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ON ANISOTROPIC CAGINALP PHASE-FIELD
TYPE MODELS WITH SINGULAR NONLINEAR
TERMS
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Abstract Our aim in this paper is to study the well-posedness and the ex-
istence of the global attractor of anisotropic Caginalp phase-field type models
with singular nonlinear terms. The main difficulty is to prove, in one and two
space dimensions, that the order parameter remains in the physically relevant
range and this is achieved by deriving proper a priori estimates.
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1. Introduction

The Caginalp phase-field system,

ou
o~ Du+tflu) =T, (1.1)
oT ou

was proposed in [6] to model phase transition phenomena, such as melting-solidification
phenomena. Here, u is the order parameter, T is the relative temperature (de-
fined as T =T — Tg, where T is the absolute temperature and Tg is the equilib-
rium melting temperature) and f is the derivative of a double-well potential F' (a
typical choice of potential is F(s) = %(32 — 1)%, hence the usual cubic nonlinear
term f(s) = s3 — s). Furthermore, here and below, we set all physical param-
eters equal to one. This system has been much studied; we refer the reader to,
e.g., [3-5,8,10,12,13,15,16,18-20, 25-27, 31].

These equations can be derived as follows. One introduces the (total Ginzburg-
Landau) free energy

1 1
Vo = /(§|Vu|2 + F(u) —uT — 5T‘Z)dg;, (1.3)
Q
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where Q is the domain occupied by the system (we assume here that it is a bounded
and regular domain of R™, n =1 or 2, with boundary T'), and the enthalpy

H=u+T. (1.4)

As far as the evolution equation for the order parameter is concerned, one postulates
the relaxation dynamics (with relaxation parameter set equal to one)
ou . D\I/G L
ot  Du’

(1.5)

D
where — denotes a variational derivative with respect to u, which yields (1.1).

U
Then, we have the energy equation

%—It{ = —divq, (1.6)

where ¢ is the heat flux. Assuming finally the usual Fourier law for heat conduction,
q=-VT, (L.7)

we obtain (1.2).

Now, one essential drawback of the Fourier law is that it predicts that thermal
signals propagate at an infinite speed, which violates causality (the so-called para-
dox of heat conduction). To overcome this drawback, or at least to account for
more realistic features, several alternatives to the Fourier law, based, e.g., on the
Maxwell-Cattaneo law or recent laws from thermomechanics, have been proposed
and studied, in the context of the Caginalp phase-field system, in [20, 21].

In the late 1960’s, several authors proposed a heat conduction theory based on
two temperatures (see [33-35]). More precisely, one now considers the conductive
temperature T and the thermodynamic temperature 6. In particular, for simple
materials, these two temperatures are shown to coincide. However, for non-simple
materials, they differ and are related as follows:

0 =T — AT. (1.8)

The Caginalp system, based on this two temperatures theory and the usual
Fourier law, was studied in [3].

Our aim in this paper is to study a variant of the Caginalp phase-field sys-
tem based on the type III thermomechanics theory with two temperatures recently
proposed in [36].

In that case, the free energy reads, in terms of the (relative) thermodynamic
temperature 6,

1 1
Vgp = /(§|Vu|2 + F(u) — uf — S0%)da (1.9)
Q

and (1.5) yields, in view of (1.8), the following evolution equation for the order
parameter:

O Aut f(u) =T AT, (1.10)

Furthermore, the enthalpy now reads

H=u+0=u+T—AT, (1.11)
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which yields, owing to (1.6), the energy equation

oT oT ou
— —A— +di -
ot S TVIT T
Finally, the heat flux is given, in the type III theory with two temperatures, by

(see [36])

(1.12)

qg=—-Va-VT, (1.13)
where

at,z) = /0 T (7, 2)dT + ap(z) (1.14)

is the conductive thermal displacement.

In (1.3) (or (1.9)), the term |Vu|? models short-ranged interactions. It is however
interesting to note that such a term is obtained by truncation of higher-order ones
(see [30]); it can also be seen as a first-order approximation of a nonlocal term
accounting for long-ranged interactions (see [11]).

