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GLOBAL CONVERGENCE OF AN
ISENTROPIC EULER-POISSON SYSTEM IN
Rt x R% *

Huimin Tian', Yue-Jun Peng®' and Lingling Zhang!

Abstract We prove the global-in-time convergence of an FEuler-Poisson sys-
tem near a constant equilibrium state in the whole space R?, as physical pa-
rameters tend to zero. The result follows from the uniform global existence
of smooth solutions by means of energy estimates together with compactness
arguments. For this purpose, we establish uniform estimates for divw and
curlwu instead of Vu.

Keywords Euler-Poisson system, uniform global smooth solution, energy
estimate, compactness and convergence.
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1. Introduction

The Euler-Poisson system plays a vital role in modelling of unmagnetized plasmas
and semiconductor devices. Let n, u and ¢ be the density, the velocity of the
electrons and the electric potential, respectively. These variables depend on the
time ¢ > 0 and the position z = (z1,--- ,z4) € R% d = 1,2,3. The scaled isentropic
Euler-Poisson system for electrons is written as (see [4,16]) :

On + div(nu) = 0,
m[0y(nu) + div(nu ®@ )] + Vp(n) = nVeé — mnu, (1.1)
—~AMAp=1-n, in (0,400) x R?,

for t > 0 and € R? Here, p is the pressure function, assumed to be strictly
increasing on (0, 400). The parameters m, A € (0,1] stand for the ratio of electron
mass to ion mass and the Debye length, respectively. For convenience, we use a new
parameter ¢ € (0,1] defined by m = 2. We consider the Cauchy problem for (1.1)
with initial conditions depending on the parameters :

t=0: (n,u)=(ng§,uf), inR% (1.2)
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where v = (g, ). The aim of the paper is to study the global-in-time convergence
of the system near the constant equilibrium state (n,u,¢) = (1,0,0) in the whole
space R% as ¢ — 0 and A\ — 0, which are referred to as the zero-electron mass limit
and the quasi-neutral limit, respectively.

For smooth solutions in a non-vacuum region, the momentum equation in (1.1)
can be written as

e20pu + e (u - V)u + Vh(n) = Vo — v, (1.3)

where h is the enthalpy function defined by h'(n) = p/(n)/n. It is clear that h is
strictly increasing on (0, +00). In order that ¢ is uniquely determined, we assume
that

lim ¢(t,x) =0, Vt>0, (1.4)

|z|—+o00

with

|z] = /23 4+ - 22,

From the Poisson equation in (1.1), ¢ can be expressed as

1

where * is the convolution operator and

1
— ||, ifd=1,
2
1
F(gj): —%lnkr‘, lfd—Q,
1
. it d=3
4r|x|? '

In particular, let ¢f be the unique solution of the following problem

“AN2AQY =1-nf, lim ¢4(x)=0.

|z| =400

Then we have 1
¢5 = oL * (1 —ng).

From the result of Lax [13] and Kato [12] (see also [15]), we obtain the lo-
cal existence of smooth solutions as follows. Let s > % + 1 be an integer and
(n§ — 1,u¥) € H*(R?) with n¥ > const. > 0. There exists a positive constant
T, (depending on v) such that the Cauchy problem (1.1)-(1.2) with (1.4) admits
a unique local smooth solution (n,u, ¢) defined on [0,T,]. Moreover, the solution
satisfies

(n—1,u,V¢) € C([0,T.); H*(RY)) n C* ([0, T.]; H* "' (RY)), n > const. > 0.

The zero-electron mass limit and the quasi-neutral limit have attracted a lot
of attention for system (1.1). See for instance [2,5,6,20,22,23]. Both limits lead
to incompressible Euler equations. For periodic smooth solutions with large initial
data, they were justified in [2] and in [5, 22], respectively. Remark that in the
Poisson equation in (1.1), the ion density is equal to 1. When the ion density is
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not a constant, the quasi-neutral limit was studied in [20]. In work [6], the quasi-
neutral limit was justified for an Euler-Poisson for ions in a bounded domain with
one-dimensional boundary layer formation, where the semilinear Poisson equation
is derived from the Boltzmann relation. All these results are only valid on a uniform
finite time interval.

