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OF TRAVELING WAVE SOLUTION FOR
KORTEWEG-DE VRIES-BURGERS EQUATION
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Abstract In this paper, we investigate the existence and asymptotic behav-
ior of traveling wave solution for delayed Korteweg-de Vries-Burgers (KdV-
Burgers) equation. Using geometric singular perturbation theory and Fred-
holm alternative, we establish the existence of traveling wave solution for this
equation. Employing the standard asymptotic theory, we obtain asymptotic
behavior of traveling wave solution of the equation.
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1. Introduction

During the past two decades, traveling wave solution of nonlinear evolutionary
equations with delay is one of fastest developing areas of modern mathematics due
to their significant nature, chemical and biological phenomena [1,12,13,26,33,43]
etc. Recently, Zhao and Xu [44] studied time-delayed KdV equation of the two
forms

au(z,t) + (1 — a)u(z,t — 7) + u(z, t)uy(z,t)

1.1
F TUz (T, — T) — Ugge (2,8) =0 (1.1)

and
we(x,t) + u(z,t — T)ug (2, t) + Tuge (,t — T) — Ugge (2, t) = 0, (1.2)

where the time delay 7 € [0,b], for some b > 0 and « € [0,1]. By the inertial
manifold theory and differential manifold geometric theory, the authors obtained
the existence of solitary wave solutions of (1.1) and (1.2) when 7 is small enough.
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Zhao [43] investigated the generalized KdV equation with distributed delay

Ut + (f * u)unuw + TUgy + Ugza = 0, (13)
where .
fxu(x,t) = / ft = s)u(z, s)ds, (1.4)
— 00
and the kernel )
fit)=Ze"7, 7>0. (1.5)
T

Eq. (1.5) is sometimes called the weak generic delay kernel because it reflects the
idea the importance of events in the past decreases exponentially the further one
looks into the past [12]. The average delay for the distributed delay kernel f(t) is
defined as

= /Ootf(t)dt. (1.6)
0

He proved that the solitary wave solutions persist when the average delay is suitably
small.

It is known that the simplest form of wave equation in which nonlinearity wu,,
dispersion u,,, and dissipation u.; all occur is the KdV-Burgers equation

Up + QUzy + PUlly + SUzre =0, >0, x €R, (1.7)

where «, 8 and s are real constants with af8s # 0. During a study of the prop-
agation of waves on liquid-filled elastic tubes, it was found by Johnson [17] that
a particular limit of the problem led to (1.7), where w(z,t) is proportional to the
radial perturbation of the tube wall, and = and ¢ are the characteristic and time
variables, respectively. Eq. (1.7) was valid in the far field of an initially linear (s-
mall amplitude) near-field solution. It is non-integrable in the sense that its spectral
problem is non-existent. Feudel and Steudel [10] first pointed this out by showing
that the equation has no prolongation structure. Eq. (1.7) is usually considered as
a combination of the KdV equation and the Burgers equation, since a« = 0 in (1.7),
it reduces to the famous KdV equation

U + Butly + Sz =0, >0, z€R, (1.8)

which was first suggested by Korteweg and de Vries who used it as a nonlinear
model to study the change in the form of long waves advancing in a rectangular
channel [19]. While taking s = 0in (1.7), it become the well-known Burgers equation

Up + QUgy + Puu, =0, t>0, z€R, (1.9)

which is named after its use by Burgers for studying turbulence in 1939 [3]. It
is known that both (1.8) and (1.9) are exactly solvable and have traveling wave
solutions as follows, respectively,

12sk?
u(z,t) = zk sech’k(x — 4sk*t)

and o%h | 28k
u(z,t) = — + 2Bk tanh(z — 2kt).
! !
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A great number of theoretical issues concerning the KdV-Burgers equation have
received considerable attention. In particular, the traveling wave solution to differ-
ent types of KdV equations has been studied extensively, and many powerful meth-
ods have been established. Among these methods, we may cite, for instance, first
integral method [8], the bifurcation method of dynamical systems [21], sub-ODE
method [22], amplitude ansatz method [35], (%/)—expansion method [23], numerical
methods [5], Lie group theoretical methods [37] and so on. On the other hand,
there has been widely argued and accepted [15,40,43,44] that for various reason-
s, time delay should be considered in many models. However, the issue concerns
the existence and asymptotic behavior of traveling wave solutions for KdV-Burgers
equation with time-delay in the nonlinear term seems not to be exploited yet.

