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Abstract We establish the vanishing viscosity limit of the zero-mode of the
linearized Primitive Equations in a cube. Our method is based on the ex-
plicit construction and estimates of the boundary layers. This result, together
with that in [12,15], allows us to conclude the vanishing viscosity limit of the
linearized Primitive Equations in a cube.
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1. Introduction.

In this article, we are interested in the study of the mode-zero case of the Linearized
Primitive Equations (LPEs) at small viscosity in a rectangle Q = {(x,y) : 0 < z <
L1,0 <y < Ly}. The viscous modal equations are given as

u§, + Uoud, — fv§ + 65, — eAu§ = Foy,
U8t+UOUSz+fu(€)+¢(€)y_€AUS :FO’LM (11)
uf, + ’()Sy =0,
where (ug,v§) is the velocity vector field, ¢§ is the pressure, f = fo(1 + By) is the
Coriolis parameter with constants fy, 3 > 0, and ¢ is the viscosity. The subscript 0

indicates the variables of the zero mode which will be explained below. Throughout,
Uy is assumed to be a positive constant. We supplement the system (1.1) with the
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initial and boundary conditions
(ug,v5) = 0 on 09, (1.2)
(ug,v5) = (to, Vo) (x,y) at t = 0. (1.3)
Here it is natural to assume the following compatibility condition
(g, Do) = 0 on ON. (1.4)

The incompatible case can be treated similarly as in [9].
The viscosity ¢ is typically small. Formally taking the limit € — 0 in the system
(1.1), one derives the inviscid problem

ugt + Uougx - f'l)g + ¢8z = FOU?
00y + Uovly, + fuf + ¢, = Fou, (1.5)
ud, + vgy =0.

Following [5, 13, 14], we prescribe the following boundary and initial conditions for
the inviscid system (1.5):

u8|$:0 = Ug‘z:Ll = 07 (16)
Uole=0 = Ugly=0 = voly=1, =0, (L.7)
(ud,vy) = (tg, Do) (x,y) at t = 0. (1.8)

Note that the inviscid problem and the viscous problem have the same initial con-
dition (1.8). Furthermore, it follows from the divergence-free condition and the first
boundary condition (1.6) that

L1 Ll
| s = = [ i@tz <o (1.9)

Hence, the second boundary condition (1.7) implies that

Ly
/ v (x,y, t)dz = 0. (1.10)
0
We will work with regular solutions to the system (1.5). It is natural to assume the
following compatibility conditions at the right two corners of the domain
uy =0, v)=0 at (L1,0) and (L, Ly). (1.11)

Since vy = 0 at x = 0, one has that vgy = 0 at x = 0. Then the divergence-free
condition implies that

up, =0 at x = 0. (1.12)

The well-posedness of the inviscid system (1.5) equipped with the initial-boundary
conditions (1.6)—(1.8) is established in [5]. Throughout, we assume the following
regularity holds

(ud,vy) € CH0,T; H*(2)). (1.13)
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Our aim is to establish the rigorous vanishing viscosity limit, i.e., the conver-
gence in L? of the viscous solution (u§, v§,¢§) to the inviscid one (ul,vd,#]) as
e — 0. We take the classical Prandtl correctors approach. That is, one first de-
termines the different boundary layers generated, at small viscosity, by the viscous
LPEs; an approximate solution can then be defined in terms of the solution to
the inviscid LPEs plus various boundary layers; finally one can try to obtain the
desired convergences by the energy method. This approach allows us to establish
the convergence with explicit convergence rates. The main result of this article is
summarized in the following theorem

Theorem 1.1. Let (uf, v§) be the solution to the viscous problem (1.1), and (ud,v])
be the solution to the inviscid problem (1.5) emanating from the same initial condi-
tion and forcing terms. Assume that (ud,v) € C1(0,T; H3(2)). Then the following
vanishing viscosity limit holds

11 (uf — 1, v — v3)|| oo (0,122 < Cet, |65 — D9l L20mr2()) < Cet. (1.14)

where C' is a constant independent of €.