Recently, the second author of the present paper considered the limits of periodic
smooth solutions with initial data close to the constant equilibrium state (n, u, ¢) =
(1,0,0) and he proved the global-in-time convergence of the system [19]. The proof
of the results in both limits relies on classical energy estimates for Euler equations
together with compactness arguments. It depends strongly on the periodic property
of the solutions for which the Poincaré inequality can be applied. As a consequence,
an important estimate is obtained in the periodic case, namely (see Lemma 3.2
in [19]),

O ln = 1llom1 < N[V, < Clln—1llsc1,

where C' > 0 is a constant independent of v.

In this paper, we consider the global-in-time convergence of the system in the
whole space R? where the Poincaré inequality is not available. For this purpose,
we have to avoid the above estimate in the analysis. Our proof is based on a single
uniform estimate with respect to the time and the parameters. The main technique
is to estimate divu and curl  instead of Vu. This leads to uniform estimates which
allow to apply compactness arguments.

We remark that, when the parameters are fixed constants, the global existence of
smooth solutions near the constant equilibrium state for (1.1) was obtained in [1,10].
In (1.3), the last term —e?u stands for a dissipation property for the velocity. It plays
an essential role in the proof of the global existence. Without this term, the global
existence of smooth solutions can be still proved under an additional assumption
that the flow is irrotational, namely, curlu = 0. See for instance [7-9,11]). Finally,
we also mention results on the global-in-time convergence of a non-isentropic Euler-
Poisson system [14,23]. However, (1.1) cannot be derived from the system studied
in [14,23], even at a formal level.

The rest of the paper is organized as follows. Section 2 includes the main results
of the paper and two preliminary lemmas that will be used later. The results consist
of the uniform global existence of smooth solutions and their convergence as each
of the parameters tends to zero. Section 3 is devoted to uniform energy estimates
and a time dissipation estimate for the density. In the last section we give the proof
of the main results.

2. Statement of main results

Let us first introduce some notations. For a multi-index a = (aq, -+ ,aq) € N4
with d > 1, we denote

Hlel

0 = —a——F a7
- [ aq
Ox{™" -+ 0x

with |a| =a1 + -+ ag.
For simplicity, the norms of H*(R9), L?(R¢) and L>°(R?) are denoted by || - ||s, | - ||
and || - ||oo, respectively.

The main results of the paper are the three theorems stated below. Theorem 2.1
concerns a result on the uniform global existence of smooth solutions with respect
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to the parameters. Theorems 2.2 and 2.3 concern the convergence of the system in
the zero-electron mass limit € — 0 and the quasi-neutral limit A\ — 0, respectively.
Both limit systems are incompressible Euler equations.

Theorem 2.1. Let s > % + 1 be an integer with d = 1,2,3. There exist two
constants 6 > 0 and C > 0, such that for all e, X € (0,1] and for all initial data
(nf,ul) verifying

1 v v A 1%

Sl = Ul + Nl + 21Vl < 6 (2.1)
where v = (g, \), then there is a unique global solution (n,u, @) to (1.1)-(1.2) such
that

(n—1,u,V¢) € C(RT; H*(RY)) nC(RT; H*'(R)). (2.2)

Moreover, for all t > 0, this solution satisfies a uniform estimate

1 2 2 >‘2 2
=2 1n®) =15 + el + Z1Ve@)ls

t
1 1
+ [ (SN + i ln(e) = L2+ )2 a
0 g e )\
1 v 2 V|2 )‘2 V2
< O(Zlng = 112+ g2 + S5 190512)- (2.3)
Theorem 2.2. Let A\ =1, s >3 and d = 2,3. Let (ns,u5,¢5)5>0 be the sequence
of the corresponding solutions defined by Theorem 2.1. Then there exist functions
(ﬁ,gf)) with
a, ¢ € (R H*(RY), due L2(RY; HH(RY),
such that, as € — 0 and up to subsequences, we have
u® — u, weaklyin L*(R"; H*(RY)). (2.4)

