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ON THE LIMIT CYCLES FOR A CLASS OF
GENERALIZED KUKLES DIFFERENTIAL
SYSTEMS

Amel Boulfoul"*", Amar Makhlouf?® and Nawal Mellahi!

Abstract In this paper, we consider the limit cycles of a class of polynomial
differential systems of the form ¢ = —y, 3§ = z— f(z)—g(z)y—h(z)y*>—1(z)y®,
where f(z) = ef1(2)+€ fo(x), g(x) = g1 (@) +2g2(2), hlx) = eh1 (2)+eha(x)
and I(z) = el (z) 4 €2l2(z) where fi(z), gr(z), hi(z) and lx(z) have degree n1,
ng2, ng and na4, respectively for each k = 1,2, and ¢ is a small parameter. We
obtain the maximum number of limit cycles that bifurcate from the periodic
orbits of the linear center # = —y, y = x using the averaging theory of first
and second order.
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1. Introduction

One of the main goals in the qualitative theory of real planar differential systems
is the determination of their limit cycles, defined by Poincaré [19]. As we all know,
this is a very difficult problem for a general polynomial systems. Therefore, many
mathematicians study some systems with special conditions to obtain the number
of limit cycles as many as possible for a planar differential systems see Han [12].
The knowledge of the existence or not of periodic solutions is very important for
understanding the dynamics of the differential systems. There exist several methods
to study the number of limit cycles that bifurcate from the periodic orbits of linear
center such as the Poincaré return map, the inverse integrating factor and the
averaging theory. The investigation of the existence of periodic orbits of differential
systems via the averaging methods has a long history, see for instance Sanders and
Verhulst [23], Verhulst [24], Marsden and McCracken [17], Han etc [10,11], Buica
etc [3,4], Boulfoul and Makhlouf [2] and the references therein. The second part
of the 16th Hilbert problem [13] proposes to find a uniform upper bound for the
number of limit cycles that a planar polynomial vector field of degree n can have
which only depends on the degree of the polynomial differential system.
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Consider the following Kukles polynomial differential system

&= —y, (1.1)
y=x+ Q(%y),

where Q(z,y) is polynomial with real coefficients of a given degree.

In [14], Kukles gave necessary and sufficient conditions in order that (1.1) with
n = 3 has a center at the origin. This cubic system without the term 3> is the so
called reduced Kukles system. Christopher and Lloyd [6] presented some systems
that yield at most five limit cycles bifurcating from the origin. In [9], Grin and
Schneider studied the conditions of at most one limit cycle bifurcating from the
origin for (1.1) with n = 3. Wu etc proved that the Kukles system with two fine
foci can generate at least six limit cycles in [25]. In [22], Sadovskii solved the center-
focus problem for this system with asa7 # 0 and proved that it can have seven limit
cycles. In [20] appears a description of the local bifurcations of critical periods in
the neighborhood of a non-degenerate center of the reduced Kukles systems. Liu etc
in [15] introduced a class of cubic systems (1.1) with an invariant parabola which
coexists with a center under given parameters. In [5], Chavarriga etc described a
cubic system (1.1) that has an invariant hyperbola to coexist with two limit cycles.
Afterwards, the authors’ interests converted to finding maximum number of small
amplitude limit cycles coexisting with invariant ellipses. In [7], Giné studied the
systems of the form (1.1). For n = 4 and n = 5, they obtained the maximum
numbers of small-amplitude cycles using the method of calculation of Poincaré-
Liapunov constants see [8]. Sdez and Szant6 in [21] presented a class of quintic
systems of the form (1.1) having an invariant ellipse with what small amplitude
limit cycles bifurcating from the origin coexist. In [26], Zang etc studied the number
and distribution of limit cycles for a class of reduced Kukles systems under cubic
perturbation. In [16], Llibre and Mereu using the averaging theory studied the
maximum number of limit cycles which can bifurcate from the periodic orbits of a
linear center perturbed inside the class of generalized polynomial Kukles differential
systems of the form

§=—x— f(z)—g(x)y — h(z)y* — doy®,

where the polynomials f(z), g(z) and h(x) have degree ny, ny and ng respectively,
dp # 0 is a real number.

In [18] Mellahi etc using the averaging theory studied the maximum number of
limit cycles which can bifurcate from the periodic orbits of a linear center perturbed
inside the class of generalized polynomial Kukles differential systems of the form

i=—y+i(z), (1.3)
y=x— f(z) — gla)y — h(z)y® — doy®,

where I(2), f(z), g(z) and h(z) have degree m, ny, ns and ng respectively, dg # 0
is a real number.

In this work using the averaging theory we study the maximum number of limit
cycles which can bifurcate from the periodic orbits of a linear center & = —y, y = x,
perturbed inside of generalized polynomial Kukles differential systems

&= -y, (1.4)
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j=x— f(z)—glx)y — h(x)y® — (z)y*

where f(z) = efi(z) + 2 fa(z), g(x) = eg1(x) + e2g2(x), h(z) = chi(z) + 2ha(z)
and [(x) = ely () + €2la(x) where fi(x), gr(x), hi(x) and I, (x) have degree nq, na,
ns and ny respectively, for each £ = 1,2, and ¢ is a small parameter.

