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GLOBAL HIGHER INTEGRABILITY OF
SOLUTIONS TO SUBELLIPTIC DOUBLE
OBSTACLE PROBLEMS*

Guangwei Du and Fushan Lif

Abstract In this paper we consider the double obstacle problems associated
with nonlinear subelliptic equation

X" A(z,u, Xu) + B(z,u, Xu) =0, z€Q,

where X = (X1,...,X:m) is a system of smooth vector fields defined in R™
satisfying Hormander’s condition. The global higher integrability for the gra-
dients of the solutions is obtained under a capacitary assumption on the com-
plement of the domain €.

Keywords Global higher integrability, subelliptic equation, double obstacle
problems.

MSC(2010) 35H20, 35J20.

1. Introduction

Suppose that €2 is a bounded domain of R™. For two given obstacle functions 11, 19
and a boundary value function ug with 11 () < ug(x) < ¢2(x), we define

Kier (Q) = {u € WP (Q) :u—up € W}gf(’)(ﬂ),wl <u<ipae in Q} :
Here WP () and W)l(’% (Q) are Sobolev type spaces defined in next section.

This paper is concerned with the double obstacle problems for nonlinear subel-
liptic equations of the form:

X*A(x,u, Xu) + B(x,u, Xu) =0, (1.1)
where X = (X1,...,X,) (m < n) is a system of smooth vector fields in R™ sat-
isfying Hormander’s condition and X* = (X7,..., X)) is a family of operators

formal adjoint to X; in L?. We assume that the functions A = (Aj,...,A,,) :
R" xR xR™ — R™ and B : R" x R x R™ — R are both Carathéodory functions
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satisfying

A(l’,u, 5) : € > a‘ﬂpa (12)

Az, u, &)| < B(lulP~" + €71, (1.3)

_1

|B(w,u, )| < B[P + g(x)), (1.4)

where «, 3 are positive constants; 1 < p < oo;
_ Qp—?p, if 1<p<Q,
any v > p, if p>Q;

g(x) € LY with v > ﬁ Here @ is the homogenous dimension of €2, see the next
section.

Definition 1.1. We say that w is a solution to the double obstacle problem for

(1.1), provided u € K077 (€2) and

/ A(x,u,Xu)-Xgadx—!—/ B(z,u, Xu)pdr >0 (1.5)
Q o

whenever p € C§°(Q) with 11 < ¢+ u < )9 a.e. in Q.

In the Euclidean setting, the global higher integrability of solutions to obstacle
problems was first considered by Li and Martio in [21]. Under the assumption
that the boundary of the domain is p-Poincaré thick, they proved the global higher
integrability of solutions to single obstacle problems associated with elliptic equation

divA(xz,Vu) =0, z € Q. (1.6)

They also derived the same result for solutions of double obstacle problems to (1.6)
n [22]. In [16], Kilpeldinen and Koskela established the global integrability of the
weak solutions to (1.6) with a uniform fatness condition on 9 and pointed out
that this condition is sharper than the p-Poincaré thickness condition in [21]. For
more related papers, we also refer the readers to see [11-13,17-20,23-25, 31].

Since Hormander’s celebrated paper [15], there has been a tremendous amount
of work on the study of regularity for solutions to the subelliptic obstacle problems
(see for instance [1,5,9,10,27]) due to their important applications in mechanical
engineering, mathematical finance, image reconstruction and neurophysiology. In
[8,10], Du et al. investigated the global higher integrability for very weak solutions
to (1.1) and the corresponding single obstacle problems by proving a refined Sobolev
type inequality with capacity term. Based on these results, we can obtain better
properties of solutions, e.g. Holder continuity (see [7,29]).

Motivated by the above work, the aim of this paper is to study the global higher
integrability of solutions to double obstacle problems related to (1.1). Before stating
our main result, we first recall the definition of uniform fatness, a condition that has
to be imposed on the complement of Q. A set E C R™ is called uniformly (X, p)-fat
if there exist constants Cy, Ry > 0 such that

cap,(E N B(z, R), B(x,2R)) > Cy cap,(B(z, R), B(z,2R))

for all z € OF and 0 < R < Ry, where cap,, is the variational p-capacity defined in
Section 2.
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Theorem 1.1. Suppose that the complement R™ \ Q of Q is uniformly (X, p)-fat.
Assume that (1.2)-(1.4) hold and 1, 2, up € W)l(’r(Q), r > p, uis a solution to the

double obstacle problem for (1.1). Then there exists § > 0 such that u € VV;(’IH"s Q).