Moreover, (ﬂ, (;3) s a global solution of incompressible Euler equations

ou+ (u-V)i+ua+Ve=0, diva=0. (2.5)
In addition, if
g — 1l + g — woll + Vgl < Ce, (26)
with
ug € H*(RY), divug =0, (2.7)

then the whole sequence (u®)cso converges and (a, ) with | ‘lim é(t,x) =0 is a
x| —+o0
unique global smooth solution of (2.5) with an initial condition :
t=0: @a=ug, in RY (2.8)

Theorem 2.3. Lete =1, s>3 and d=2,3. Let (n’\,u’\,¢’\)>\>0 be the sequence
of the corresponding solutions given by Theorem 2.1. Then there exist functions

(@, ) with

a, ¢ € L*(RY; H*(RY)), 0O e L*(RY; HHRY)),
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such that, as A — 0 and up to subsequences, we have
ud — u, weakly in L*(RT; H5(RY)). (2.9)

Moreover, (ﬂ,qg) is a global solution of incompressible Fuler equations (2.5). In
addition, if
17y = Ll + llug — uolls + AVl < CA, (2.10)

with
ug € H¥(RY), divug =0, (2.11)

then the whole sequence (u*)xso converges and (4, ¢) with ‘ |lim o(t,x)=0is a
T|—+00

unique global smooth solution of (2.5) and (2.8).

3. Uniform energy estimates

In this section, we suppose that s > g + 1 with d = 1,2,3. According to [17],
in order to prove the uniform global existence of smooth solutions, it suffices to
establish uniform estimates of solutions with respect to the time, € and A. Set

N
N=n-1, W=
u

Let T > 0 and W be the smooth solution of (1.1) defined on time interval [0, 7.
We denote
Wr = sup [[W(t)]s.

0<t<T

We want to show (2.3) for all t € [0, 7.

3.1. Two useful lemmas

In the proof of Theorems 2.1-2.3, we need two lemmas below. Lemma 3.1 is a
refined version of Moser-type calculus inequalities [15]. It is useful to establish the
uniform energy estimates. The proof of Lemma 3.1 can be found in [18]. Lemma 3.2
is useful to study the convergence of the system to incompressible Euler equations.
It only concerns d = 2, 3. For this, we define

uz O gy

(91'1 8%2

_ _ de
w” =curlu”, @w=-curlu =

<

V x 1, ifd=3.

Lemma 3.1. Let s > % + 1 be an integer and d = 1,2,3. Let u € H*(R?). For all
a € N with 1 < |a| < s, if v € HI*(RY), then

105 (uwv) = ol < Cl[Vulls—1]|vlljaj-1,

and
105 (wo)|| < Cllullsl[v]laf-
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Lemma 3.2. Let s > 3 and so > 0 be integers. Let ug € H*(R?) with d = 2,3.
Assume (n”,u"),>0 s a sequence of functions satisfying

(n—1,u) € C(RY; H*(RY)) n CH(RT; H~1(RY)), (3.1)
on” + div(n”u”) = 0,
J (3.2)
curl(Qpu” + (u” - V)u’ +u”) =0, in (0,+00) x R?,
and as v — 0,
n” — 1, strongly in C(RT; H*(R?)), (3.3)
u’ —u, weakly-* in L™ (IR"’;I‘.T‘(’(]Rd))7 (3.4)

where 4 € L“(R*;HS(Rd)). Then there exists a function ¢ such that V¢ €
L>(RT; H"Y(RY)) and (a, ) satisfies incompressible Euler equations (2.5). Fur-
ther, Oy € L (RT; H*~1(R)).