Our main results of system (1.4) are the following.

Theorem 1.1. For |e| > 0 sufficiently small, the mazimum number of limit cycles
of the generalized Kukles polynomial differential system (1.4) bifurcating from the
periodic orbits of the linear centre & = —y, y = x using the averaging theory of first

order is ) - "y
= {[2].[3] 1)

Theorem 1.2. For |e| > 0 sufficiently small, the mazimum number of limit cycles
of the generalized Kukles polynomial differential system (1.4) bifurcating from the
periodic orbits of the linear centre © = —y, y = x using the averaging theory of

second order is
N |:’fl21:| {%} [n;;l} 1,
J«1 ™7

where i’ = min { [%} , [%] + 1}.

In Mellahi etc [18] it has been shown that there exists generalized Kukles equa-
tion (1.3), having at least /\Q—max{[’ﬂ—l—[”"‘z_l] ][] -1, ["1+1] , [”32*'3} ,
(] + (3] [+ (3] (2], [ [ ] 4o (257 + p, 1) limit eycles.

The result in Theorem 1.2 improves this lower estimate ()\2 > Ag for all ng > 1,

ne >1,n3>1,m>2and ng > max{?) na,m — 1}). For each fixed n; > 1, ng > 1
na > 1 and m > 2 there exists n4 > max{3,n2,m — 1} such that Ay > Ay for all
ny > n4

Now we shall do some applications of Theorem 1.1 and Theorem 1.2.

Corollary 1.1. Let
fie) =z 4222 + 23, g1 (2) = =2+ 3z — 2%, hy(z) =1 — =,
li(z) =54z — 1627 + 52 + Slat — 25,

Then the mazimum number of limit cycles of system (1.4) is three using the aver-
aging theory of first order.

Corollary 1.2. Let
fi(x) = x4+ 222 + 323 — 22%, g1 (v) = 3z — 322 — 523, hy(z) =1 — =,

l]_(x) =1—3¢— 130916690 3 + 168491.5 f2( ) — .’If4, 92(33) =9 _ 415541,2 + 31:

ho(z) =z, la(z) = 2 + %ﬁ 4171594047%4 25
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Then the mazimum number of limit cycles of system (1.4) is five using the averaging
theory of second order.

Note that we do not know if the upper bounds )\/1 and )\/2 are reached. In
Corollary 1.1 and Corollary 1.2 we prove that the upper bounds A; and A, are
reached.

2. Averaging theory of first and second order

In this section we summarize the main results of the averaging theory of first and
second order for computing limit cycles of the generalized Kukles polynomial dif-
ferential system (1.4).

Consider the differential system

X' (t) = eFy(t,z) + 2 Fy(t, z) + > R(t, z,€), (2.1)

where F1,Fy R x D — R,R: R x D x (—¢y,e5) — R are continuous functions,
T-periodic in the first variable, and D is an open subset of R. Assume that the
following conditions hold.

(i) Fi(t,.) € C*(D),F(t,.) Cc C* (D), for all t € R, Fy, Fy, R, D, Fy are locally
Lipschitz with respect to z,and R is twice differentiable with respect to e. We
define Fio: D - R for k=1,2 as

1 T
Fio(z) = T/ Fy (s,z)ds,
0

Fa(z) = T/o [D.Fy (s,2)y1 (8, 2) + Fa (s, 2)] ds,

where

y1(s,2) = /OSF1 (t,z)dt.

(¢¢) For V' C D, an open and bounded set and for each € € (—ey,e5) \ {0}, there
exists a. € V such that Fig (ac)+eFs (a:) = 0and dp (Fio + eFa, V,ac) # 0.

Then, for |e| > 0 sufficiently small there exists a T-periodic solution ¢ (.,e) of
the system (2.1) such that ¢ (0,¢) — a. when & — 0.

The expression dg (Fio + €Fa, V, ac) # 0 means that the Brouwer degree of the
function Fig+¢eFs : V — R at the fixed point a. is not zero. A sufficient condition
for this inequality to be true is that the Jacobian of the function Fjg + €Fbg at a.
is not zero.

If Fig is not identically zero, then the zeros of Fio+ eFbg are mainly the zeros of
Fg for e sufficiently small. In this case the previous result provides the averaging
theory of first order.

If I is identically zero and Fy is not identically zero, then the zeros of Fig +
eF5y are mainly the zeros of Fyg for e sufficiently small. In this case the previous
result provides the averaging theory of second order.
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3. Proof of Theorem 1.1

This proof is based on the first order averaging theory, by using the coordinates
(0,7) with

x=rcosf, y=rsinf and r > 0. (3.1)

In this context, we take

file) =Y ai’, gi(z) = 3 biat, ha(x) = Y o’ and Li(z) = Y diz’,  (3.2)
=0

=0 =0 =0

—~

then system (1.4) with k = 1 can be written as

# = (Z R0 + 32 b0 + Y ciS(O)rit? + 3 diUi(H)r”?’) ,
=0 =0 =0
0= 1-¢ (Z a; cos™ T Ort 4 Z biRiy1(0)r Tt + 23 ci Ty (0)rit?
=0 =0 =0
+ Z d; 1+351+1( ) )
i=0
(3.3)
where

R;(0) = cos’ fsin¥,

T;(6) = cos’ Osin? @ = cos? § — cos’ 29,

S;(0) = cos? §sin® 6 = cos? Osin 6 — cos? T O sin 0,

U;j(0) = cos’ §sin* @ = cos? @ — 2 cos?™2 6 + cos? ™ 6.