The remainder of the paper is organized as follows. In Section 2, we recall some
basic facts of Hormander vector fields and some preliminary results concerning
the Carnot-Carathéodory metric. In Section 3, Theorem 1.1 is proved by using
the refined Sobolev inequality (Lemma 2.3) and the Gehring lemma on the metric
measure space (Lemma 2.4).

2. Preliminaries

Give in R™(n > 3) a system X = (X1,...,X,,) of vector fields

n
0 ,
XJ:Zb]kT%’ ]:1,27...,7’”/
k=1

with real-valued, smooth coefficients b;;. For a multi-index o = (i1,...,%), de-
note by Xo = [Xi,, [ Xin, -5 [Xip_,» X, )] - - -] the commutator of { X1, ..., X, } with
length k& = |a|. We say that the vector fields Xi,...,X,, satisfy Hormander’s
condition at step s (see [15]) provided there exists a positive integer s such that
{Xa}|aj<s span the tangent space at each point in R™. We consider X; as a first
order differential operator acting on u € Lip(R™) of the form

Xu(z) = (X;(z), Vu(z)), j=1,2,...,m.

The generalized gradient is denoted by Xu = (X u, ..., X,,u) and its length is given
by

1

2

Kula)| = | 3o 1Xu(a)?

The vector fields X3, ..., X,, are said to be free up to step s (see [2]) if the X;’s and
their commutators up to step s do not satisfy any linear relation other than those
which hold automatically as a consequence of antisymmetry of the Lie bracket and
Jacobi identity.

An absolutely continuous curve 7 : [a,b] — R™ is said to be admissible with
respect to the system of vector fields X, if there exist functions ¢;(t), a < t < b,
satisfying

m m

Do)’ <1 and 7)) =) () Xi(v(1))

i=1 i=1
for almost every ¢ € [a,b]. The Carnot-Carathéodory distance d(z,y) generated by
X is defined by

d(xz,y) = inf{T > 0 : there is an admissible curve v, with v(0) =z, v(T) = y}.

In the remaining part of the paper we always assume that the vector fields
Xi,...,X,, are free up to step s and satisfy Hérmander’s condition at step s. Then
by the accessibility theorem of Chow [3], the distance d is a metric and therefore
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(R™,d) is a metric space which is called the Carnot-Carathéodory space. The ball
is denoted by
B(xz,R) ={y € R" : d(y,x) < R}.

If 0 > 0 and B = B(z, R) we write 0B to indicate B(z,oR). Furthermore, if E C
R™ is a Lebesgue measurable set with Lebesgue measure |E|, we set up = §, udz
the integral average of u on E. We also define u™ = max{u,0}, v~ = min{u, 0}.

It was proved (see [2,28]) that for every connected K C  there exist constants
C4,Cy > 0 such that

Cl|x_y| Sd(l‘,y) SCQ"/L._y‘%? $,y€K~

Moreover there are Ry > 0 and Cy > 1 such that for any z € K and R < Ry,
|B(x,2R)| < Cal Bz, R)|. (2.1)

In particular, we have
C1R° < |B(zx,R)| < C3RC.

Property (2.1) is the so-called “doubling condition” which is assumed to hold on the
spaces of homogeneous type. The best constant Cy in (2.1) is called the doubling
constant and @ = log, Cy is the homogeneous dimension relative to €.

Now, we introduce the Sobolev spaces associated with X = (X1, ..., X;;,). Given
1 < p < o0, the Sobolev space W)l(’p(ﬂ) is the Banach space

WyP(Q)={ue LP(Q): Xue LP(Q), j=1,2,...,m},
endowed with the norm
lull ey = lullLe@) + 1 XullLe o)

Here, X;u (j = 1,2,...,m) is the distributional derivative of u € L{ () defined
by the identity

(X, ) — /Q uXZodr, € CF(Q),

3

where X7 = — P %(bjk-) is the formal adjoint of X, not necessarily a vector

field in general. The local version of Wy?(Q) is denoted by W)l(’fl’oc(Q). We also
define W;(%(Q) as the completion of C§°(£2) under the above norm |- HW)I(”’(Q)' The

following Sobolev-Poincaré inequalities on vector fields can be found in [7,14,26].