Our study of the vanishing viscosity limit of the zero mode LPEs stems from
the effort of resolving the issue of boundary conditions for the inviscid linearized
Primitive Equations which is an important model for short term regional weather
predictions. It is well-known [21,25,29] that the inviscid LPEs are not well-posed
for any set of local boundary conditions. For the inviscid LPEs in a cube, a classical
approach is to impose boundary conditions for the PEs mode by mode, after the
normal mode expansion of the solution in the vertical direction. A natural way
of justifying these choices of local boundary conditions for the inviscid LPEs is to
prove the vanishing viscosity limit, ideally with explicit convergence rates. Below
we briefly recall the procedure.

Recall that the linearized primitive equations (around the flow Uy in the direction
Oz) in M = Q x (—Ls,0) take the following form (see e.g. [17], [18] and [26])

uf + Ugus, — fof + ¢S — eAgu® = F,

vf + Ut + fuf + ¢ — eAgv® = F,,

V5 + UgtpS + N2w® — eAgyp® = Fy, (1.15)
62— v° =0,

g € g —
ug + v, +wi =0,

where Az = A + 0%/922, (uf,v%,w®) is the 3D velocity vector field, ¢° is the
pressure, ¢ is the temperature field, N is a positive constant with N? representing
the buoyancy frequency [22]. The boundary and initial conditions are prescribed as
follows are chosen as follows:

(u®,v%,9%) =0 on 09 x (—L3,0), (1.16)
ous o o B
(E,Eﬂb ,w) =0at 2 =0,—Lsg, (1.17)

(uf,v%,9%) = (ﬂ,ﬂ,zﬁ)(x,y,z) at t =0. (1.18)
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The inviscid system corresponds to the system (1.15) with e =0

u) + Upud — fo° + ¢9 = F,

vf + Uovl + fu’ + ¢ = F,,

9 + Uppd + N2uw® = Fy, (1.19)
@0 — 0 =0,

04 ,0 0 _
Uy + vy +wz =0.

To prescribe appropriate local boundary conditions for the inviscid LPEs, fol-
lowing [15] we expand the viscous solutions by the following normal modal decom-
positions:

(us7vs,¢s) = Zu’n(z)(ui’vfw¢fx)(l‘ayvt>’ (wsvws) = ZWH(Z)(wfwwi)(xvyvt)

n>0 n>1

Here Uy = ﬁ, u, = ,/L% cos(Anz), Wy = L% sin(\,2), and the frequency A\,

is given by A\, = i with integer n. The corresponding normal mode decomposi-
tions are also performed to the forcing terms Fy,, F,, Fy, and to the initial condi-
tions. The modal equations derived are presented as follows: for n = 0,(uJ,vJ) €
C(0,T; H*(2))

u(g)t + Uougx - fv(e) + ¢8$ - EAUS = FUO’

06, + Uovh, + fug + 0, — eAvg = Fro, (1.21)

Uy + v, = 0,
and for n > 1,

7 2 -
Uy + UoUyy — fog, + Gy + XU, — eAUG, = Fup,

v, + Ugvs, + fus + bny + eA2vE — e AvE = Fyp,

Ve, + U, + N2wi, + eX2908 — e AP = Fyp, (1.22)
¢$z = 7)‘771 reza
wfz = _)‘r_Ll(U’?Ew: + vfty)'

Note that the case of n = 0 is the mode-zero case (compare to (1.1)) which is the
focus of this study.

The corresponding inviscid model equations are derived in the same way and
take the form of Egs. (1.1) and (1.22) with ¢ = 0. Here we do not write down
the inviscid modal equations explicitly, but point out that the mode-zero case is a
parabolic-elliptic system (similar to the linearized Euler equations) and the modes
n > 1 are hyperbolic systems. As is explained in [25], two types of modes for n > 1
have to be further distinguished, depending on the flow of characteristics (hence
different imposition of boundary conditions and resulting different PDEs). Let n.

be such that %: =\, < Uﬂ <A1 = % The modes 1 < n < n, are called

subcritical, and the modes n > n, are called supercritical. We do not consider the
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non-generic case where L3N/7Uj is an integer. The result of vanishing viscosity
limit for the supercritical modes and subcritical modes are established in [15] and
[12], respectively, by the careful study of various boundary layers. Combining the
convergence result proved in Theorem 1.1 with those established in [12, 15], we
obtain the following vanishing viscosity limit for the linearized PEs system (1.15)
in a cube.