Now taking 6 as the new independent variable, system (3.3) becomes

ar 1 9
w5 eF1(0,7) + O(e?),
where
ni no n3 T4
— Z aiRi(G)ri — Z blTZ(g)TZ+1 — Z cl-Si(O)ri“ — Z diUi(G)r”?’.
i=0 i=0 i=0 i=0
(3.4)
Hence
Fio(r (Zale (27)r +Zb I (2m)r ! Zc Jr(2m)rit2 4 Zd Iy (27) Z+i’>
where
27 B 27 B 2
nem = [ R ds, Duem) = [ 1) a6, Tuem) = [ su0)as,
0 0 0

fo(2m) = /0 " U (0) do.
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Now using the expressions of the integrals in appendix A, we obtain

r T 7 .
Flo(T’) = 5= 21'(271')&)27;7‘21 + 2 (27r)d2ir2’b+2

o : 3a; .
= — g E——— ¢ b i 2 § _ ? d ’ 2042 )
\Zaaen T T Lamr ™) (35)

where
ak:3~5'~~(2k—1), Oék+1:(2k+1)04k.

Then the polynomial Fio(r) has at most max{[%2],[%t] 4+ 1} positive roots.
Hence, Theorem 1.1 is proved.

4. Proof of Theorem 1.2

We write f1(x), g1(z), h1(x), and l;(x) as in (3.2), and

ni ) ng X ns . M4 .
fal@) = 3 piat, go(x) = 3 qix’, ho(z) = 3 siat, la(z) = 3 wia',
i=0 i=0 i=0 i=0
then system (1.4) in polar coordinates (r,t) with r > 0 becomes
= —€ <21: alRl(G)rl + 22: blTZ(G)r’“ + i CiSi(Q)TiJrz + i dzr”5U2(9)>
i=0 i=0 i=0 i=0

ng

—é? (i piR:(O)r' + > ¢ Ti(0)r t + i 5:5:(0)r" T2 + i wiri+3U1’(0)> ;
i=0 i=0 =0 i=0

6= 1- £ (El a; cos™ T grt + Zz biR;11(0)ri ! + ZS ciTip1(0)rit?

=0 =0 =0
+ i diri+35i+1(9)) - é (i picosttlort + i qiRi1(0)ritt
Z;O - - z.:O =0
+ > 5Ty (0)r' T2 + 3 wi7‘1+35i+1(9)> .
i=0 i=0
(4.1)
Taking 6 as the new independent variable, system (4.1) becomes
d .
= L = eFi(r,0) + EFy(r,0) + O(e%), (4.2)
dg ¢
where
ni ) na ) ns ) n4g )
Fi(r,0) = = a;Ri(0)r" = > bTi(O0)r ™ =3 e 8i(0)r T = > dir T3U;(0),
i=0 i=0 i=0 i=0
(4.3)

ny ng ns N4
Fy(r,0) = — ZpiRi(G)ri — Z ¢ Ti(0)r ! — Z 5:8;(0)ri T — Zwir”?’Ui(Q)
i=0 i=0 i=0 i=0

1 ni ) no ) ns )
—= R (0)r? b T;(0)r ! S (0)rit?
(z O+ SO 43 s 0
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4

ni ng
+ Z di’l"iJrSUi(e)) " (Z a; cos"" Or' + Z biRiy1 (0)r
i=0 1=0

i=0
ns Lz

+ Z ¢iTipa (0)r' ™+ + Z dﬂ‘i+35i+1(9)> . (4.4)
i=0 =0

In order to compute Fog(r), we need that Fio(r) be identically zero. Then from
(3.5),

bak = dop—z 0<k <y
2k = 51 %2k-2 _/_,lh , (4.5)
bo =bop =dok—2=0, p +1<k<A,
where
po=minf (][5 1) A = max{[F, (5 + 1}
First, using (4.5) and, by substituting in (4.3) we obtain
ni ) [%22—1] ns3 ]
Fl (’I“, 9) = — Z rzaiRi(H) — T2k+2b2k+1T2k+1 (9) — Z CiTH_QSi(e)
i=0 k=0 i=0
e S 4k + 1
B 2k+4 _ 2k+1 2%k—2 4 _
Z T d2k+1U2k+1(9) Z T ko_Q <COS 0 % —1
k=0 k=0
2k +2
2%k 2k+2
X cos“" 6 + 5% —1 ¢ 9) . (4.6)
Then
dR(r0) N &) &
Tr’ = — Z z‘airl_lRi(G) - Z (2]4; + 2)b2k+17“2k+1T2k+1(9) — Z(Z + 2)Ci
=0 k=0 i=0
‘ (] p
XTZJrlSi(e) - (2]{7 + 4)T2k+3d2k+1U2k+1(9) - Z(?k + 1)’]"2kd2k,2
k=0 k=0
4k +1 2k +2
X (cos%_2 0 — o i_ T cos?k g + %%1 cos?k+2 9> . (4.7