Inspired by [43, 44], we concern with KdV-Burgers equation with distributed
delay

Ut + Qg + B(f * )ty + SUgee =0, t>0, z€R, (1.10)

where «, 8 and s are real constants with af8s # 0. The convolution f * u is de-
fined in (1.4) and the kernel is in (1.5). Mathematically, the term f x u can modify
the nature of solutions of the PDE (1.7) dramatically. The existence of traveling
wave solutions will be established by geometric singular perturbation theory. We
note that geometric singular perturbation theory was introduced by Fenichel [9].
This is a geometric approach to problems with a clear separation in timescales. It
uses invariant manifolds in phase space in order to understand the global struc-
ture of the phase space or to construct orbits with desired properties [16]. Since
then, the method has evolved and found that way toward applications, which has
received a great deal of interest and has been used by many researchers to obtain
the existence of traveling waves for generalized KdV equations [18,41-44], KdV-
Burgers-Kuramoto equation [11], nonlinear dispersive-dissipative equation [28-30],
reaction-diffusion equations [12,13,26,32,33,38,39], stochastic differential equation-
s [2], slow-fast dynamic systems [25,27,306], Lienard equations [4,6,7] and biological
models [14,20,24], etc.

In the present paper, our aim is to discuss the existence and asymptotic behavior
of traveling wave solutions of equation (1.10) with a typical kernel (1.4). The rest
of this paper is organized as follows. In Section 2, we first establish the existence of
traveling wave solution for equation (1.10). In Section 3, we obtain the asymptotic
behavior of the traveling wave solution which are obtained in Section 2 for the first
time. In Section 4, we will give a brief conclusion.

2. Existence of traveling wave solution

In this section, we will establish a proposition which will be employed in the main
proof of the existence of traveling wave solutions of equation (1.10) with (1.4). We
first introduce the following result on invariant manifolds which is due to Fenichel [9].
For convenience, we use a version of this theorem due to Jones [18].

Lemma 2.1 (Geometric Singular Perturbation Theorem). For the system

o' (t) = f(z,y,e),
y'(t) = eg(x,y,¢),
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where x € R™, y € R! and ¢ is a real parameter, f,g are C> on the set V x I
where V€ R™ and I is an open interval, containing 0. If € = 0, the system has a
compact, normally hyperbolic manifold of critical points My which is contained in
the set {f(x,y,0) = 0}. Then for any 0 < r < 400, if € > 0, but sufficiently small,
there exists a manifold M, :

(I) which is locally invariant under the flow of system (2.1);
(II) which is a manifold of class C” in x,y and &;

(III) M. = {(z,y) : x = h*(y)} for some C" function h(y) and y in some compact
set K;

(IV) there exist locally invariant stable and unstable manifolds W* (M) and W*(M,)
that lie within O(e) of, and are diffeomorphic to, W*(My) and W*(My).

Then we give a useful result for the nondelay case (1.7). Assume that Eq. (1.7)
has traveling wave solution in the form u(x,t) = ¢(£), £ = x — ct, with wave speed
¢ > 0. Substituting it into (1.7) and integrating once yields

—cw+ow“+§¢2+5¢“=ﬁ (2.2)
where prime denotes the derivative by £ and the integration constant is taken to be
zero. Let ¢’ = ¢, then Eq. (2.2) can be written as the following system,

¢ =9, 23)
c B o :
¢ =Spo- 2o -2
S 2s S
The following lemma leads to the existence of a traveling wave solution of nondelay
equation.

Lemma 2.2. Assume that « > 0,8 > 0,8 < 0 and 0 < ¢ < —j—j. Then in the
(¢, ¢) phase plane satisfies system (2.3), there is a heteroclinic orbit connection its
two equilbria (0,0) and (%, 0). This connection is confined to ¢ > 0.

Proof. It is easy to verify that system (2.3) has two equilibria Ey = (0,0) and
E, = (%,O). Linearising (2.3) at E; shows that this positive equilibrium point
is always a saddle point. However, the origin Fy is always an unstable node for
0<ex —Z—z. To confirm the existence of a heteroclinic connection between the
two, and confined to ¢ > 0, we shall show that for a suitable value of A > 0, the
triangular set

is negative invariant. This will be so if m -7 < 0 everywhere on the boundary of the
set where 7 is an inward pointing normal and 7 is the vector whose components
are the right-hand side of (2.3). Two sides of the triangle are trivial to deal with.
On the third, ¢ = A\p, we can take @ = (\, —1), then
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sw(A2+O‘A—C) <0.
S S

Since 0 < ¢ < —Z‘—j, A2+ 2 — < =0 has two real positive roots A\; and A satisfying

0 < A1 < Ao. This implies that F - 7 < 0 provided A\; < A < Ao.