Corollary 1.1. Let (u®,v®,w®, ¢°, ¢%) be the solution to the viscous problem (1.15)
equipped with initial boundary conditions (1.16)—(1.18), and (u°,v%, w®, ¢°, ©°) be
the solution to the inviscid problem (1.19) with initial boundary conditions pre-
scribed mode by mode. Assume that the inviscid solution is smooth such that
(0,00, w?, @0, %) € C1(0,T; H3(M)). Then the following vanishing viscosity limit
holds

0 0 3

1
[(u® —u®, 0" — 0w —w, " — @O)HLOO(O,T;L’Z(M)) < Cexn, (1.23)

1
16" — ¢°llL2(0,;L2(Mm)) < CeT,

where C' is a constant independent of €.

The problem of vanishing viscosity limit in fluid dynamics is a difficult problem
because it is a singular perturbation problem that incurs boundary layers, cf. the
review articles [6,10,19] and references therein. In the case of domains with corners,
as is in the current study, one also needs to address corner layers in the boundary
layer analysis. The study of corner layers is very challenging, even when the equa-
tions are linear [23,27,28], see also [7,16,20] for results in non-linear settings. As
we remarked earlier, the proof of Corollary 1.1 is accomplished in a series of three
articles, due to the distinctive nature of the underlying inviscid problems, hence
different construction of the boundary layers. The case of the supercritical modes
is studied in [15] which involves the construction of parabolic boundary layers, or-
dinary boundary layers, elliptic boundary layers, and corner boundary layers. The
supercriticality is crucial in the estimate of the corner layers for the supercritical
modes. The article [12] treats the subcritical modes. The lack of damping effect in
the subcritical modal equations leads to a different construction of the corner layers.
The convergence involving the boundary layers in the subcritical modes is weaker
than that in the supercritical modes. This work undertakes the analysis for the
mode-zero case that is similar to the linearized Euler equation, see Egs. (1.5). We
avoid the construction of corner boundary layers entirely by taking advantage of the
explicit construction and estimates of the parabolic boundary layers and ordinary
boundary layers. This approach allows us to establish the vanishing viscosity limit.
We point out that the construction of corner boundary layers is still needed if one
wishes to obtain optimal convergence in the leading order expansions. The optimal
convergence and convergence in the H! norm will be considered in a forthcoming
work.

This work dealing with a subject dear to Claude-Michel Brauner (singular per-
turbations, see e.g. [1-4]) is dedicated to him with appreciation and friendship on
the occasion of his seventieth birthday.
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2. Boundary layer analysis

Define (94, Uy, ) = (u§ —ud, v5—v], ¢5— ¢f) as the difference between the viscous
solution and the inviscid one. Subtracting (1.5) from (1.1), we find that

Yt + UpWuz — [y + Dpw — €AY, = A,
Dot + UgOpz + [y + Dy — €AY, = A0S, (2.1)
Yyz + Py =0,

with zero initial conditions
(P, Vy,¥9) =0at t =0, (2.2)
and the boundary conditions,

9y =0atz=0,Ly, 9, = —up at y =0, Lo, (2.3)
Y, =0at =0,y =0, Lo, ﬁv:—vg at x = L.

Formally, the source terms in the system (2.1) are of O(¢). The only O(1)
discrepancies are present on the boundaries, i.e., Egs. (2.3) and (2.4). Following the
Prandtl approach, we correct these O(1) discrepancies by leading order boundary
layer correctors.