Lemma 2.1. For every compact set K C Q, there exist constants C > 0 and R>0
such that for any metric ball B = B(zo, R) with vo € K and 0 < R < R, it holds
that for any f € W)lf’p(B),

(][ |f - fBI"”"”dx> v <CR (][ |Xf|pdz> ’ :
B B

where 1 <k <Q/(Q—p), f1<p<@Q; 1< k<00, if p>Q. Moreover,

(][ Ifl*’"pdw>w <CR (][ IXfI”d:c>p,
B B

whenever f € W)l(’)%(B).
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The (X, p)-capacity of a compact set K C Q in § is defined by
cap,,(K,§) = inf{/ | Xu|Pdx :u e C5° (), u=1on K}
Q

and for an arbitrary set F C €, the (X, p)-capacity of FE is

E Q)= inf K, Q).
capy(E, Q) =  inf sup, capy (K, ©)
ECG K compact

The following two-sided estimate of (X, p)-capacity can be found in [4]: For z €
and 0 < R < diam(2, there exist C7,C5 > 0 such that

@ < cap,(B(z, R), B(z,2R)) < CQM.

C T

Lemma 2.2 (see [6], Theorem 3.3). If R"\Q is uniformly (X,p)-fat, then there
exists 1 < q < p such that R™\§ is also uniformly (X, q)-fat.

The uniform (X, g)-fatness also implies uniform (X,p)-fatness for all p > ¢,
which is a simple consequence of Holder’s and Young’s inequality.

Lemma 2.3 (see [8], Lemma 2.8). Let Q C R™ be a bounded domain with the
homogeneous dimension @, 1 < ¢ < oo and 0 < R < diam(). For any = € Q,
denote B = B(z,R) and N(p) = {y € B : ¢(y) = 0}. Then there exists a constant
C = C(Q,q) > 0 such that for all o € C>®(2B) N Wy (2B),

(]éB <p|*”~qu> ’ <C (W /23 IXsolqu> " (2:2)

where 1 <k <Q/(Q—q) f1<g<Qand1 <k <o0ifqg>Q.

At the end of this section we recall a Gehring lemma on the metric measure
space (Y,d, u), where d is a metric and p is a doubling measure.

Lemma 2.4 (see [30], Theorem 3.3). Let ¢ € [qo,2Q], where qo > 1 is fized.
Assume that functions f,g are nonnegative and g € LL (Y,p), f € Li%.(Y,p),

for some rg > q. If there exist constants b > 1 and 0 such that for every ball
B CoB CY the following inequality holds

q
fg%gb[(f gdu) +]l fqdu}w][ gldp,
B ocB oB ocB

then there exist nonnegative constants 8y = 6y(qo, Q, Cq,0) and ey = £o(b, qo, Q, Cq, o)
such that if 0 < 0 < 6y then g € LY (Y, p) for p € [q,q + €0) and moreover

(L) se[(furm)'+ ()]

for some positive constant C = C(qo,Q,Cyq,0).
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3. Global higher integrability

In this section we prove Theorem 1.1.
Proof of Theorem 1.1. Since 2 is bounded, we can choose a ball By such that
Qc %Bo. Fix 0 < R < 1 and let B be a ball of radius R with 2B C By. It leads to
two cases: (1) 2B C Q or (ii) 2B\Q # 0.

In the case (i) we let 7 be a smooth cut-off function on 2B, i.e. n € C§°(2B)
such that

0<n<1, n=1on B and |X17|§%.
For a solution « to the double obstacle problem for (1.1), consider the function
w=u—up —N° (u—up —m),
where m = (Y2 — ugp)™ +min{(v1 — uzp)™, (Yo —uzp)™}. Since

P2 — U2, P2 < uzB,

{ (Y1 —u2B)t, o > usp,
m =

we have that ;1 — usp < w <y — usp and

im| < |1 — (Y1)2B|, 2 > uzp,
T 2 — (¥2)2B], Y2 < uzp.