From the above discussion, it is easy to get that one branch of the unstable
manifold at (%70) emanates into the invariant set 2 defined above. Once in this
set, it has nowhere to go except into the origin. Thus the desired heteroclinic
connection exists. This completes the proof. O

Next we will seek the existence of the traveling wave solutions for Eq. (1.10)

with the kernel

1
t)=—e 7 2.4
f) = —e, (24)
where 7 > 0, which measures the delay. For this kernel, if we define v = f * u, i.e.,
oo
o(€) = / Letute + enyat, (2.5)
0 T
then by direct computation, we get
dv 1
= (v=u). 2.
== (26)

Assume that equation (1.10) with (1.4) has traveling wave solution in the form
u(z,t) = p(§), & = x — ct, with wave speed ¢ > 0, and integrating once meanwhile
taking the integration constant to be zero, we have

s’ + ap’ — cp+ BG =0, (2.7)
where prime also denotes the derivative by & and
3
G(&) = / o vdd. (2.8)

Thus it is possible to reformulate the integro-differential equation (1.10) as the
system

s +ay’ —cp+ G =0,

! (2.9)
CTV =0V — Q,
under the boundary value conditions
(Jim ((6),v(§) = (0,0),
i 2¢ 2c (2.10)
i (61000 = (5.5).

Obviously, system (2.9) is not a delay differential system. The delay in the original
problem now plays its role through the parameter 7. Thus we can deal with the
question of traveling wave solutions in the delay Eq. (1.10) with (1.5) by seeking the
existence of the traveling waves in system (2.9). Note that Eq. (1.10) with (1.5) is
an infinite-dimensional dynamical system, but the phase space for the traveling wave
equations associated with system (2.9) is finite dimensional. Hence the geometric
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singular perturbation theory for the ordinary differential equations can be applied
to the system (2.9) to tackle existence of the traveling wave solutions. And our
task is equivalent to establish the existence of traveling wave solutions of (1.10)
connecting the two uniform steady-states (0,0) and ( %, %), for sufficiently small
delay.

If further denote ¢’ = ¢, the system (2.9) can be cast into standard form for a

singular perturbed problem

o' =9,
o =Sp-%_Bg, (2.11)
S S S

crv’ = v — o,

which can be called a slow system. When 7 = 0, the system becomes

¢ =,

(2.12)
§=lp-2p- 2
S S

P o
257

System (1.5) has a heteroclinic orbit connecting its two equilibria (0,0) and (%7 0),
which has been guaranteed by Lemma 2.2. What we will prove is that the system
(2.11) has a traveling wave solution connecting (0,0,0) and (%,0, %) for v >0
sufficiently small. Note that when 7 = 0, system (2.11) does not define a dynamic
system in R3. This problem can be overcome through the transformation & = 7,

under which the system (2.11) becomes

=16,

b= Ty Ty g (2.13)
13 S S

0= E(U - 50)3

where dot denotes the derivative with respect to 1. The system (2.13) is called a
fast system. The slow system (2.11) and fast system (2.13) are equivalent when
7> 0. Let 7 — 0 in system (2.11), then the flow of system (2.11) is confined to the
set

MO = {(‘pv(bav) €R3ZU:@},

which is a two-dimensional invariant manifold for system (2.11). If this manifold is
normally hyperbolic, then the geometric singular perturbation theory of Fenichel [9]
will be applied, and provides us with a two-dimensional invariant manifold M., for
the flow when 7 > 0. The idea is to study the flow of (2.11) restricted to this
manifold, and the resulting system will be two-dimensional. This does not in itself
establish the existence of a traveling wave solution; we still have to study the system
reduced to M, and show that it possesses a heteroclinic connection.

To check that My is a normally hyperbolic manifold, we need to check that the
linearization of the fast system (2.13), restricted to My, has exactly dimM, eigen-
values on the imaginary axis with the remainder of the spectrum being hyperbolic.
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The linearization of the fast system, restricted to My, is

000
0 00|,

c C

101

the eigenvalues of which are 0,0, % Thus Mj is normally hyperbolic. We now
know that there exists a two-dimensional manifold M., with the properties described
above. Next we will determine M, explicitly. M, can be written in the form