Again, using the integrals of appendix A, we obtain

0
y(r,@):/o Fi(s,r)ds

n (2] i+1 "3
= - Z rla; J;(0) — Z by Z:Yi,l sin(2( +1)0 — Z ' T2 J5(0)
i=0 i=0 1=0 =0
[24) , i+2 oo Gl
— Py Y Arasin(@ 10 =Y ¥ dyia Y Brsin(20)6,
i=0 1=0 1=0 =1

(4.8)
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where
) Vig — 2Yig1,0 + Vigoy, 0<1<d
- Vil — Yig1,, 0<1<4, ’ ) ’
Vil = . » Vil = § —2%ig1,i41 F Vig2,i+1, =i+ 1,
—Yit1,i41, l=14+1. )
Vit2,i+25 l=i+2,
) Bic1y — 325 Biy 4+ 2284y, 0<1<i—1,
and Bi,l = _gt%ﬁz,z %51—&-1,17 l=1,
2H2 8 1 i1 l=1i+1.

Now, we determine the corresponding function Fso(r) = Fiy(r) + Fi(r), with

1 [* dFy(r,0)
Fyo(r) = — —
20(7) o /0 dr y(r,0)do,

1 27
Fi(r) = %/0 Fy(6,7)d6.

In the following Lemmas we obtain some results of the integrals Fij,(r) and Fi(r).

Lemma 4.1. The integral F),(r) is a polynomial in the variable v given by

(5] 1221 (28] [221)
ERCTD S SWNIESCUI VI ol SUNARRERERIVY
s=0 k=0 s=0 k=0
[nl 1] [“3 1] P
+ Z Z gy 1dap_or? THREINSF 4 Z Z Cogp1dog_or2SH2RH ISR
s=0 k=0 s=0 k=0
% n4 1 "73] [n4271]
Z a25d2k+1r2s+2k+3M§,k + Z C2Sd2k+1r25+2k+5M§,k’
s=0 k=0 s=0 k=0
(4.9)
where
k+1
5 k+1)agysia
MSF = Coi— (
1 SZ'Yk,l A 2k+s+1(25 + 1) (k + 5 + 2)”
MEF = (54 1) ’“Z“ - (k + 1)(4k + 105 + 15) st
= S s — ,
2 2 Vi, 18 5,1 2k+s5+2(25 +1)(2s + 3)(k + s + 3)!
k+1
25 + 1 3(2k + 1)agst1
MSJC = CS 7
3 lzlﬂkl l+2k+s+2(2k7 )(k+5+2)!
k+1
2s + 3 15(2k + 1) Qg s
Mk = K, 7
4 lzgﬁkl 1+ 2532k — 1)(k+ 5 +3)!
k+2

3(k + 2)ak+s+1
2k+s+2(25 + 1) (k + s + 3)!

o k ~
My* =5 FkiCo —

k+2

M" = (s 4+ 1) kKo —
=0

2k+s+3(25 +1)(2s + 3)(k + s +4)!
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Proof. From (4.7) and (4.8) we have
Fao(r) = Ni(r) + Na(r) + N3(r) + Na(r) + Ns(r),

where

1 2 N1 .
o [T i o 0.0 0,
TJo i3

(227

. 27
Na(r) :%/o Z (2k + 2)bog 1172 Top 41 (0)y: (6, 7) dO,

_ 2w M3
:*1/ >_(i-+2)er™ SO 0.1) b
™ Jo

"—41

27r
N4( / Z Qk + 4 2k+3d2k+1ng+1 (9)2/1 (9 ’I“) d9
2 4k + 1
2 P2k 2k—2 os2¥
/ Z k+1 doj— g(cos 0 — Qk—l 0
2k + 2 2k+2
S oS 9)y1 0, r) do.

For simplifying the expression of the polynomial N;(r), using the integrals of
appendix A, we have

27 ni ny
(a1) :/ (Ziaﬁi_lRi(@) = rla;J;(0) | =0.
0 i=0 =0
-1 27 ni ) ['LZZ ! ) Jj+1
(bl) = g (Z iaiTz_lRi(9)> - Z T23+2b2j+1 Z’?j,l sin(21 + 1)9
0 i=0 =0 1=0

(2] (=2 "
= a25b2k+182'?k,lcs,lrzz-i_%""l_
s=0 k=0 =0
2 ni ,
() :/ four O ) Zc 270) | = 0.
0 \i=0
1 [24-1) o
(d1) 27/ (Zmlz 'R;(0 ) Z P2+, +1ny]lbln (21 4+ 1)0
[ 145 k2
B Z a2sd2k+182&klc 28 +2k+3
s=0 k=0 1=0
i+1
(e1) = o= (Zml 1R ) < Z,ﬂwldg QZﬁ”sm (21) )
["1;11 "