Proof. From (3.3)-(3.4), it is clear that
nYu” — 4, in the sense of distributions D’ (R+ X Rd).

Therefore, the first equation of (3.2) implies that divia = 0. In addition, we also
have

Vu¥ — Vu, dive” — dive =0, w” — w, weakly-* in L™ (R*;Hsfl(]Rd)).

Now we prove the strong compactness of the sequence (w"),~o. Indeed, the
second equation in (3.2) is equivalent to

{ Ow” + (u” - V)w” +w” = —w”divu”, ifd =2, (3.5)

Ow” + (u” - V)w” — (W - V)u" +w” = —wVdivu”, ifd=3.

Since (u”)yo is bounded in L*°(R*; H*(R%)) with s > 3 and d = 2,3, (w"),>0 is
also bounded in L>* (R*; H*~'(R?)) and (8;w") _, is bounded in L (R*; H*2(R)).
Let T > 0. By a classical compactness theorem (see [21]), for all s; € [0,s — 1),
(of’)y>0 is relatively compact in C’([O,T];HZS;C(Rd)). As a consequence, up to a
subsequence, we have

v

w” — w, strongly in C’([O,T];Hfalc(]Rd)), (3.6)
which implies that
Vw” — V@, strongly in C([0,T7; Hsl_l(]Rd)), Vs €[l,s—1),

loc

where
w e L= (R HHRY) nC([0,T); HiL(RY)).
Consequently, in D'(RT x R?), we have
(W V)u" — (0 V)i, wdive” — wdiva =0, (u” V)w” — (u-V)w.
This allows us to pass to the limit in (3.5) to obtain
o+ (a- Vo +w =0, if d =2,
Ow+ (- Viw—(w-V)u+w=0, ifd=3,



716 H. M. Tian, Y. J. Peng & L. L. Zhang

namely,
curl(dyu + (u- V)u+ ) = 0.

Hence, there exists ¢ € D'(RT x R?) such that (see [3])
o+ (a-V)i+1u=—Vo,
which proves (2.5).

In order to recover the regularity of (ﬂ, &)7 we apply div to the last equation.
Since diva = 0, we have

—A¢ =div((a-V)a),

which implies that V¢ € L (RT; H*~!(R?)). Finally, from (2.5), we also have
dyu € L (R H~H(RY)). m|

3.2. Energy estimates in L?

Lemma 3.3. For allt € [0,T], it holds that

i/ (n|u|2+1h’(§)N2+)\2|V¢|Q)dx+2/ nlulde = 0. (3.7)
dt Rd 52 52 R

Proof. The Euler equations in (1.1) admits the following entropy:
1 5 1 . /
E(n,u) = §n|u| + 6—2H(n) with H'(n) = h(n).
The associated entropy flux is
1 9 1 .
F(n,u) = §n|u\ u+ - R(n)u  with R(n) = nh(n).
€
Then for smooth solutions of (1.1), the following entropy equality holds:
. 1 2
O F +divF = L Vo —nlul®.
The Taylor expansion for H around n = 1 yields
1
H(n) = H(1) + H'(1)(n = 1) + S H"(§)(n = 1)*
1
=H(1) +h(1)N + ih’(g)N%
where £ is between 1 and n. From the density equation
0N = —div(nu),

we obtain ) ) .
_ - 2 iy N 2\ _ ~ .
OE = 8t(2n|u| + 5 h (ON ) 5 h()div(nu).

It follows that

1 2 2
Oy (n|u|2 + 6—2h/(§)N2) + 2div F' — gh(l)div(nu) = Snu- Vo — 2nlul?.
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Integrating the above equation with respect to x yields

d 2 1 2 / 2 2/ _
It /Rd (n\u| +52h(§)N )dx—i—? Rdn\u| dx = ]Rdnu Vodx = 0.