G. Caginalp and E. Esenturk recently proposed in [7] higher-order phase-field
models in order to account for anisotropic interfaces (see also [29] for other ap-
proaches which, however, do not provide an explicit way to compute the anisotropy).
More precisely, these authors proposed the following modified (total) free energy

1
_ 5.2 2
VYyocL = / ZE 1 |BE| ag|DPul® + F(u) — uT — §T )dz, (1.15)
where, for 5 = (kl,k‘g,k‘?,) S (NU {0})3,
|B] = k1 + ko + k3

and, for 8 # (0,0,0),
DF o8l

- k1 ko k3
O0x7' 0xy*0xy

(we agree that D99y = v). Noting that T = ?9—(:, this then yields the following

evolution equation for the order parameter w:

ou k Jda ox
)Y agD? ~A—. 1.16
8t+11 o aDTut fu) =5 — A% (1.16)
In particular, for & = 1 (anisotropic Caginalp phase-field system), we have an
equation of the form
_ Oa Oa
i —A— 1.17
Z“ a2 T =5 T A (1.17)

and, for k = 2 (fourth-order anisotropic Caginalp phase-field system), we have an
equation of the form

au+ s Z Y4 f(u _da N\ (1.18)
ot ”a 28m 8 2 ot ot '

1=



658 A. Miranville & A. J. Ntsokongo

It is however important to note that, in phase transition, regular nonlinear terms
actually are approximations of thermodynamically relevant logarithmic ones of the
form f(s) = —Ais+ % In1£2, s € (=1,1), 0 < A2 < Ay, which follow from a mean-
field model (see [12]; in particular, the logarithmic terms correspond to the entropy
of mixing).

Our aim in this paper is to consider the second-order anisotropic equation (1.17)
and the energy equation

2 2
Do\ o0 o ~
ot? ot? ot ot
with general singular nonlinear terms (containing the physically relevant logarithmic
ones). In particular, we prove, in one and two space dimensions, the existence and
uniqueness of classical solutions, as well as the existence of the global attractor of
the associated dynamical system.
Here, we do not address the higher-order models. Indeed, when k > 2, we are
not able to prove the existence of classical solutions and have to deal with a different
notion of a solution, based on a variational inequality (see [9,22]; see also [18]).

2. Setting of the problem

We consider the following initial and boundary value problem:

3

Oda Oa
— - A— 2.1
Z a a2 5+l = 5 - A (2.1)

e 82a O ou
F ey T T (22)
u=a=0 on I, (2.3)
O
Uli=o = uo, =0 = v, ﬁh:{) =ai. (2.4)
We assume that

a; >0, 1€{1,2,3}, (2.5)

and we introduce the elliptic operator A defined by

3

(Av, w) g1 (), 1 () = Zai((@aafw)% (2.6)

=1

where H~1(Q2) is the topological dual of Hg(£2). Furthermore, ((.,.)) denotes the
usual L2-scalar product, with associated norm ||.||; more generally, we denote by
||l x the norm on the Banach space X. We can note that

3
(v,0) € HHQP = 3 ail (5, 5)

is bilinear, symmetric, continuous and coercive, so that

A:Hg(Q) — H Q)
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is indeed well defined. It then follows from elliptic regularity results for linear
elliptic operators of order 2 (see [1,2]) that A is a strictly positive, selfadjoint and
unbounded linear operator with compact inverse, with domain

D(A) = H*(Q) N Hy(Q),
where, for v € D(A),
Av = — ia»&
=

We further note that D(A2) = H} () and, for v € D(A?),

3
1 1 o v 2
((A%0, A%0)) =3 aill -

i=1

We finally note that (see, e.g., [28]) ||A.|| (resp., ||Az.]|) is equivalent to the usual

1

H?-norm (resp., H'-norm) on D(A) (resp., D(A?2)).

Remark 2.1. Note that similar properties hold for the operator —A, with obvious
changes.

