v). (5.7)

Also it is remarkable that as v is large enough, uy, v, wy and |Dw| are equivalent

with each other.
It follows that for ¢ > 1,

A
wiuy; + wing = O(v) — %hu
therefore,
0() aA p Wi
Uy = = o N T U,
! 2’11)1 w1
and for i =1,
" A
w11 + Zwlull = O(U) — %hl.

=2

Combining (5.8) with (5.9), we then have

Similar discussions as in section 4 and by (5.10), we derive

12 20, Ah n 2
Au—Hv+ u11—HU—|—O( ) — W—!—Z(uw}l) uy,

202w, Vw1
and
n n 2
U1l 72 aAhy
Ho=—5+ =0 - + :
U= 2 ;Ull (v 202w, | 2 (vwl) ]uu

In the following, we come to settle (5.6).
It’s easy to get

I = —o? <h12 + (14 u?) Zh12> )
i=2
and

117 = Z aaiihi; > akg (n + (n — 1)”%) :

1<ij<n

We settle the term I in the rest.

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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Direct calculation shows that

n

> ai(|Dwl?),; — v*| Dw|?

ij=1

n n n
=2 Z QUi W] — V3 Z wiup | — 2 Z aijGijlwl (5 15)
=1 :

,5,l=1 i,,0=1

n n n
+2 Z a;jugug — 4 Z a;ju; Gy + 2 Z ai;GaGj

,7,l=1 1,,0=1 %,7,l=1
=L+ I+ I+ 1, + I

In the following, we compute these terms one by one.

For the term I, by differentiating the equation, we have

n n
3 3
I =2 E wy (Hv )l — E Qij1Us5 — V- U
=1

i,j=1

n n n
=6H’U§ ukuklwl—llAuE Upupw; + 4 E Ui U5 UfW]

k,l=1 k,l=1 i,5,l=1 (5'16)

n n
=(6Hv — 4Au) uy Z uw; + 4uq Z U Uj Wy
1=1 ji=1

=I11 + Lia.

For the term I;1, jointing with (5.7), (5.11) and (5.12), we derive

ur2aAhy " ugwy 2 aA
.[11 =Uu1 6Hv —4 HU+O(1)— W"‘Z Wy ujg _7h1+0(v)

=2

20cAuq 2 " [ uqwy 2 aA
=Uu1 2Hv + 0(1) + v2w1 hl - 4; < vy ) uy (th + O('U))

2 A28 n
whﬁ —I—ZOl(v)u”

=2

2
1+ (UJ[) 11611) uiccAhq
VW

= — HvuyaAhy + O(v?) — e
1

n

_ 9 aA
— (ow )+ wwlh1 -3

=2
a?A%uq® ~
+ 0(1)3) — 271}“2 + Z Ol(v)u”
VW —2
w32 A%hy 2 -
=0(v®) — 11)27“)11 + Z (O1(v) — uraAhy) wy,

- (5.17)
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and for the term I, also by (5.7), (5.8) and (5.10), we obtain

I —4ulzu1] (— hj +O(v ))

2A2h, 2 242p% &
:O(U3) + Ui 1 + Z U l + 201(02)11,”.

w
=2 1 =2

Thus by (5.17) and (5.18), we have

n

2 27, 2 n 2 427, 2
3 U« A hl U A hj 2
Il ZO(’U )+U27’U)1+ZT+ (O(U )—ulaAhl) uj .- (519)
j=2 =2
It is easy to observe that
I, =0(?*), Is=0(v?). (5.20)

For the term I, we get

Iy = — 4u11Gy1 — 4(1 +v?) Z un Gy — 4v° Z u G
=2 1=2
<2U11 +2G1;? + — Zuu +8(1 + v? ZGU ) (5.21)
iR 2 2 2
— ?Zuu +8’U ZG” .
=2 =2

Therefore we have by (5.8)

5 n n
3
E I; 25(1—}—1}2) E u112+7 E u”2+0(v3)
1=2 =2 =2
3 - aA w
25(1 +?%) E <O(1) - ﬂhl - lull> + - E uy” + O




1934 P. H. Wang & X. Y. Gao

Combining (5.19) and (5.22), we then have

> 24212 SN upa?A?h;? 31+ 02) o= a2A2
S 3 Ul 1 UL j 2
ZL >0(0*) + =5 - +j2::2 ot s ; el
3
+Z (;) +0(1 ) uy +Z v%) —uraAhy) uy
1=2
S0(%) + u a2 A%hy 2 z": 1a2A2h 2 3(1 +02) & aQAQh 9 (5:23)
=M v2w, 8 — w2 !