2.1. Parabolic Boundary Layers (PBL) at y =0, Lo

We first construct the so-called parabolic boundary layers which resolve the discrep-
ancies between the viscous solution u§ and the inviscid solution uJ at the boundaries
y=0,Lo, ie., ¥, = —u) at y =0, Ly as in (2.3). Since the construction at y = 0
and at y = Lo is the same, we only present the case at y = 0 which is distinguished
by the superscript 1 in the notation of the variables.

As in the classical boundary layer theory for Navier-Stokes equations at small
viscosity, we make the following ansatz (to the leading order approximation)

(P 90, 99) = (0 (t,2,9), 2o (t, 2, 9), 74 (L, 2, 7)), (2.5)

where § = y/+/€ is the stretched variable. Substituting the ansatz (2.5) into the
system (2.1) and identifying the leading order terms, one arrives at the following
equations

@it + Uogbix - Egbiyy = Oa
F@u+y =0,
P + Puyy = 0-
Note that v and @, are slave variables of @,, via Eqs. (2.7) and (2.8), respectively.

Taking into account matching conditions, i.e., the boundary layers are (expo-
nentially) small away from the boundary y = 0, one finds that the boundary layer
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@l satisfies, for 0 < x < Ly, t > 0,

@11;15 + UO(IZ%LQT - s(piyy = 0’

Pl = —ud(x,0,t) at y = 0,

PL —0asy/\e— o0, (2.9)
pL=0atz=0,

Pl =0att=0,

and that the boundary layer @} satisfies

Puw + Py = 0,

(2.10)
pl=0aty=0.

The corrector 'y(}) is determined uniquely up to a constant by Eq. (2.7), once ¢! is

solved from Eq. (2.9). The systems (2.9) and (2.10) imply the following conditions

gl =0l =@l =0 atz=0. (2.11)

We note that the parabolic boundary layer systems (2.9) and (2.10) are the same
as those in [12,15]. The following lemma summarizes the estimates on @L, ¢2.

Lemma 2.1. Assume that i,l,m >0, 0 < 2max{i,] -1} +m <2, and0<¢t < T.
Denote by yu) the trace of u) at y = 0. For every j € N, there exist constants k;
depending on j,i,l,m but independent of € such that

Pu

) ai+l+m
J L
Y otioztaym

<k K2, (ud)e= B et (2.12)

L>=(0,T;L2(%))
where

Kﬁl,m(ug) = ||’Yu8||Wi»°o(o,T;ch(o,L1)) if m =0,

. 2.1
Kzz,l,m(“(o)) = Z ||'Yu8||Wq,oc(0,T;Hi+7'(o7L1)) ifm=12. (2.13)
q+r=1,4,r>0
In particular, the following pointwise estimates hold
oo, &' (1) y
;‘(-,y,w‘ <r sup [Z0O%)( 4 ep (L), (21
‘ ot HL(0,Ly) te[0,T] ot HL(0,Ly) Ve
a2¢1 y
Ly, t) < ”K‘le(ug) exp <c) , (2.15)
‘ dy? HL(0,L1) " Ve
‘8%3( Y t)‘ < kKK? (uo)s_% exp ( Y ) (2.16)
RR ) = 0,1 =" .
9y HL(0.11) Ve

Proof. The proof of Lemma 2.1 is essentially contained in [12]. We give the details
here for the sake of completeness.

The systems (2.9) can be solved explicitly by Fourier transform. Introducing a
function g, (x,t) = —vo(ud)(x,t), 0 < < L1, we obtain the following compatibility
conditions from Egs. (2.11)

9u(0,t) = guz(0,t) = gu(x,0) = 0. (2.17)
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Note that g,(-,t) € C'([0, L1]) by the trace theorem and Sobolev embedding. We
first extend g, by zero for < 0, and then smoothly for x > L; such that the
extension, denoted by g, has compact support in R. The compatibility condition
(2.17) and the regularity assumption (1.13) imply that %G, (z,t)/0t' € H2(R) for
i=0,1and

9" gu
- <
o7 =

HL(R)

Iu (m,t)H  1=0,1,2. (2.18)
HL(0,Ly)

Likewise, we extend ¢! by zero to x < 0 such that,

ﬂny¢>={”“%yﬁ2§jj23: (2.19)
The extended profile ¢ is required to satisfy

Gr+UoPy — Py =0, x€RYy>0

@ = Gu(z,t) at y =0, (2.20)

@ — 0as y/\e — oo,

$=0att=0.
The consistency in the construction follows from the compatibility conditions (2.11)
and the uniqueness of the solution.