Having this, we rewrite (2.1) as

ou e’ O

a—FAu—&-f(u)—a—Aa. (2.7)
As far as the nonlinear term f is concerned, we assume that

f € Cl(fla 1)7 f(O) = 07 (28)

. _ . / _
lm f(s)=+00, lm f(s) = +oo. (2.9)
'z —co, c020. (2.10)

In particular, it follows from (2.9)—(2.10) that

—c < F(s) < f(s)s+ca, c1,220, se(-1,1), (2.11)

where F(s) = fOS f(r)dr. Here, the only difficulty is to prove that F(s) < f(s)s +
¢,c 20,8 € (—1,1). To do so, it suffices to study the variations of the function
s f(s)s — F(s) + ©s?, whose derivate has, owing to (2.10), the sign of s.

We further assume that

(uo, g, 1) € (HF (Q) N H3(Q))3, (2.12)
with
lluol| oo () < 1, (2.13)
and that the following compatibility conditions hold:
Aug =Aayg=Aay =0 on T. (2.14)

Throughout the paper, the same letters ¢, ¢ and ¢’ denote (generally positive)
constants which may vary from line to line. Similary, the same letter ) denotes
(positive) monotone increasing (with respect to each argument) and continuous
functions which may vary from line to line.
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3. A priori estimates

The estimates derived in this section are formal, but they can easily be justified
within a Galerkin scheme.
We first assume that v is regular and a priori satisfies

[ull Lo (0,myx0) <1, (3.1)
where T' > 0 is an arbitrary final time.
ou Oa Oa . o
We multiply (2.7) by 5 and (2.2) by aan, sum the two resulting equalities
and integrate over {2 and by parts. This gives
d 1 8a da
AR+ 2 / P + Vol + [Aalf + 15 - AZ7IP)
+2|| ||2+2||V ||2+2||A ||2 (3.2)
2 2 2 Ao g
(note that ||*H +2HV*|| + ||A || = || A5 1%
We then multlply (2. 7) by u and have owmg to (2.11),
d
%HUH2 + e([lullf g +/QF( u)dz) < (|| H2 + HA || )+ ¢>0. (3.3)
Multipling (2.2) by —Ac«, we then obtain
d O Oa
—(|Aa® — 2 ,Aa A— A Aal?
1l Gy, 8+ 2 20) + el
<|| ||2+2||V H2+2||A H2 (3.4)

Summing finaly (3.2), J; times (3.3) and 2 times (3.4), where d1,02 > 0 are
chosen small enough, we have a differential inequality of the form

dFE
d—;+c(E1+|| <, e>0 (3.5)
where
2 2 2 dav o
By =|| Al +2/F )i+ Vol + Aal” +) 90 — 9%
9 9 O Oa
+ 8ullul]® + S ([[Ac]® — 2((5+, A)) + 2((A =1, Aw))),
ot ot
satisfies

O
Ey > C(H“H%l(sz) +/QF(U)d~T + ”O‘H%W(Q) + ||§||%12(Q)) -, ¢>0.  (3.6)
Next, we multiply (2.7) by Au and find, employing (2.10),

d, 1
14l + ellullfe @) < ¢ (lulf e Ay 5 ||2+||A %), e>0. (37
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Summing (3.5) and d3 times (3.7), where d3 > 0 is chosen small enough, we have
a differential inequality of the form

dEs
dt

/

ou
+c(By + |lullf2 ) + HEHQ) <d, >0, (3-8)

where .
FEy = FE + (53||A§’U,H2

satisfies
2 2 e /
Ey 2 c([|ullz o) + ; F(u)dz + (o720 + ||§||H2(Q)) —c, ¢>0. (3.9

We now differentiate (2.7) with respect to time to have, owing to (2.2),
0 Ou ou ou Oa ou

o TG WG = A F A G (3.10)
%y, n
ou

5 —|t=0 = —Aug — f(uo) + a1 — Aas. (3.12)

In particular, if ug € H*(Q) N Hi(Q) (=D(A)) and oy € H?*(Q) N HL(Q), then
ou 9
815(0) € L?(Q) and
ou
157 Ol < Qlluollzr2(), el r2(e)- (3.13)

Indeed, if follows from the continuity of f and the continuous embedding H?(Q) C
C () that
[[f (uo) [l < Q(lluoll 2(0))- (3.14)