3 p
25+1
2s+2k+1
= Z 29+1d2k 2 Zﬁklo r skt
s=0 k=0 =1
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We have that the sum of the integrals (a1 ), (b1), (¢1), (d1) and (ey) is the polynomial
N1 (’I") .
From the integrals of appendix A, we have

[221] n
71 27 2 1 .
(ag) = 7 / Z (2]’(5 + 2)b2k+17’2k+1T2k+1(9) - Z T‘JCLij (9)
T Jo k=0 j=0
[5H] [22] &
_ dbopst —(k+ Dagrs 2542k+1
Lo L RIS H (25 4+ 1) (k + 5 + 2)!
27 [W2T_1]
(b2) = / > (2k + 2)bopgar® T Ty 1 ()
0 k=0
5= j+1
X | — Z T2]+2b2j+1 Z;?j’l Sin(zl + 1)(9 =0.
=0 1=0
_1 2 ["ZT*I] ns ) N
(c2) = 2*/ Z (2k 4 2)bop 172 T Tor 41 (0) <— Z Cirl+2Ji(9)>
g k=0 i=0
(58] 25— bt 1) (dk 4 1 )
_ - —(k+1)(4k +10s + 15)ag 1511 252k+3
S TR 1) + 3kt s+ 3)!
ng—1
or (15—
(ds) = / S (2k + 2)bor 1 o1 (0)
0 k=0
(M4 2
X — Z 7’2‘7+4d2j+1 Z ’77'7[ Sln(?l + 1)0 =0.
=0 1=0
27 [R2T71]
(e2) = / D 2k + 2)bog 17 Tog11(6)
0 k=0

X <7 Z?:O T2i+1d2i_2 Z;ii Bi,l sm(?l)@) =0.
The sum of the integrals (az), (b2), (c2), (d2) and (e3) is the polynomial Na(r).

For finding the expression of the polynomial N5(r), using the integrals of ap-
pendix A, we have

(a3) :/0 i (Z(i—f—?)cir”l&(@)) —eraij(H) =0.
j=0

=0
-1 27 n3 . [”27271] k+1
(b3) = 2— (Z(z + 2)Ci7“1+15i(9)> - Z T2k+2b2k+1 Z :)’k,l sin(2l + 1)9
TJo i=0 k=0 1=0
(%] 173 kb1

~ 2s5+2k+3
= (S + 1) Z ’Yk,le,lT s+2k+ .
s=0 k=0 =0
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(c3) =/0ﬂ<i(i+2)ciri+15i(9)> —i:cjrj“jj(e) = 0.

i=0
_1 27 n3 [M;l k‘-‘r2~
(ds) 5 / (Z(z—i—?) Z“S(G)) - r? g0 Y Akasin(2l + 1)0
TJo i=0 k=0 1=0
(58] (2 k42
= D casdopgr(s+1) Y Apa B r® TS,
s=0 k=0 1=0
-1 27 n3 k+1
(e3) = % (Z( +2) H_lS ) ( Z’I‘2I€_‘rldgl€ QZﬁleIH 2l )
i=0
o) 2s —I— 3 A,
Z 2025+1d2k 2 Zﬁle pr2stakes,
s=0 k=0

We have that the sum of the mtegrals (ag), (b3), (c3), (ds) and (es3) is the polynomial
N3 (7’)
By using the integrals of appendix A, we have

[n4

-1 27 i .
(a1) = 5 / D@k oy Ui (6) | | =D /a7, (0)
T Jo k=0 3=0
(5] (24
tondn —3(k + 2)agyst1 25+2k+3
2. 2 202k ks 42(25 1 1) (k + s + 3)! '

2
(by) = / (2k + 4)r2*+3dyy 1 Uspe 1 (0)
0

k=0
[n2271] J+1
Z r2i+2p, +1Z’yjlsm (20+1)0] =0.
7=0
-1 2 % . ns
= 2k+3 2 T
(cy) = 5/0 E:: (2k + 4)r?* 3y 1 Usjey1 () —;Cﬁ Ji (0)
n3)rnga—1
B el o d —3(k 4+ 2)(4k + 145 + 21 ) gy s41 2+2k5
T4 & RS+ 1) 2s +3)(k+ s+ 4) |
27 [7%4]
(dg) = / (2k + 4)r2*+3dyy 1 Uspr 1 (6)
0 k=0
(241 ' it2
X — Z T2]+4d2j+1 Z ’Nij SiIl(Ql + 1)9 =0.
7=0 =0
-1 27 [TLTLL] i+1
_ 2k+3 241
(e4) = 27/, k:0(27‘~‘+4)7’ dok+1Uzk+1(0 ( Z do; 225118111 (20) >
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We have that the sum of the integrals (a4), (bs), (ca), (ds) and (e4) is the polynomial
N4 (’I")