One now takes the Fourier transform of the Eq. (2.20) in the z variable. Solving
the heat equation on a quarter plane (g > 0,t > 0) gives

2 2yt y?
Y = ; /\L exp (—2 — UOZW@ Gu w7t - @ d57 (221)
V2et

where the hat notation denotes the Fourier transform in . The solution @7 of (2.9)
is determined as

P = PX{0<x<L1}> (2.22)

where @ is the inverse Fourier transform of ¢ defined in (2.21).

We now derive the estimates outlined in the Lemma. First we note that §,(w,0) =
0, thanks to the compatibility conditions (2.17). By Parseval’s identity, we derive
that, for ¢ =0, 1,

0'pu
ot

l
§ZH sup

k—o t€[0,7]
l

(7y7t)‘ L
HL(0,L,)

- k90
(iw)* S5 (1)

0
oo 2
/ exp <—5> ds
L2(®) J A 2

vaet (2.23)

Yy
exp (—c)
12 (®) Ve
o' y
- (-,t)‘ exp (—c) .
ot HL(0,L1) Ve

< K sup
te[0,T]
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Hence (2.12) is valid for : = 0,1, l = 0,1,2, m = 0, in light of the estimate (2.18).
Fori = 0,m = 2, it follows from Eq. (2. 9)1 that €|@y,, [ r0,0,) < &lGL a1 (0,0,)+
K|@4tl (0,0,)> I = 0,1. One deduces from the estimate (2.23) that

‘52% (,y t)‘ < kK?; 5(ul) exp (cy) (2.24)
IR A) = 4,0,2\%0 : :
dy? HL(0,L1) Ve

For ¢ =0, m = 1, since §,(w,0) = 0, differentiating (2.21) in y gives

)
~ 92 ] 82 _ y2 _ a y
—\[r/yexp (‘z‘UO%ssz)'{‘UW‘at} < ! 2552)552“
V2et

(2.25)
Then
‘8@1 5 ZI: L 0P
J('a 7t) <k (ayvt)’ = lat (ZW) 7(72—/775)
dy HL(0,L1) 0 HL(R) o dy L2,(R)
l 9 - ;2
<Yk osup (iw)’“{—Uoiw—}gu(w,t) x e 1/ exp <_) L
h—o t€[0,T] ot L2 (R) \/;? 2
< kKZ; (ud)e™? h exp —i Y ds
— ’L,l,l 0 y 2 52
Vast
Y
< kK 2 —_eZ_
Rt ().
(2.26)

which is valid for I = 0, 1. In deriving the last step of inequality (2.26) we have used

o] 2 2 os} 2
/y exp <—82> S%ds = V2etexp <_4ygt> —y/ , exp (—2) ds

e Voee (2.27)

2
< V2¢texp (—jﬁ) < Kky/eexp(—c 7)

Inequality (2.12) now follows from |y exp(—a¥)|rr(0,1,) < K(E)T 5 for a > 0,
1 < p < oo. The estimates (2.14)—(2.16) are clear from the process of the argument
above. Lemma 2.1 is thus proved. O

The corrector @2 at y = Ly satisfies similar estimates. It follows from Eq. (2.10)
that @l(t,z,y) = — foy @l (t,z,7)dr. The estimates on @} can be readily derived
from (2.12)—(2.16). For instance, one has

lon(t,2,y)| < CVe [l —exp(—cy/Ve)] - (2.28)

It is seen from (2.14) that the trace of @ at y = Ly is exponentially small in
the L? norm, but may not be zero. To construct a global corrector that satisfies
the correct boundary conditions, we introduce a smooth cut-off function o = o(r)
such that for L = min{L;, Lo},

lfor0<r <%, 599
. 0 for r > 2L (229)
_3'
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We then define

o =0no(y), ¢h=¢uo(La—y), @u=py+eo,

and similarly

0o =@oo(y), ¢o=¢eo0(La—y), @o=1y+¢;.