Multiplying (3.10) by %, we obtain, owing to (2.10),

d 3u”2

DITE el T sy < U + Nl ey + I o), > 0. (315)

Summing finally (3.8) and ¢4 times (3.15), where 4 > 0 is chosen small enough,
we obtain an inequality of the form

dE ou
—2 4 e(Bs + |ulldeo) + 15, 1) <5 e>0, (3.16)
dt ot
where
Es —E2+54|| ||2
satisfies
E3 > C(IIU\\?{1<Q)+/Q F(u )d$+|| H +lexl % Q)+H 5 A @)—¢s ¢>0, (3.17)
hence

u € L*(0,T; Hy(Q)) N L2(0,T; H*(Q) N H (Q)),
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% e L>=(0,T; L*()) N L2(0,T; HL (Q))

and

o, 20
T Ot

Rewriting then (2.7) as an elliptic equation, for ¢ > 0 fixed,

e L>=(0,T; H2(Q) N HL(Q)).

ou O« Oa

we find, multiplying (3.18) by Au and employing (2.10),
lullfr() < e(llullfnq) + || 9 1% + || ||2 + || ot =12
hence
u € L0, T; H*(Q) N Hi(Q)).
We rewrite (2.7) as
ou
A 1
% +Au+ f(u) = (3.19)
where
toJe! oo
g=gt.0) = 5~ A5 € 2(0,7) x ).
We multiply (3.19) by f(u). Integrating over Q, we have
d 2 2y
5 | Fde+ | f@)] <l A2ul® + (g, f(w)))-
As a consequence, we find
d 1 1
G [ P+ SR < c(latal® + g, (320)
Q
hence
f(u) € L*((0,T) x Q).
We finally multiply (2.2) by Azg—j and easily find
(\|VAa||2+|\VA ||2+HA -1 )+||VA ||2 < ||V ||2 (3.21)
hence
o € 170, T3 HY (@) N H(Q),
00 € L0, HY(O) 1 HY() 1 L0, T3 HY() 0 HY@),
and
g= Gar _ Aa—a L>(0,T; H'(Q)).

ot ot
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4. Separation property

Our aim now is to prove that u a priori satisfies
lu(t)l|pe@) <1—=96, t€l0,T], (4.1)

where § € (0,1) depends only on the initial data and the final time 7.
In one space dimension, we have the

Proposition 4.1. Let dimQ = 1 and let the nonlinearity f satisfy assumtions
(2.9). Then any solution u(t) of equation (2.7) satisfies (4.1).

Proof. In one space dimension, we have, owing to the embedding H!(Q) C L>(Q),

O Ja
— —A— € L*((0,T) x Q).
T 5 ((0,T) x Q)
It is then not difficult to prove the separation property (4.1) for solutions to the

parabolic equation
%; +Au+ f(u) =g
with right-hand side g € L*>((0,T") x ).

Indeed, let 6 € (0,1) be such that

luoll o) <0, |lgllzoe(0,m)x () — f(6) <O (4.2)
(note that lim f(s) = o0).
s—1—

We set v = u — 6 and have

ov
04 Avt )~ £0) = g £09). (4.3)
We multiply (4.3) by v = max(v,0) and obtain, owing to (2.10) and (4.2),
L <l (14)

which yields, owing to Growall’s lemma and noting that v*(0) = 0, that
ot (1) <0, Vte[o,T],
hence
u(t,z) <9, Vtel0,T], ae zef.

Proceeding as above and noting that f is odd, we also prove that
u(t,z) > =6, Vte[0,T], ae x€L,

hence, finally,

llull Loe 0,7y x0) < 0(< 1). (4.5)
O
We now consider the case dim €2 = 2. In that case, we do not have the embedding
HY(Q) C L>=(Q) and, consequently, we are not able to obtain estimate (4.1) for all
the nonlinearities satisfying (2.9). Nevertheless, using the embedding of H*() into
an appropriate Orlicz space, we obtain this result for a wide class of nonlinearities,

which includes the thermodynamically relevant logarithmic nonlinearities.
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Theorem 4.1. We assume that AimQ = 2 and that the nonlinearity f satisfies
assumptions (2.9) and the following additional condition:

[ ()] < e, (4.6)

with some positive constants ¢ and ¢'. Then every solution u(t) of equation (2.7)
satisfies estimate (4.1).