Let v =w— (u—uzp) = —nP(u—usp —m) then v € W;(’%(ZB) and ¢ <v4u <
19 a.e. in 2B. Taking ¢ = v in (1.1) yields

/ Az, u, Xu) - X (0P (u — ugp — m))dzx +/ B(z,u, Xu)n?(u — uzp — m)dx < 0.
2B 2B
then
/ nP Az, u, Xu) - Xudx §/ nP Az, u, Xu) - Xmdz
2B 2B
fp/ P LAz, u, Xu) - Xn(u — ugp — m)dx
2B
- / NP B(xz,u, Xu)(u — ugp — m)dx. (3.1)
2B

Next we estimate the integrals on the right-hand side of (3.1) one by one. First
observe that |Xm| < |X1t)1| 4 |X2|. Then the first integral on the right-hand side
can be estimated by using (1.3) and Holder’s inequality that

/ NP A(z,u, Xu) - Xmdz
2B
<5 [ (4 Xl ) Xmlds
2B
€

< 7/ np\Xu\pdx—i—c/ 77”\u|”da:+cg/ (|IX1|P + | X2 |P)de. (3.2)
3 Jam 2B 2B
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Assumption (1.3) and Poincaré’s inequality imply

p/ P Az, u, Xu) - Xn(u — ugp — m)da
2B

Spﬂ/ 7P~ (ulP ™+ Xl Xl (Ju — uzp] + [m])de
2B

< %/ np|Xu|pd:z:+c/ np|u|pdx+csR7p/ (|lu — u2pl? + |m|P)dx

2B 2B 2B
< %/ 17P|Xu|pdm+c/ 7P |u|Pdx

2B 2B

pJ(:)Q
rQ
el (f o) ©ve [ gxelixene. @)
2B 2B

On the other hand, by (1.4) and Lemma 2.1, we infer

/ NP B(z,u, Xu)(u — usp — m)dx
2B

<8 / (1 XulP ) 4 [g])(Ju — uzp| + [m])da
2B
&

IN

f/ 77”|Xu|pd:17+ce/ (|u7u2B|A’+|m|7)d:c+c/ |g|%d:c
3 Jom 2B 2B

¥

E/ 0P| XufPde + c. RTINS </ |Xu|”d‘”>p
3 2B 2B

+ e, X" 1 X 57) / (X0 X+ c / ol TTdn, (34
2 2

IA

where v > p is the constant defined in Section 1 satisfying v+ Q(1 — %) >0

Applying (1.2), Combining (3.2)-(3.4) with (3.1) and taking ¢ = §, we find

/ NP | XulPdz < C/ ([ul” + 19177 + [ X1 [P + | Xpo|P)da
2B 2B

o pEQ
~ P P Q
+ cRTRUT) (/ |Xu|pda:> + ¢[2B| (][ |Xu|v+QQdm>
2B 2B

Dividing by |2B] on both sides and noting that n = 1 on B, we obtain

r+Q
p Q
Jxards <cf Qur 17 100+ Xelae e (f 100 Fa)
B 2B 2B
C ol B
+ — RR01-3) (/ Xupdac) . 3.5
35 [ Jxu (35)

In the case (ii), we let w = u — nP(u — ug), where 7 is the cut-off function on
2B. Since 17 < u,ug < 1o, we have

Y1 = (1 =n")P1 + 0P S w = (1= nP)u+nPuy < (1 — 0P )b +nPrba = 1o,
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which implies w € K% . If we set v = w —u = —n”(u — up), then v is admissible

as a test function in the definition of solutions. Taking ¢ = v in (1.5), it follows

/QA(I, u, Xu) - nP X (u — up)dx + p/QA(:z?7 u, Xu) - nP~H(u — uo) Xndx
+/QB(x,u,Xu)77p(u —ug)dz < 0.
If D=2BNQ, it follows from the structure conditions (1.2)-(1.4) that
a/an|Xu|pd:c < ﬂ/an(\uV’*l + | XulP™H [ Xuo|dx

+ /D’/ P (| Xul? =) + |g])|u — uo|da
D

+p/ 7P (P [ Xl = ol | Xl de
D
=: Il + IQ + 13. (36)