The truncated profile satisfies

@ut"‘UO(puz_apuyy = ;7
Doy | Opy _

B T By = h

Yy =—ud at y=0and y = Lo,
py, =0at z=0,

py=0att=0,

where the error terms are defined as

fo = el=200,0" + Guo” +265,0" + Guo";

e _ =1 _1 -2 1/
hw—(pvd — P00

Owing to the estimates (2.12)-(2.28), one readily derives that

3 . 1
I[folle 0,122y < Ced,  |[h ]| (0,1L2(0)) < Cez.

(2.30)

(2.31)

(2.32)

(2.35)

We now define a global pressure v4(t, , y) = fy+oo foudr (compare to Eq. (2.7)).
In view of the estimate (2.14), v, is well defined and there holds

Ve, You| < CVeexp(—cy/ve).

(2.36)

We note that (¢L,¢L) = 0 at x = 0 thanks to Eqgs.(2.11), but may not vanish
at x = Ly in general. To resolve these discrepancies, we introduce the following

correctors

pu = —¢u(t, L1,y)o(Ly — x)o(y) — a(t, L1,y)o (L1 — x)o(La — y),

Pv =
It follows

—@y(t, L1,y)o(Ly — 2)o(y) — @i(t, L1,y)o (L1 — x)o(Ly — ).

from the compatibility condition (1.11) that py|y=0 = puly=1, =

virtue of Lemma 2.1, the following estimate can be readily derived

|(pu7 pv)le(O’T;Lz(Q)) S 061/4.

Moreover, one can verify that the corrector (p, p,) satisfies

e

put + Uopuz — fpo — elpu = f5,
put + Uopue + fpu — eDpy = g5,

Puz + Puy = 5,

Pulz=0 = puly=0 = puly=L, =0, pula=rL, = —Pule=L,,
Polz=0 = puly=0 = poly=L, = 0, pvla=1, = —Pulo=L,,

(Pu, pv)|t:0 = (03 O)

(2.37)
(2.38)

0. By

(2.39)

(2.40)
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One can find the error forcing terms f7, g7, hf, explicitly. We omit their definition
here for simplicity, but note the following estimates which follows directly from
Lemma 2.1:

e e e 1
15595y hollLoo (0,722 (0)) < Cex. (2.41)

2.2. Ordinary boundary layers (OBL) at x = [,

We now correct the discrepancy between the viscous solution v® and the inviscid
solution v° at the boundary x = L1, ie., ¥, = —v° at 2 = L; as in (2.4). Intro-
ducing the stretched variable z = (L; — x)/¢, we find that the corrector at © = L
needs to satisfy:

0
0ot r = I, (2.42)

Notice that Eq. (2.42) is an ordinary differential equation, hence 0, is called the
ordinary boundary layer. We can find the explicit form of 6,,:

év = _Ug(t7L1ay)e_%Q(Ll_x)' (243)

Then we define 0, = éua(Ll — z). Here we do not introduce the divergence-free
pair of §,. Owing to the compatibility condition (1.11), one sees that 6, = 0 at
y = 0, Ly. Hence the ordinary boundary layer 6, does not introduce discrepancy of
boundary conditions at y = 0 and y = Ls.

Thanks to the explicit solution formula in (2.43), one can establish the following
estimates.