Using the Poisson equation and density equation again and integrating by parts,
we have

/ nu - Vodr = —/ div(nu)¢pdz
R R

= Oingdx
Rd

e /R Bu(B0)od

= -\ [ 0,(Vo)Veda
Rd

A2 d )
=S ZIvelP.

These last two relations imply (3.7). O

3.3. Higher order energy estimates

From now on, we denote by C' > 0 a generic constant independent of any time and
the parameters. We want to estimate divu and curlu in H*~!(R?) by using the
momentum equation. Then the estimate for Vu follows from the equality

[Vu||? = ||divul? + ||curlu||?, d=2,3.

Let 3 € N with |3| < s — 1. We first consider the L? estimate of 9°(divu).
Applying 07div to (1.3) and taking the inner product with 20°(divu) in L?, we
obtain the classical energy equality :

%H@ﬁ(div w)||? + 2/10° (divu)||? = —%(aﬁ(div(Vh(n)), 9° (divu))

2
+2(07(06),0° (divw)
—2(0P(div((u - V)u), 0% (divu)), (3.8)
where (-, -) stands for the inner product of L?(R?). We need to deal with each term
on the right-hand side of (3.8), which are achieved in the following lemmas.

Lemma 3.4. For allt € [0,T] and all 3 € N with |3| < s — 1, it holds that

— 20 (aiv(Vh(m). & (divu)) <~ (" 907 8), 0@ 8)) + CIN2 ull.

dt
(3.9)

Proof. From the density equation, it is easy to obtain

ON +u-VN

n

divu = —
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Substituting this relation into the term on the left-hand side of (3.5), we get
— (9P (div(Vh(n))), 0" (divu))
Oy IN u-VN
—/4q; B(p! Bt ; B(p! B
_<dw(a (W (n)VN)),d ( - )> + <dlv(8 (1 (n)VN)),d ( - )> (3.10)

An integration by parts and a straightforward calculation yield
(div(0" (W (n)VN)), 0" (GtTN» =~ ("W (m)VN), 35(V6;N)>

(W@ (TN - (1 ()TN, 0% (V)

~ (Wm0 (v

(W@ (TN ~ (' ()TN, 0% (VI ))

) @TN) - %86(V(8tN))>

— (W(m)a* (), %85(V(6tN))>. (3.11)

- <h’(n)aﬁ (VN),d° (v

For the first term on the right-hang side of (3.11), we use the density equation and
an integration by parts to obtain

< n)(VN) — 8B(h'(n)VN),6ﬁ<Vat—N>>

< — 1 (n)0"(VN),0" (v‘ﬁlvg”“‘)»
<d1v 8ﬁ h'(n)VN) — h/(n)aﬁ(VN)]’ o° (divflnu))>

= —(@iv(@" (W (W)VN)) = I (n )div(85<vN>)7ag(diV7(lnu)>>
e

Since VA/(n)— = h”(n)VN, it is clear that

(VI ()2 (VN), 5" (dinI”“)

)) < CINIEuls.

Applying Lemma 3.1, we have

~(div(0° (W (n)VN)) = W (n)div(0° (V ), aﬂ(divff“)» < C|IN2lulls-
Therefore,
(W' m)° (VN) = 0" (W (n)VN), 0 (V%N» < CIN|2|lull.. (3.12)

Similarly, we also have

n

~ (Wpr ), o (VI) _ opv ) < OVl (313)
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For the last term on the right-hand side of (3.11), we have
1
— (W () (TN), 0,07 (VN)) )

= (" g v

2
=3 (" v @ np) + (@ nr,a ),

which implies that
b (n)

)
n

(WP (VN), L0, (V) < 3 (" 91V @* NP ) + CINIE

(3.14)
Hence, from (3.11)-(3.14) we obtain

(@ @ v, 0 (%)) < -2 (TN, 9@ ) + CINE ful.
(3.15)