Using Young’s inequality with e, we derive

I

il

< E/ np|Xu|pdz+c/ np|u|pdx—|—cs/ NP | Xug|Pdx;
3Jp D D

Bt [ wixupds e [ ot s [ u wld
3.Jp D 2B

and
I; < E/ np|Xu|pdx+c/ np|u|pdac+ce/ |u — up|P| X n|Pdx.
3Jp D 2B

Substituting the above estimates into (3.6) and letting ¢ = § give

/ 0P| XulPde < ¢ / (Jul” + [ Xuo|Pdz + |g| 7T )da
D D

+c/
2B

To estimate the second integral on the right-hand side of (3.7), let s = p(1 — ¢),
WhereO<e<%ifpﬁ@and0<e<min{ﬂ l}ifp>Q. If

U — Ug
R

p
dx + c/ |u — up|7d. (3.7)
2B

p 2
Q
K = Q—s> S<Q7
2, s> Q,

then ks > p, and it follows from Lemma 2.3 that

N
<][ dx) <cR™! (][ |u — uo|“sdx)
2B 2B

1 s
< eR71 ( / X(u—u de) ,
Caps(N(u - uO)a 2B) 2B ‘ ( 0)|

kS

U — Ug

R
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where N(u —ug) = {z € B :u(z) = uo(x)}. Since u — ug vanishes outside Q, we
know that R™ \ @ C {u — ug = 0}. On the other hand, by Lemma 2.2, there exists
€0 such that if 0 < € < g, R™ \ Q is uniformly (X, s)-fat, and hence, for e small
enough

cap, (N (u — ug),2B) > cap (BN (R™\ Q),2B) > ¢ cap,(B,2B) > ¢|B|[R™*. (3.8)

From (3.8) and the doubling condition (2.1) we obtain

) 2
dz < c¢|2B —/ Xu—Xuos)
L, | '(|QB| ! |

1 H
< ¢|2B] <|QB|_/D|XU|S) —|—c/D|Xu0|pdx. (3.9)

For the last term on the right-hand side of (3.7), we have by Lemma 2.3 that

1 1
Bl 1 P
u — up|Tdx <c / Xu—u pdm)
(]éB | o > (Capp(N(“ —uo),2B) Jop X o)
1
1 »
< - _ p
<cR (|2B| /D | X (u — up)] dz) ,

where the last inequality comes from an argument similar to (3.8). Then it follows

u—qu

¥

[ olde < e ( | 1t~ uo>|”d"”> ,,
2B

o
< cRTOU-3) </ |Xu|pdx> +c ||Xu0HLp(Q / | Xug|Pdz.
(3.10)

Inserting (3.9) and (3.10) into (3.7), we find

1 1 d
xuPde < o [ (up + Xul a7+ (o [ )
28 )y

[B Jpna \2BI

J
+|QB|R”+Q(1 (/D|Xu|pdx) : (3.11)

where s =p(1 —€) < p.
To combine the above two cases, we let

(@) = | Xult, €,
7=, z €RMQ,

N t
(1 = wol + ol + [ Xuo| + | Xun| + |Xtss] +1gl7o ), weQ,
0, x € R™M\Q,
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where ¢ = max{s, %} < p. From (3.5) and (3.11) we obtain

fass[(f )+ v

where ¢ = £, 0(R) = cRTRO-F (fop \Xu\pdx)%_l and b > 1. By the absolute
continuity of the Lebesgue integral, we know that 6(R) — 0 as R — 0. Choosing
R > 0 small enough, we have by Lemma 2.4 that there exists t; > p, such that
| Xu| € L (Q).

Furthermore, we show that there exists to > p such that u € L'2(Q). Since
u—uy € W}l(’f%(ﬂ), we obtain from Sobolev’s inequality that for p < @, p* =

Qp/(Q —p),

(/ |u—u0|p*dw>p <C(f) (/ |Xu—Xu0|pd:1c>p < 00.
Q Q

Noting that ug € L™ () (r > p), we can take to = min{r,p*} > p to get

1
t

(/ |u|t2d1‘> ’ <C (/ lu — u0|t2dx) e (/ |uo|t2dx) ’
Q Q Q

C (/ u—u0|p*dx) JG </ |u0|t2daz> N
Q Q

and then u € L'2(Q2). If p > Q we can apply the above reasoning for any p* < co
to obtain u € L'2(Q).

Setting p = min{t1,t2} > p, it follows that v € W)lgﬁ(Q) and the proof is thereby
complete.

IN
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