The proof of this result is based on the the following lemma.
Lemma 4.1. We assume that dim ) = 2 and that the nonlinearity f satisfies as-
sumptions (2.9). Then, for every L > 0, the following estimate holds:
/ P @Dl qzdt < e, (4.7)
(0, T)xQ

where ¢ = ¢(L) depends only on the initial data and the final time T.

Proof. We proceed as in [17] (see also [24]).
We rewrite (2.7) in the form

% b Aut flu) =g, (4.8)

where
Il ai) <e, t€0,T], (4.9)

where ¢ depends only on the initial data and 7. We can also assume, without loss
of generality, that
f'(s) =20, se(-1,1) (4.10)

(i.e., A1 = 0 in f; indeed, f + 2\ I satisfes (4.10) and u € L>(0,T; Hg (£2))).
We fix L > 0 and multiply (4.8) by f(u)el!/(®| to have
G [P+ [ 4P r @+ Lhe s+ [ (7P s
dt Jo ) Q
:/ gf (w)e®ldy, (4.11)
Q

where s
FL(S):/ reFTldr,
0

which yields, by integrating (4.11) between 0 and T,

/FL(U(T))d$+/ A2 ' (u)(1 + LI f ()] e 0l dwdt
Q 0, T)xQ
+

/ |f (u) 22 Dl dzdt
(0,T)xQ

:/ FL(uo)dx—l—/ gf (w)ePFWlazde, (4.12)
Q 0, T)xQ2
We thus deduce from (2.13), (4.10) and (4.12) that

/ | f(u) 2 Wldzdt < ¢ +/ |lg|1f (w)|[eP W dzdt, (4.13)
(0,T)xQ (0,T)x§
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where ¢ depends on the initial data.
In order to estimate the second term on the right-hand side of (4.13), we use
the following Young’s inequality (see [32]):

ab < o(a) + (), a,b>=0, (4.14)

where
p(s)=e"—s—1, P(s)=(1+s)In(1+s)—s, s=>0. (4.15)

Taking a = N|g| and b = N[ f(u)|eF W] where N > 0 is to be fixed later, in
(4.14), we obtain

11 ) leHF 1 < Ml (14 N () P (1 4+ N )P,
Now, if |f(u)| < 1, then
lg]].f(w)[eXT N < eNlal 4 (1 + N7Leb) In(1 + N~ teb).
Furthermore, if | f(u)| > 1, then |f(u)|e?/®™! > 1 and
911 (w)]e"T 0N < Ml (14 N7H f(w) [N In((1 4+ N7Y|f(u) e 1)
= N9l L LN7Yf(w)| 2@ N=H 1+ N 7Y | f(u)] el @]
+ N7V f () In(|f () e N4 LU f (w) | +In(] £ (w)]) + (1 + N )
<N L NTHL 41+ In(1 + N71) | f(u) 2l ()]
+ 1+ L)f(u)] +In(1+ N7
< eN‘g‘+N‘1<L+1+1n(1+N‘1))|f(u>|2eL‘f<“>‘%If(u)l?e“f‘“)‘w,
because (14 L)|f(u)] < |f(w)|® + (1 + L)? < 1| f(u) eI 4 (1 + L)2, where ¢
depends on N and L. Choosing finally N = N(L) large enough, we find, in both

cases,
1
lg[[.f ()]l < Mol 1 Qlf(U)I%L'f(“)‘ + (4.16)

where ¢ depens only on L. We thus deduce from (4.13) and (4.16) the following
inequality:

/ If ()2 ldzdt < ¢+ 2/ eNl9ldzdt, (4.17)
(0,T)xQ (0,T)xQ

where ¢ depends only on the initial data, T and L.
To conclude, we use the following Orlicz’s embedding inequality ( [32]):