Lemma 2.2. Let 0, be the corrector as in (2.43). Then there exist constants k > 0,
independent of €, such that, for i,l,m,k>0,0<t<T, s>0,

(L1 — x)* oG, < kK3, b s (2.44)
1= X)) oo e S RRGm ’ :
ot ozt dy Lo (0,T;L2(Q))
where
K3 1 (00) = 1700 lwivos (0,731 (0,L2)) (2.45)

and 7 is the trace operator at x = L.

The truncated profile 0, satisfies

UOHU:E - 6911;1:9: = 957
0, = —v) at x = Ly, (2.46)
0, =0at x=0,

with

96 = ~Uo0,0" + €20,50" — 0,0"]. (2.47)
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Notice that supp(c’) C [L1 — 2F, L1 — £] from the definition of the cut-off function
in (2.29). It follows from the estimate (2.44) that

1
19611z (0, 1:22(02)) < Cettz, (2.48)

for any positive integer k.

3. Convergence analysis

Collecting the inviscid solution and all the correctors, one defines an approximate
solution

u? :u8+§0u+pu7
v* = v+ + by + pu, (3.1)
" = Y+ 75 + po-

It follows from the inviscid system (1.5), the parabolic boundary layer system (2.32),

the ordinary boundary layer equation (2.46) and the corner boundary layer system
(2.40) that the approximate solution (u®,v*, $*) satisfies

uf + Upuf — foo + ¢% — eAu® = F, + f¢,

of + Upvl + fu® + ¢% — eAv® = F, + ¢,

ul + vl = he, (3:2)
(u®, v*) = 0 on 99,

(ua’va) = (17,0,’170) at t =0,

where the error forcing terms are defined as

fe:_EAug_fLPv_EWuwz+7¢w+fz+f§7 (33)
ge = _EAUS + ©ut + UOSov:c - gA(Pv + Oyt — 601)yy + gg + 957 (34)
h® = he, + Oy + I,
One may recall the definition of the error terms fg,h, gg in (2.33), (2.34) and
(2.47), respectively. Notice also that the approximate solution satisfies the same
initial boundary conditions as the viscous solution, thanks to the construction of

the correctors, cf. (1.2) and (1.3). In view of Lemma 2.1, Lemma 2.2, and estimates
(2.35), (2.36), (2.48), the following estimate of the error forcing terms holds

1159, 9% h®l| Lo (0,122 (02)) < Ce?. (3.6)
Introducing the error functions

u® =ug—u®, v°=uv5—v" ¢°=¢f— ¢°, (3.7
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one readily derives that

u§ + Ugul — fve + ¢¢ — eAu® = —f¢,

vf 4+ Ugvs + fu® + ¢% — eAv® = —g°,

us + v = —he, (3.8)
(u®,v¢) =0 on 01,

(u®,v°) =0at t=0.

The following error estimate holds.
Theorem 3.1. Assume the inviscid solution (u®,0°) € C1(0,T;H3(Q)). Let (u®v°,¢°)
be defined as in (3.7). The following estimate holds

[Ju®, 08 || e 0,7522 () < Ce¥, 116°I| 20,720 < Cet (3.9)

Proof. The argument of the proof is standard. We provide the full details here
for completeness.
We first consider an auxiliary problem

Uotié + ¢% — eA° + ¢ = — f¢,
Uols + ¢ — eAT® + 7€ = —g°,
000y g (3.10)
ag + vy = —he,
(a¢,9°) =0 on 9.
Note that the terms (@€, 7€) are added to the equations which will help to derive
the L? error estimate below. Note also that the divergence-free condition and the
homogeneous boundary conditions in (3.2) imply fQ h¢ dx = 0. The well-posedness
of the auxiliary problem (3.10) follows from the Lax-Milgram theorem, similar to the

case of the Stokes equations with inhomogeneous divergence condition cf. [8,11,24].
Specifically, there exists a pair (u,v) € H{(Q) ( [8]) such that

Uy + vy = =R, [|(w,0)]| g1 < Clh¢||L2) < Cet. (3.11)
Now one tests the equations (3.10) by (@ — u,? — v). It follows that

el|V (@, 591720 + 11(@°, 51720

<C(I[(@% 0°)|r2(e) + ellV (@, 0)||r2(0) + 11f, 9l L2 @) (w, )| 52 (0
which implies
~e ~e ~e ~g 1
el[V (@, 59)[172q) + 11(@°, )20y < Ce?. (3.12)