M‘r = {(Spa(byv) €R3 LU= 90“‘9(907(1577')}7

where the function g depends smoothly on 7 and satisfies

9(#,9,0) = 0.
Plugging v = ¢ + g(¢, ¢, 7) into slow system (2.11) yields
cr <¢+ giqwrgi (?p—i(b—fG)) =g (2.14)
Since g is zero when 7 = 0, let g be expressed as
9(,0,7) = 791(9,0) + T2 g2 (0, 0) + -+ . (2.15)
Substituting (2.15) into (2.14) and comparing powers of T give

n=ch, go=¢ (cw—aqﬁ—BG)-
S S S

Hence we obtain

c a
g= (oo + | (So-26-26)] 2 4 or?),
s s s
The slow system (2.11) restricted to M, is therefore given by

¢ =9,

(2.16)
¢ = p— "6
S S

13

ﬁ(pQ — T—BC/ $2ds + O(1?).
2s s J_wo

Obviously, the system (2.16) is simplified to (2.12) when 7 = 0. It is easy to see sys-
tem (2.16) has two equilibria points (¢, ¢) = (0,0) and (%,0) for 7 > 0 sufficiently
small. We wish now to establish the existence of a heteroclinic connection between
these two critical points. From Lemma 2.2, we know that such a connection exists
when 7 = 0. For 7 > 0 sufficiently small, we shall seek such a solution of system
(2.16), that is a perturbation of traveling waves of system (2.3). Let (¢10, ¢10) be
the solution of (2.16) when 7 = 0. To solve the system for 7 > 0 sufficiently small,
we set

p=pr0+TP1+-, G=d10+ T2+ .
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Substituting, we find that, to the lowest order, the differential equation system
determining 11 and 5 is

d v, L I e 0 , (2.17)

s\ y, Bpy—2 ¢ P2 — ffoo $1dé

and we seek to prove that this system has a solution satisfying 1 (+oc0) = 0 and
Working in the space L? of square integrable functions, with inner product

/ j (x(&)w(&))df,

(-,+) being the Euclidean inner product on R?. Fredholm theory states that (2.17)
have a solution if and only if

o0 0
| (=, a =0,
Be &
o0 —5 o $1dd
for all function z(&) in the kernel of the adjoint of the operator L defined by the
left-hand side of (2.17). It is easy to verify that the adjoint operator L* is given by

d 0 B 2
L*:_i‘f' SSD1 S ,
3 a

and thus compute KerL*, we have to find all z(&) satisfying

dx 0 Ly ¢

i\, N (2.18)
S
The general solution of equation (2.18) is difficult to find because the matrix is
non-constant. However, we are only looking for solutions satisfying x(£oc) = 0, in
fact the only such solution is the zero solution. Recall that ¢19(€) is the solution
of the unperturbed problem and we do know it tends to zero as £ — —oo (see [8]).
Letting £ — —oo in (2.18), the matrix becomes a constant matrix, with eigenvalues
A satisfying
P i —}
5 5

since 0 < ¢ < —j—z, the eigenvalues are therefore both real and negative. As
& — —oo, any solution of (2.18) other than the zero solution must be growing
exponentially for lager £. So the only solution satisfying z(+00) = 0 is the zero
solution. This means that the Fredholm orthogonality condition trivially holds and
so solutions of (2.18) exist. This completes the proof that a heteroclinic connection
exists between the two equilibrum points (0, 0,0) and (%7 0, %) of (2.16).

From the above discussions, we obtain the first main theorem.

Theorem 2.1. For any fixred 0 < ¢ < —‘i‘—z, equation (1.10) with the weak generic
kernel (2.4) has a traveling wave solution u(x,t) = o(x — ct) satisfying (—o0) =0
and o(+00) = %, provided the delay 7 > 0 is sufficiently small.
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3. Asymptotic behavior of traveling wave solution

Let ®(&) = (po(€),v0(§)) be the traveling wave solution of system (2.9). Differen-
tiating (2.9) with respect to & and denoting ®'(&) = (p1(£),v1(£)), we get

sl + o) — cp1 + Bprvg =0,

(3.1)
CTV] = V1 — @1.
Due to ¢(—o00) = v(—o0) = 0, the limiting system for (3.1) as { - —oo is
sef_ +api_ —cpi— =0
- - ’ (3.2)

/
CTU 1 _ = V1— — P1—,

where (p1_,v1_) is the traveling wave solution of system (3.2) as £ — —o0. Setting

©]_ = po_, we can write system (3.2) as a first order system of ordinary differential
equations
z' =AZ, 7= (@1—a<p2—avl—)T7 (33)
where
0 1 0
N
-1 9 1

Solving the system (3.3), we have

3
Z = (p1opa—sv1-)" =) cihges, (3.4)
i=1
where
) 1 \ —a+ Va2 +4es ) a+ Va2 + des
1=—, M=——7""", Mg=——""_ —"",
cT 2s 2s

hi(i = 1,2, 3) are eigenvectors of the matrix A with A; (i = 1,2, 3) as corresponding
aQ

I, it is easy to

eigenvalues, and ¢; are arbitrary constants. For s < 0, 0 < ¢ < —
check that A\ > 0, > 0,3 > 0 and

(1, p2—,v1-)T = c1h1eM® + cohoe™?® + czhzest.