2
/ eNldy < U lare ™ vy e HY(Q), (4.18)
Q
where ¢ depends only on 2 and N. It then follows from (4.9), (4.17) and (4.18) that
/ |f(u) 2 Wldzdt < e, (4.19)
0, T)xQ2

where ¢ depends only on the initial data, T and L. Noting finally that

/ eL\f(u)|dz</ 6L\f<u>\dx+/ LI g
(0.7)x Fwl<t F)l>1
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<ot [Pt ds
[f(u)|>1

<ot [ (p@Pe s,
0, T)xQ2

where ¢ depends on T and L, (4.19) yields the desired inequality (4.7).
It is not difficult to show, by comparing growths, that the logarithmic function
f satisfies:
I/ (s)] < eV s e (=1,1), ¢ >0. (4.20)

Therefore,

/ |f/ (w)|Pdzdt < / eP (WI+ep gy,
(0,T)xQ (0,T)x 2

whence, owing to (4.7),

I (W)l myx) <¢, Vp =1, (4.21)

where ¢ depends only on the initial data and T (and p).
We then rewrite (2.7) in the form

Ju e} Ja
and have, differentiating with respect to time,
0 0u ou
a(a) + AE = h, (4.23)
where 9 9 5
A% I A
h=A T + Aa 5 (u) 5 (4.24)

satisfies, owing to (4.21) (for p = 4) and the above a priori estimates (which imply
that

0
5 € L2(0.TsL2()) N L2(0, T Hy () € L}(0, T3 HA (9)) € L*((0,7) x Q)
2l 2 (0.myx0) < 6
(4.25)
where ¢ depends only on the initial data and T
Multipling (4.23) by A%, we find, owing to (4.25),
P+ [ aStPaase el (420)
ot (0,T)xQ ot

where ¢ depends only on the initial data and T' (recall that ug € H3(£2)), hence

0
a—;‘ € L0, T; HL(Q)) N L2(0, T; H2(Q) N HL ().
We finally rewrite (2.2) in the (functional) form
d? d? d d
@ BEY B v o= W 12(0), (4.27)

a2 de2 dt dt
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where B denotes the minus Laplace operator with Dirichlet boundary conditions.

d
Taking the scalar product (in L?(Q2)) of (4.27) by B3d—j, we have

d s da da da du
el B2 2 B2 — 2 B27 2 327 2< B 2 4.9
S8l + 1B 4 B2 + BN < IBSHE, (48)
and we deduce from (4.26) and (4.28) that
O Ja
— —A— € L™(0,T; H*()).
o~ AT € (0, T HA(®)
Rewriting again (2.7) in the form
0
o+ Au+ f(w) =g, (4.29)
we have, owing to the above estimates,
g€ L>((0,T) x Q) (4.30)
and the separation property follows as in the one-dimensional case. O

Remark 4.1. In three space dimensions, one can also prove the strict separation
property, but under growth assumptions on the singular nonlinear term which are
not satisfied by the thermodynamically relevant ones, see, e.g., [17,22].

5. Existence and uniqueness of solutions

We restrict ourselves to the one- and two-dimensional cases (note however that one
can prove an existence result also in three space dimensions, but without the strict
separation property, see, e.g., [14]). We have the following result.

Theorem 5.1. We assume that (2.12)—(2.14) hold. Then, (2.1)—~(2.4) possesses a

unique solution (u, o, 8—?) with the above regularity, such that, VT > 0,

o, O € 120,75 HA(@) 1 HY(),
O L0, T3 HY (@) N 20,5 H(©) 1 HY ()
and
lu()||Le@) <6, t€]0,T],
where
6 =106(T,up) € (0,1), T>0.

Proof. a)Existence:

The proof of existence is standard, once we have the separation property (4.1),
since the problem then reduces to one with a regular nonlinearity.

Indeed, we define the approximated function f5 by

s+ 0+ f(—0), s < =4,
fo(s) =9 f(s), |s| <6,
s—=0+ f(5), s>,
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where § is the same constant as in (4.1) (note that fs is not C, but we can make
a further regularization, see [10]). We choose ¢ such that

F0) =6 (resp., f(~0) < —o).