Finally, for computing the polynomial Ny(r), using the integrals of appendix A,
we have

—1 - Lo, Ak+1 2k+2
(a5) = — i <kzo(2k+l)r2kd2k_2<cos% 20— 1 082k9+2k - 02k+29>>

— Z ria;J;(0)
=0

nqp—1
(=1

3(2k + 1)ag4s41 2s+2k+1
= Z Za28+1d2k 25k tst2 1" .
2. 2 2 (2k —1)(k+ s + 2)!
"
=0

m 4k+1 2%k+2
(bs) = / ( (2k+1)r*dyy_s (cos%_2 0— Al cos?k 9+k7+ cos2F+? 9)
0 \g
["%] j+1

2k—1 2k—1
— Z T2j+2b2j+1 Z,?j’l sin(2l + 1)9 =0.

—1 [T E 2k—2 dk+1 o 2k+2  opio
(c5) = o ; ZQkH—lr doj— 2<cos 0 — w1 cos“" 0 o1 cos 0)
n3
X <chrl+2jl(6)>
i=0
(%3]

=3 Y eid 15(2k + 1) 0 p25+2k+3
2T 2 ok 543 (2k — 1) (k + 5 + 3)! '

5=0 k=0
2 H
_ 4k+1 2k+2
(d5) = /0 (kz_o(ﬂﬂ—i—l)r%d%g <c052k 2 9—2]67_1 cos?k 9—1—% cosF+2 0>>
(4]

Jj+2
Z r2td, +1Z’yjlsm (20+1)0 ] =0.

27 M
4k+1 2k+2
_ 2k—2 2k 2/<:+2
(e5)—/ <§:2k+1r d%z( 05?2 f— o — cos® O+ 2 cos e))

i+1
( Z’/‘2l+ld2 _9 Z B, sin(20) )

We have that the sum of the 1ntegrals (as), (bs), (¢5), (ds) and (es) is the polynomial

N5(r). Hence Lemma 4.1 is proved. O
Lemma 4.2. The integral F2,(r) is a polynomial in the variable v given by

7] N (55 40 (1175 ]
Fi(r) = — Siorzs“m(st—Zr%%WM%—570 ;;) azsbag 1

(3211237

254+2k+1 Qs pht1 Z Z 254+2k+3  Ssyk1
Xr Co, bgk 1r
2R (s k42)l g o T 25Hh+2 (54 +3)!
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[BH] 24— 30ra s [M5—] u
1
- azkd25+17“25+2k+3 stkt2 s Z Za2k+1d23—2
= = 2 (s+k+3)! — =
30k + Davg s SirE 15
25+2k+1 S _ d 25+2k+3
Xr 25+k(25 _ 1)(5 Ykt 2)! o ; C2kG2s+17T 9s+k+3
_ skl T+ ”i:l] i d 25+2k+3 33k — 2s + d)asyk
(s+k+4 2 Soczk-s-l 2527 STRL(2s — 1)(s 1 k4 3)1°
(4.10)
Proof. Using (4.5) and, substituting in (4.4) we have
ni ) na ) ns ) N4 )
- ZpirlRi (0) - Z qi’f’H_lTi (0) - Z SiTH_QSi (9) - Z wir”SUi (9)
i=0 i=0 i=0 i=0
[nz—l
ni ] 2 ns3 )
Z airl_lRi(G) + T2k+1b2k+1T2k+1(9) + Z CiTH—lSi (9)
‘ P ‘
[24] n % 4 2
+ Z d2k+1r2k+3U2k+1(9)+Z dop—or*" (Top—2(0) — o 1T2k(9))
k=0 k=0
ni ) ) [nngl] ns )
Z a;r’ COSZ+1(9) + Z r2k+2b2k+1R2k+2(0) + Z Cﬂ"z+2Ti+1(9)
‘ P ‘
(4] 2 2% 12
2k+4 2k+1
+ kz_o dop 17 52k+2(9)+kz_0d2k727“ (Rop—1(0)— 551 ———Ror41(0))

For an explicit expression of the polynomial F3,(r), using the integrals of ap-

pendix A we have

1 27 ni ) m1 i }
A= Py (Z airl_lRi(9)> Zajrj cos’T1(0) | = 0.
TJo i=0 j=0

n (221
1 27 1 ) 2
Ao = 27/ (Z airlei(9)> 7‘2k+252k+1R2k+2(0)
T Jo i=0 k=0
[5+] [2%—] o
_ +s+1 2s+2k+1
- - a2sbok 17 .
k+s+2 |
= = 2 (k+s+2)!
1 2m ni ) n3 )
A3 = % / Z a,i’l“l_lRi(H) ZCiT2+2Ti+1(6) =0.
0 i=0 i=0

(4]

1 27 ni )
A4 = %/0 (; airllRi(0)> Z d2k+17'2k+452k+2(9)

k=0
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(5] (242 30,
k+s+1
= ) a2sd2k-+17“

2s+2k+3
2k+543(k 4 5 + 3)! '

Lo i1 - 25+1 25 +2
A5 = % (ZO a;Tr R1(9)> <Z d257274 (RQSfl(e) — ﬁ

s=0

o
*3(1/5 + 1)C‘55+k
_ oy or25T2k+1 )
D aairidas-ar 25Fk+1(25 — 1)(s + k + 2)!