We deduce the following asymptotic behavior as £ — —oo

pr(6) | _ [ iy ai(mi + o(1))e¢ , (3.5)

vi(§) % ai(ng + o(1))eri€

where m;,n; (i = 1,2,3) are constants, n; and «; (i = 1,2,3) cannot be zero
simultaneously. Then we claim that n; # 0 (¢ = 1,2,3) in (3.5). Consider the
solution h;e*i¢ of the system (3.3). If the third components of eigenvector h; (i =
1,2,3) is zero, the matrix A implies that the other components are zero. So we
conclude that n; #0 (i = 1,2, 3).
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Similarly, ¢(4+00) = v(+00) = % and the limiting system for (3.1) as £ — +oo

is
s, Fapl +e =0,
P1+ P1+ P1+ (3.6)

r_
CTV L = Vi — P14

where (¢14,v14) is the traveling wave solution of system (3.6) as & — 4o00. Setting
¢4 = @24, we can write system (3.6) as a first order system of ordinary differential
equations

Z'=BZ, Z=(p14,p24,014)7, (3.7)
where
0 1 0
B = ¢ _a
_i OS 1

One can obtain that the general solution of the system (3.7) has the following form

3
Z = (o1, 024,014)" =Y di fieS,
=1

where
1 —a+ Va2 —4es a++Va? —4cs
ANh=—, g=———— AN3g=— —7———
cT 2s 25
where f;(i = 1,2,3) are eigenvectors of the matrix B with A; (¢ = 1,2,3) as the

o®

corresponding eigenvalues, and D; are arbitrary constants. For s < 0,0 <c¢ < -4,
it is easy to check that A; > 0,As < 0,A3 > 0. Since (¢14,024,v14)T — (0,0,0)T
as & — +o00, it is easy to verify that d; = d3 = 0 and

(P14, P24, v14)T = dsfae™t. (3.8)

Similarly to the case £ — —oo, we have the following asymptotic behavior of trav-
eling wave solutions as £ — 400

e1(8) _ Br(p1 + o(1))eh=* 7 (3.9)

v1(§) Br(qr + o(1))er=

where p1,q; are constants, q; and (; cannot be zero, simultaneously. Then we
claim that ¢; # 0 in (3.9). Consider the solution foe’2¢ of the system (3.8). If
the third components of eigenvector fs is zero, the matrix B implies that the other
components are zero. So we conclude that ¢; # 0.

From the above discussions, we obtain the second main theorem.

Theorem 3.1. Under the assumptions of Theorem 2.1, there exist positive con-
stants A; and B; (i = 1,2) such that system (2.9) has a traveling wave solution
D (&) satisfying the following asymptotic properties

o(1))ers
®(¢) = (s toll) e
(Ag +o(1))ere
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and
2c _ Az
wio— (2T e
2% (By + o(1))ehet

where X may be one of A1, Ay and As3.

Remark 3.1. If the kernel is taken to be one of the following kernels

Plt) =8@ =), J@) = et flat) = ZeF e i,

by using the above method we can get similar results, respectively.

4. Conclusion

This paper is concerned with the existence and asymptotic behavior of the traveling
wave solutions of the KdV-Burgers equation with a particular kernel commonly
called the weak generic kernel. This choice enables the equation, in particular the
traveling wave equation, to be recast as a system which is of higher order but
is not a delay differential system. In this system, the parameter in the kernel
which measures the delay appears as a coefficient. By exploiting this fact and
the supposed smallness of the delay, we have shown how the theory of dynamical
systems can be used to construct a two-dimensional invariant manifold within R3
for the system. By recasting the equation as this manifold, we are then able to
show the existence of a heteroclinic connection in the manifold and this establishes
the existence of traveling wave solutions for the original problem when the delay is
sufficiently small. Furthermore, by employing the standard asymptotic theory, we
obtain the asymptotic behavior of traveling wave solutions accordingly.

In the near future, we are going to develop and extend the techniques to other
nonlinear evolutionary equations. We believe that this method must be advanta-
geous for a rather diverse group of scientists.
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