We then consider the following approximated problem (Ps) defined by

ou’ dald ool
bl A 5 0y — 25 AN

g TAC W) = at

0%a?® B 0%a® _A@ — Ao = _871‘57

(Ps)q ot2 o2 ot ot
wW=a’=0 on 09,
9ol
g = g _n = —_— 0 = .
u \t:o Up, « |t_() Qop, ot |t_0 aq
. 5 5 8016 . .
We know that (Ps) possesses one solution (u’,a’, ——) if the functions f5 and Fj

satisfie the same properties as those satisfied by f and F' (see [17]). We have the
Lemma 5.1. We set

S
F5(S):/ fs(m)dr.
0
The functions fs and Fs possess the following properties:

f5(s) = —co, s€eR (5.1)

and
_01<F5(s)<f5(5)8+613 SGR, (52)

where co and c; are the same constants as those in (2.10) and (2.11).

Proof. We only detail the case:
fs(s)=s—=050+ f(5), s>0.

The other are very similar and are omitted.
It follows from the definition of f5 that

f5(s)=12> —co, s>9. (5.3)

Moreover, since f satisfie (2.11) and f(J) > J, we obtain
= ) T)dr
Fo(e) = [ 47

8 s

= T)dT T)dT

| tstar+ [ gt

)

:/ f(T)dT+/ (r— 8+ f(8))dr
0

S
5
2 — §2

= F(3) + —

+(f(0) =) (s =9) = —au.
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Then, since f(d) = f5(s) — s+ for s > §, (2.11) also leads to

5§—0
Fs(s) = F(0) + (s — 0)( + f(9))
s —
<@ +er+ (s = (52 + (9))
—0)?
< f(O)s+e + 5 )
s—9
< fs(s)s+ e+ (60— 8)( 5 )< fs(s)s+cq.
Hence,
—c1 < Fs(s) < fs5(s)s+ c. (5.4)
s
Consequently, we know that problem Pj possesses at least one solution (u’, a’, aait)
such that the estimates derived above are valid here. In particular,
[’ (@)l =) < 1-06, Vte[0,T],
as a result,
fs(u®) = f(u®)
s 5 0a . . .
Hence, (u°,a?, W) is also a solution to the original problem. O
b)Uniqueness:

We actually prove a more general result, namely, the uniqueness of solutions
such that |u(t,z)| < 1 almost everywhere in (0,7) x Q and which do not necessarily
satisfy the separation property (4.5) (when this property is satisfied, the proof of
uniqueness is straightforward).

1 (2)
da yand (u®, o), da

Let (u, ), ) be two solutions to (2.1)—(2.3) with

initial data (u(()l),agl), agl)) and (uéQ), oz(()2),04§2)), respectively. We set
Oa

1
da 4 02
ot ’

ot

) da?

— (uM —(u® o2
) = (), ) - (0, 2o

(’U/, «,

and

(Uo, g, O41) = (u(()1)7 a(()l)a agl)) - (ug)z)7 a(()z)a 0452)).

Then, (u, «) satisfies

_ Oa Aaa

el 1)y _ @)y = 22 _ AZZ

ey + Au+ (f(u') = f(u'?)) Y 5 (5.5)

8%« 8%« Oa ou

u=a=0 on 05, (5.7)
0

uli=o = ug, atli—o = v, %lt:O =a. (5.8)

We multiply (5.5) by w and have, owing to (2.10),

d Jda
&HUH2 +ellullF ) < ¢ (flul® + HE”?P(Q))» c>0. (5.9)
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Next, we integrate (5.6) between 0 and ¢ to obtain, taking, for simplicity, (ug,xg,01)=
(0,0,0),

Oa

E—A——Aa—A/ . (5.10)

Multiplying (5.10) by —Aa«, we find

d t
£(||Va||2+ [Aal® + ||A/0 a(r)dr[?) + cllall (o) < lul®, e>0.  (5.11)

3]
Multiplying then (5.10) by —Aa—(j, we have
(|\Aa\\2+2 A/ 7)dr, Aa)))+8H ||H2 < (lull® + lallFz),  ¢>0.