i [O(UQ) — ulaAhl]
602 + O(1) ’

=2

where in the last formula, for each term 2 <[ < n, we once again use the fact that
2
at? + bt > =& for a > 0.
Since v has been assumed to be large enough, we have

2 2 n 2 2 2
uio® Ahq uio” Ah; 314w ) oA 9 9
> .24
v2w; + E o + 3 E E h a‘v g h2, (5.24)
j=2 =2 =2
and
- - ulo‘Ahl] n—1 99,9
— — 1). 2
Z 6v2A+AO( ;2T v+ o) (5:25)

By (5.23)—(5.25), it follows that
>0 +anZh2 L a?v2h2. (5.26)
Then by (5.6), (5.13), (5.14) and (5.26), we obtain

0> Za” ij — U 3, >0(v) + « ’UQZhQ =2 2h2+ak0 [n+(n71)u1]

7,j=1
2 <h12 +(1 +u12)2hi2>

1
>0 () + a(n — 1)kov? — nT 2p%h3.
(5.27)

Taking 0 < o < min{2ko, 2k; }, we know |Du| must be bounded at this point. And
by an easy argument we then reach

sup |Du| < Co
Qx[0, T)

for a universal constant Cjy depending upon the quantities described in the lemma.
Combining all the cases above, we finish the proof of the theorem. O
The longtime existence of the solution to equation (1.16) is obvious to us accord-
ing to Corollary 1.1 and now we study its asymptotic behavior on the strictly convex
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bounded domain in R™. Remark that we have already obtained uniform estimates
on %‘t‘, |Du| as long as a smooth solution exists in Remark 3.1 and Theorem 5.1.
Thus, the proof of the convergence results is almost the same as the corresponding
part in [23], we would like to omit it and one can refer to the procedure in [23] for
details. This complete the proof of Theorem 1.2.

Acknowledgements

Research of the first author was supported by STPF of Shandong Province(No.J17KA161).
The first named author would like to express his thanks to Prof. X. Ma for his con-

stant encouragement. The last but not the least, we would take this opportunity

to thank the referee for his hard work to improve the paper.

References

[1] S.J. Altschuler and L. F. Wu, Translating surfaces of the non-parametric mean
curvature flow with prescribed contact angle, Calc. Var., 1994, 2, 101-111.

[2] K. A. Brakke, The motion of a surface by its mean curvature, in “Math. Notes,”
Princeton Univ. Press, Princeton, NJ, 1978.

[3] P. Concus and R. Finn, On capillary free surface in a gravitational field, Acta
Math., 1974, 132, 207-223.

[4] K. Ecker, Estimates for evolutionary surfaces of prescribed mean curvature,
Math. Z., 1982, 180, 179-192.

[5] C. Gerhardt, Fuvolutionary surfaces of prescribed mean curvature, J. Differ.
Equat., 1980, 36, 139-172.

[6] C. Gerhardt, Global regularity of the solutions to the capillary problem, Ann.
Scuola Norm. Sup. Pisa Cl. Sci., 1976, 4(3), 151-176.

[7] D. Gilbarg and N. Trudinger, Elliptic partial differential equations of second
order, Reprint of the 1998 edition. Classics in Mathematics. Springer-Verlag,
Berlin, 2001.

[8] B. Guan, Mean curvature motion of non-parametric hypersurfaces with contact
angle condition, In Elliptic and Parabolic methods in Geometry, A K Peters,
Wellesley(MA), 1996, 47-56.

[9] B. Guan, Gradient estimates for solutions of nonparametric curvature evolution
with prescribed contact angle condition, in Monge-Ampere Equation: Applica-
tions to Geometry and Optimization, Contemporary Mathematics, 1999, 226,
105-112.

[10] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Differ.
Geom., 1984, 20, 237-266.

[11] G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by
their mean curvature, Invent. Math., 1986, 84, 463—480.

[12] G. Huisken, Non-parametric mean curvature evolution with boundary condi-
tions, J. Differ. Equat., 1989, 77, 369-378.

[13] H. Ishii, Introduction to Viscosity Solutions and the Large Time Behavior of
Solutions: approximations, numerical analysis and applications, Lecture Notes
in Math., 2074, 2013, 111-249.