Next, for the last term on the right-hand side of (3.10), we have

<div(8ﬂ(h'(")VN))’ 0° (u : VN)>

n

- <div[85(h'(n)VN) — 1 (n)d°(VN)], 3ﬁ(u 'ZN»
u-VN) _9P(V(VN)) U>

—<h'(n)aﬁ(wv),aﬁv( -
9 (V(VN)) - Y

n
The first term on the right-hand side of (3.16) can be written as

n

7<h’(n)86 (VN), (3.16)

<div[aﬁ(h’<n)wv> ~ I (n)d°(VN)], 0 (u : VN)>

n

= (div(@ (W' (n)N)) = ' (n)div(0* (VN)), 0 (* nv N)>

~(VH () (V) 0° (" 'ZN)>.

Then using Lemma 3.1, it is easy to see that

u-VN
n

(div[d” (0 )V N) = W' () (V)] 07 ( )) < CIN 2.

Similarly, we have

< CIN|Zulls-

(Wt v (L) 55(Z(VN>)>

For the last term, an integration by parts gives

w98 - V(9P

n

- () oy
< CIIN3 uls-
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It follows from (3.16) and the last three inequalities that

(arv(@ (1 () V), 0° (U YY) < N2l (3.17)
which combines (3.10) and (3.15) yields (3.9). O
Lemma 3.5. For allt € [0,T] and all 3 € N® with || < s — 1, it holds that
. d C
2(0°(A9), 0% (divw)) < =X (|97 (AS* + 3 INIZ-1[uls, (3.18)
— 2(0° (div((u - V)u),d° (divu)) < Clull?. (3.19)

Proof. We first prove (3.18). Applying 9;0° to the Poisson equation together with
the density equation in (1.1) yields

N20,0P (A¢) = 0P, N = —9° (div(nu)).
It follows that d
AQaH@"(Aqﬁ)Hz = —2(%div(nu), 0°(A¢)).

From the above equality and n = N + 1, we obtain
2(0%divu, 0° (Ag)) = —>\2%||85(A¢)||2 —2(0°(Ag), 9°(div(Nuw))).
By the Poisson equation, the last term above can be estimates as follows:
—2(0P(A¢), 0P (div(Nu))) = —3<85N 9P (div(Nu)))

72@,8]\/‘ O (Ndivu)) — <35N 9°(VN - u))
%@BN 9% (Ndivu)) — ﬁ@ﬁN u-V(9°N))
_F@ﬁN,aﬁ(VN-u) —u-V(9°N)),

with

L, VIO N ).

2
— (07N V(EN)) = — 55

Obviously, applying again Lemma 3.1 together these inequalities gives (3.18).
Now we prove (3.19) of which the left-hand side can be written as
— 2(0P(div((u - V)u), 8% (divu))
d
=—2 Z(aﬁ [V - 0p,u+ 10y, (divu)], 0° (divw))
j=1
d

—_9 Z@ﬁ(v%, - Og,u), 0° (divu))

d
— 22 (u;0% (s, (divu)), 9% (div u))

d
- 22 ;(divau)) — ujaf’(al.j (divu)), 0° (divu)), (3.20)

from which we obtain easily (3.19). O
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Lemma 3.6. For allt € [0,T] and all 3 € N¢ with || < s — 1, it holds that
d . 1 /1 (n) \? _
- B 2, — /2N 9B B 2168 2 8 2
= (107 (@ivu) |2 + 5 (=209 (VN), 07 (TN) ) + 55107 A6|12) +2[10° (div )|
C C
<z IVIE-allells + ZINIEuls + Clull;. (3.21)

Lemma 3.6 gives a conclusion of Lemmas 3.4-3.5 together with (3.8). When
d =1, (3.21) is a usual classical energy estimate. When d = 2,3, we have to
consider the energy estimate for w = curlw, which is given as follows.

Lemma 3.7. For allt € [0,T] and all 3 € N¢ with || < s — 1, it holds that
d f
—107w]* + 2]0%w]* < Cllul. (3.22)

Proof. Applying d°curl to (1.3) and taking the inner product with 9%w in L2(R%),
we have

L0l + 210%w]P = ~2(0°((u- V)u), 0%).