(5.12)
Summing finally d5 times (5.9), (5.11) and d¢ times (5.12), we obtain a differential
inequality of the form, taking ds5,ds > 0 small enough,

dE,

W < CE4, (513)
where .
=d|ull® + Vel + [ Aal® + ||A/0 a(r)dr|?
+62( Al +2(( A/ 1)dr, Aa)))
satisfies

Ey > c(|lul® + lallfz ), <> 0. (5.14)

Gronwall’s lemma, together with (5.14), then yields the uniqueness. We can note
that this would not give a continuity result (with respect to the initial data) for
Ja
at’

Owing to these results, we can define the semigroup

but such a continuity would then follow from (5.10). O

S(t):®—= &, S(t)(ug, a0, 1) = (u(t), at), g—?(t)),

where (u, «, g—?) is the unique solution to the problem (2.1) — (2.4) with initial data

(up, g, 1) and

oo

@ = {(u,0, )

€ (H(Q) N Hy ()%, lullp~ <1}.

6. Existence of global attractor

We saw in Section 4 that the key estimate, in view of the well-posedness, is a
separation property of the form

[l (0. myx0) < 0(< 1). (6.1)
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However, here, § depends on ug; more precisely, one has
6 = |luo|lpos,

meaning, in particular, that (6.1) cannot be a dissipative estimate, i.e., independent
of the initial data for large times and for initial data belonging to some bounded
set (thus, (6.1) cannot be used to prove the existence of a bounded absorbing set).
Actually, in order to have a dissipative estimate, one has to be more accurate. To
do so, we fix R > 0 and assume that the initial data satisty

1

———— + luollms + llaollzs + lar — A ||g < R.
1 — [Jug|| =

Then, one can prove that there exists g = to(R) such that

e Ja
AT < t > to,

IG ~ A5 Wl <o Vit

where c is independent of R, hence, for dim {2 = 1, owing to the continuous embed-

ding H'(Q) C L>(9),

oo Oa
157 = A5 Bllz= < co, Vi to, (6.2)
where ¢ is independent of R. Furthemore, one has
da Jda
16~ A Wle <, W20, (63)

where ¢; = ¢1(R) (we can assume, without loss of generality, that co < ¢1). We
now choose dy (independent of R) and ¢; > to such that

* f(do) = co+1,

* dg € [7,1), where v > 0 is such that f’ > 0 on [y, 1),

* A= AR)) = 1*150 is such that

t

0< A<, f(l—)\to)>cl+1
We set

1—Xtif 0<t <1y,
y+(t) = max(dp, 1 — At) =
>

do if t>1;.
Note in particular that
do <y+(t) <1, Vt>0, y.(0)=1

Consider now the equation

ou _ Oa Oa

E+Au+f(u)*a* P

u=0, on T.
We set 8 = u — y. We then have

o A6+ ()~ f(y) = G, (64)
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where
da o %

ZE*AE*J?(ZH)* o’

It follows from the above assumptions that

>0, t#t.

Cl-i-l—f(l—)\t())if 0<t<ty,

G(t) <
Co+1—f(50) if ¢t >, t#tl,

hence
G(t) <0, Vt>0, t#t.

Then, proceeding as in Section 4, i.e., multiplying (6.4) by 07 = max(6,0), we have,
noting that y4(0) = 1, so that
0(0) <0

and
<0 on T,

u(t) <ys(t), vt=0.
Noting that y4 (t) = o for t > t;, where Jp is independent of R, and proceeding
similarly for a lower bound (note that f is odd), we obtain

)l < do, VE=t,

hence a dissipative estimate.
Corollary 6.1. The semigroup S(t) possesses the compact global attractor A on .

Remark 6.1. It is now not difficult to prove, in view of the strict separation
property of wu, that A has finite dimension (in the sens of the Hausdorff or the
fractal dimension, see, e.g., [23,28]); to do so, we essentially proceed as in the case
of regular potentials (see, e.g., [25]).

Remark 6.2. When dim Q = 2, the situation is more involved and will be studied
elsewhere.
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