1936

P. H. Wang & X. Y. Gao

[14]

[15]

[16]

[17]

[18]

[27]

[28]

N. J. Korevaar, An easy proof of the interior gradient bound for solutions to
the prescribed mean curvature equation, Proc. Sympos. Pure Math., 1986, 45,
Part 2: 81-89.

N. J. Korevaar, Mazimum principle gradient estimates for the capillary prob-
lem, Commu. Part. Differ. Equat., 1988, 13(1), 1-32.

O. A. Ladyzhenskaya and N. Ural’tseva, Local estimates for gradients of non-
uniformly elliptic and parabolic equations, Comm.Pure Appl. Math., 1970, 23,
677-703.

G. Lieberman , Gradient estimates for capillary-type problems via the mazimum
principle, Commu. Part. Differ. Equat., 1988, 13, 33-59.

G. Lieberman, Oblique boundary value problems for elliptic equations, World
Scientific Publishing, 2013.

G. Lieberman, The first initial boundary value problem for quasilinear second
order parabolic equations, Ann. Sci. Norm. Sup. Pisa Ser. IV, 1986, 8, 347-387.

A. Lichnewski and R. Temam, Surfaces minimales d’évolutron: Le concept de
pseudosolution, C.R. Acad. Sci. Paris, 1977, 284, 853-856.

P. L. Lions, Neumann type boundary conditions for Hamilton-Jacobi equations,
Duke Mathematical Journal, 1985, 52, 793-820.

X. N. Ma and J. J. Xu, Gradient estimates of mean curvature equations with
Neumann boundary condition, Adv.Math., 2016, 290, 1010-1039.

X. N. Ma, P. H. Wang and W. Wei, Mean Curvature Equation and Mean Cur-
vature Flow with Non-zero Neumann Boundary Conditions on Strictly Convex
domain, Journal of Functional Analysis, 2018, 274, 252-277.

L. Simon and J. Spruck, Existence and regularity of a capillary surface with
prescribed contact angle, Arch. Rational Mech. Anal., 1976, 61, 19-34.

J. Spruck, On the existence of a capillary surface with prescribed contact angle,
Comm. Pure Appl. Math., 1975, 28, 189-200.

W. Sheng, N. Trudinger and X. J. Wang, Prescribed Weingarten Curvature
Equations., Recent Development in Geometry and Analysis, ALM 2012, 23,
359-386.

O.C. Schniirer and R. S. Hartmut, Translating solutions for gauss curvature
flows with Neumann boundary conditions, Pacific Journal of Mathematics,
2004, 213(1), 89-109.

P. H. Wang, The concavity of the Gaussian curvature of the convex level sets
of minimal surfaces with respect to the height, Pacific Journal of Mathematics,
2014, 267(2), 489-509.

P. H. Wang, X. Liu and Z. H. Liu, The convexity of the level sets of maximal
strictly space-like hypersurfaces defined on 2-dimensional space forms, Nonlin-
ear Analysis, 2018, 174, 79-103.

P. H. Wang, H. M. Qiu and Z. H. Liu, Some geometrical properties of mini-
mal graph on space forms with nonpositive curvature, Houston J. Math., 2018,
44(2), 545-570.

P. H. Wang and X. J. Wang, The geometric properties of harmonic functions
on 2-dimensional Riemannian manifolds, Nonlinear Analysis, 2014, 103, 2-8.



Estimate for evolutionary surfaces of prescribed mean curvature 1937

32]

[33]

[34]

[35]

[36]

P. H. Wang and L. L. Zhao,Some geometrical properties of convex level sets of
minimal graph on 2-dimensional Riemannian manifolds, Nonlinear Analysis,
2016, 130, 1-17.

P. H. Wang and D. K. Zhang, Convezity of level sets of minimal graph on space
form with nonnegative curvature with nonnegative curvature, J. Differ. Equat.,
2017, 262, 5534-5564.

P. H. Wang and J. Zhuang, Convexity of level lines of mazximal space-
like hypersurfaces in Minkowski space, Iseral J. Math., TBD 2018, 1-24.
DOI:10.1007/s11856-018-1695-z.

X. J. Wang, Interior gradient estimates for mean curvature equations, Math.Z.,

1998, 228, 73-81.

J. J. Xu, Mean curvature flows of graphs with Neumann boundary condition,
https://arxiv. org/abs/1606.06392.



	Introduction
	Notations and preliminaries
	Estimate of ut and the C0 estimate of u
	C1 estimate of u
	Convergence of evolutionary surfaces moving by mean curvature