1 27 - | |
o= %/o Z # bag 1 Tok 11 (0) goajrj cos’t1(6)

Ok4s+1
= G2sb2k+17“

2s+2k+1
2F+5H2(f + 5 + 2)! '

[22-1] (2]

R2s+1(9))>

2m
A7 = 27/ > R by oy (0) > by Raera(6) | = 0.
0

k=0 k=0

2]

1 27
Ag:%/o Z

n3
2 o1 Togs1 (6) (ZCiTHQTiH(@))
i=0

—1
37—

304s+1 2542k
= b 9+2k+3
Lo Lo PRkt s 1 3)l
9 [”2*1] [E
S -
Ay = o ), Z 2 bk 1 Tor41(0) Z dopr17F T S 0(0) | = 0.
k=0 k=0
1 o [7122—1]
_ k41
Ay = /. Z T bop g1 Tops1(0)
k=0
S d 2k+1 0 2k +2 o) | —
X ;0 2k—2r" " (Rog—1(0) — mR2k+1( )) | =0.

1 2 n3 ) n
Ay = 27/ ( Ciﬁ“&(&)) Za rcos’ THH) | =0
TJo \iZo 3=0
1 2m n3 ) [”22*1]
A = 7/ ( C“"ZHSZ'(Q)) " 2bog 1 Row(0)
T Jo i—0 k=0
[%2] (%3 30,
_ +s+1 2s5+2k+3
= ‘ sb :
2. 2 (4 5§ 3)!(12 2k+17

Alg_Qi/O (chﬂs ><20T+T+1 >=o.
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[M
1 2 2
Ay = %/ (Zc ritls; (0)) Z Ao 17 T Sk 42(0)
0 k=0
[58] 24
_ 1504541 . d2k+1rzs+2k+3
k+s+4 s ’
Lo L 2Rt (ks 4 4))]
1 ; £ . 25 + 2
A15 = %/ (Z C;Tr +1S )) <Sz_% d25_2r2 +1(R25—1(9) - 28_1R23+1(0))>

- i: Copaqdos_or2sT2ht3 —3(3k — 25 + 4)as ik
2k+1025—2 25+k+2(25 _ 1)(5 +k+ 3)!'

k=0 s=0
(241
1 2m 2 " ) )
Ao =5 / > dopsar® U1 (0) | | D a4 cos’t(0)
0 k=0 j=
[5+][245]
_ 3oy syt agsdap s r 2SR,
Lo Lo gFtsT(k+ s+ 3)
ng—1 ng—1
1 2 [ 2 ] [ 2
A7 = ﬁ/ Z dak4 172 3 Uspq1(0) Z "2 b1 Roi2(0) | = 0.
0 k=0 k=0

[58] 2%
B 1504541 . d2k+1r23+2k+3
= k+s+4 | @8 ’
=2 (k + s+ 4)!
ng—1 ng—1
L e = [=5—
A = o Z a1 TP Usps1 (0) Z doj, 417" So142(0) | = 0.
0 k=0 k=0
1 on [n4—1]
AQO = %/ Z d2k+1r2k+3U2k+1(9)
0 k=0

m
2k +2
X (kz—() dog 21 (Rap—1(6) — %_1R2k+1(9))> =0.

27 H 28 +2 1 . .
Aoy = 7/ E :d28 o1?% (Tas_2(0) — Tzs 0)) E ajr? cos’(8)
Jj=0

[nlz 1]

7
=3k + Dagyk
Za2k+1d2s—27“25+2k+1 ( ) s+

g 25tk+1(25 — 1) (s + k +2)!

—0
/ (Zdzk 277 (Top—2(0) — ;:j?Tzk(@))

N)‘r—l »

Aoy =
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(%]
X Z T2k+2b2k+1R2k+2(9) =0.
k=0
2542 R
55 1 L2s ))) <ZCi7ﬂ+2Ti+1(9)>

osi2k+s 33k — 25 +4)as i
25k +2(25 — 1)(s + k + 3)1

o
= E C2k+1d25—27“

k=0 s=0
A —1/% fjd 2 (To_o(0) — 2227, (0))
24 — o o P 2k—2 2k—2 2% — 1 2k
(2471
X do17 T4 801 42(0) | = 0.
k=0
2% + 2
T2k(9))>

1 2 M
_ dor_ 2kT (0
5 | (; skt (T 2(6) — it
2k + 2
Qk_lekH(&))) 0.

m
X (Z dop—or®* 1 (Ror—1(0)
k=0
We have that the sum of the integrals from A; to Ags is the polynomial (4.10)
O