The term on the right-hand side of the above equality equals

—2(0°((u- V)w), 0°w) — 2(wdivu, 0°w), ifd=2,
—2(0%((u- V)w), 0Pw) — 2(wdivu, dPw) + 2(0° (w - V)u,8°w), ifd=3.

It is obvious that

2(0° (w - V)u, 0°w) < Cllul?,
—2<wdivu,5ﬁw> < Cllull?,

and
d
—2(0% ((u-V)w) 22 8[5 (u;0,,w) ujaﬁ(axjw),8ﬁw>+<uj85(a£jw),8ﬁw>].
Jj=1

By Lemma 3.1, we have

d
—22 (400, w) — 1;0°(0,w), 0°w) < C|lulf?.

We also have

d d
Z (00,w), 0°w) =Y (0,u;, [0°w]) < Oful?.

Jj=1

Therefore,

=2(0"((u- V)w),0°w) < C|lul.

This proves

=2(0°((u - V)u),0°w) < Cllull,
and (3.22) follows. O

From Lemmas 3.3 and 3.6-3.7, we obtain the following energy estimate.
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Lemma 3.8. For allt € [0,T), it holds that

d 2 1 2 A2 2 A? 2
*( nluffde + [ Vuli + = [ PEONdz+ S[Aly + IVl
R4 e 3

dt
1 (n
—> <T)aﬂ(vzv),aﬂ(vzv)>)+2|\u||§
1Bl<s—1
< 2A2HNII —allulls + = IINIIZHUII +Cllul?. (3.23)

Proof. Summing up (3.7) and (3.21)-(3.22) for all |3] < s — 1, we obtain (3.23). O

The next lemma gives a time dissipation estimate of N. The proof is omitted
since it is similar to that of Lemma 3.5 in [19].

Lemma 3.9. For allt € [0,T] and all 3 € N¢ with |3| < s — 1, it holds that

Cc~ 1
2 Y Lot 09Ny + CRITNIE + IV
1B|<s— 1

1
< Cllull? + C (S INIE + 1N lul2). (3.24)

From Lemmas 3.8-3.9, it is easy to get the energy estimate in the following
result.

Lemma 3.10. For allt € 0,77, it holds that

d 9 5 1 ) ,
%(/Rdnw dm+|\VuHS,1+E—2/Rd R'(§)N?dx + 2HA¢HS 1+ ||V¢>||

. <@aﬁ(vm,aﬁ(vm>+2ﬁ 3 <aﬂu,aﬂ(vzv)>)
1B1<s—1 |Bl<s—1

+ 2full? +

K
SVl (3.25)

1
< 2)\2HNII& lulls + 2IINH§IIUHS+CIIUII§+0/€HUII§Jr(ff’i(gl\f\flli”rIINIISIIUI@)-

where k > 0 is a small constant to be chosen.

4. Proof of Theorems 2.1-2.3

The convergence of the system follows from uniform estimates with respect to the
parameters € and .

4.1. Proof of Theorem 2.1

Using (3.25) together with (2.1), we want to show (2.3), which implies the global
existence of solutions.
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We consider the terms on the right-hand side in (3.25). For any fixed x > 0 and
g, € (0,1], when Wr is sufficiently small, we have

2)\2”NH€ 1”“”‘?S 82)\2” ||9 1

C~ 1k K
SNl < 3 (SEIVNIE + g NI,

Ck C 'k K
SEINIE < 3 (CFEIVNIZ + 5 INIZ),
1
Cllul? < 3 lulf?

and 1
Cr|IN|lsllullZ < = [lull3-

Next, we choose k sufficiently small such that
1
Crlluls < 5lull3-

It follows from (3.25) that

d 1
@(/ nIuIde+||Vu||§_1+—2/ h'(& dex+—||A¢|2 1+ ||v¢||2
R4 3 Ré
1 h'(n) .5 5 5 o
+5 Y (T O(IN)LO (VN +2m Y (9,0 (VN)))
|Bl<s—1 |B1<s—1
1 C 1k
+ 7 (2l + = L+ oIV <o (4.1)