The estimate of the pressure can be derived similarly. We impose that fQ ¢°dxr =0
as the pressure is uniquely determined only up to constants. There exists (u,,v,) €
H}(Q) which satisfies

Upe + Vpy = =0, |[(Up, vp) () < Cl16°|L2(0)- (3.13)
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Testing Eqgs. (3.10) by (up,v,) and performing integration by parts, one derives
1611720y < CUI(@, 5)| 20 + ellV (@, 5)] 20 (tp, vp) |11 () (3.14)
< (@, v°) |2 (o) + ellV(@®, 0| 2@)l16°l| 2 @) (3.15)

Tt follows from the estimate (3.12) that
16| L2y < Ce. (3.16)

Note that the variables in the system (3.10) all depend on time. By differentiating
the system (3.10) in time, and repeating the same argument as above, one can
further derive

10:(@, 5|72y < I106(f€, 9% h)|[72(q) < Ce=. (3.17)
Now the difference W, = u® — u®, W, = v® — 0°¢, Wy = ¢° — ¢ satisfies

Wt + UoWaz — fWy + Wy — eAW,, = —0¢ + f0° + 0°,

Wt + UgWoy + Wy + Wy — eAW,, = —0f — fu® + 9°,

Wz + Wy =0, (3.18)
(W, W) =0 on 09,

(Wu,W,) =0at t =0.

Using the estimates (3.12) and (3.17), and applying the standard energy method to
(3.18), one gets

€%||V(W’UJ Wollz20,m:22()) + (W, W)l Loe (0,722 (0)) < Cei. (3.19)

We recall the vectorial space V = {u € H}(Q),V-u = 0} and its dual space V'. It
then follows from Egs. (3.18) and the estimate (3.19) that

||(WUt7W’Ut)||L2(O,T;V’) S CEi. (320)

To derive the estimate on the pressure, we rewrite the system (3.18) as the
classical Stokes problem

Weo — AW, = @5 + f1¢ + ¢ — Wy — UgWaa + fWo,

Wy — €AW, = 0§ — fii¢ + ¢ — Wy — UgWog — fWa,

W + Wy = 0, (3.21)
(W, W) =0 on 99,

(W, W) = 0 at t = 0.

Note that the forcing terms on the right-hand side are bounded by Cet in the

L?(0,T;V') norm by the estimate (3.20). A direct energy estimate gives that
3 Lo

[V (W, Wo)llL2(0,1322(02)) < Ce™ i, which yields that [|A(W., W)l 120,751 () <
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Ce~1. Here H-1(Q) is the dual space of H}(Q). It then follows from Eqs. (3.21)
that HVW¢||L2(O,T;H*1(Q)) < Cé‘%, hence that HW¢||L2(O,T;L2(Q)) < Cé‘%.

The desired estimate (3.9) follows immediately by an application of the triangle
inequality, the estimates (3.12) and (3.16). O

Recall that ||(¢u, 9u)|| 1o (0,722 (0)) < Cet from Lemma 2.1, ||75]| oo (0,712 (0)) <
Cei from the estimate (2.36), [(Pus po)llLoe (0,522 (0)) < Cei from (2.39), and
100]| Lo (0,7:22(02)) < Ce?. Theorem 3.1 implies the following result of the vanishing
viscosity limit.

Corollary 3.1. Let (u§,v§) be the solution to the viscous problem (1.1), and (ud,v])
be the solution to the inviscid problem (1.5) emanating from the same initial condi-
tion and forcing terms. Assume that (ud,v) € C1(0,T; H3(2)). Then the following
vanishing viscosity limit holds

(g — ug, v§ — vQ)l| L (0,1302(0)) < Cet, ||g5 - Dl L2002 (0)) < Cet. (3.22)
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