Hence Lemma 4.2 is proved
By Lemma 4.1 and Lemma 4.2, we have

15 (25

[

[

Fyo(r) = F210( )+F220( )
(5] 30
2S+1 2543 s
oo 492s et ooy Was T a2sbok+1
ZO 2 +1(8+1>| Z 2 +2< +2) por it
H114] o
o Ap2st2kt1 | Z Cosbop sy Brst2hts | (gsdop 1 Cr25T2K+3
s=0 k=0 s=0 k=0
["1 o (%] 4]
Z azs+1dak 2DT25+2k+1+Z Z Cosdopqr Er?5T2RT5
s=0 k=0 s=0 k=0
[n32 1] 124
+ > castrdop o Froet2HE8,
s=0 k=0
where
k41
. (25 +k+2) k4541
A= Cs— ;
S;W TR (25 + 1) (k + 5 + 2)!
k+1 2 2
. (12s* + 4k* + 34s + 10sk + 19k + 24) o451
B = 1 K —
(s + );W sl 2 +s+2(2s+ 1)(25 +3)(k + s+ 3)]

. lif o 3(2s 4+ k + 3)akyst1
= Ve, iCs,l — 2k+s+2(25 + 1) (k + s + 3)
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k+1

(2s+1) + 1) 3(4s 4+ 2k + 5)ovys

D= ZBMCSZ—‘_2k+5+2(2k71)(k+5+2)!’
k+2 2 2
< (20s* + 68s + 57 + 4k* + 14sk + 29k)3 k4511

E = 1 Ko — :

(s+ );7“ ! 2k F5+3(25 + 1) (25 + 3)(k + 5 + 4)!

(2s+3) &2 . 3(125 + 2k + 21) s

- B S bk -

2k+s+3(2k — 1) (k + s+ 3)!

We conclude that Fb has at most max{["2], [%] + 1, [%] 4+ [2%-1], [2] + [242] +
L[]+, [P ]+ [ ] + 1, [P] + [B] + 2, [P 1]+ ¢ 4 1} positive roots.
Hence the Theorem 1.2 follows

5. Applications

In this section we shall prove the corollaries.

Proof of Corollary 1.1. We consider system (1.4), where

fil@) =a 4222 + 2%, g1(x) = =2+ 3z — 1% hi(z) =1 — =,
li(z) =54z — 1627 + 5a® + Glat — 25,

we have ny =3, no =2, ng =1 and ng = 5.
The function of averaging theory of first order (3.5) is

Fio(r) = —% (r® —6r" +11r% — 6)
that has exactly three positive zeros. In [18], this system when dy # 0 and m = 6
has at most two positive zeros. O

Proof of Corollary 1.2. We consider system (1.4), where

fi(x) = x4+ 22% + 323 — 22%, g1(v) = 3z — 322 — 523, hy(z) =1 — =,
I ( )_1_31,_|_ 130916690 3 16849 5 fz( )—I4,gg( )_ —@1724—312

ho(z) =, lp(x) = 2 4 28292 — 41384 _ 45
we have n1 =4, no =3, ng =1 and ngy = 5.
The function of averaging theory of first order (3.5) is Fio(r) = 0. By using the
averaging theory of second order, then from (4.11) we obtain

r

Fy(r) = 120(

10— 1508 + 857 — 2250 4 274r% — 120)

that has exactly five positive zeros. In [18], this system when dy # 0 and m = 6
has at most four positive zeros.
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Appendix A. Formulae

In this appendix we recall some formulae that will be used during the paper, see
for more details [1]. For ¢ > 0 we have

0
. 1 .
(0) = “tsintdt = ——(1 — cos'™ 0).
Ji(0) /Ocos sin i—l—l( cos )

0
; 2 1 . 1 )
‘tsin® tdt = — Hlg 4 — costt0.
cos’ tsin (i+1)(i+3) i+1COS +Z_+3cos

Nell
—
>
=
|
h

k
on S kasin( 4 1)8, if i=2k+1;
1;(0) = /0 cos'0df = { =0,

Ok + > Brsin(210), if i=2k,
=1

where
1 21 1 21+ 1 1 27 1
(51':@ 0, %*l:ﬁ N+ 1 ﬁi,l: T
i i—1 + i+1
0, if i=2k+1,
IZ'<27T) =
TaE ..
Sh gl if i=2k,
where
ar=3-5----(2k—=1), ary1 = (2k + Doy
and
2k +1
I 2 I (2
2k+2(27) 2% 1 2 2k (27)

fgk(27'r) = ng(z’ﬂ') - ng+2(27r).
Loy, (27) = Iop(21) — 2@ap42(270) + Loppa(27).

2m
/ cos’ @sin’ O sin(20 + 1)0dO # 0,if i even and j odd,
0

) 0, if i odd or j even;
/ cos’ sin’ O sin(21 + 1)0dH = mCx,, 1=2k, j=1 and 1 > 0,
0
WKk’l, i:2k7 J:3 and 1 2 07

where C;, K}, are non-zero constants.

27
/ cos’ 0 sin? §sin(200)dH # 0, if i and j odd,
0
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) 0, if i odd or j even;
/ cos’ @sin’ 6 sin(216)df 7Cy1, ifiodd j=1and >0,
0 _
mK;y, ifiodd j=3 and [ >0,

where C;, K, are non-zero constants.
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