On the other hand, when Wy is sufficiently small, we have é <n< % and
1
26 Y (07,07 (V) < O (Jlull? + 5 IN]2).
|B]<s—1

Since £ is between 1 and n and h is strictly increasing, we also have

/R nlul?de + | Val?_y ~ ||u||§,

[ wenaes 3 (Moswn),o0om) ~ vz
R4 n

1BI<s—1

where ~ means the uniform equivalence with respect to the time and the parameters.
Moreover, curl(V¢) = 0 implies that

1AGI15_1 + [IV8II* ~ [Vel3.
Hence, taking s small enough, we obtain

2
[ ntuae + 192+ 5 [ w@Ntar+ a0l + 2vel?

o > <¥55<VN>785<VN>>+2H > (9%u,0°(VN))
|Blss—1 |6l <s—1

1 A2 def
N;QHNHE + Jlufl2 + §||V¢||§ = Y, (1).



724 H. M. Tian, Y. J. Peng & L. L. Zhang

From (2.1), Y,,(0) is uniformly bounded with respect to € and A. Integrating (4.1)
over [0,t] yields

el 1
V0 + [ (ZIVNIEL + 55 IVIE + ul) < OV.(0), Vee.T)
This inequality implies (2.3) and the global existence of solutions. O

4.2. Proof of Theorems 2.2-2.3

We only prove Theorem 2.2, since the proof of Theorem 2.3 is similar. Let A = 1,
from (2.1) and (2.3), it is evident that

n® — 1, strongly in C(R*;HS(Rd)).

Moreover, the sequence (uf)esq is bounded in L?(R*; H*(R%)). Then there is a
function u € L? (R*; HS(]Rd)) such that, up to a subsequence,

u® — u, weakly-* in L*(R*; H*(RY)).
Then, (n°,u°) satisfies (3.2)-(3.4). Applying Lemma 3.2, there is a function ¢ €
L?(R*; H*(R?)) such that (,¢) is a global solution of the incompressible Euler
equations.

Next, we consider the initial condition of 4. We define

1
Z. = (Ao(n)o,We,0,We) + 6—2|\V(6t¢5)||27

where )
Ag(n) = | ©
0 nId
From the definition of Ay, we have
VA i ot 2 Ouf 2 i vV (8,0° 2
e ~ o717+ 10wll” + S IV (967 I

A similar energy estimate in L? of §,W¢ together with (2.3) gives (see also Lemma
3.4 in [19])
ZL(t) + Collows||* < CZc(t), Vt>0,

which implies that
Z.(t) < Z(0)e, Vt>0.

If (2.6)—(2.7) hold, from the system (1.1), it is easy to see that <é@tn€(0), 3tu5(0)>
e>0
is bounded in L%(R%). Moreover, from the Poisson equation, we have

A(0:6°(0)) = —div(ngug),
or equivalently,

A(0:9%(0)) = =div((ng — 1ug) — div(ug — ug).
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It follows that ) ) )
EHV(@@H < g”(”f) — Dug|| + g||u6 — gl

which is also a bounded number. We conclude that (Z:(0))__, is a bounded se-

quence. Then (Za(t))5>0 is bounded for all ¢ > 0, and the sequence ((‘3tu€)6>0 is

bounded in L?(0,T; L?(R?)) for all fixed T > 0. Consequently, by a classical com-
pactness theorem (see [21]), for all s; € [0, s), the sequence (u5)€>0 is relatively
compact in C([0, T]; H;L.(R%)). This allows us to define the initial condition of @ in
(2.8). Finally, the uniqueness of solutions to (2.5) and (2.8) implies the convergence

of the whole sequence (u€)eo. O
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